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Abstract: This paper investigates the well-posedness of mild solutions for a linear time-fractional
Cable equation on a bounded domain Q c R? (d > 1) with a C? boundary:

u=0""Au—-0"u+f, (1,x)€0,T)XQ,
u(0, x) = up(x), xe€Q,
u=0, xeodQ,

where 0 < @, 8 < 1, and 6,1 * and (9,1 ~* denote the Riemann—Liouville fractional derivatives of orders
1 — B and 1 — «, respectively. By employing the eigenfunction expansion method, we constructed the
mild solution and established its definition. Utilizing the Banach contraction mapping principle and
properties of the Mittag-Leffler function, we derived the existence, uniqueness, and regularity of mild
solutions for the linear problem. Furthermore, we introduced a weighted Holder continuous function
space and demonstrated the existence and uniqueness of mild solutions within this frameworks. The
results obtained in this work contribute to the theoretical understanding of time-fractional Cable
equations and serve as a foundation for further studies in fractional-order diffusion processes.
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1. Introduction

The time-fractional Cable equation analyzed in this work stems from the time-fractional diffusion
equation
0%u = Au,
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which provides a flexible framework for modeling anomalous transport phenomena in various physical
settings through the adjustment of the fractional-order @. When a € (0, 1), the equation is frequently
utilized to describe subdiffusion processes, such as the trapping effects of particles in porous media or
the sluggish diffusion observed in biological tissues. The investigation of fractional diffusion equations
is primarily driven by the necessity to accurately model and comprehend the anomalous diffusion
behaviors encountered in natural and engineered systems. In contrast to classical integer-order
diffusion equations, fractional-order models provide a refined and more comprehensive description
of complex diffusion dynamics.

As a subclass of fractional subdiffusion equations, the fractional Cable equation serves as a
mathematical model for elucidating the propagation of electrical signals in neuronal dendrites. By
incorporating fractional calculus, it extends the classical Cable equation, enabling a more precise
representation of dendritic structural complexity and heterogeneity.

In recent years, extensive research efforts have been devoted to the fractional Cable equation. For
example, in [6], Langlands and Henry introduced fractional Nernst—Planck equations, formulated
fractional Cable models, and derived solutions for infinite and semi-infinite Cable equations. They
also provided fundamental solutions for two distinct types of fractional Cable equations in [7]. In [5],
Li and Deng obtained analytical solutions to the time-space fractional Cable equation via the integral
transform method. In [15], Zhuang and Liu applied the Galerkin method to simulate the fractional
Cable equation and validated their theoretical findings. Then, Liu and Du developed a two-grid
algorithm in conjunction with the finite element method to solve a nonlinear fractional Cable equation
in [8]. Zhang and Yang [14] proposed a discrete-time orthogonal spline collocation method for solving
the two-dimensional fractional Cable equation.

On the other hand, in [2], Bhrawy and Zaky introduced a spectral collocation method based
on the shifted Jacobi collocation procedure combined with the shifted Jacobi operational matrix to
solve one- and two-dimensional variable-order fractional nonlinear Cable equations. Abdelkawy and
Algahtani [1] employed the spectral collocation method to solve the one- and two-dimensional Stokes
first problem for a heated generalized second-grade fluid.

Additionally, several other numerical approaches have been explored for solving the fractional
Cable equation. For instance, Lin and Jiang [9] introduced an algorithm rooted in reproducing kernel
theory to derive exact and numerical solutions for Stokes’ first problem in a heated generalized second-
grade fluid. Dehghan and Abbaszadeh [3] developed an error estimation framework for a numerical
scheme based on the element-free Galerkin method for the fractional Cable equation with Dirichlet
boundary conditions. In [13], Saxena and Tomovski investigated the well-posedness of a generalized
time-space fractional Cable equation with a source term

7,DIV(x,1) = D™ (A"V(x, 1) — 2*D, P(V(x, 1)) + f(x, 1.

