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Abstract: This article uses Hirota’s bilinear method (HBM) and appropriate transformations to
investigate several lump solution forms in a cascaded system with spatiotemporal dispersion (STD) and
Kerr law nonlinearity (KLN). The vector-coupled nonlinear Schrödinger equation is the mathematical
model that describes how different solitons propagate through a cascaded system. Using the positive
quadratic assumption in bilinear form, we evaluate lump solutions. By using the single and double
exponential ansatz in bilinear form, respectively, we additionally investigate lump single-strip and
double-strip soliton interactions. Furthermore, by using trigonometric and hyperbolic functions,
respectively, we are able to find lump periodic and rogue wave solutions. Additionally, we discuss
and illustrate the geometry of our solutions in multiple dimensions, such as contour plots and 3D. We
also compute the stability of our solutions.
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1. Introduction

Localized electromagnetic waves and solitons play a vital role in the advancement of modern
optical communication systems due to their ability to maintain shape and energy over long distances.
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The dynamics of solitons in various nonlinear media, such as photonic crystal fibers, metamaterials,
polarization-maintaining fibers, and birefringent fibers, have been extensively studied in recent
years [1,2]. Numerous discoveries resulting from these studies have expanded our knowledge of wave
propagation and nonlinear interactions in intricate physical settings [3–5]. Rogue waves are localized
wave packets with amplitudes noticeably higher than the usual background—have become a major
focus of attention among these nonlinear events. The special features of rogue waves in cascaded
systems, where several nonlinear and dispersive effects coexist, are crucial for both theoretical study
and real-world application. The generation and analytical modeling of rogue waves in such cascaded
frameworks are the main topics of this section, which provides important information about their
dynamics and possible uses in optical and photonic systems. Rogue waves have attracted a lot of
interest because of their destructive effects on coastal and marine buildings [6–8]. They are frequently
characterized as uncommon and violent oceanic phenomena. These abruptly occurring waves, which
have amplitudes far larger than the surrounding sea state, are dangerous in both natural and artificial
settings [9–11]. More complicated nonlinear frameworks, such as cascaded systems with spatio-
temporal dispersion and higher-order nonlinearities, have been used in recent years to analyze rogue
waves, going beyond conventional hydrodynamic models [12–14]. These cascaded systems provide
a rich platform for comprehending the dynamics, stability, and production of rogue waves in actual
physical situations because of their nonlinear effects and the interaction of several interacting wave
fields [15–17].

In recent years, neural network techniques have become increasingly effective in studying nonlinear
partial differential equations because they provide both symbolic interpretability and numerical
efficiency [18]. The ability of the bilinear neural network approach to encode bilinear forms, which
are essential in integrable systems within deep learning architectures, has drawn attention among
scientists [19]. This allows the method to preserve mathematical structure while learning solution
patterns. By adding residual connections that improve gradient flow and stability, the bilinear
residual network expands on this concept and works well for approximating complex dynamics [20].
Furthermore, the neural network-based symbolic calculation technique bridges the gap between data-
driven learning and symbolic computation by using neural models to help find closed-form expressions,
symmetries, and conservation laws [21].

Nonlinear media are used to study many types of soliton pulses, including breathers, kink waves,
lump waves, rogue waves, multiwaves, solitary, periodic, and their interactions [22–24]. Lump
waves (LWs) are distinguished by their localization in all spatial directions and have been observed
in a variety of scientific disciplines [25–27]. LWs have a larger propagation energy than regular
solitons and are regarded as a limiting form of solitons in some theoretical situations [28–30]. Critical
systems, such as those in financial modeling and maritime operations, can be severely and negatively
impacted by LWs because of their concentrated energy and potential for abrupt emergence [31–33].
Because of their severe and unexpected character, LW detection and prediction are very important
in real-world applications [34–36]. The development of analytical and numerical techniques for the
investigation of lump-type solutions has received increasing attention in recent years [37–39]. The
lump and rational solutions of nonlinear Schrödinger equations (NLSEs) have become a main interest
in recent years [40–42]. Consequently, a number of researchers have developed important techniques
to solve NLSEs [43–45]. In this paper, we study the cascaded system given by [48];
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16500iut + a1uxx + b1uxt + c1|v|2u = 0,
ivt + a2vxx + b2vxt + c2|u|2v + c3|v|2u = 0,

