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Abstract: Gegenbauer polynomials hold a significant role in the constructive theory of spherical
functions, while the Mittag-Leffler function is widely used in fractional calculus. In this paper,
we introduce a new class of Mittag-Leffler-Gegenbauer polynomials (MLGPs) by convolutionally
combining the classical Hermite polynomials with the Mittag-Leffler function of three parameters. We
explore some of its aspects, such as symbolical identities, recurrence relations, differential equations,
generating functions, integral representations, finite summations, and Rodrigues-type and orthogonal
formulas. Additionally, we demonstrate the relevance of the MLGPs by developing and solving
a fractional kinetic equation associated with the MLGPs in the kernel. Finally, employing Saigo
fractional-type operators, we establish fractional integrals and derivatives formulae for our innovative
MLGPs. We conclude by proposing an open question regarding the Hermite numbers and their umbral
calculus for further discussion in the field of this study.
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1. Introduction and basic notations

Analogously to the efficient usage of Legendre polynomials in the theory of the well-known 3-
dimensional spherical harmonics, Gegenbauer polynomials play a crucial role in the theory of hyper-
spherical harmonics [1]. Notably, Legendre polynomials can be regarded as a specific case of
Gegenbauer polynomials. The Mittag-Leffler function is an important function that is widely used
in the subject of fractional calculus. Indeed, solutions of diverse differential and integral equations
which involve fractional derivatives can be extracted from Mittag-Leffler functions. Moreover, the
Mittag-Leftler function is effectively employed in the solution of the framework of the boundary value
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problems (see [12,15,16]). For x € C, the Mittag-Lefller function [20] is defined by:

() xn
E,(x) = —— R > 0, 1.1
(x) ZO Fans 1y Re@ (1.1)
where as usual I'(1) is the Gamma function, and (1), = F(FA(X ),n > 0,4 # 0,-1,-2,..., is the

Pochhammer symbol [31]. The generalized form of (1.1)

S
Eop(x) = Z:(; Tanih Re(a), Re(B) > 0 (1.2)

was defined and studied by Wiman [33]. An interesting related function to the Mittag-Lefller function
stated in (1.2) is the Wright function W(a, B; x), which is defined by [35]:

(o8]

WaB;x)= )

n=0

xl’l

n!'T(an+B) (1.3)

Another generalization of (1.2) was introduced in terms of the following series representation by
Prabhakar [22]:

s ©, ¥
Eap) = ZO T(an+pB)n!’ (5

where @, 3,0 € C; Re(a), Re(8), Re(d) > 0.
In [28], the authors investigated a modified generalization of the Mittag-Leffler function in (1.4)
defined as follows:

(o)

5) X" yn
E(‘S) , — ( m+n . 105
a,ﬁﬁy(x y) Z m!n!'I'(am + Bn +y) )

m,n=0

The symbolic method offers a practical and efficient approach for presenting and analyzing both new

and existing special functions. The work gave rise to the symbolic technique in [2]. In [3], Babusci

et al. presented a novel symbolic method for investigating special functions using the derivation of

particular operators referred to as symbolic operators. Dattoli et al. [6] deduced the symbolic operator
cf(a,ﬁ). The following equations describe how this operator functions on the vacuum function ¢,:

I'(k+1)

c?ﬁ,ﬁ)% = m (v,BeR " keR), (1.6)
and 6 + &
dor syupP0 = I“(Eyk——:ﬁ)) (@.B,6 €R*, 6] <1,k €R). (1.7)
Notably, when k = 0, then Eq (1.6) yields
1
Yo = I“_(ﬁ)
Observe that Eq (1.6) satisfies the properties (see [6]):
diop) % din ) = diy and (sza,ﬁ))r = diyp)-
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The symbolic definition of Mittag-Lefller function E, z(x) in terms of c?aﬁ can be given as [6]

Eop(x) = eong,, (1.8)

By considering Eqs (1.6) and (1.7), the symbolic representations of the Mittag-Leffler functions
in (1.4) and (1.5) are given as follows.

Lemma 1.1. The following symbolic representations hold:

xA(y(y —06)+ ‘)00
Egﬁ(x) = e( d(a,a1 )ﬁ)) d?a (11(1 —5)+B) {@} s (19)
ES 5(x) = 1F1 63 15 x| 00, (1.10)
4 X ,a(1-6)+ %o
Eézlﬁ(x’y) diaat-0p) dfmly(] 98 {%} , (1.11)

where | F denotes the confluent hypergeometric function defined by [31]:

=) (@),
4 (B !’