Utilizing the Fourier-Laplace transform, they derived an infinite series representation for Green’s
function and examined the asymptotic behavior of the fundamental solution in both short and long
time regimes. In [10], Ma and Chen developed a finite difference method for solving a two-
dimensional generalized time-fractional Cable equation and validated its accuracy through numerical
error analysis. In [4], Khan and Alias constructed a high-order implicit finite difference iterative
scheme for discretizing the Caputo fractional derivative and implemented a fourth-order implicit
scheme for spatial derivatives.
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Motivated by the aforementioned studies, this paper focuses on the following time-fractional Cable
equation:
Ou=0""Mu—8"u+f, (t,x)€0,T)xQ,
u(0,x) = up(x), xe€Q, (1.1)
u=0, xeodQ,

where 0 < @, < 1, and (9; # and A= denote the Riemann-Liouville fractional derivatives. The
domain Q C R? (d > 1) is a bounded open set with a C? boundary, and the operator A is the Laplacian
with respect to the spatial variable x. Given the initial condition u(x, 0) = u(x), the source term f is
assumed to satisfy appropriate regularity conditions.

The structure of this paper is as follows. In Section 3, we derive an explicit representation of the
mild solution using an eigenfunction expansion approach and establish estimates for the corresponding
solution operator. In Section 4, by employing the Banach contraction mapping principle theorem
and leveraging the properties of the Mittag-Leffler function, we prove the existence, uniqueness, and
regularity of the mild solution. Furthermore, we introduce a weighted Holder continuous function
space and demonstrate the existence and uniqueness of the mild solution within this framework.

2. Preliminaries

Over the years, numerous definitions of fractional derivatives have been introduced [17]. In
this study, we specifically focus on the Riemann—Liouville derivatives. This section presents the
fundamental definitions of fractional derivatives and the key properties of the Mittag-Leffler function
that will be employed throughout the paper. For omitted proofs, readers may refer to [17] and [11] or
other standard references on fractional calculus.

As is customary, R* denotes the set of positive real numbers, and N* denotes the set of positive
integers.

Let (X,] - |lx) be a Banach space, and denote by L(X) the space of all bounded linear operators
from X to itself, equipped with the operator norm || - ||.(x). We denote by C(/, X) the space of bounded
continuous functions from an interval I to X, endowed with the norm

llullca,x)y = sup [lu(®)llx.
tel

If A is a closed linear operator, we denote by D(A”) for vy > 0 the fractional power spaces associated
with the operator A.

Definition 2.1. [17] (Riemann-Liouville fractional integrals).
Let u be a function defined on [a,b). The Riemann-Liouville fractional integrals of order 7y for
function u denoted by ,D,” u(t), respectively, are defined by

oD, u(t) = %y) f (t— s 'u(s)ds, te€la,bl,y>0,

where I' > 0 is the gamma function.

Definition 2.2. [17] (Riemann-Liouville fractional derivatives).
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Let u be a function defined on [a,b]. The Riemann-Liouville fractional derivatives of order vy for
function u denoted by ,Du(t), respectively, are defined by

S 1od

where t € [a,b]l,n—1<vy <n,andn € N,

Lemma 2.1. [11] Suppose that A > 0, &, u,v > 0, and k € N is a positive integer. Then
dk
ﬁEM(—M‘) = At E, (=42, t>0,

and
6f(t”‘1Eﬂ,V(—/lt“)) =t E,, (-, t>0,

In particular, by integrating the series term-by-term for the Mittag—Leffler function, one obtains
1 !
— f (t— )" SPTE, p(As™) ds = P E grp(A1%), 6>0,8>0, t>0.
1'6) Jo
Lemma2.2. [11]IfO<u<2 veR, andnu/2 <0 < min(n, mu), then

C
E,, < —, eC, 6< <m,
| H, (Z)| 1+ |Z| < Iargzl T
where the constant C > 0 depends on u, v, and 6.

