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Abstract: Gegenbauer polynomials hold a significant role in the constructive theory of spherical
functions, while the Mittag-Leffler function is widely used in fractional calculus. In this paper,
we introduce a new class of Mittag-Leffler-Gegenbauer polynomials (MLGPs) by convolutionally
combining the classical Hermite polynomials with the Mittag-Leffler function of three parameters. We
explore some of its aspects, such as symbolical identities, recurrence relations, differential equations,
generating functions, integral representations, finite summations, and Rodrigues-type and orthogonal
formulas. Additionally, we demonstrate the relevance of the MLGPs by developing and solving
a fractional kinetic equation associated with the MLGPs in the kernel. Finally, employing Saigo
fractional-type operators, we establish fractional integrals and derivatives formulae for our innovative
MLGPs. We conclude by proposing an open question regarding the Hermite numbers and their umbral
calculus for further discussion in the field of this study.
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1. Introduction and basic notations

Analogously to the efficient usage of Legendre polynomials in the theory of the well-known 3-
dimensional spherical harmonics, Gegenbauer polynomials play a crucial role in the theory of hyper-
spherical harmonics [1]. Notably, Legendre polynomials can be regarded as a specific case of
Gegenbauer polynomials. The Mittag-Leffler function is an important function that is widely used
in the subject of fractional calculus. Indeed, solutions of diverse differential and integral equations
which involve fractional derivatives can be extracted from Mittag-Leffler functions. Moreover, the
Mittag-Leffler function is effectively employed in the solution of the framework of the boundary value
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problems (see [12, 15, 16]). For x ∈ C, the Mittag-Leffler function [20] is defined by:

Eα(x) =

∞∑
n=0

xn

Γ(αn + 1)
, Re(α) > 0, (1.1)

where as usual Γ(λ) is the Gamma function, and (λ)n =
Γ(λ+n)

Γ(λ) , n ≥ 0, λ , 0,−1,−2, . . . , is the
Pochhammer symbol [31]. The generalized form of (1.1)

Eα,β(x) =

∞∑
n=0

xn

Γ(αn + β)
, Re(α),Re(β) > 0 (1.2)

was defined and studied by Wiman [33]. An interesting related function to the Mittag-Leffler function
stated in (1.2) is the Wright function W(α, β; x), which is defined by [35]:

W(α, β; x) =

∞∑
n=0

xn

n! Γ(αn + β)
. (1.3)

Another generalization of (1.2) was introduced in terms of the following series representation by
Prabhakar [22]:

Eδ
α,β(x) =

∞∑
n=0

(δ)n

Γ(αn + β)
xn

n!
, (1.4)

where α, β, δ ∈ C; Re(α),Re(β),Re(δ) > 0.
In [28], the authors investigated a modified generalization of the Mittag-Leffler function in (1.4)

defined as follows:

E(δ)
α,β,γ(x, y) =

∞∑
m,n=0

(δ)m+n xm yn

m! n! Γ(αm + βn + γ)
. (1.5)

The symbolic method offers a practical and efficient approach for presenting and analyzing both new
and existing special functions. The work gave rise to the symbolic technique in [2]. In [3], Babusci
et al. presented a novel symbolic method for investigating special functions using the derivation of
particular operators referred to as symbolic operators. Dattoli et al. [6] deduced the symbolic operator
d̂(α,β). The following equations describe how this operator functions on the vacuum function ϕ0:

d̂k
(α,β)ϕ0 =

Γ(k + 1)
Γ(αk + β)

(
α, β ∈ R+, k ∈ R

)
, (1.6)

and
d̂δ+k−1

(α,α(1−δ)+β)ϕ0 =
Γ(δ + k)

Γ(αk + β)
(
α, β, δ ∈ R+, |δ| ≤ 1, k ∈ R

)
. (1.7)

Notably, when k = 0, then Eq (1.6) yields

ϕ0 =
1

Γ(β)
.

Observe that Eq (1.6) satisfies the properties (see [6]):

d̂k
(α,β) × d̂m

(α,β) = d̂k+m
(α,β) and

(
d̂k

(α,β)

)r
= d̂ rk

(α,β).
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The symbolic definition of Mittag-Leffler function Eα,β(x) in terms of d̂α,β can be given as [6]

Eα,β(x) = exd̂(α,β)ϕ0. (1.8)

By considering Eqs (1.6) and (1.7), the symbolic representations of the Mittag-Leffler functions
in (1.4) and (1.5) are given as follows.

Lemma 1.1. The following symbolic representations hold:

Eδ
α,β(x) = e(xd̂(α,α(1−δ)+β)) d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
, (1.9)

Eδ
α,β(x) = 1F1

[
δ; 1; xd̂(α,β)

]
ϕ0, (1.10)

E(δ)
α,α,β(x, y) = e((x+y)d̂(α,α(1−δ)+β)) d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
, (1.11)

where 1F1 denotes the confluent hypergeometric function defined by [31]:

1F1[α, β; x] =

∞∑
n=0

(α)n

(β)n

xn

n!
.

Proof. To verify (1.9), we have

e(xd̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ (δ)

}
=

∞∑
n=0

xn

n! Γ(δ)
d̂δ+n−1

(α,α(1−δ)+β)ϕ0 =

∞∑
n=0

(δ)n xn

n! Γ(αn + β)
,

which implies the desired result. Moreover,

1F1

[
δ; 1; xd̂(α,β)

]
ϕ0 =

∞∑
n=0

(δ)n xn d̂n
(α,β)ϕ0

(n!)2 =

∞∑
n=0

(δ)n xn

n! Γ(αn + β)
,

which gives (1.10). The assertions (1.11) run parallel to the proofs of (1.9), and thus we skip the
details. �

The Hermite polynomials [24]

Hn(x) = n!
[ n

2 ]∑
k=0

(−1)k(2x)n−2k

k! (n − 2k)!
, (1.12)

can be written by the generating function:

exp
(
2xt − t2

)
=

∞∑
n=0

Hn(x)
tn

n!
. (1.13)

The following symbolic representation of the Hermite polynomials Hn(x) can be readily derived using
the derivative formula ∂n

z {z
λ} =

Γ(λ+1)
Γ(λ−n+1) zλ−n (n = 0, 1, 2, · · · ):

(−(1/2)∂x + 2x)n =

n∑
k=0

(−1)kn!22−2k

k!(n − k)!
∂k

x xn−k = Hn(x). (1.14)
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The Hermite-Kampé de Fériet polynomials of two variables are determined by the representation
(see e.g., [7]):