(1.1)

where the unknown functions u(x, t) and v(x, t) show wave profiles of the two components, and t and
x are the temporal and spatial variables. In Eq (1.1), the 1st, 2nd, 3rd, and 4th terms stands for a
linear temporal evolution, group velocity-dispersion (GVD), STD, and cross-phase modulation (XPM),
successively. While the c3|v|2u last term in Eq (1.1) gives the self-phase-modulation (SPM) [46–48].
Here, for i = 1, 2, ai, bi, and ci denote the parameters of GVD, STD, and XPM, while the term with c3

gives the SPM [49–51].
Numerous studies examined the governing model; for example, Zhou et al. used the Riccati

equation expansion method, the Jacobian expansion strategy, and the Bernoulli equation expansion
approach to evaluate dark, bright, and singular optical solitons [48, 52, 53]. Using stabilizing
techniques, Zhang et al. calculated source-side series virtual control to enhance the cascaded
system [49]. Banaja et al. used an enhanced adomian decomposition approach to work with optical
solitons in a cascaded system [50]. Using an expanded trial function method, Sonmezoglu et al.
built optical solitons in a cascaded system [51]. For a cascaded system, Raza et al. investigated
chaotic, quasi-periodic wave, super nonlinear, periodic solutions, and solitons [52]. The novelty
of this study, however, is the computation of localized solutions, such as lump, lump one-strip,
lump two-strip, lump periodic, and rogue wave solutions, for cascaded systems with KLN using the
proper transformations and HBM. Together with appropriate polynomial functions and HBM, we use
logarithmic transformation to generate lump solutions and all other solutions. Every localized solution
for Eq (1.1) found using the suggested method is novel and hasn’t been reported in any earlier works.

The article for the upcoming sections will be entertained as follows: In Section 2, we will give
the description for HBM and their basic operators. In Section 3, we will form a bilinear equation and
evaluate the lump solutions in a cascaded system by an appropriate transformations technique. The
mixed solution of soliton and lump waves will be in Section 4. A valuable consideration of lump 1-
stripe solutions and lump 2-stripe solutions with some suitable profiles will be entertained in Section 4.
With the usage of trigonometric ansatz in bilinear equation, we will construct lump periodic solutions
in Section 5. By hyperbolic ansatz in bilinear form, we will construct rogue wave solutions in Section 6.
In Section 7, we will provide the geometry of solutions, and finally, in Section 8, we will stretch the
concluding remarks.

2. Hirota’s bilinear method

The standard definition of the Hirota’s bilinear operators was first introduced by Hirota [59],

Dn
t Dm

x (α.β)D = (
∂

∂t
−

∂

∂t′
)n(

∂

∂x
−

∂

∂x′
)mα(x, t)β(x′, t′) | x′ = x, t′ = t′. (2.1)

Some bilinear differential operators are given as

Dx(α.β) = αxβ − αβx,

D2x(α.β) = α2xβ − 2αxβx + αβ2x,

DxDt(α.β) = Dx(αtβ − αβt) = αxt − αtβx − αxβt + αβxt,
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DxDt(α.α) = 2(ααxt − αxαt),
D4

x(α.β) = α4xβ − 4α3xβx + 6α2xβ2x − 4αxβ3x + αβ4x,

Dn(α.α) = 0, for n is odd. (2.2)

3. Lump solution

We take
u(x, t) =

g(x, t)
f (x, t)

, v(x, t) =
g(x, t)
f (x, t)