Lemma 2.3. [I/1]Ifu < 2, v € R, and for 6 satisfying nu/2 < 6 < min(r, u), let C; and C, be
positive real constants. Then,

|Eu,v(Z)| <Ci(l+)a) ™ exp(Re(zl/f‘)) n 1&

, z€C, Jargzl <6.
+ [zl

3. Mild solution formulation

Let L?(Q) be the real Hilbert space equipped with the standard norm || - || and inner product (-, -).
Given that the operator A = —A is self-adjoint in the Sobolev space Hj(Q) N H*(Q), then there exists an

orthonormal basis {4, ex},2, in L*(Q) consisting of eigenvalues A; and corresponding eigenfunctions
€y of A.
For any y > 0, the fractional power operator A” is defined as

Alu = Z A (u,e)er, ue DAY,
=1

with the associated domain given by

DAY = {v € L*(Q): Z A v, e < oo}.
k=1
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The space D(A”) forms a Hilbert space under the norm

D(AY) = {u e [XQ): Z 2N, e < oo}.

k=1
Next, we will define the mild solution for Eq (1.1).
Assume that u : [0, T] X Q — R is a solution of Eq (1.1), and that u(¢, x) admits the decomposition

(o)

u(t, x) = Z w(Dex), k=1,2,3,..., (3.1)

k=1
where the coeflicients are given by u (1) = (u(t, x), ex).

Given initial data uy € D(A”), we exploit the properties of the operator A = —A and project Eq (1.1)
onto the eigenfunctions {e,(x)}. This yields the following fractional ordinary differential equation:

(1) + 40w = fillt) = 8 Pu, wi(0) = uoy,

where ug = (uo, ex) and fi(2) = (f(2,-), ex).

It follows from Lemma 2.2 in [16] and the uniqueness of the Laplace transform that the solution
of this fractional ordinary differential equation can be expressed in terms of Mittag-Leffler operators.
Specifically, we have

(1) = Eo1 (— At Yo + f o1 (=4t = ) | fe(s) = 8, Pwi(s) | ds.
0

By combining with Eq (3.1), we obtain the representation of the mild solution to Eq (1.1):

(o9

u(t, x) = Z [Ea,l(_/lkta)uOk + [) Eqy (= Akt = 5)%) (fk(S) - al_ﬁuk(s)) ds] ex(x). (3.2)

k=1

On the basis of the relationship 6,1 Pur) = I,ﬁ (0,u(r)) and applying Lemma 2.1 with interchange of
integration order, we have

f Eo1 (=t = 5)M)0 Puy(s)ds = f(f — SV E, pii (it — ))0sur(s)ds.
0 0

Using integration by parts with Lemma 2.1, this transforms to

f(f = SV E,pii (4t — $)M)Osur(s)ds = f (t — Y Eqp(—Au(t — ) )ur(s)ds
0 0
— PE, g1 (— 41"y (0).

We now define solution operators for v € L*(Q) and a.e. ¢ > 0:

Saltv = D Eq i (=), e)ex(x),
k=1
Qo = ) PEq gt ("), e)en(),
k=1
Pat)y = D 7 By (= ut")(v, ex)er().
k=1
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According to Lemma 2.1, the solution operator has the following properties:
I’,BSa(t)v =Q, (1), Q. () =P,(t)v. (3.3)

In the following, we focus exclusively on the time variable ¢, adopting the notational convention
u(t) = u(t,-) and f(t) = f(t,-) for brevity. Under this formulation, Eq (1.1) can be equivalently
expressed in its mild solution form as

u(t) = S,(Hug + Q,(Hugy + f S, (t—5)f(s)ds — f P, (t — s)u(s)ds. (3.4
0 0

Remarkably, the term 6,1 Pu(t, x) in the linear problem can be regarded as the nonlinear term in a
nonlinear problem. In particular, when it is transformed into the fundamental solution, a significant
amount of computation required to verify the properties of the solution can be avoided. We now
introduce the definition of the mild solution for problem (1.1).

Next, we introduce the definition of the appropriate solution to problem (1.1).

Definition 3.1 (Mild solution). A function u € C([0,T];L*(Q)) is called a mild solution to
problem (1.1) if it satisfies the integral equation (3.4).

Next, to establish the well-posedness and regularity of the solution, we present the following
properties of the solution operator.

Lemma 3.1 (Operator estimates). Let 0 < ¢ <y < 1 and v € D(A"). For any t > 0, the following
estimates hold:

Qe EWVIlpary < MY |V|peac),

- -1
1P (OVIIpary < M E-erian [VIIpasy,
IS (EWVlIpary < M|V pay.