1Fila,B; x] =

Proof. To verity (1.9), we have

(Xd(rr(l 6)+ﬂ)) d5 1

$o SRS Jo+n-1 (@)
(a,a(1-6)+p) {r (6)} Z n! 1—*(6) (w a(l- 6)+ﬁ)‘p0 ZO ! F(cm +ﬁ)’

which implies the desired result. Moreover,

A © (O X g0 S (6), X
F 6’ 1’ d(, — - = +a
11 [ xXa ,ﬂ)] %o ; (n!)? Zo n!T'(an + B)

which gives (1.10). The assertions (1.11) run parallel to the proofs of (1.9), and thus we skip the
details. O

The Hermite polynomials [24]

| [7] (_l)k(zx)nfﬂc

H,(x) = _— 1.12
) £k (n — 26)! (1.12)

can be written by the generating function:
exp (211 — 1) ZH (x)— (1.13)

The following symbolic representation of the Hermite polynomials H,(x) can be readily derived using
the derivative formula @ {z'} = =& 24" (n = 0,1,2,---):

Tnt 1) <
; ( l)kn122—2k ~
(=(1/2)0, +2x)" = Z W@’;x” k— H,(x). (1.14)
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The Hermite-Kampé de Fériet polynomials of two variables are determined by the representation
(seee.g., [7]):

(5] 2k k
X'y
Hy(x,y) =n! ) ————, (1.15)
; k! (n — 2k)!
and the generating function is:
exp xt+yt ZH (x, y) . (1.16)

The Chebyshev polynomials of the second kind [10] and Legendre polynomials [24] are defined in
the following series forms:
[7] (—l)k(l’l _ k)' (zx)n—Zk

U, () = ; T (1.17)

and

[5] k -2k
3 (—=Df(2n — 2k)! x"
Prl = £ 2k (n = k)! (n = 2k)! (19

As an extended version of Chebyshev polynomials and Legendre polynomials, the so-called
Gegenbauer polynomials are defined by the series [24]:

[5] k n-2k
5N (=1)*(0)n-r(2x)
=), Kn—-26

(1.19)

Clearly, by (1.17)—(1.19), we have
C,%(x) = P,(x) and C,ll(x) = U,(x). (1.20)

For this work, we recall the following formula of the Fox-Wright function as introduced in [31]:

(al’Al)»---»(a’p’Ap); 0o F(a1+A,n) o
Z =

q BB, (B By): per B 8 1l"(,8/+Bn)n!

The current work, which is based on symbolic operators, attempts to establish and investigate a new
class of the Mittag-Leffler-Gegenbauer polynomials (MLGPs), represented by zC°(x; a, 8). The layout
of the paper is as follows. In Section 2, we present the zC°(x; @, ) polynomials and deduce some
essential characterizations, including the generating function, series representations, and symbolic
rules. Section 3 derives recurrence relations and differential equations. Section 4 is devoted to
deriving some integral representations. Section 5 focuses on establishing some finite summations.
In Section 6, we derive the Rodrigues-type and orthogonal formulas. Section 7 demonstrates the
significance relevance of the ;C?(x; @, 8) polynomials by formulating a fractional kinetic equation with
£C°(x; @, B) polynomials in the kernel. In Section 8, we present fractional calculus formulas via the
Saigo operator approach [19]. We conclude by summarizing key results of the current study.

¥

(1.21)

p
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2. Mittag-Lefller-Gegenbauer polynomials

Recently, several authors including Konhause [17], Krt and Ozarslan [18, 21], Shahwan and
Bin-Saad [29], Miomir et al. [30], Raza and Zainab [25], Subuhi Khan [32], and Konhause and
Rainville [17, 24], studied various properties of Mittag-Leffler function in connections with certain
polynomials such as Laguerre polynomials, Hermite polynomials, Sheffer-type polynomials, and
Konhauser polynomials.

Motivated by the previously mentioned contributions, now we by making convolution of the Mittag-
Leffler function Ei’ﬁ(x) (1.4) with the Hermite polynomials H,(x) (1.12), we introduce the MLGPs
£Co(x; @, B). In view of Eqgs (1.9) and (1.14), the symbolic definition of the MLGPs ;C°(x; a,f) is
derived as follows:

ECi(x; a,,B) = (—(1/2)8x + 2)(,'6,1\(0,0(1_5)4.[;))” d’\?a_,(ly(l—zi)+ﬁ) {%} . (21)

Alternatively, we can show that

£Co(x; @, B) = H, (xj(%a,a(l—ﬁﬂﬁ)) (c:c%x:l_—léﬂﬁ) {%} : (2.2)
For the series definition of the polynomials ;C%(x; @, 8), we prove the following theorem.
Theorem 2.1. The MLGPs EC,‘g(x; a, B) satisfy

5 E 1 O 22
£Cilx; @) = ! £i kI (n— 26)! T(an — ak + B) 2-3)

Proof. Using (2.2) and (1.12), we get

g om S EVCIH [

G (x5, B) = n! ; K (11— 2k)! aatl=0148) {F(&)} )

which, by (1.7), gives the desired result (2.3). O

Remark 2.1. For a particular case of the series representation (2.3), we have
£Co(x: 1, 1) = Hy(x).