, (3.1)

where g is complex, while f stands for a real-valued function. By using Eqs (2.1) and (2.2), and
Eq (3.1) into Eq (1.1) then we obtain the following Hirota bilinear forms

iDt (g. f )
f 2 +

a1D2
x (g. f )
f 2 −

2a1gD2
x ( f . f )

f 3 +
b1DtDx (g. f )

f 2 −
2b1gDx ( ft. f )

f 3 +
c1g2g∗

f 3 = 0, (3.2)

and

iDt (g. f )
f 2 +

a2D2
x (g. f )
f 2 −

2a2gD2
x ( f . f )

f 3 +
b2DtDx (g. f )

f 2 −
2b2gDx ( ft. f )

f 3 +
c2g2g∗

f 3 +
c3g2g∗

f 3 = 0. (3.3)

From Eq (3.2) selecting only terms of f 2 and f 3, then we have the following bilinear
forms, respectively: iDt (g. f ) + a1D2

x (g. f ) + b1DtDx (g. f ) = 0,
−2a1gD2

x ( f . f ) − 2b1gDx ( ft. f ) + c1g2g∗ = 0.
(3.4)

Similarly, from Eq (3.3) selecting only terms of f 2 and f 3, then we have the following bilinear
forms, respectively:iDt (g. f ) + a2D2

x (g. f ) + b2DtDx (g. f ) = 0,
−2a2gD2

x ( f . f ) − 2b2gDx ( ft. f ) + c2g2g∗ + c3g2g∗ = 0.
(3.5)

Hirota bilinear Eq (3.4) is equivalent to the following forms, respectively:i ( f gt − ftg) + a1 ( fxxg − 2 fxgx + f gxx) + b1 (gxt f − gx ft − gt fxx + g fxt) = 0,
−a1g

(
fxx f − 2 f 2

x + f fxx

)
− 2b1g ( f ftx − fx ft) + c1g2g∗ = 0.

(3.6)

Similarly, Hirota bilinear Eq (3.5) is equivalent to the following forms, respectively:i ( f gt − ftg) + a2 ( fxxg − 2 fxgx + f gxx) + b2 (gxt f − gx ft − gt fxx + g fxt) = 0,
−a2g

(
fxx f − 2 f 2

x + f fxx

)
− 2b2g ( f ftx − fx ft) + c2g2g∗ + c3g2g∗ = 0.

(3.7)

For lump solutions of Eq (1.1), we apply the subsequent ansatz in Eqs (3.6) and (3.7) [53–57],

g (x, t) =
A1e(ict) p (x, t)

q (x, t)
, f (x, t) = 2eict[ln q (x, t)

]
x, (3.8)

where A1 stands for a non zero constant, while p(x, t) and q(x, t) are unknown functions.
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Theorem 1. In this theorem, we will compute lump solutions to the cascaded system.

Proof. For finding lump solutions for p and q in Eq (3.8) we use the following hypothesis [54, 55],

p = ξ2
1 + ξ2

2 + B2 , q = ξ2
1 + ξ2

2 + B3, (3.9)

where ξ1 = B0x + t, ξ2 = B1x + t, and Bi(1 ≤ i ≤ 3) are constants. Now using Eq (3.6) to Eq (3.8) and
solving the equations obtained from coefficients of x and t gives:
Set I. The values of parameters for Eqs (3.6) and (3.7), respectively,

B0 = − 1
b1c , B2 = −

8(−3b2
1c+3a1+4c1)

b2
1c3 , B3 =

4(−3b2
1c+3a1+8c1)

b2
1c3 , B1 = − 1

b1c ,

and

A1 = −
−1
4 + i

4
B1c3

, B0 = iB1, B3 = 0, B2 = B2.

(3.10)

Then values in Eq (3.10) generate LS for Eqs (3.6) and (3.7), respectively,

u(x, t) =
A1eict

− 8(−3b2
1c+3a1+4c1)

b2
1c3 +2

(
t− x

b1c

)2


4(−3b2
1c+3a1+8c1)

b2
1c3 +2

(
t− x

b1c

)2 ,

and

v(x, t) = −
8
(
t− x

b1c

)
b1c

 4(−3b2
1c+3a1+8c1)

b2
1c3 +2

(
t− x

b1c

)2
e

ict,

(3.11)

and 
u(x, t) =

( 1
4−

i
4 )eict(B2+(t+iB1 x)2+(t+B1 x)2)
B1c3[(t+iB1 x)2+(t+B1 x)2] ,

and

v(x, t) =
4iB1(t+iB1 x)+4B1(t+B1 x)

(t+iB1 x)2+(t+B1 x)2 eict.