Proof. Assume that 0 < ¢ <y < 1. Then, for any r > 0 and v € D(A"), we have

N -t 04 2 L
1Qu(Iyary = D PR B pr ()| A1(v, e)P
k=1

o0 2(y-t)
28 k 2 2
<t g — (v, e
sy (1 + /lkl‘a)2 k |( k)l

& ayy—t 12
_ L2B-ay+ar) (/lkt )7 2t 2
=t E A (v,

£ [1 + 0| K v, o)

2(B— 2
<t B (W+M)”V”D(At)~

The D(AY) is defined in a manner similar to D(A?Y). Similar estimates for #,(¢)v and S,(¢)v follow
through identical methodology. The proof is complete. O
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4. Main results

4.1. Local existence and regularity of mild solutions
This subsection addresses the existence and regularity of mild solutions to the linear problem (1.1).

Theorem 4.1 (Existence). Let y € (0, 1) and uy € D(AY). Suppose f € LP(0,T; D(AY)) with p > ﬁ
Then problem (1.1) admits a unique mild solution satisfying

Il < lluolly + 1 flzro.7:0avy, €€ [0, T]. 4.1)
Proof. Define the solution operator on C([0, T']; L*(Q)) as

Hu(t) = S,(DHugy + Q,(Hug + f St —5)f(s)ds — f P(t— su(s)ds. “4.2)
0 0

Clearly, the existence of a mild solution is equivalent to the operator H having a fixed point in
C([0, T]; L*(©)). The proof is divided into three steps.
Step 1. Verify that /H is a self-mapping.

For0 <t <t <T,consider

(Hu)(t2) = (Hu)(t)) = So(t2)ug — So(t)ug + Qu(t2)ug — Qu(t1)uo
+ L Sa(t2 - S)f(S)dS - j(: Sa(tl - S)f(S)dS (43)

- fz P (t, — s)u(s)ds + fl P (t; — s)u(s)ds.
0 0

By Lemmas 2.1 and 3.1, we obtain
1
2

- 2

Sa(2)u0 = Salt)uoll = | D |Eaa(=At5) = Eq i (~ut?)| |<uo,ek>|2]
k=1

00 2 %

> |u0k|2)

k=1

oo tr 2
< Z( f A,i‘ys“—lEa,a(—Aks“)ds) A§7|u0k|2)
n

k=1
< (857 = 1) lluolly-

According to the definition of the fractional power space D (AY) with y > 0, and using the Sobolev
embedding D (A?) — L?*(Q), we obtain the inequality ||u|| < ||luoll,. Furthermore, we derive that

IA

5]
f _ﬂksailEa,(t(_/lksa)ds

14|

1
2

1
[e]

1Qq (12)up — Qo (2ol = [Z |l§Ea,ﬁ+1(—/lkfg) - lea,ﬁH(_/lkt(f)F |(uo, €k)|2]

k=1
2 3
2
[tk )

AIMS Mathematics Volume 10, Issue 7, 16624—-16641.
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< (4 = ) luoll,.
On one hand, since
M
< )
1 + At At
we employ Holder’s inequality along with the Sobolev embedding L?(0,T; D(AY)) — L(0,T; D(A?))
(p = 1) to obtain

|Eai (™) <

f [Se(t2 = ) f($)llds < f (= 9™ f (9l ds

p-1

5}
P
< (f ((ta = )™ )7 dS) | f1lLro.7:047))-
n

Then, applying Lemmas 2.1 and 3.1, we obtain

fo 1(Sa(tz2 = 5) = Solt1 = 5)) f(s)llds

1 © 1y —S§ 2 1/2
- [ (Z [ e Eat-aieyas |(f(s),ek>|2] ds
0 k=1 tH—s
11 © 1) —S§ 2 1/2
< f [Z f ™ ldr| () fk(s))z] ds
0 k=1 n-s
11
< [ @9 = -9 Ireas
0
< (t2 = 1) fllz,7:Dary.-
Noting that for any v € L*(Q), we have
ISVl S IVl 1Qu(VI < IVl 1PV < &7 IVII, (4.4)

it follows that

%) 15}
f 1P (12 — S)u(s)llds < f (ta — s lu(s)llds
n n
S (= 1) llullc.