Hn(x, y) = n!
[ n

2 ]∑
k=0

xn−2kyk

k! (n − 2k)!
, (1.15)

and the generating function is:

exp
(
xt + yt2

)
=

∞∑
n=0

Hn(x, y)
tn

n!
. (1.16)

The Chebyshev polynomials of the second kind [10] and Legendre polynomials [24] are defined in
the following series forms:

Un(x) =

[ n
2 ]∑

k=0

(−1)k(n − k)! (2x)n−2k

k! (n − 2k)!
, (1.17)

and

Pn(x) =

[ n
2 ]∑

k=0

(−1)k(2n − 2k)! xn−2k

2n k! (n − k)! (n − 2k)!
. (1.18)

As an extended version of Chebyshev polynomials and Legendre polynomials, the so-called
Gegenbauer polynomials are defined by the series [24]:

Cδ
n(x) =

[ n
2 ]∑

k=0

(−1)k(δ)n−k(2x)n−2k

k! (n − 2k)!
. (1.19)

Clearly, by (1.17)–(1.19), we have

C
1
2
n (x) = Pn(x) and C1

n(x) = Un(x). (1.20)

For this work, we recall the following formula of the Fox-Wright function as introduced in [31]:

pΨq


(α1, A1), . . . , (αp, Ap);

z
(β1, B1), . . . , (βq, Bq);

 =

∞∑
n=0

∏p
l=1 Γ(αl + Aln)∏q
j=1 Γ(β j + B jn)

zn

n!
. (1.21)

The current work, which is based on symbolic operators, attempts to establish and investigate a new
class of the Mittag-Leffler-Gegenbauer polynomials (MLGPs), represented by ECδ

n(x;α, β). The layout
of the paper is as follows. In Section 2, we present the ECδ

n(x;α, β) polynomials and deduce some
essential characterizations, including the generating function, series representations, and symbolic
rules. Section 3 derives recurrence relations and differential equations. Section 4 is devoted to
deriving some integral representations. Section 5 focuses on establishing some finite summations.
In Section 6, we derive the Rodrigues-type and orthogonal formulas. Section 7 demonstrates the
significance relevance of the ECδ

n(x;α, β) polynomials by formulating a fractional kinetic equation with
ECδ

n(x;α, β) polynomials in the kernel. In Section 8, we present fractional calculus formulas via the
Saigo operator approach [19]. We conclude by summarizing key results of the current study.
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2. Mittag-Leffler-Gegenbauer polynomials

Recently, several authors including Konhause [17], Krt and Özarslan [18, 21], Shahwan and
Bin-Saad [29], Miomir et al. [30], Raza and Zainab [25], Subuhi Khan [32], and Konhause and
Rainville [17, 24], studied various properties of Mittag-Leffler function in connections with certain
polynomials such as Laguerre polynomials, Hermite polynomials, Sheffer-type polynomials, and
Konhauser polynomials.

Motivated by the previously mentioned contributions, now we by making convolution of the Mittag-
Leffler function Eδ

α,β(x) (1.4) with the Hermite polynomials Hn(x) (1.12), we introduce the MLGPs
ECδ

n(x;α, β). In view of Eqs (1.9) and (1.14), the symbolic definition of the MLGPs ECδ
n(x;α, β) is

derived as follows:

ECδ
n(x;α, β) =

(
−(1/2)∂x + 2xd̂(α,α(1−δ)+β)

)n
d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
. (2.1)

Alternatively, we can show that

ECδ
n(x;α, β) = Hn

(
xd̂

1
2
(α,α(1−δ)+β)

)
d̂δ+

1
2 n−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
. (2.2)

For the series definition of the polynomials ECδ
n(x;α, β), we prove the following theorem.

Theorem 2.1. The MLGPs ECδ
n(x;α, β) satisfy

ECδ
n(x;α, β) = n!

[ n
2 ]∑

k=0

(−1)k (δ)n−k (2x)n−2k

k! (n − 2k)! Γ(αn − αk + β)
. (2.3)

Proof. Using (2.2) and (1.12), we get

ECδ
n(x;α, β) = n!

[ n
2 ]∑

k=0

(−1)k(2x)n−2k

k! (n − 2k)!
d̂δ+n−k−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
,

which, by (1.7), gives the desired result (2.3). �

Remark 2.1. For a particular case of the series representation (2.3), we have

EC1
n(x; 1, 1) = Hn(x).

Formula (2.3) and the connections in (1.20) suggest we define Mittag-Leffler-Legendre polynomials
EPn(x;α, β) and Mittag-Leffler-Chebyshev polynomials EUn(x;α, β) in the series representations:

EPn(x;α, β) = n!
[ n

2 ]∑
k=0

(−1)k
(

1
2

)
n−k

(2x)n−2k

Γ(αn − αk + β)(n − 2k)! k!
,

and

EUn(x;α, β) = n!
[ n

2 ]∑
k=0

(−1)k (n − k)! (2x)n−2k

Γ(αn − αk + β)(n − 2k)! k!
.
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Moreover, owing to (2.2), the symbolic definitions of the Mittag-Leffler-Legendre polynomials
EPn(x;α, β) and Mittag-Leffler-Chebyshev polynomials EUn(x;α, β) are respectively given by

EPn(x;α, β) = Hn

(
xd̂

1
2

(α, 1
2α+β)

)
d̂

1
2 n− 1

2

(α, 1
2α+β)

 ϕ0

Γ
(

1
2

)
 ,

EUn(x;α, β) = Hn

(
xd̂

1
2
(α,β)

)
d̂

1
2 n
(α,β) ϕ0.

Next, we establish some symbolic images for the MLGPs ECδ
n(x;α, β).

Theorem 2.2. For the MLGP ECδ
n(x;α, β), we have the following symbolic Burchnallś-type formula:

ECδ
n(x;α, β) = D̂δ−1

x

(
−

1
2

D̂x + 2xd̂(α,β)

)n {
xδ−1ϕ0

Γ(δ)

}
, (2.4)

where D̂x = ∂
∂x .