(3.12)

Set II. The values of parameters for Eqs (3.6) and (3.7), respectively:
B2 =

32B2
1c1

c , B1 = B1, B3 = B3,

and

A1 = −
( i

4 )a2

b2c3
, B0 = −b2

a2
, B1 = −b2

a2
, B2 = 0.

(3.13)

Then values in Eq (3.13) generate LS for Eqs (3.6) and (3.7), respectively:
u(x, t) =

A1eict
(

32B2
1c1
c +(t+B0 x)2+(t+B1 x)2

)
B1+(t+B0 x)2+(t+B1 x)2 ,

and

v(x, t) =
4B0(t+B0 x)+4B1(t+B1 x)
B3+(t+B0 x)2+(t+B1 x)2 eict,

(3.14)

AIMS Mathematics Volume 10, Issue 7, 16498–16525.



16503

and 

u(x, t) = −
ia2eict

(
t− b2 x

a2

)2

2b2c3

(
B3+2

(
t− b2 x

a2

)2
) ,

and

v(x, t) = −
8b2

(
t− b2 x

a2

)
a2

(
B3+2

(
t− b2 x

a2

)2
)eict.

(3.15)

To better understand the dynamics of the lump solution v(x, t) governed by Eq (3.11), we present
a series of three-dimensional plots under varying values of the parameter B1. These visualizations
illustrate how the structure and intensity of the lump evolve with changes in B1, while keeping other
parameters fixed. Specifically, the figures reveal that for negative values of B1 (e.g., B1 = −10,−8,−5),
the solution exhibits sharper peaks and higher amplitude oscillations, indicating stronger localization
and steeper gradients. As B1 increases toward zero and positive values (e.g., B1 = 0, 5), the wave
profile becomes more flattened and broadened, signifying a transition to a smoother, less concentrated
lump structure. These plots highlight the sensitivity of the solution to the variation in B1, offering
insight into how the lump’s geometry can be tuned via model parameters.

To further illustrate the influence of parameter variation on the lump solution v(x, t) given in
Eq (3.11), we present the overhead (top-down) contour views corresponding to the three-dimensional
plots shown in Figure 1. These visualizations provide a clearer depiction of the amplitude distribution
and structural symmetry of the lump solutions for varying values of B1. As seen in Figure 2, when
B1 takes on more negative values such as −10 and −8, the contours become more concentrated and
elongated, indicating sharper gradients and stronger localization. As B1 approaches zero and transitions
to positive values (e.g., B1 = 0, 5), the contours expand and flatten, showing a dispersion of energy
and a broader spatial profile. These overhead views complement the 3D representations by offering
an intuitive understanding of how the solution’s amplitude and geometry evolve with changes in B1,
reinforcing the sensitivity and tunability of the model.
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(a) B1 = −10 (b) B1 = −8 (c) B1 = −5

(d) B1 = 0 (e) B1 = 5

Figure 1. Lump solution v(x, t) in Eq (3.11): Perspective interpretation of the LS for v(x, t)
with the specific values of parameters A1 = 10, B0 = −2, B3 = 2, c = 2, c1 = 2.

(a) B1 = −10 (b) B1 = −8 (c) B1 = −5

(d) B1 = 0 (e) B1 = 5

Figure 2. Lump solution v(x, t) in Eq (3.11): Overhead view of Figure 1, respectively.
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4. Mixed solution of soliton and lump waves

In this section, we will study the interaction of a lump soliton with one kink wave and the interaction
of a lump soliton with double kink waves as follows.