Further applying Lemmas 2.1 and 3.1, we obtain

Iy —

f Ptz = 5) = Palty = ) u(s)llds < f P#72dr|ds - |lullc
0 0 1n-s
< (=0 + 8 = 5 lullc.

Combining the above inequalities and triangle inequality, we conclude that

I(Hu)(®) — (Hu)@)ll — 0, (12 — ).

AIMS Mathematics Volume 10, Issue 7, 16624—-16641.
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Therefore, Hu € C([0, T]; L>(Q)) for any u € C([0, T]; L*(Y)).
Step 2. The operator / has a unique fixed point.
In fact, for any u;,u, € C ([O, Tl; LZ(Q)), from Eq (4.3), we obtain the following estimate:

I(Hur) (@) = (Huz) (Dl < fo [Pa(t = 5) (w1 (s) — uz())l| ds

< fo (1 = 9P () — ws(s)ll ds

__T®
TTB+1)

Next, we prove the following estimate by mathematical induction:

()’
rGg+1)

Assume that (4.5) holds for j. For j + 1, applying (4.3), we obtain

lﬂ””l - M2||c~

|(Hun(@) = (Hu)@)|| Py = ualle. (4.5)

7o) - 0"ty < [ o= o8 ) = Hue o)
T(B)) ! .
S fopln =l [ = tebar
@y
TG+ DA+ D

Therefore, the expression in (4.5) holds for any j € N. There exists a constant C > 0 such that

CTB®Y ey,
F((j+1)ﬁ+1)tj llety — uallc-

il
AR | T usllc.

[(H )@ = (H ) (@) <

Choosing j € N such that

_CaBy
Igg+1)

holds, then we obtain the contraction property

1,

[#Hows = How|) < sllur - walc.

According to the Banach contraction mapping theorem, HJ admits a unique fixed point u* €
C([0, T1; L3(Q)). Moreover, the commutation relation HH’/ = HIH guarantees that u* is also the
unique fixed point of H.

Step3. Mild solution estimates.
Using Lemma 2.2, we have the following estimates:

I1Sa@uoll < lluolly ,  1QuDuoll < 2 lutoll, -

AIMS Mathematics Volume 10, Issue 7, 16624—-16641.
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Therefore, we obtain

! f
u(t) < lluoll, + 7 lluoll, + f ILf ()l ds + f(t = sV Hlu(s)ll ds.
0 0
Using the generalized Gronwall inequality and Lemma 2.3, there exists a constant C such that

1
lu(®)ll < o(t) exp ((CT(B)?1),
where o(7) < [luoll, + B llueoll, + [l f1lzr0.7:Dary)- The proof is complete. O

Next, we investigate the regularity of the solution in weighted Holder continuous function space.
To begin, we introduce the space.

Definition 4.1. (Weighted Holder continuous function space).
Xr={ulueC([0.T].LQ). u €L (0,T:L}(Q))}.
where the norm is defined as

llullx, = llullc + ””,”U(O,T;LZ(Q))-

It is straightforward to verify that Xr, equipped with the norm || - ||x,, forms a Banach space.

Theorem 4.2. Lety € (0,1) and uy € D (A?) such that ay < B. Suppose that f € W' (0, T; D (A")).
Then problem (1.1) admits a unique mild solution in Xy. Furthermore, the following estimate holds:

-1
lOu@)|| < 7 ||Mo||y + ”fOlly + ”f/”Ll(o,T;D(Av)) . (4.6)

Proof. Consider the solution operator H : X; — X7 defined in (4.2). By leveraging the continuous
embedding W'1(0,T; D(A”)) — L?(0,T; D(A”)) for p > 1 and applying Theorem 4.1, we establish
that Hu € C([0, T]; L*(Q)) for any u € Xr.

The key remaining task is to verify the temporal differentiability property Hu € C([0, T]; L*(Q)).
The proof is structured in two steps.
Step 1. Prove that (Hu) € L! (0, T; LZ(Q)).