Proof. Denote the right side of (2.4) by I. Then, in view of the binomial theorem, we have

I =

n∑
k=0

(−1)k 2n−2k

(
n
k

)
D̂δ+k−1

x

{
xn−k+δ−1

}
d̂n−k

(α,β)

{
ϕ0

Γ(δ)

}
,

= n!
[ n

2 ]∑
k=0

(−1)k (δ)n−k (2x)n−2k

k! (n − 2k)! Γ(αn − αk + β)
,

which gives the left side of the desired result (2.4). �

Theorem 2.3. A symbolic connection between the MLGPs ECδ
n(x;α, β) and the Hermite Kampé de

Fériet polynomial Hn(x, y) is given by

ECδ
n(x;α, β) = Hn

(
2xd̂(α,α(1−δ)+β),−d̂(α,α(1−δ)+β)

)
d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
. (2.5)

Proof. Denote the right side of (2.5) by I. Then, by using (1.15), we have

I = n!
[ n

2 ]∑
k=0

(−1)k(2x)n−2k

k! (n − 2k)!
d̂δ+n−k−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
.

Hence, by applying (1.7), the result follows. �

Theorem 2.4. The following generating function holds:
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
= E(δ)

α,α,β

(
2xt,−t2

)
. (2.6)

Proof. We have

∞∑
n=0

ECδ
n(x;α, β)

tn

n!
=

∞∑
n=0

[ n
2 ]∑

k=0

(−1)k (δ)n−k (2x)n−2k

k! (n − 2k)! Γ(αn − αk + β)
tn =

∞∑
n=0

∞∑
k=0

(−1)k (δ)n+k (2xt)n t2k

k! n! Γ(αn + αk + β)
,

which, by (1.5), gives (2.6). �
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However, another generating functions for the polynomials ECδ
n(x;α, β) would accrue when we

employ the function Eδ
α,β(x) as provided in the following theorems.

Theorem 2.5. If {Re(α),Re(β),Re(δ)} > 0, then the following generating function holds true:
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
= Eδ

α,β

(
2xt − t2

)
, (2.7)

or alternatively
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
= 1F1

[
δ; 1;

(
2xt − t2

)
d̂(α,β)

]
ϕ0. (2.8)

Proof. We have

Eδ
α,β

(
2xt − t2

)
=

∞∑
n=0

(δ)n

n! Γ(αn + β)

(
2xt − t2

)n
=

∞∑
n=0

n∑
k=0

(−1)k(δ)n(2x)n−k

k! (n − k)! Γ(αn + β)
tn+k,

which by letting n = n − k and considering definition (2.3), we obtain the desired result (2.7). By
using (1.10) in (2.7), we arrive at the result (2.8). �

Remark 2.2. Letting δ = −m, m ∈ N in (2.8) and using the relation [1, p.395]:

Lm(x) = 1F1[−m; 1; x], (2.9)

we reach an interesting relationship,
∞∑

n=0
EC−m

n (x;α, β)
tn

n!
= Lm

((
2xt − t2

)
d̂(α,β)

)
ϕ0, (2.10)

where Lm(x) are the Laguerre polynomials [24, p.200].

Theorem 2.6. The following generating functions hold:
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
= e((2xt−t2) d̂(α,α(1−δ)+β))d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
, (2.11)

∞∑
n=0

ECδ
n(x;α, β)

tn

n!
= e2xd̂(α,α(1−δ)+β)t Eδ

α,β

(
−t2

)
. (2.12)

Proof. Using (2.5), it follows that
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
=

∞∑
n=0

Hn

(
2xd̂(α,α(1−δ)+β),−d̂(α,α(1−δ)+β)

)
d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
tn

n!
, (2.13)

which, upon using (1.16) in the right side of the above equation, we get (2.11).
Regarding the Lie bracket [Â, B̂] defined by [Â, B̂] = ÂB̂ − B̂Â, it follows that[

2xd̂(α,α(1−δ)+β)t,−d̂(α,α(1−δ)+β)t2
]

= 0.

Consequently, using the Weyl decoupling identity [8],

eÂ+B̂ = eÂeB̂e
−k
2 , k =

[
Â, B̂

]
, k ∈ C. (2.14)

We obtain an assertion (2.12) by utilizing (2.14) on the right side of (2.11) and (1.9) in the resulting
equation. �
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Theorem 2.7. The following generating functions hold:
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
=

[
1 − d̂(α,β)

(
2t − x−1 t2

)
D̂−1

x

]−δ
ϕ0. (2.15)

In particular, we have
∞∑

n=0
EPn(x;α, β)

tn

n!
=

[
1 − d̂(α,β)

(
2t − x−1 t2

)
D̂−1

x

]− 1
2
ϕ0, (2.16)

∞∑
n=0

EUn(x;α, β)
tn

n!
=

[
1 − d̂(α,β)

(
2t − x−1 t2

)
D̂−1

x

]−1
ϕ0. (2.17)

Proof. Denote the right side of the assertion (2.15) by I. Then

I =
[
1 − d̂(α,β)

(
2t − x−1 t2

)
D̂−1

x

]−δ
ϕ0

=

∞∑
n=0

(δ)n

(
2t − x−1 t2

)n
D̂−n

x d̂n
(α,β)ϕ0

n!

=

∞∑
n=0

n∑
k=0

(−1)k (δ)n x−k 2n−k D̂−n
x d̂n

(α,β) ϕ0

k! (n − k)!
tn+k

=

∞∑
n=0

[ n
2 ]∑

k=0

(−1)k (δ)n−k x−k 2n−2k D̂−(n−k)
x d̂n−k

(α,β) ϕ0

k! (n − 2k)!
tn.

Thus, by using (1.6) and (2.3), and by taking into account that D̂−%x {1} = x%
%! , we arrive at the

desired result (2.15). The results (2.16) and (2.17) follow from assertion (2.15) by employing the
identities (1.20). �

For the polynomials ECδ
n(x;α, β), we can derive another symbolic generating function by using the

symbolic operator ĉα ϕ0 (see [9]) in the following form.

Theorem 2.8. The following generating functions hold:
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
=

[
1 −

(
2xt − t2

)
ĉα

]−δ
ĉβ−1 ϕ0, (2.18)

where the symbolic operator ĉ is defined by [9]:

ĉα ϕ0 =
1

Γ(α + 1)
. (2.19)

In particular, we have
∞∑

n=0
EPn(x;α, β)

tn

n!
=

[
1 −

(
2xt − t2

)
ĉα

]− 1
2 ĉβ−1 ϕ0, (2.20)

∞∑
n=0

EUn(x;α, β)
tn

n!
=

[
1 −

(
2xt − t2

)
ĉα

]−1
ĉβ−1 ϕ0. (2.21)
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Proof. Denote the right side of the assertion (2.18) by I. Then

I =
[
1 −

(
2xt − t2

)
ĉα

]−δ
ĉβ−1 ϕ0

=

∞∑
n=0

(δ)n

(
2xt − t2

)n
ĉαn+β−1ϕ0

n!