Formula (2.3) and the connections in (1.20) suggest we define Mittag-Leffler-Legendre polynomials
eP.(x; a, B) and Mittag-Leffler-Chebyshev polynomials gU,(x; a, B) in the series representations:

A 6 G
£ T'(an — ak + B)(n — 2k)! k! ’

ePu(x;a,B) = n!

and
[5]

A - D! (=t @
pUn(x5; 0, B) = ! kZ: T(an — ak + B)(n = 201 k!
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Moreover, owing to (2.2), the symbolic definitions of the Mittag-Lefller-Legendre polynomials
gP,(x; a, B) and Mittag-Leffler-Chebyshev polynomials zU,(x; @, 5) are respectively given by

1 | 1 ®
P ) = B (v VA ﬁ){ﬁ}

sUns ) = Ha (xd ) 4.0 0

S

Next, we establish some symbolic images for the MLGPs C%(x; @, ).
Theorem 2.2. For the MLGP ;C(x; a,B), we have the following symbolic Burchnalls-type formula:

A 1 A S " Xé_l(po
C(x;a,B) = D' [-=D, + 2xd,, — 2.4

where D, = a%'
Proof. Denote the right side of (2.4) by /. Then, in view of the binomial theorem, we have

_ n Nk An=2k [ ) Ao+k—1 [ n—k+5-1 %o

1_;( Ve (k )Dx b }%ﬁ){r(&)}
S D@L
' £ k! (n - 2k)! T'(an — ak +p)’

which gives the left side of the desired result (2.4). O

Theorem 2.3. A symbolic connection between the MLGPs C(x;a,B) and the Hermite Kampé de
Fériet polynomial H,(x,y) is given by

%o
£Co(x; @, B) = (ZXd(a o(1-6y+8)> —Aaa(i- 6)+ﬁ))d(a 1-GH) {%} . (2.5)
Proof. Denote the right side of (2.5) by I. Then, by using (1.15), we have

I =n! S —( Df@x) 56+n—k—1 { Yo }

(,a(1-6)+p)
4 k!l (n - 2k)! ()

Hence, by applying (1.7), the result follows. O
Theorem 2.4. The following generating function holds:

[ee)

> G a, ,B)t— = EO) ,(2xt, ). (2.6)
n=0
Proof. We have
w0 « [5] k n—2k ® k n 2k
5 r (=1 (6« 2x) —1)" (6)ax 2x1)" 1
;;Ec(xaﬁ) nzk K (n— 20 Tan —ak + ) Z(;Z; K n!T(an + ak +B)
which, by (1.5), gives (2.6). O
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However, another generating functions for the polynomials C°(x;a, ) would accrue when we
employ the function E° (%) as provided in the following theorems.

Theorem 2.5. If {Re(a), Re(), Re(0)} > 0, then the following generating function holds true:

(9]

Z:(; £CO(x; a, ﬁ);—n! = B}, (201 - 1), 2.7)
or alternatively
D EC s @) = Fy (5315 (24 = ) dug | g0, (2.8)

n=0
Proof. We have

[Se]

5 2\ _ (0)n _ (=D@),2x* L,
Eoyp (21 -7) = Z:(; n!F(an+,8) (20 - 7) ZZ Hn—0T@n+p)

n=0 k=0

which by letting n = n — k and considering definition (2.3), we obtain the desired result (2.7). By
using (1.10) in (2.7), we arrive at the result (2.8). O

Remark 2.2. Letting 6 = —m, m € N in (2.8) and using the relation [1, p.395]:
L, (x) = F[-m; 1; x], (2.9)
we reach an interesting relationship,

Z £C(x ,8) = Ly, ((2xt - #) ) 0. (2.10)

n=0

where L, (x) are the Laguerre polynomials [24, p.200].
Theorem 2.6. The following generating functions hold:

- " %o
Colxia B)_ = o(@x=7) daaa-s1p) jo-1 {—} (2.11)
EY“p\As Uy (a,a(1-6)+B) ’
; I'(6)
ZEC(S()C a, ﬁ) e daa-op)t E} ( tz)' (2.12)
n=0
Proof. Using (2.5), it follows that
0 t" 0 . " . (2)) tn
Z £CO(x; a,ﬂ); = Z Hn(2xd(a,a<1—a>+ﬁ>, —d(a,a(l—é)w))d(a a(1=6)+B) {Fé)} YR (2.13)
n=0 ) n=0 -

which, upon using (1.16) in theAriérht side of the zibczve quuAatiorAl,Awe get (2.11).
Regarding the Lie bracket [A, B] defined by [A, B] = AB — BA, it follows that
[2x£(a,a(l—6)+ﬁ)ta —Cz(a,a(l—a)w)lz] = 0.
Consequently, using the Weyl decoupling identity [8],
P =elePe k= A B]. kecC. (2.14)

We obtain an assertion (2.12) by utilizing (2.14) on the right side of (2.11) and (1.9) in the resulting
equation. O
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Theorem 2.7. The following generating functions hold:

(o9

> eCix ) % = [1 = dup (21 = 2) D] 0. (2.15)

n=0

In particular, we have

(o)

D Puxa.p) :7 =1 = diup (2t - 7' P) [);1]_% 0, (2.16)
n=0 '
> eUn(xi ) % =[1 = dup (2t - x7' ) 15;1]_' %o. (2.17)
n=0 '

Proof. Denote the right side of the assertion (2.15) by /. Then

1= (1= (20 - 2) D7 o

—1 2 —n
®) (2t =71 2) Dl o
n!

n (1)K (8), x 7K 2" K D dZ,ﬁ)SDO
k!'(n—k)!

l,n+k

—_— O

k=
[5 (- l)k (8, kx—k n—2k D—(n k)d

k! (n — 2k)!

ap) PO
@) *0 0

D i
M

0 k=0

Thus, by using (1.6) and (2.3), and by taking into account that D1} = ﬁ, we arrive at the
desired result (2.15). The results (2.16) and (2.17) follow from assertion (2.15) by employing the
identities (1.20). O

For the polynomials zC%(x; @, 8), we can derive another symbolic generating function by using the
symbolic operator ¢ ¢, (see [9]) in the following form.