4.1. Lump one-strip soliton interaction solution

Theorem 2. In this theorem, we will compute the lump one-strip soliton interaction solution to the
cascaded system.

Proof. To get lump 1-strip, we apply the following transformation in Eq (3.8) along with Eqs (3.6)
and (3.7) [53–57],

p = ξ2
1 + ξ2

2 + B2 + b0ek1x+k2t , q = ξ2
1 + ξ2

2 + B3 + b0ek1x+k2t, (4.1)

where ξ1 = B0x + t, ξ2 = B1x + t. The Bi(1 ≤ i ≤ 3), k1, k2, and b0 are constants. Now using Eq (4.1)
into Eqs (3.6)–(3.8) and extracting coefficients of x, t implies:
Set I. The values of parameters for Eqs (3.6) and (3.7),

B2 = −
i(16B2

0c1+16B2
1c1+iB3k2)

k2
, B1 = B1, B2 = B2, B3 = B3,

and

B2 = −
i( −1

2 + i
2 )(2B1b3

2−B3a2−iB3a2)
b2

2A2
1c2

, B0 = −iB1, k1 = i
b2
, B3 = B3.

(4.2)

Then values in Eq (4.2) generate required results for Eqs (3.6) and (3.7), respectively:
u(x, t) =

A1eict
b0ek2t+k1x−

i(16B2
0c1+16B2

1c1+iB3k2)
k2

+(t+B0 x)2+(t+B1 x)2


B3+b0ek2t+k1x+(t+B0 x)2+(t+B1 x)2 ,

and

v(x, t) =
2(b0ek2t+k1x+2B0(t+B0 x)+2B1(t+B1 x))

B3+b0ek2t+k1x+(t+B0 x)2+(t+B1 x)2 eict,

(4.3)

and 

u(x, t) =
A1eict

− i( −1
2 + i

2 )(2B1b3
2−B3a2−iB3a2)

b2
2A2

1c2
+b0e

k2t+ i
b2

x
+(t−iB1 x)2+(t+B1 x)2


B3+b0e

k2t+ i
b2

x
+(t−iB1 x)2+(t+B1 x)2

,

and

v(x, t) =

2

 ib0e
k2t+ i

b2
x

b2
−2iB1(t−iB1 x)+2B1(t+B1 x)


B3+b0e

k2t+ i
b2

x
+(t−iB1 x)2+(t+B1 x)2

eict.

(4.4)

Set II. The values of parameters for Eqs (3.6) and (3.7), respectively:
B2 =

B3(ik2−4c)
ik2+2c , B0 = iB1, k1 = 0, B3 = B3,

and

B0 = −
B3a2( 1

2−
i
2 )

ik2+2c , B1 =
B3a2( 1

2 + i
2 )

b3
2

, k1 = − i
b2
, B3 = B3.

(4.5)
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Then values in Eq (4.5) generate required results for Eqs (3.6) and (3.7), respectively:
u(x, t) =

A1eict
(
b0ek2t+

B3(ik2−4c)
ik2+2c +(t+iB1 x)2+(t+B1 x)2

)
B3+b0ek2t+(t+iB1 x)2+(t+B1 x)2 ,

and

v(x, t) =
2(2iB1(t+iB1 x)+2B1(t+B1 x))

B3+b0ek2t+(t+iB1 x)2+(t+B1 x)2 eict,

(4.6)

and 

u(x, t) =

A1eict

B2+b0e
k2t− ix

b2 +

t− B3a2( 1
2 −

i
2 )

b3
2

x
2

+

t+ B3a2( 1
2 + i

2 )
b3

2
x
2

B3+b0e
k2t− ix

b2 +

t− B3a2( 1
2 −

i
2 )

b3
2

x
2

+

t+ B3a2( 1
2 + i

2 )
b3

2
x
2 ,

and

v(x, t) =

2

−
ib0e

k2t− ix
b2

b2
−

(1−i)a2B3

t− B3a2( 1
2 −

i
2 )

b3
2

x


b3

2
+

(1+i)a2B3

t+ B3a2( 1
2 + i

2 )
b3

2
x


b3

2


B3+b0e

k2t− ix
b2 +

t− B3a2( 1
2 −

i
2 )

b3
2

x
2

+

t+ B3a2( 1
2 + i

2 )
b3

2
x
2 eict.