=

∞∑
n=0

n∑
k=0

(−1)k (δ)n (2x)n−k ĉαn+β−1 ϕ0

k! (n − k)!
tn+k

=

∞∑
n=0

[ n
2 ]∑

k=0

(−1)k (δ)n−k (2x)n−k ĉαn−αk+β−1 ϕ0

k! (n − 2k)!
tn,

which by using (2.19) and (2.3), we arrive at the desired result (2.18). The results (2.20) and (2.21)
follow from assertion (2.18) by employing the identities (1.20). �

3. Recurrence relations and differential equation

The MLGPs ECδ
n(x;α, β), are rich in recurrence relations. Central to the development of many of

these recurrence relations are the generating relations (2.7) and (2.11).

Theorem 3.1. If {Re(α),Re(β),Re(δ)} > 0, then

ECδ
n(x;α, β) = 2δxECδ+1

n−1(x;α, α + β) − 2δ(n − 1)ECδ+1
n−2(x;α, α + β), (3.1)

xD̂xECδ
n(x;α, β) = nD̂xECδ

n−1(x;α, β) + nECδ
n(x;α, β). (3.2)

Proof. Differentiating (2.7) with respect to t, we get

2δ(x − t)Eδ+1
α,α+β

(
2xt − t2

)
=

∞∑
n=0

ECδ
n(x;α, β)

n tn−1

n!
. (3.3)

Using (2.7) in the left side of (3.3), in the resulting expression equate the coefficients tn/n! and let
n = n − 1 to obtain the result (3.1).

Differentiating (2.7) concerning x, we get

2δtEδ+1
α,α+β

(
2xt − t2

)
=

∞∑
n=0

D̂xECδ
n(x;α, β)

tn

n!
. (3.4)

On multiplying (3.3) by t and (3.4) by (x − t) and comparing the two resulting expressions, we find
that

∞∑
n=0

ECδ
n(x;α, β)

n tn

n!
= x

∞∑
n=0

D̂xECδ
n(x;α, β)

tn

n!
−

∞∑
n=0

D̂xECδ
n(x;α, β)

tn+1

n!
. (3.5)

Equating the coefficients of tn/n! in (3.5) leads to the result (3.2). �
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Theorem 3.2. Let α, β, δ, x ∈ C with {Re(α),Re(β),Re(δ)} > 0. Then,

D̂x ECδ
n(x;α, β) = 2nd̂(α,α(1−δ)+β) ECδ

n−1(x;α, β), (3.6)

ECδ
n(x;α, β) = 2xd̂(α,α(1−δ)+β) ECδ

n−1(x;α, β) − D̂x ECδ
n−1(x;α, β), (3.7)

ECδ
n+1(x;α, β) = 2xd̂(α,α(1−δ)+β) ECδ

n(x;α, β) − 2nd̂(α,α(1−δ)+β)ECδ
n−1(x;α, β), (3.8)

ECδ
n(x;α, β) =

x
n

D̂x ECδ
n(x;α, β) − D̂x ECδ

n−1(x;α, β). (3.9)

Proof. From (2.11), let

Ω(α, β, δ; x, t) = e(2xd̂(α,α(1−δ)+β))t−(d̂(α,α(1−δ)+β))t2 d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
=

∞∑
n=0

ECδ
n(x;α, β)

tn

n!
. (3.10)

Then, D̂x Ω(α, β, δ; x, t) = 2 td̂(α,α(1−δ)+β)Ω(α, β, δ; x, t),
D̂t Ω(α, β, δ; x, t) = 2d̂(α,α(1−δ)+β)(x − t)Ω(α, β, δ; x, t).

(3.11)

Comparing the two equations in (3.11), we infer that

(x − t)D̂x Ω(α, β, δ; x, t) = tD̂t Ω(α, β, δ; x, t). (3.12)

Using (3.10) in the first equation of (3.11), we get

∞∑
n=0

D̂x ECδ
n(x;α, β)

tn

n!
= 2d̂(α,α(1−δ)+β)

∞∑
n=0

ECδ
n(x;α, β)

tn+1

n!
.

The desired result (3.6) is obtained by comparing the coefficients tn/n!, on both sides of the
aforementioned identity. In order to prove formula (3.7), we first multiply both sides of the
assertion (3.6) by x, and then we combine the resultant expression with (3.2) to obtain the formula (3.7).
Inserting (3.10) in the second equation of (3.11), we get

∞∑
n=0

ECδ
n(x;α, β)

tn−1

(n − 1)!

=2xd̂(α,α(1−δ)+β)

∞∑
n=0

ECδ
n(x;α, β)

tn

n!
− 2d̂(α,α(1−δ)+β)

∞∑
n=0

n ECδ
n(x;α, β)

tn

n!
.

The result (3.8) is obtained by comparing the coefficients tn/n!, on both sides of the aforementioned
identity. Finally, using (3.10) in (3.12), we get

∞∑
n=0

x
n

D̂x ECδ
n(x;α, β)

tn

n!
−

∞∑
n=0

D̂x ECδ
n−1(x;α, β)

tn

(n − 1)!
=

∞∑
n=0

ECδ
n(x;α, β)

tn

n!
.

The desired result (3.9) is obtained by comparing the coefficients tn/n!, in both sides of the above
assertion. �
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Theorem 3.3. For the MLGPs ECδ
n(x;α, β), we have the following differential equation:(

D̂2
x − 2xd̂(α,α(1−δ)+β)D̂x + 2nd̂(α,α(1−δ)+β)

)
ECδ

n(x;α, β) = 0. (3.13)

Proof. Owing to (3.6), we have

D̂2
x ECδ

n(x;α, β) = 2nd̂(α,α(1−δ)+β)D̂x ECδ
n−1(x;α, β). (3.14)

Using (3.6) and (3.14) in (3.7), we arrive at the differential equation (3.13). �

Since the Mittag-Leffler-Gegenbauer polynomials are a part of the family of Gegenbauer
polynomials, it is expected that the differential equation (3.13) satisfied by the polynomials ECδ

n(x;α, β)
arises naturally in mathematical physics and applied mathematics, particularly in problems involving,
for example, spherical symmetry, higher dimensions, specific potential fields, and harmonic oscillators.
Moreover, using umbral differential equations increases the applicability of the related polynomials.

4. Integral representations

In the current section, we established two integral representations for ECδ
n(x;α, β). First, with the

aid of Euler’s integral [31],

Γ(z) =

∫ ∞

0
uze−udu, Re(z) > 0, (4.1)

we can deduce the following theorem.