Theorem 2.8. The following generating functions hold:

[

Z £Co(x; a, B) % =|1 - (2xt - 7) aﬂ]“s & g0, (2.18)

n=0

where the symbolic operator ¢ is defined by [9]:

&% o = ST (2.19)
In particular, we have
i £Pu(x; a2, B) % =1 - (2xt-7) ea]_% & o, (2.20)
n=0 '
i £U(x; @, B) g =1 - (2xt - ﬂ)e(’]_1 &1 . (2.21)
n=0 :
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Proof. Denote the right side of the assertion (2.18) by 1. Then

1=[1-(2x =) e g
(O)n (th — tz)n 6an+ﬁ_1(po
n!

(=DF () Q)" F P gy
k! (n—k)!

n
tn+k

—
wis |l
—_— O

DM 1D 1M
%

(=DF (8)pg Q) F 2B g y
k! (n - 2k)! ’

Il
(=}

k=

(=]

n

which by using (2.19) and (2.3), we arrive at the desired result (2.18). The results (2.20) and (2.21)
follow from assertion (2.18) by employing the identities (1.20). O

3. Recurrence relations and differential equation

The MLGPs ECfl(x; a, ), are rich in recurrence relations. Central to the development of many of
these recurrence relations are the generating relations (2.7) and (2.11).

Theorem 3.1. If {Re(a), Re(), Re()} > 0, then
eCO(x; @, B) = 20xC 1 (x; a, @ + B) — 26(n — 1)z CM i (x; a, @ + ), (3.1)

xD.zCo(x;a, ) = nD,xC°_ (x; @, B) + ngCo(x; ., B). (3.2)

Proof. Differentiating (2.7) with respect to ¢, we get

[

20(x = NEY) g (230 = ) = > pCilx; 0, B)

n=0

nt"!

(3.3)

n!

Using (2.7) in the left side of (3.3), in the resulting expression equate the coefficients #*/n! and let
n = n — 1 to obtain the result (3.1).
Differentiating (2.7) concerning x, we get

a,a+p

A "
261E Sy (201 = ) = 3" D pChix; @, ). (3.4)
n.
n=0

On multiplying (3.3) by 7 and (3.4) by (x — ¢) and comparing the two resulting expressions, we find
that

& nt' & . M & . tn+1
Z; £l f)— = xzo D Ci(xa.B)— ~ Z(; D Colx: . p)—. (3.5)
Equating the coefficients of */n! in (3.5) leads to the result (3.2). O
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Theorem 3.2. Let a,f3, 6, x € C with {Re(a), Re(B3), Re(6)} > 0. Then,

D, ;Co(x; @, B) = 2nd(y 01 -5)+p) £C_,(x; @, B),
ch,(X; @,ﬁ) = 2X6?(a,a(1—5)+ﬂ) ECﬁ_](x; a,ﬁ) - Dx ECS_l(X; a,ﬁ),

S . _ ] O ( 1o K] 6 .
ECo (X, B) = 2xd o a1-6)+p) ECH(X; @, B) — 2nd (g o(1-5)+p)EC,_ (X; @, B),

2C(x; @, ) = gbx pC(xa, ) — Dy 5C°_(x; 0, ).

Proof. From (2.11), let

. 2 dA(y(y - - dh(y(y — 2 j6-1 ‘)DO N 6 . ln
Q(aaﬁa 6’ .x, t) = e( Taal (SH'B))I ( (@a(l 5>+ﬁ))t d((l,(l(1—6)+ﬂ) {_} = Z ECn(x5 a’lB)E'

F(é) n=0

Then,
D, Q(a,B,6;x,1) =2 fﬁ(a,a(1—5)+ﬁ)9(a,,3, 05 x, 1),
D, Q(a,B,6; x, 1) = 2d(.a(1-06):5)(X — DU, B, 5; X, 1).

Comparing the two equations in (3.11), we infer that
(x =)D, Q(, B, 6; x,1) = tD, Qa, B, 6; x, 1).

Using (3.10) in the first equation of (3.11), we get

n+1

Z D, rCh(x;a /3)— = 2d(0.at1-5+p) Z bCox 0 B

n=0

(3.6)
(3.7)
(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

The desired result (3.6) is obtained by comparing the coefficients #'/n!, on both sides of the
aforementioned identity. In order to prove formula (3.7), we first multiply both sides of the
assertion (3.6) by x, and then we combine the resultant expression with (3.2) to obtain the formula (3.7).

Inserting (3.10) in the second equation of (3.11), we get

©0 n—l
;’: £GP
=2Xd(0.0(1-6)+p) Z £Cox; @, ﬁ)— — 20 0(1-6)+p) ZHEC (x;a ,3)—
n=0 n=0

The result (3.8) is obtained by comparing the coefficients " /n!, on both sides of the aforementioned

identity. Finally, using (3.10) in (3.12), we get

o X A s ln
Z:(; o Dx D, Co(x;a ,3)_ - ZDXEC (s a, ;8)( 1) = ;ECj(x? a,ﬁ)a-

The desired result (3.9) is obtained by comparing the coeflicients /n!, in both sides of the above

assertion.