(4.7)

Figure 3 illustrates the lump one-strip solution u(x, t) derived from Eq (4.4) for various values of the
parameter k2. As k2 varies from −10 to 15, the shape and amplitude of the lump-strip structure exhibit
noticeable changes. For negative values of k2, the lump profile is sharp and localized with strong
strip-like modulation. As k2 increases, the structure becomes broader and more flattened, eventually
diminishing into a low-amplitude form for higher values such as k2 = 15. These graphical observations
demonstrate how k2 significantly influences the lump-strip dynamics.

Figure 4 presents the contour (overhead) views of the lump one-strip solutions u(x, t) corresponding
to Figure 3. The plots depict how the solution profile changes with varying values of the parameter k2.
For lower k2 values (e.g., k2 = −10,−8), the contours show dense, localized ring structures indicating
strong lump features. As k2 increases toward positive values (e.g., k2 = 10, 15), the lump becomes
more diffused and elongated, with the strip pattern gradually smoothing out. These contours highlight
the transition from sharp to broader structures as k2 increases.
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(a) k2 = −10 (b) k2 = −8 (c) k2 = −5

(d) k2 = 0 (e) k2 = 5 (f) k2 = 10

(g) k2 = 15

Figure 3. Lump one strip solution u(x, t) in Eq (4.4): Perspective interpretation for u(x, t)
with the choice of parameters A1 = 10, B1 = −10, b0 = −2, b2 = 4, a2 = 3, c2 = 2, c = 5.
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(a) k2 = −10 (b) k2 = −8 (c) k2 = −5

(d) k2 = 0 (e) k2 = 5 (f) k2 = 10

(g) k2 = 15

Figure 4. Lump one strip solution u(x, t) in Eq (4.4): Overhead view of Figure 3,
respectively.

4.2. Lump double-strip soliton interaction solution

Theorem 3. In this theorem, we will compute the lump double-strip soliton interaction solution to the
cascaded system.

Proof. To get lump 2-strip, we assume the following transformation [53–57],

p = ξ2
1 + ξ2

2 + B3 + m1ek1x+k2t+k3 + m2ek1x+k2t+k3 , q = ξ2
1 + ξ2

2 + B4 + m1ek1x+k2t+k3 + m2ek1x+k2t+k3 , (4.8)
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where ξ1 = B1x + B2t, ξ2 = B1x + B2t. While, Bi(1 ≤ i ≤ 4), k1, k2, k3,m1 and m2 are any specific real
parameters. Now using Eq (4.8), Eqs (3.6)–(3.8) and obtaining coefficients of x, t, exp and solving
these equations:
Set I. The values of parameters for Eqs (3.6) and (3.8), respectively:

B2 = −
1
3 i(6B1B3a1m2−3B2

3a1m2−6B1B3a1−16B1B3c1+3B2
3a1+6cm2+6c)

m2−1 ,m1 = m2−1
2 , b1 = 0, B3 = B3,

and

B2 = −
i(A2

1c2k2k3m1+A2
1c2k2k3m2+A2

1c2k5k6m1+A2
1c2k5k6m2−ik2

2−ik2
5)

k5k6+k2k3
, k1 = −

k4k5
k2
, b1 = b1, B3 = B3.