Theorem 4.1. Let α, β, δ, u ∈ C with {Re(α),Re(β),Re(δ)} > 0. Then,

ECδ
n(x;α, β) =

(2x)n

Γ(δ)

∫ ∞

0
uδ+n−1e−u W(α, αn + β;−u)du. (4.2)

Proof. Starting from (2.3) and using the result:

(δ)m =
1

Γ(δ)

∫ ∞

0
uδ+m−1e−udu, Re(δ) > 0, m = 0, 1, 2, · · · ,

which follows immediately from (4.1), we obtain

ECδ
n(x;α, β)

n!
=

[ n
2 ]∑

k=0

∫ ∞

0

(−1)k (2x)n−2k uδ+n−k−1

k! (n − 2k)! Γ(αn − αk + β)Γ(δ)
e−udu.

Interchanging the order of integration and summation and then putting n = n + 2k on the right side,
we get

ECδ
n(x;α, β) =

(2x)n

Γ(δ)

∫ ∞

0

∞∑
k=0

(−u)k

k! Γ(αk + αn + β)
uδ+n−1e−udu,

which by using the definition of the Wright function (1.3), we obtain (4.2). �

AIMS Mathematics Volume 10, Issue 7, 16642–16663.



16653

Another integral representation for the polynomials ECδ
n(x;α, β) is based on the complex integral

defined by Hankel [34, Eq (137)] as follows:

1
Γ(z)

=
1

2πi

∫ (0+)

−∞

et t−zdt,
(
| arg(z)|

)
≤ π. (4.3)

Theorem 4.2. Let α, β, δ, t ∈ C with {Re(α),Re(β),Re(δ)} > 0. Then,

ECδ
n(x;α, β) =

n!
2πi

∫ (0+)

−∞

et t−(β+ αn
2 )Cδ

n

(
xt
−α
2
)

dt. (4.4)

Proof. From (2.3) and the result (4.3), we get

ECδ
n(x;α, β) =

n!
2πi

[ n
2 ]∑

k=0

∫ (0+)

−∞

(−1)k(2x)n−2k(δ)n−k

k! (n − 2k)!
t−(αn−αk+β)et dt,

which, by interchanging the order of integration and summation and using the definition of the
Gegenbauer polynomials (1.19), we get the result (4.4). �

5. Finite summations

Now, we establish the following summation formulae for the MLGPs ECδ
n(x;α, β).

Theorem 5.1. The following summation formula for the MLGPs ECδ
n(x;α, β) holds true:

ECδ
n(x + v;α, β) =

n∑
k=0

(
n
k

)
(2v)k d̂k

(α,α(1−δ)+β) ECδ
n−k(x;α, β). (5.1)

Proof. Replacing x by x + v in (2.11), we have

∞∑
n=0

ECδ
n(x + v;α, β)

tn

n!
= e(2(x+v)d̂(α,α(1−δ)+β))t−(d̂(α,α(1−δ)+β))t2 d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
= e(2vd̂(α,α(1−δ)+β))te(2xd̂(α,α(1−δ)+β))t−(d̂(α,α(1−δ)+β))t2 d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
.

Expanding the first exponential of the right side of the above equation and using (2.11), we have

∞∑
n=0

ECδ
n(x + v;α, β)

tn

n!
=

∞∑
n=0

∞∑
k=0

d̂k
(α,α(1−δ)+β) ECδ

n(x;α, β)
(2v)k

n! k!
tn+k.

Using the series rearrangement formula gives

∞∑
n=0

ECδ
n(x + v;α, β)

tn

n!
=

∞∑
n=0

 n∑
k=0

(
n
k

)
(2v)k d̂k

(α,α(1−δ)+β) ECδ
n−k(x;α, β)

 tn

n!
.

Comparing the coefficients of like powers of tn/n! in the above equation, we get assertion (5.1). �
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Theorem 5.2. The following summation formula for the MLGPs polynomials ECδ
n(x;α, β) holds true:

ECδ
k+l(w;α, β) =

k∑
n=0

l∑
r=0

(
k
n

) (
l
r

)
(2(w − x))n+r d̂n+r

(α,α(1−δ)+β) ECδ
k+l−n−r(x;α, β). (5.2)

Proof. Replacing t by t + u in (2.11), we get

∞∑
k=0

ECδ
k(x;α, β)

(t + u)k

k!
= e(2xd̂(α,α(1−δ)+β))(t+u)−(d̂(α,α(1−δ)+β))(t+u)2

d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
.

Using the formula in [31], we obtain that

∞∑
n=0

f (n)
(x + y)n

n!
=

∞∑
n,m=0

f (n + m)
xn

n!
ym

m!
. (5.3)

Therefore,

∞∑
k,l=0

ECδ
k+l(x;α, β)

tk

k!
ul

l!
= e(2xd̂(α,α(1−δ)+β))(t+u)−(d̂(α,α(1−δ)+β))(t+u)2

d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
, (5.4)

which can be written as

e(−2xd̂(α,α(1−δ)+β))(t+u)
∞∑

k,l=0
ECδ

k+l(x;α, β)
tk

k!
ul

l!
= e(−d̂(α,α(1−δ)+β))(t+u)2

d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
.

Multiplying both sides of the above equation with exp
(
2wd̂(α,α(1−δ)+β)(t + u)

)
, we find that

exp
(
2(w − x)(t + u)d̂(α,α(1−δ)+β)

) ∞∑
k,l=0

ECδ
k+l(x;α, β)

tk

k!
ul

l!

=e(2wd̂(α,α(1−δ)+β))(t+u)−(d̂(α,α(1−δ)+β))(t+u)2
d̂δ−1

(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
,

which, by using (5.4) on the right side, it follows that

∞∑
n=0

2n(w − x)n(t + u)n

n!
d̂n

(α,α(1−δ)+β)

∞∑
k,l=0

ECδ
k+l(x;α, β)

tk

k!
ul

l!
=

∞∑
k,l=0

ECδ
k+l(w;α, β)

tk

k!
ul

l!
.