O
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Theorem 3.3. For the MLGPs C°(x; a, ), we have the following differential equation:
(lA)i - 2X62(a,a(1—5)+ﬁ)bx + Znt?(a,a(l—a)w)) ECZ(x; a,pB)=0. (3.13)
Proof. Owing to (3.6), we have

D? ;Co(x; @, B) = 2nd 0 015+ D £CO_ (x; @, B). (3.14)

Using (3.6) and (3.14) in (3.7), we arrive at the differential equation (3.13). O

Since the Mittag-Lefller-Gegenbauer polynomials are a part of the family of Gegenbauer
polynomials, it is expected that the differential equation (3.13) satisfied by the polynomials zC°(x; a, 8)
arises naturally in mathematical physics and applied mathematics, particularly in problems involving,
for example, spherical symmetry, higher dimensions, specific potential fields, and harmonic oscillators.
Moreover, using umbral differential equations increases the applicability of the related polynomials.

4. Integral representations

In the current section, we established two integral representations for ;C%(x; @, 8). First, with the
aid of Euler’s integral [31],

I'(z) = f u‘e"du, Re(z) >0, 4.1
0
we can deduce the following theorem.
Theorem 4.1. Let o, 3,6, u € C with {Re(a), Re(B), Re(6)} > 0. Then,

Qx)"
L) Jo

eCO(x;a,B) = ule™ W(a, an + B8; —u)du. (4.2)

Proof. Starting from (2.3) and using the result:

1 (o)
(6)m - - f u5+m—le_udu, Re(é) > O, m = 0’ l’ 2, cee
') Jo

which follows immediately from (4.1), we obtain

(Clxma.p) _ Gl I (Df @uy
- = du.
0

n! £4 )y K (n—20)!T(an —ak+ L)
Interchanging the order of integration and summation and then putting n = n + 2k on the right side,
we get

(2x)" f‘” N (—u)* -
C6 ‘a, — o+n—1 ud ,
£Cilx ) T Jo Zk:o KTak+an+p)
which by using the definition of the Wright function (1.3), we obtain (4.2). O
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Another integral representation for the polynomials zC?(x; @, ) is based on the complex integral
defined by Hankel [34, Eq (137)] as follows:

1 1

(0+)
% = 2_7rzf e'tid, (larg(z)|) < m. 4.3)

Theorem 4.2. Let o, 3,06,t € C with {Re(a), Re(B), Re(6)} > 0. Then,

| (04) on e
O, f) = o f e 03l (xt7 ) at. (4.4)
2mi J_

[Se]

Proof. From (2.3) and the result (4.3), we get

(5]

i —

|
SO @, f) = —

f(0+) (- 1)k(2x)n 2k(5)n . _((m wep) tdt
o K(n=20)

which, by interchanging the order of integration and summation and using the definition of the
Gegenbauer polynomials (1.19), we get the result (4.4). i

5. Finite summations

Now, we establish the following summation formulae for the MLGPs EC,f(x; a, ).

Theorem 5.1. The following summation formula for the MLGPs C°(x; a, B) holds true:

n

eCO(x +via,B) = Z( )(Zv)k Ay a1-6yp) ECo_i(X; @, B). (5.1)

k=0

Proof. Replacing x by x + v in (2.11), we have

ZEC(S(X +va ﬁ)t_ _ e(z(xw)d((m(l o)+ﬁ>)f (d(aa(l 5)+/3))f d§ 1 { ‘PO_}
n s Ly

(a,a(1-6)+p)
n=0 ')
_ e(2vd(a a(l- 5)+ﬁ))f (Zxd(mm 6)+[3))t_(d(azy(l 6)+ﬁ))l d5 1

("0}
(@,a(1-06)+pB) % :

Expanding the first exponential of the right side of the above equation and using (2.11), we have

0

o o0 2 k
ZEC(S(’” v '8)_ - Z Zd«ma e ECI (5 '8)( vv;:.

n=0 n=0 k=0

Using the series rearrangement formula gives

ZEC,i(x +v; a,ﬁ)% = Z (Z( )(2v)k d(m(] _o14p) C0 (v a ﬁ) !

n=0 ’ n=0 \ k=0

n

Comparing the coefficients of like powers of #*/n! in the above equation, we get assertion (5.1). O

AIMS Mathematics Volume 10, Issue 7, 16642—-16663.