(4.9)

Then values in Eq (4.9) generates required results for Eqs (3.6) and (3.7), respectively:

u(x, t) =

A1eict

B3+m2e
−

i(6B1B3a1m2−3B2
3a1m2−6B1B3a1−16B1B3c1+3B2

3a1+6cm2+6c)
3m2−3 +B1 x

+Ω1+(k6+k5t+k4 x)2


B4+2e

−
i(6B1B3a1m2−3B2

3a1m2−6B1B3a1−16B1B3c1+3B2
3a1+6cm2+6c)

3m2−3 +B1 x
+Ω2

,

Ω1 =
(

1+m2
2

)
e−

i(6B1B3a1m2−3B2
3a1m2−6B1B3a1−16B1B3c1+3B2

3a1+6cm2+6c)
3m2−3 +B1x

+ (k3 + k2t + k1x)2,

Ω2 = (k3 + k2t + k1x)2 + (k6 + k5t + k4x)2,

and

v(x, t) =

2

2B1e
−

i(6B1B3a1m2−3B2
3a1m2−6B1B3a1−16B1B3c1+3B2

3a1+6cm2+6c)
3m2−3 +B1x

+Ω3+2k4(k6+k5t+k4 x)


B4+2e

−
i(6B1B3a1m2−3B2

3a1m2−6B1B3a1−16B1B3c1+3B2
3a1+6cm2+6c)

3m2−3 +B1 x
+Ω3

eict,

Ω3 = 2k1 (k3 + k2t + k1x) .

(4.10)

and

u(x, t) =

A1eict

B3+m1e
−

i(A2
1c2k2k3m1+A2

1c2k2k3m2+A2
1c2k5k6m1+A2

1c2k5k6m2−ik2
2−ik2

5)t
k5k6+k2k3

+B1x
+Ω4+(k6+k5t+k4 x)2


B4+2e

−
i(A2

1c2k2k3m1+A2
1c2k2k3m2+A2

1c2k5k6m1+A2
1c2k5k6m2−ik2

2−ik2
5)t

k5k6+k2k3
+B1 x

+Ω5

,

Ω4 = m2e−
i(A2

1c2k2k3m1+A2
1c2k2k3m2+A2

1c2k5k6m1+A2
1c2k5k6m2−ik2

2−ik2
5)t

k5k6+k2k3
+B1 x

+ (k6 + k5t + k4x)2 +
(
k3 + k2t − k4k5

k2
x
)2
,

Ω5 = (k6 + k5t + k4x)2 +
(
k3 + k2t − k4k5

k2
x
)2
,

and

v(x, t) =

2

2B1e
−

i(A2
1c2k2k3m1+A2

1c2k2k3m2+A2
1c2k5k6m1+A2

1c2k5k6m2−ik2
2−ik2

5)t
k5k6+k2k3

+B1x
+Ω6+2k4(k6+k5t+k4 x)


B4+2e

−
i(A2

1c2k2k3m1+A2
1c2k2k3m2+A2

1c2k5k6m1+A2
1c2k5k6m2−ik2

2−ik2
5)t

k5k6+k2k3
+B1 x

+Ω5

eict,

Ω6 = −
2k4k5

(
k3+k2t−

k4k5
k2

x
)

k2
.

(4.11)

Set II. The values of parameters for Eqs (3.6) and (3.7), respectively:
B1 = iB4m2−iB4−2cm2−2c

B4b1(m2−1) , m1 = m2+1
2 , k1 = k1, B3 = 0,

and

A1 = −
( 2

3 i)c3

b2c2
, B2 = −

( 4
9 i)c2

3(m1+m2)
b2

2c2
, k1 = − k4k2

k5
, m1 = m1.

(4.12)
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Then values in Eq (4.12) generates required results for Eqs (3.6) and (3.7), respectively:



u(x, t) =

A1eict

m2e
B2t+ (iB4m2−iB4−2cm2−2c)x

B4b1(m2−1) + 1
2 e

B2 x+
(iB4m2−iB4−2cm2−2c)x

B4b1(m2−1) (1+m2)+Ω7


B4+2e

B2t+ (iB4m2−iB4−2cm2−2c)x
B4b1(m2−1) +Ω7

,

Ω7 = (k3 + k2t + k1x)2 + (k4 + k5t + k6x)2,

andv(x, t) =

2

 2e
B2t+ (iB4m2−iB4−2cm2−2c)x

B4b1(m2−1) (iB4m2−iB4−2cm2−2c)
B4b1(m2−1) +Ω8+2k4(k6+k5t+k4 x)


B4+2e

B2t+ (iB4m2−iB4−2cm2−2c)x
B4b1(m2−1) +Ω7

eict,

Ω8 = 2k1 (k3 + k2t + k1x) .