Using (5.3) in the first summation on the left side leads to

∞∑
n,r=0

2n+r(w − x)n+rtnur

n! r!
d̂n+r

(α,α(1−δ)+β)

∞∑
k,l=0

ECδ
k+l(x;α, β)

tk

k!
ul

l!
=

∞∑
k,l=0

ECδ
k+l(w;α, β)

tk

k!
ul

l!
. (5.5)

Now, replacing k by k − n, l by l − r, and using the identity [24]:

∞∑
k=0

∞∑
n=0

A(n, k) =

∞∑
k=0

k∑
n=0

A(n, k − n), (5.6)
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on the left side of (5.5), we find

∞∑
k,l=0

ECδ
k+l(w;α, β)

tk

k!
ul

l!
=

∞∑
k,l=0

k∑
n=0

l∑
r=0

2n+r(w − x)n+rtkul

n! r! (k − n)! (l − r)!
d̂n+r

(α,α(1−δ)+β) ECδ
k+l−n−r(x;α, β). (5.7)

Finally, comparing the coefficients of like powers tk/k! and ul/l! in (5.7), we get assertion (5.2). �

Remark 5.1. For l = 0 and w = x + v, then (5.2) reduces to (5.1).

6. Rodrigues-type and orthogonal-type formulas

We provide the Rodrigues-type formula for the MLGPs ECδ
n(x;α, β), as illustrated in the following

result.

Theorem 6.1. The MLGPs ECδ
n(x;α, β), satisfy the following Rodrigues-type formula:

ECδ
n(x;α, β) = (−1)n e(x2d̂(α,α(1−δ)+β)) Dn

x e(−x2d̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
. (6.1)

Proof. Let

f (t) = e((2xt−t2)d̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
.

Then, by the assertion (2.11) and the Maclaurin’s theorem:

f (t) =

∞∑
n=0

[
dn

dtn f (t)
]

t=0

tn

n!
,

we get
∞∑

n=0
ECδ

n(x;α, β)
tn

n!
=

∞∑
n=0

[
∂n

∂tn e((2xt−t2)d̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}]
t=0

tn

n!
.

Comparing the coefficients of like powers of tn/n! in the above equation, we find that

ECδ
n(x;α, β) =

[
∂n

∂tn e((2xt−t2)d̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}]
t=0

=

[
e(x2d̂(α,α(1−δ)+β)) ∂

n

∂tn e−((x−t)2d̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}]
t=0
. (6.2)

Let

∆(α, β, δ; x, t) = e−((x−t)2d̂(α,α(1−δ)+β)) d̂δ−1
(α,α(1−δ)+β)

{
ϕ0

Γ(δ)

}
. (6.3)

Differentiating (6.3) with respect to t and x implies

D̂t ∆(α, β, δ; x, t) = 2(x − t) d̂(α,α(1−δ)+β) ∆(α, β, δ; x, t)

and
D̂x∆(α, β, δ; x, t) = −2(x − t) d̂(α,α(1−δ)+β) ∆(α, β, δ; x, t),
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respectively.
From the above two assertions, we infer

D̂t ∆(α, β, δ; x, t) = −D̂x∆(α, β, δ; x, t).

In general, we have
Dn

t ∆(α, β, δ; x, t) = (−1)n D̂n
x ∆(α, β, δ; x, t). (6.4)

Using Eq (6.4) on the right side of (6.2) and then putting t = 0, we get the desired result (6.1). �

Remark 6.1. In light of Remark 2.1 and the result (1.12), formula (6.1) is reduced to the following
famous Rodrigues formula (see [24, p.189]):

Hn(x) = (−1)n exp
(
x2

)
Dn

x exp
(
−x2

)
.

Now, we prove an orthogonal formula for the MLGPs ECδ
n(x;α, β).

Theorem 6.2. The MLGPs ECδ
n(x;α, β) form an orthogonal set over the interval (−∞,∞) with weight

function exp
(
−x2d̂(α,α(1−δ)+β)

)
as follows:∫ ∞

−∞

exp
(
−x2d̂(α,α(1−δ)+β)

)
ECδ

n(x;α, β)ECδ
m(x;α, β) dx = 0, m , n. (6.5)

Proof. Equation (3.13) can be written

D̂x

[
exp

(
−x2d̂(α,α(1−δ)+β)

)
D̂xECδ

n(x;α, β)
]

+ 2nd̂(α,α(1−δ)+β) exp
(
−x2d̂(α,α(1−δ)+β)

)
ECδ

n(x;α, β) = 0. (6.6)

Along with (6.6), write

D̂x

[
exp

(
−x2d̂(α,α(1−δ)+β)

)
D̂xECδ

m(x;α, β)
]

+ 2md̂(α,α(1−δ)+β) exp
(
−x2d̂(α,α(1−δ)+β)

)
ECδ

m(x;α, β) = 0. (6.7)

Then, Eqs (6.6) and (6.7) are combined to yield

2(n − m)d̂(α,α(1−δ)+β) exp
(
−x2d̂(α,α(1−δ)+β)

)
ECδ

n(x;α, β)ECδ
m(x;α, β)

=D̂x

[
exp

(
−x2d̂(α,α(1−δ)+β)

) {
ECδ

n(x;α, β) D̂xECδ
m(x;α, β) − ECδ

m(x;α, β) D̂xECδ
n(x;α, β)

}]
.

Therefore,

2(n − m)d̂(α,α(1−δ)+β)

∫ b

a
exp

(
−x2d̂(α,α(1−δ)+β)

)
ECδ

n(x;α, β) ECδ
m(x;α, β) dx

=
[
exp

(
−x2d̂(α,α(1−δ)+β)

) {
ECδ

n(x;α, β) D̂xECδ
m(x;α, β) − ECδ

m(x;α, β) D̂xECδ
n(x;α, β)

}]b

a
.

Since the product of any polynomials in x by exp
(
−x2d̂(α,α(1−δ)+β)

)
→ 0 as x → ∞ or as x → −∞,

we get the desired result (6.5). �

Remark 6.2. If we set α = β = δ = 1 in (6.5), we get the following known result ( [24, p.192]]:∫ ∞

−∞

exp
(
−x2

)
Hn(x) Hm(x)dx = 0, m , n. (6.8)
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7. Fractional kinetic equation

In this section, we justify the relevance of the MLGPs ECδ
n(x;α, β) by developing a fractional kinetic

equation along with the new ECδ
n(x;α, β) polynomials in the kernel. Saxena and Kalla’s fractional

kinetic equations are defined by [26, 27]:

N(τ) − N0 f (τ) = −εν0D̂−ντ N(τ), (Re(ν) > 0), (7.1)

where N(τ) is the number density of a given species at time τ and ε is a constant. When τ = 0, then
N0 = N(0). Consider f ∈ L(0,∞) and the Riemann-Liouville integral operator 0D̂−ντ (see [11, 23]) as
follows:

0D̂−ντ f (τ) =
1

Γ(ν)

∫ τ

0
(τ − s)ν−1 f (s)ds, (Re(ν) > 0). (7.2)

Theorem 7.1. If µ > 0 and ν > 0 , then the equation

N(τ) − N0 τ
µ+ nν

2 −1
ECδ

n

(
τ
ν
2 ; ν, µ

)
= −ων

0D̂−ντ N(τ) (7.3)

has the solution

N(τ) = N0

[ n
2 ]∑

k=0

n! (−1)k 2n−2k(δ)n−k

k! (n − 2k)!
τνn−νk+µ−1Eν,νn−νk+µ (−(ωτ)ν) , (7.4)

where Eν,µ(x) is the Mittag-Leffler function (1.2).