16654

Theorem 5.2. The following summation formula for the MLGPs polynomials pC°(x; a, 8) holds true:

k 1 k
Cl Wi )= ) Z( . )( )<2<w O At sy EChut (65 0 B). (5.2)

n=0 r=0

Proof. Replacing ¢t by t + u in (2.11), we get

[0e]

k
o . (t+u) — Zjara/ —0)+ (H' )_ jaa —0)+ (H' )2 Jo-1 900
E pCi(x )7 = euatzpm)iri-llostoosnNe™ b, I'(6)
k=0 ’

Using the formula in [31], we obtain that

© (x+ )n o P m
DT = Y e m) (53)
n=0 n,m=0
Therefore,
© Ul
C = = (2daa-0p)+1)~(dat-sp )t+1? Jo-1 Fo , 54
];)E k+l(x a, 'B)k‘ T =e (@a(1-9+6) | [(5) (5.4)

which can be written as

e l
“2xd(a(1-6)1p) ) (t+10) — (~diwati-sp ) t+w)?* 56-1 %0
kJ:OE +l( ﬁ)k' l‘ (a,a(1-0)+p) F(5)

Multiplying both sides of the above equation with exp (2wﬁ(a,a(1_5)+ﬁ)(t + u)), we find that

d k 1
exp (20w = X)(t + W01+ MZOECH,(x B

_e(ZWd(aa(l 5)+/3))(1+M) (d(aa(l 5)+/3))(f+u)2 d5 1

%o
(a,a(1-6)+p) m >

which, by using (5.4) on the right side, it follows that

> 2" (W = X))+ u)" o Ful S ol

n=0 k,I=0 k,I=0

Using (5.3) in the first summation on the left side leads to

> 2n+r(w_x)n+rtn r o tk [ * tk [
Z n!r! dojoz(l -6)+p) Z ECk+l(‘x a, ﬁ)k' I = Z ECk+l(W a, ﬁ)k‘ e (55)

n,r=0 k,I=0 k,I=0

Now, replacing k by kK — n, [ by [ — r, and using the identity [24]:

S ) S k
Z Z An, k) = Z Z A,k — n), (5.6)

k=0 n=0 k=0 n=0
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on the left side of (5.5), we find

& ok [ 2n+r(w _ x)””tkul . s
n+r .
Z ECk”(W @ ’B)kv Al Z Z Z nlrl(k—=n) (- r)!d(a,a(lﬂi)w) ECk+l—n—r(x’ @, ). (5.7

k=0 k=0 n=0 =0
Finally, comparing the coeflicients of like powers #*/k! and u!/I! in (5.7), we get assertion (5.2). O

Remark 5.1. For [ =0andw = x + v, then (5.2) reduces to (5.1).
6. Rodrigues-type and orthogonal-type formulas

We provide the Rodrigues-type formula for the MLGPs ;C%(x; @, ), as illustrated in the following
result.

Theorem 6.1. The MLGPs ;C°(x; @, B), satisfy the following Rodrigues-type formula:

£CAx @, B) = (—1)" e(Fduat-90) pr o(~Fduat-o-0) Ao b1 -sep) {ngg)} ©D

FI’OOf. Let
2x d,m " L4Y
f(t) =e ( - Haat-o ﬂ)) d?rrgz(l —0)+B) {_]( 5)}

Then, by the assertion (2.11) and the Maclaurin’s theorem:

*© 4" n
foy =Y [%f(t)Lo -,

n=0

we get

N S(o " [ 9 Qxt—)dg.at1-50+8)) J6—1 %o t
ZECn‘x’“’ﬁ)a‘Z[atn( ) Ao \ 5 )

n=0
Comparing the coefficients of like powers of #*/n! in the above equation, we find that

0 X 5 $o
eCilxi ) = [Gt el reuaom) G a)+ﬁ){@}]t—o

Xdaa —0)+ —(X )darar —0)+ j6—1 ‘700
[e( (a1 )ﬁ))% ((=0daa-5)) et 5)+ﬁ){f‘(6)}] (6.2)
Let
. — - ()C— )2dAa,{1 1-6)+ J6—1 ()DO
A, B,8; x,1) = ¢ (@0 deat-om) go-1 | (W){%}. (6.3)

Differentiating (6.3) with respect to ¢ and x implies
D M@, B, 5, x,1) = 2(x = 1) diga1-61 A, B, 5 x, 1)

and
D,\CA(a’aﬂa 5; X, t) = _2(~x - t) d’\((l,(l(l—(s)ﬁ-ﬁ) A(aaﬁ5 6; X, t),
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respectively.
From the above two assertions, we infer

D, A, B,6;x,1) = —DA(a, B, 5; x, 1).

In general, we have
D! Aa,B,5; x,1) = (=1)" D" A(a, B, 5; x, 1). (6.4)

Using Eq (6.4) on the right side of (6.2) and then putting = 0, we get the desired result (6.1). O

Remark 6.1. In light of Remark 2.1 and the result (1.12), formula (6.1) is reduced to the following
famous Rodrigues formula (see [24, p.189]):

H,(x) =(-1)"exp (xz) D’ exp (—xz).
Now, we prove an orthogonal formula for the MLGPs C°(x; a, B).