First, differentiate Eq (4.2) with respect to 7. Using Eq (3.3) and Lemma 2.1, we obtain

(Hu)'(t) = S (Huo + Po(t)up + 0, (f Sa(t—5)f(s) ds) -0, (f P, (t — s)u(s) ds).
0 0

For any v € L*(), we obtain

(9]

oV = > At Eq (") (v, €1) €.
k=1

On the other hand, we have

5, ( f ' Salt - /() ds) _ 4, ( f S -9) ds)
0 0

AIMS Mathematics Volume 10, Issue 7, 16624—-16641.
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= S.(0f(0) + f So(9)f(t = 5)ds
0
= S.(0f(0) + f Salt = $)f'(s)ds.
0
Similarly, we get

0; (f P,(t — s)u(s) ds) = P, (Hug + f P, (5)0u(t — s)ds
0

0
= P, (Hug + f P,(t— s)u'(s)ds.
0

Let f(0, x) = fy, and then, it follows that
(Hu)' (t) =S ,(Duo + S () fo + f Sot=9)f'(s)ds
0

—fPa(t—s)u'(s)ds.
0

Using Lemmas 2.2 and 3.1, we obtain

I(Huwy @] < |

St Ouo| + IS o (1) foll +

f Sot—5)f'(s)ds
0

+

f P,(t— s)u'(s)ds
0

!
—1 -1
< 1 ol + foll, + 1 o rpany + | @ =P W (Il ds.
Y Y ( (A7)
0

By applying Young’s inequality, we deduce that u’ € L'(0, T; L*(Q2)).
Subsequently, following Step 2 in Theorem 4.1 and utilizing the Banach contraction mapping
principle, we establish the existence and uniqueness of the solution to Eq (1.1) in X7.
Step 2. Using Lemma 2.3, we have
’ 2 N =Y q— )2 2 ay—
ISu@uo]” = > (4717 En () (Quok) < 17 ugll, - (4.7)
k=1
Therefore, using Eqs (4.4) and (4.7), we obtain

18Il = ||S o] + 11 D Sl +

f St — $)f(s)ds
0

+

f P,(t—s)u'(s)ds
0

t
< 7 Huolly + folly + 15l o.7:peary) + f (t = V" lu'(s)Il ds.
0
By applying the generalized Gronwall inequality and Lemma 2.3, there exists a constant K such that

13,0l < o(r) exp ((KTB)? 1),

where o(t) < |luoll, + # llueoll, + 1l fllzeo.7:pcavy- The proof is complete. |
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Theorem 4.3. Lety € (0, 1), uy € D(AY), and assume that ay < B. Suppose f € WH1(0, T; D(A)), and
then the solution u € C((0, T]; H?(Q)) and satisfies the following inequality:

-1
el p2v ) S 7 lleeolly + IS lwr10,7:0a7y) + [l S0l - (4.8)

Proof. By Theorem 4.2, for any ¢ € [0, T'], there exists a unique mild solution u satisfying u(t), 0,u(t) €
L*(Q). Consequently, applying Eq (3.3), the condition Q,(0)v = 0, and applying integration by parts,
we have

f Pt — su(s)ds = Q,(Huy + f Q,(t — 5)0u(s)ds.
0 0
It follows that
u(®) = S, (Hug + f S, (t—s)f(s)ds — f Q,(t — 5)0u(s)ds.
0 0

Therefore, it remains to establish that u € C((0, T], H*(Q)) and that u satisfies the estimate in Eq (4.8).
First, from the Sobolev embedding relation D(AY) c H?'(Q) for ¥ > 0, we conclude that if u €
D(A?), then u must also belong to H*(Q). Therefore, we now prove that u € D(A?).
By repeating the proof process of Step 1 in Theorem 4.1, forany 0 <#, <t, < T,

llu () —u ()l
<I(Se (12) = So (1)) uoll, + f I(Se (12 = 8) = Sa (11 = ) f(SIl, ds
0

+ f (Po (12 = 8) = Po (t1 = 8)) dsu(s)ll, ds
0

+ f Sa (12 = 5) f(SII,, ds + f 1Po (2 — 5) dsu(s)ll, ds

H—t ay t 1\ p ¢ I+ay—B
2 20l 2—h
S u L(0,T;D(AY)) T osu(s N
( 0t ) [ O||y+( ot ) 1A 1lzo.7:0eav) 0ot 1056072200