Proof. The Laplace transform involving the Riemann-Liouville fractional integral operator as
introduced in [19] has the form:

L
[

0D̂−ντ f (τ) : p
]

= p−νF(p), (7.5)

where

F(p) =

∫ ∞

0
e−pτ f (τ)dτ, (Re(p) > 0). (7.6)

Now, by applying the Laplace transform on (7.3), it follows that

N(p) = N0

[ n
2 ]∑

k=0

n! (−1)k 2n−2k(δ)n−k

k! (n − 2k)!
pνk−νn−µ − ωνp−νN(p),

= N0

[ n
2 ]∑

k=0

n! (−1)k 2n−2k(δ)n−k

k! (n − 2k)! pνn−νk+µ

(
1 + ωνp−ν

)−1
. (7.7)

Computing the Laplace inverse of (7.7) and using L−1 [
p−ν : τ

]
= τν−1

Γ(ν) , we obtain that

L−1{N(p)} = N0

[ n
2 ]∑

k=0

n! (−1)k 2n−2k(δ)n−k

k! (n − 2k)!

∞∑
r=0

(−1)rωνrL−1
{
p−(νn−νk+νr+µ)

}
, (7.8)
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which can be rewritten as

N(τ) = N0

[ n
2 ]∑

k=0

n! (−1)k 2n−2k(δ)n−k

k! (n − 2k)!

∞∑
r=0

(−1)rωνrτνn−νk+νr+µ−1

Γ(νn − νk + νr + µ)
,

= N0

[ n
2 ]∑

k=0

n! (−1)k 2n−2k(δ)n−k

k! (n − 2k)!
τνn−νk+µ−1

∞∑
r=0

(−1)rωνrτνr

Γ(νr + νn − νk + µ)
, (7.9)

which, by using (1.2), we get the desired result (7.4). �

We end this section by concluding that the Saxena and Kalla fractional kinetic equation (7.1)
is a type of fractional differential equation used to model phenomena like diffusion in porous
media, reaction and relaxation processes, and anomalous diffusion, whereas our fractional kinetic
equation (7.3) is a specific type of fractional kinetic equation used to model a reaction kinetic fractional
equation involving extended polynomials. In solving the both cases in (7.1) and (7.3), the researcher
uses the same theoretical technique, which are the Laplace transform, inverse Laplace transform, and
the Sumudu transform. Very recently, a number of authors published papers involving the problems of
fractional reaction-diffusion systems using modern theoretical analysis and numerical simulation, see,
e.g., [4, 13, 14].

8. Fractional calculus via Saigo operators

This section establishes some fractional integrals and fractional derivatives relations for the
polynomials ECδ

n(t;α, β). First, we recall the fractional integral operators due to Saigo (see [19]):(
Iµ,ν,η0,x tλ−1

)
(x) =

Γ(λ)Γ(λ − ν + η)
Γ(λ − ν)Γ(λ + µ + η)

xλ−ν−1, (8.1)

and (
Iµ,ν,ηx,∞ tλ−1

)
(x) =

Γ(ν − λ + 1)Γ(η − λ + 1)
Γ(1 − λ)Γ(ν + µ − λ + η + 1)

xλ−ν−1. (8.2)

If we take ν = −µ in Eqs (8.1) and (8.2), we have(
R
µ
0,x tλ−1

)
(x) =

Γ(λ)
Γ(λ + µ)

xλ+µ−1, (8.3)

and (
Wµ

x,∞ tλ−1
)

(x) =
Γ(1 − µ − λ)

Γ(1 − λ)
xλ+µ−1, (8.4)

where Rµ0,x andWµ
x,∞ denote the Riemann-Liouville and the Erdélyi-Kober fractional integral operators

(see [19]), and if we take ν = 0 in Eqs (8.1) and (8.2), we have(
E
µ,η
0,x tλ−1

)
(x) =

Γ(λ + η)
Γ(λ + µ + η)

xλ−1, (8.5)

and (
Kµ,η

x,∞ tλ−1
)

(x) =
Γ(η − λ + 1)

Γ(µ − λ + η + 1)
xλ−1, (8.6)

where Eµ,η0,x andKµ,η
x,∞ denote the Weyl type and the Erdélyi-Kober fractional integral operators (see [19]).
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Theorem 8.1. Let α ∈ N, µ, ν, η, β, δ ∈ C, x > 0, and n be a non-negative integer. Then,(
Iµ,ν,η0,x

[
tλ−1

ECδ
n(t;α, β)

])
(x) =

2n n! xλ−ν+n−1

Γ(δ)

×3Ψ4


(δ + n,−1), (λ + n,−2), (λ − ν + η + n,−2);

−1
4x2

(n + 1,−2), (αn + β,−α), (λ − ν + n,−2), (λ + µ + η + n,−2);

 .
(8.7)

Proof. Seeking simplicity, we denote the left side of (8.7) by Ω. Then, by using (2.3), interchanging
the order of integration and summation, we conclude

Ω =

[ n
2 ]∑

k=0

n! 2n−2k(−1)k(δ)n−k

k! (n − 2k)! Γ(αn − αk + β)

(
Iµ,ν,η0,x tλ+n−2k−1

)
(x).

Employing relation (8.1), we arrive at

Ω = xλ−ν+n−1
[ n

2 ]∑
k=0

n! 2n−2k(−1)k(δ)n−kΓ(λ + n − 2k)Γ(λ − ν + η + n − 2k)x−2k

k! (n − 2k)! Γ(αn − αk + β)Γ(λ − ν + n − 2k)Γ(λ + µ + η + n − 2k)
,

=
2n n! xλ−ν+n−1

Γ(δ)
×

[ n
2 ]∑

k=0

Γ(δ + n − k)Γ(λ + n − 2k)Γ(λ − ν + η + n − 2k)
(
−1
4x2

)k

Γ(n + 1 − 2k)Γ(αn + β − αk)Γ(λ − ν + n − 2k)Γ(λ + µ + η + n − 2k)k!
.