Theorem 6.2. The MLGPs ;C°(x; a, B) form an orthogonal set over the interval (—oo, o) with weight
function exp (—xsz(a’a(]_g)_;_ﬁ)) as follows:

foo exp (—xzc?(ma_a)w))Ecg(x; a,BeCl(x;a,B)dx =0, m # n. (6.5)
Proof. Equation (3.13) can be written
D, [CXP (_xzj(a,a(l—6)+,6‘))DXEC3(X; a,ﬂ)]
+ 21d( a(1-5)+p) EXP (—X2ﬁ(a,a(1—5)+ﬁ))EC,‘z(x§ a,p) = 0. (6.6)
Along with (6.6), write
D, [CXP (_-xzd\(a,a(l—6)+,B))DxECfn(X; a ,ﬁ)]
+ 2md (o at1-5y+p) XP (~Xdw.a1-5p )ECo(x: . ) = 0. (6.7)
Then, Eqs (6.6) and (6.7) are combined to yield
2(n - m)dA(a,a(l—(S)+,E) exp (—Xzéi(a,a(l—é)w))zscg(x; @, B)eCC (x; a, B)
=D, [exp (-Xdaa(1-0p)) {FCH(x: @. ) DyrCoy(x; . B) — £Coy(x; . B) DypCox: . B
Therefore,
2(n - m)j(a,(z(l—a)w) fab exp (—X2C?(a,a(1—5)+ﬁ))ECi(X; a,B) C(x;, B) dx

= [exp (~Pdiwatr-op) {CL0 @.B) DorClxanP) — eCix: . B) DopClx:aB))] .

Since the product of any polynomials in x by exp (—xzﬁ(m(l_é)w)) — 0 asx — oooras x — —oo,
we get the desired result (6.5). O

Remark 6.2. If we seta = =06 = 1in(6.5), we get the following known result ( [24, p.192]]:

f ) exp (—x?) Hy(x) H,(x)dx = 0, m # n. (6.8)

AIMS Mathematics Volume 10, Issue 7, 16642—-16663.



16657

7. Fractional kinetic equation

In this section, we justify the relevance of the MLGPs C(x; @, 8) by developing a fractional kinetic
equation along with the new yC%(x; @, ) polynomials in the kernel. Saxena and Kalla’s fractional
kinetic equations are defined by [26,27]:

N(7) = Nof (1) = =&"sD’N(1),  (Re(v) > 0), (7.1)
where N(7) is the number density of a given species at time 7 and ¢ is a constant. When 7 = 0, then

Ny = N(0). Consider f € L(0, c0) and the Riemann-Liouville integral operator OD; Y (see [11,23]) as
follows:

A 1 T
oD f(7) = —f (r—5)" f(s)ds, (Re(v) > 0). (7.2)
I'(v) Jo
Theorem 7.1. If u > 0 and v > 0, then the equation
N(7) = No 7571 5Ch (275 v, ) = =" D 'N(T) (7.3)
has the solution
N N [%] n! (—l)k 2n—2k(5)n_k vn—vk+;1—1E , 74
(T) — 1NQ -~ k‘ (l’l _ 2]()' T v,yn—vk+u (—((L)T) ), ( . )

where E,, (x) is the Mittag-Leffler function (1.2).

Proof. The Laplace transform involving the Riemann-Liouville fractional integral operator as
introduced in [19] has the form:

L|oD7'f(@) < p| = pF(p), (7.5)
where

F(p) :f(; e " f(r)dr, (Re(p)>0). (7.6)

Now, by applying the Laplace transform on (7.3), it follows that

—
—

2 n! (— 1 )k 2n_2k(5)n—k vk—vn—u

k! (n —2k)!

N(p) =Ny

[

- va_vN(p)’

—
[STE|
—_— O

n! (=1)F 2"2(8),«

y —v\~—1
k! (n — 2k)l pvn—vk+y (1 twp ) : (77)

=N,

k=

(=]

v—1

. .
oy We obtain that

Computing the Laplace inverse of (7.7) and using L™ [p™ : 7] =
2]
L™YN(p)} = N

k=0

o

Z(_ l)rwer—l {p—(vn—vk+vr+p)} , (78)

r=0

n! (=1)F2"2(6), 4
k! (n — 2k)!
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which can be rewritten as

N( ) [”] I’L'( l)k n= 2k(5)n " ( l)ra)w vn—vk+vr+u—1
T) =
No L kl(n-2k)! & Tom—vk+vr+p)’
L2y qyeon-2 0
1)k 2n=2k(§ — 1wt
D D e e e 79
e 1'(n—2k)! - I'(vr+vn—vk + p)
which, by using (1.2), we get the desired result (7.4). O

We end this section by concluding that the Saxena and Kalla fractional kinetic equation (7.1)
is a type of fractional differential equation used to model phenomena like diffusion in porous
media, reaction and relaxation processes, and anomalous diffusion, whereas our fractional kinetic
equation (7.3) is a specific type of fractional kinetic equation used to model a reaction kinetic fractional
equation involving extended polynomials. In solving the both cases in (7.1) and (7.3), the researcher
uses the same theoretical technique, which are the Laplace transform, inverse Laplace transform, and
the Sumudu transform. Very recently, a number of authors published papers involving the problems of
fractional reaction-diffusion systems using modern theoretical analysis and numerical simulation, see,
e.g., [4,13,14].