From the preceding analysis, it follows that u € C ((0, T'], D (A?)). Thus, u € C ((0, T], HZV(Q)).
Next, it remains to establish the validity of Eq (4.8).
By the definition of fractional powers of operators, for any u € L*(Q) and y € (0, 1), we obtain

ATu(t) = A”S,(Huy + f A’S,(t—5)f(s)ds + f A"Q,(t — 5)0su(s)ds.
0

0

On the other hand, from the Sobolev embedding theorem, we know that [[u(D)||p2vq) < (Il
Therefore, it is sufficient to estimate A”u(t) as follows:

@Il < [ISa@uoll, +f IAYSa(t = ) f (9| ds +f A7 Qy(t — $)dsu(s)l| ds.
0 0

According to Lemma 3.1, we have

00 1/2
|2
IS (uoll, = (Z B (—™)[ 437 |u0k|2] < lholl. (4.9)
k=1
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Using Lemma 3.1 again, we obtain

t
f 1A7So(t = $)f (DI ds <1 fllLor:may)- (4.10)
0

By Lemma 3.1, we have

!
[ W@ - 0o ds 5 # 0Oiary- @.11)
0
Combining Egs (4.9), (4.10), (4.11), and (4.6), we obtain

-1
(Ol < lluolly + " Nuolly + 1A ll.r:peany + foll, + 1 Nz o.r.000)

-1
st llucolly, + 1l flzco,7:pcary) + ”f()”y + ”f/”Ll(O,T,D(AV)) .

The proof is complete. O

4.2. Existence of mild solutions in the weighted Holder continuous function space

In this section, we investigate the existence and uniqueness of mild solutions to Eq (1.1) in a

weighted Holder continuous function space.

First, we introduce the weighted Holder continuous function space.

Definition 4.2. We introduce a weighted Holder continuous function space, defined as

Xr = {u € c([o, T],LZ(Q))al—ﬁu e F ((o, T],L2(Q))},

where O < 6 < n < B. The norm on this space is defined as

o = 1-
s, = llulle + [|0*Pul] .,

It is clear that Xy is a Banach space under the norm || - || %

Theorem 4.4. Let uy € D(AY) and f € F"9((0,T], D(A?)). Then, Eq (1.1) admits a unique solution
ue XT.

Proof. Step 1. We define an operator on X7 as follows:

Hu(t) = S,(DHugy + Q,(H)ug + f S.(t—95)f(s)ds — f Pt — su(s)ds.
0 0

Since F19((0, T], D(A?)) — L?(0,T; D(A)) for all p > 1, it follows from Theorem 4.1 that for any

u € C([0,T], L*(Q)), we have Hu € C([0, T], L*(Q)). Consequently, the critical step is to demonstrate
that () PH)u € F((0, T, LA()).

From Eq (3.2), we obtain

Hu(t) = S,(Hug + f S.(t—5)f(s)ds — f S, (t— s)ai_ﬁu(s) ds.
0 0
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Let I°u(t) = w(r). Using Eq (3.3), we derive

(FHu) (1) = Qu(tuo + f Q.1 - 5)f(s)ds — f Pt — s)w(s)ds,
0 0

where

Itﬁ (\f(: Sa/(t - S)f(s)ds) = l—;(ﬁ) f(:(l - S)B_l ‘[()J Sa(s — T)f(T)des

= FL(,B) j(; I(t — sP7'8, (s — 1) f(1)dsdt
= f Q,(t — 5)f(s)ds.
0

Since w(0) = 0, integration by parts yields, we have
! t
I,ﬁ (f S,(t - s)@i_ﬁu(s)ds) = f Q.(t — )0 Pu(s)ds
0 0
!
= f Q,(t — 5)dw(s)
0
!