Finally, using definition (1.21) leads to formula (8.7). �

Corollary 8.1. As a consequence of (8.3) and Theorem 8.1 with ν = −µ, we have(
R
µ
0,x

[
tλ−1

ECδ
n(t;α, β)

])
(x) =

2n n! xλ+µ+n−1

Γ(δ)

×2Ψ3


(δ + n,−1), (λ + n,−2);

−1
4x2

(n + 1,−2), (αn + β,−α), (λ + µ + n,−2);

 . (8.8)

Corollary 8.2. As a consequence of (8.5) and Theorem 8.1 with ν = 0, we have(
E
µ,η
0,x

[
tλ−1

ECδ
n(t;α, β)

])
(x) =

2n n! xλ+n−1

Γ(δ)

×2Ψ3


(δ + n,−1), (λ + η + n,−2);

−1
4x2

(n + 1,−2), (αn + β,−α), (λ + µ + η + n,−2);

 . (8.9)

Theorem 8.2. AAALet α ∈ N, µ, ν, η, β, δ ∈ C, x > 0 and n a non-negative integer. Then,(
Iµ,ν,ηx,∞

[
tλ−1

ECδ
n

(
1
t
;α, β

)])
(x) =

2n n! xλ−ν−n−1

Γ(δ)

×3Ψ4


(δ + n,−1), (ν − λ + n + 1,−2), (η − λ + n + 1,−2);

−x2

4
(n + 1,−2), (αn + β,−α), (1 − λ + n,−2), (ν + µ − λ + η + n + 1,−2);

 . (8.10)
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Proof. By considering the operator (8.2) and proceeding similarly as in the proof of Theorem 8.1, the
result follows. �

Corollary 8.3. As a consequence of (8.4) and Theorem 8.2 with ν = −µ, we have(
Wµ

x,∞

[
tλ−1

ECδ
n

(
1
t
;α, β

)])
(x) =

2n n! xλ+µ−n−1

Γ(δ)

×2Ψ3


(δ + n,−1), (1 − µ − λ + n,−2);

−x2

4
(n + 1,−2), (αn + β,−α), (1 − λ + n,−2);

 . (8.11)

Corollary 8.4. As a consequence of (8.6) and Theorem 8.2 with ν = 0, we have(
Kµ,η

x,∞

[
tλ−1

ECδ
n

(
1
t
;α, β

)])
(x) =

2n n! xλ+n−1

Γ(δ)

×2Ψ3


(δ − n,−1), (η − λ + n + 1,−2);

−x2

4
(n + 1,−2), (αn + β,−α), (µ − λ + η + n + 1,−2);

 . (8.12)

9. Conclusions

In this study, we introduced and analyzed a new class of the MLGPs ECδ
n(x;α, β) in the

sense of a symbolic method. We established their fundamental properties, including generating
functions, series representations, symbolic identities, recurrence relations, differential equations,
integral representations, and finite summations. Also, we established a Rodrigues-type formula and
orthogonal formulas for novel MLGPs. To illustrate their applicability, we developed a fractional
kinetic equation incorporating these polynomials in the kernel. Furthermore, we explored their
fractional calculus formulations via the Saigo operator approach. The results presented in this work not
only extend the theory of special functions but also pave new ways for further research in fractional
calculus, mathematical physics, and related applied fields. It is noted that Hermite numbers, within
the context of umbral calculus, are related to Hermite polynomials, which can be viewed as Newton
binomials and are useful for simplifying the study of special polynomials. Umbral calculus provides a
framework to extend these polynomials [5]. In the upcoming publication, we will address the challenge
of discussing the relations between Hermite numbers, umbral calculus, and the use of the umbral form
of Hermite numbers.
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11. A. Eŕdelyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher transcendental functions, McGraw-
Hill, 1955.

12. R. Gorenflo, R. Mainardi, On Mittag-Leffler-type functions in fractional evolution processes, J.
Comput. Appl. Math., 118 (2000), 283–299. https://doi.org/10.1016/S0377-0427(00)00294-6

AIMS Mathematics Volume 10, Issue 7, 16642–16663.

https://dx.doi.org/https://doi.org/10.1007/978-94-009-2323-2_3
https://dx.doi.org/https://doi.org/10.1007/978-94-009-2323-2_3
https://dx.doi.org/https://doi.org/10.48550/arXiv.1206.3495
https://dx.doi.org/https://doi.org/10.1016/j.neunet.2024.106402
https://dx.doi.org/https://doi.org/10.48550/arXiv.2503.14930
https://dx.doi.org/https://doi.org/10.1140/epjst/e2018-00073-1
https://dx.doi.org/https://doi.org/10.1006/jmaa.1998.6080
https://dx.doi.org/https://doi.org/10.1007/BF02907529
https://dx.doi.org/https://doi.org/10.1080/10652469.2019.1684487
https://dx.doi.org/https://doi.org/10.1016/S0377-0427(00)00294-6


16662

13. Y. Kao, C. Wang, H. Xia, Y. Cao, Projective synchronization for uncertain fractional reaction-
diffusion systems via adaptive sliding mode control based on finite-time scheme, In: Analysis and
control for fractional-order systems, Springer, 2024, 141–163. https://doi.org/10.1007/978-981-99-
6054-5 8

14. Y. Kao, C. Wang, H. Xia, Y. Cao, Global Mittag-Leffler synchronization of coupled
delayed fractional reaction-diffusion Cohen-Grossberg neural networks via sliding mode
control, In: Analysis and control for fractional-order systems, Springer, 2024, 121–140.
https://doi.org/10.1007/978-981-99-6054-5 7

15. A. A. Kilbas, M. Saigo, On Mittag-Leffler type function, fractional calculas operators
and solutions of integral equations, Integr. Transf. Spec. F., 4 (1996), 355–370.
https://doi.org/10.1080/10652469608819121

16. A. A. Kilbas, M. Saigo, R. K. Saxena, Generalized Mittag-Leffler function and
generalized fractional calculus operators, Integr. Transf. Spec. F., 15 (2004), 31–49.
https://doi.org/10.1080/10652460310001600717

17. J. D. E. Konhause, Bi-orthogonal polynomials suggested by the Laguerre polynomials, Pacific J.
Math., 21 (1967), 303–314. https://doi.org/10.2140/pjm.1967.21.303
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