8. Fractional calculus via Saigo operators

This section establishes some fractional integrals and fractional derivatives relations for the
polynomials ECﬁ(t; a, ). First, we recall the fractional integral operators due to Saigo (see [19]):

Vil A=1 _ r(/l)r(/l —V+ 7]) A—v—1

(1527 o = TA- A+t @1

and T =+ DI =+ 1)

v A1 _ V= n- -1
(r ) o = TR ROy Ee LA (8.2)
If we take v = —u in Eqgs (8.1) and (8.2), we have
-1 _ I +u-1
(R, ) () = T +mxﬂ el (8.3)
and - N

((Wioo ﬂ—‘) (x) = wxﬂu—l , (8.4)

I'1-2
where R’é’x and W/, denote the Riemann-Liouville and the Erdélyi-Kober fractional integral operators
(see [19]), and if we take v = 0 in Eqs (8.1) and (8.2), we have

(88:;7 t/l_l) (x) = —F(E(—/ll—; Z)U) ! (8.5)
d
" wun (-1 _ F(U —A+ 1) A-1
(et )(x)_r(ﬂ_“nﬂ)x : (8.6)

where &7 and K, denote the Weyl type and the Erdélyi-Kober fractional integral operators (see [19]).
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Theorem 8.1. Let @ € N,u,v,n,B,0 € C, x > 0, and n be a non-negative integer. Then,

2n l’l' x/l—v+n—1
wvn | A-1 O (4. —
(B[ e el = =55
0+n,-1),A+n,-2),(1—-v+n+n,-2);
X3V =5
n+1,-2),(an+p,—a),(1—v+n,-2),(A1+u+n+n,-2);
(8.7)

Proof. Seeking simplicity, we denote the left side of (8.7) by Q. Then, by using (2.3), interchanging
the order of integration and summation, we conclude

(5]

_ n! 2" (=14 (8)uk o ot
@= kZ:;J k! (n — 2k)\ T(an — ak + ) (15" ) ().

Employing relation (8.1), we arrive at

[5] 1! 272K (=1 (8)uk DA + 1 = 20T = v + 1+ n — 2k)x~ 2

Q = A=v+n—1 ,
o e k!'(n—=2k)!T(an —ak +BI'(A—v+n-2A+u+n+n-—2k)
ot ioven-t L] [ +n— T +n - 200 - v+ +n-2k) ()
= X .
') — I'n+1-20an+pB—ak)l(1—v+n-2A+u+n+n-2kk!
Finally, using definition (1.21) leads to formula (8.7). |
Corollary 8.1. As a consequence of (8.3) and Theorem 8.1 with v = —u, we have
27 pl x/l+/1+n—l
T DV ES R —
(RO,X [t Ecn(t’ a’aﬁ)]) (x) - 1—-(5)
0+n,-1),(1+n,-2);
X, W5 ﬁ . (8.8)
(n+1,-2),(an +B,—a),(1+ u+n,-2);
Corollary 8.2. As a consequence of (8.5) and Theorem 8.1 with v = 0, we have
2 x/1+n—1
[ A1 0. _
(80,x [t eCL (0 CV’,B)]) (x) = “TO)
0+n,—-1),(A+n+n,-2);
X2\P3 ﬁ (89)
(n+1,-2),(an+B,—a),( 1+ u+n+n,-2);

Theorem 8.2. AAALet @ € N, u,v,n,8,6 € C, x > 0 and n a non-negative integer. Then,
1 2n n| x/l—v—n—l
JHvn t/l—l C(S —q, —
(x,oo [ EYp P a/ﬁ (X) F(é)
O+n-1),v-A+n+1,-2),(n—-A+n+1,-2);
X3Wy = 1. (810)
n+1,-2),(an+p,—a),(1 —A+n,-2),v+u—-A+n+n+1,-2)
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Proof. By considering the operator (8.2) and proceeding similarly as in the proof of Theorem 8.1, the
result follows. o

Corollary 8.3. As a consequence of (8.4) and Theorem 8.2 with v = —u, we have

1 el B 2" p xtun=l
((Wl;,oo [f eC, (;,a,ﬁ)]) (x) = 10

(6+na_1)$(1 —,ll—/l+n,—2),
xo'W3 == 1. (8.11)
n+1,-2),(an+p,—a),(1 = A1 +n,-2);

Corollary 8.4. As a consequence of (8.6) and Theorem 8.2 with v = 0, we have

’ i 5 l B 2%l x/l+n—l
(7(5’5" [I EC”‘(Z’“’ﬁ )])(x) G

0—-—n,-1),(n—A+n+1,-2);
x2'V3 = |, (8.12)
n+1,-2),(an+B,—a),(u—A+n+n+1,-2);

9. Conclusions

In this study, we introduced and analyzed a new class of the MLGPs zC%(x;a,f) in the
sense of a symbolic method. We established their fundamental properties, including generating
functions, series representations, symbolic identities, recurrence relations, differential equations,
integral representations, and finite summations. Also, we established a Rodrigues-type formula and
orthogonal formulas for novel MLGPs. To illustrate their applicability, we developed a fractional
kinetic equation incorporating these polynomials in the kernel. Furthermore, we explored their
fractional calculus formulations via the Saigo operator approach. The results presented in this work not
only extend the theory of special functions but also pave new ways for further research in fractional
calculus, mathematical physics, and related applied fields. It is noted that Hermite numbers, within
the context of umbral calculus, are related to Hermite polynomials, which can be viewed as Newton
binomials and are useful for simplifying the study of special polynomials. Umbral calculus provides a
framework to extend these polynomials [5]. In the upcoming publication, we will address the challenge
of discussing the relations between Hermite numbers, umbral calculus, and the use of the umbral form
of Hermite numbers.
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