:f?’a(t—s)w(s)ds.
0

Therefore, we obtain

(0, P H) u(t) = Paltyuo + 9, ( f Q.(t - s)f(s)ds)
0

-0, (ft Pt — s)w(s)ds).
0

, ( f Qa(t—S)f(S)dS)= f Pt — 5)f(s)ds.
0 0

Since Q,(0) = 0, it follows that

On the other hand, we have
0, (I)t Pt — s)Ifu(s)ds) =P, (Ow(0) + j: P(s)0w(t — s)ds
= jo‘t P.(t— W' (s)ds.
Since w' (1) = 6,1 -+ u(t), we have

(6;PHu) (1) = Pult)uo + f Polt = 5)f(s)ds - f Palt = )0, Pu(s)ds
0 0
= 7'{1 (l) + 7'{2(l‘) + 7'{3(l‘).
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Next, we will now prove separately that H; € ¢ ((0, T], LZ(Q)) fori=1,2,3.
Step 2. First, according to the definition of P, (¢), it follows that for 8 > 1, the lim,_,o t'77P,(f)u exists.
Moreover, for 0 < t; < t, < T, applying Lemmas 2.1 and 3.1, we obtain

1Po (12) o = Po () oll < lluoll, (47" = £57")

(t,—t)'"*
—
(t112) p

< lluoll,

Consequently, we have

t}-”+9|m1<rz>—%<n>||<”u I, A ( )(m—n)‘ﬁ“’
(-1, > s
< Nuoll, T,
and it follows that
1,7 N H (1) = H (1)

lim sup > =0.
0=00<1 <1 (t,— 1)

Therefore, it follows that , € 7 ((0, T1, LA(Q)).
By further combining with the assumption on f, we obtain
!
IHOI < f (= P f()llyds

L LBra

+n—1
F(ﬁ+ )Ilfll ol

This implies that lim,_ t' =7 ||H,(¢)|| exists.
Then, we define

Hoi (1) == fo Pot = Lf(s) - f(D)ds

t
Hosttyi= [ Pula= 91105 = Qf 0
0
Combing with Lemma 3.1 and Lemma 6.1 in [12], we obtain

|H1 () — Hoi (1) ]

< f [Po (12 — 5) = Py (t1 = 1 [f(5) — f ()] ds|| + f Po(tz = 8)[f (1) — f(2)]ds
0 0

i f Po (2= 9) [f(s) = f ()] ds
< fllgna (22 = 1) fl (t; = s (1 — 5P 570
0

5l 5]
2] —1 —(1-n+6 -1 —(1-np+6
1 flros (s — 1) f (1 = 5P 5005 4 | fllns f (s — P01 50140 g
0 1

(ﬁ)r(n 0) 5
rB+n-6)"

o-1 o1 0, a-6-1 9
< ||f||7f'79('7 lﬂ(lz—fl) T ) + 1] (t— )" )
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Thus, we derive
1,7 [ Hay (1) = Hor (1)
(t—1,)°

< fllgna |85+ BB.B = O + (12 = 11|

S W llgn o T2,

and it follows that

. 17 [ Ho (1) = Hoy (1)
lim sup 5 =0
220 0<t <t (t—11)
On the other hand, it is evident that
lim 7100 f£(¢) = 0.
11—
Applying a similar approach, we obtain

|H (t2) = Ho (1) |
f [P (12— $) — P (1 - )] £ (1) ds
0

< +

f Py (= ) [ (1) - £ (1)) ds
0

+

f Potr —5) f(2)ds
S f [t = sV = (1= sV | ds + I fllgnot]" " (1 = 1)) f (= sV ds
0 0

15}
—1 _
+ 1 llpnat f (12— sy ds
1

S||]C||7f""’t?_9_l (tr— 1) (ti) (-t + ’?) ;
Consequently, we derive
f}_mg |H (t2) — Han (1)l
(t—1)’

<l (1] @2 = 0P+ 15)

< IfllgneT?,

and it follows that

. H " 1 (1) = Hor (1)
lim sup > =0
20 0<r <) (t—11)
Therefore, we conclude that H, € F ((0, T], LZ(Q)) . By employing the same approach, it follows
that # € F7((0, T1, LX(Q)).
In summary, we obtain (8:_[3 Wu) (t) € 1 ((O, T],L2(Q)). Applying the Banach contraction
mapping principle and Theorem 4.1, we conclude that the existence and uniqueness of the solution
to equation (1.1) in the space X7. |
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