(4.13)

and 

u(x, t) = −

2ic3eict

B3+m1e
−

4ic2
3(m1+m2)
9b2

2c2 +m2e
−

4ic2
3(m1+m2)
9b2

2c2 +Ω9+(k6+k5t+k4 x)2


3b2c2

B4+2e
−

4ic2
3(m1+m2)
9b2

2c2 +(k6+k5t+k4 x)2+Ω9


,

Ω9 = (k6 + k5t + k4x)2 +
(
k3 + k2t − k2k4

k5
x
)2
,

and

v(x, t) = −

2

2B1e
−

4ic2
3(m1+m2)
9b2

2c2
+B1x

+2k4(k6+k5t+k4 x)−
2k2k4

(
k3+k2t−

k2k4 x
k5

)
k5


B4+2B1e

−
4ic2

3(m1+m2)
9b2

2c2
+B1x

+(k6+k5t+k4 x)2+

(
k3+k2t− k2k4 x

k5

)2

eict.

(4.14)

Figure 5 illustrates the 3D profiles of the lump two-strip solution u(x, t) governed by Eq (4.10)
for varying values of the parameter B1. As B1 transitions from negative to positive values, we
observe significant deformation in the wave structure. For negative B1 (e.g., B1 = −10,−8), the
solution displays multiple sharp spikes aligned in strip formations, indicating high localization and
strong nonlinear interactions. As B1 increases toward positive values (e.g., B1 = 10, 15), the solution
evolves into broader humps with smoother and less frequent peaks. The central lump becomes more
pronounced, and the surrounding strip waves gradually diminish, demonstrating the sensitivity of the
structure to the modulation parameter B1.

Figure 6 presents the contour plots corresponding to the lump two-strip solution u(x, t) from Figure 5
for various values of B1. The overhead views clearly display the spatial symmetry and localized wave
packets associated with each strip. For negative values of B1 (e.g., B1 = −10,−8), tightly packed
elliptical contours indicate high concentration and dense wave formations along vertical axes. As
B1 increases, the wave interaction region expands and becomes more diffuse, with B1 = 5, 10, 15
exhibiting broader, more separated stripes. These visual patterns confirm the strip-like geometry
and demonstrate how B1 modulates both the number and alignment of wave lobes in the two-strip
lump structure.
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(a) B1 = −10 (b) B1 = −8 (c) B1 = −5

(d) B1 = 0 (e) B1 = 5 (f) B1 = 10

(g) B1 = 15

Figure 5. Lump two strip solution u(x, t) in Eq (4.10): Perspective interpretation for u(x, t)
with B3 = 3, B4 = 2, a1 = 3, k1 = 1, k2 = 20, k3 = 5, k4 = 4, k5 = 10, k6 = 2,m2 = 2, c =

2, c1 = 2, A1 = 6.
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(a) B1 = −10 (b) B1 = −8 (c) B1 = −5

(d) B1 = 0 (e) B1 = 5 (f) B1 = 10

(g) B1 = 15

Figure 6. Lump two strip solution u(x, t) in Eq (4.10): Overhead view for u(x, t) with
B3 = 3, B4 = 2, a1 = 3, k1 = 1, k2 = 20, k3 = 5, k4 = 4, k5 = 10, k6 = 2,m2 = 2, c =

2, c1 = 2, A1 = 6.

5. Lump periodic soliton solution

Theorem 4. In this theorem, we will compute the lump periodic soliton solution (LPS) to the
cascaded system.

Proof. To compute LPS, we use the following supposition [53–57],
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p = ξ2
1 + ξ2

2 + B2 + B3 cos(n1x + t), q = ξ2
1 + ξ2

2 + B4 + B5 cos(n1x + t), (5.1)

where ξ1 = B0x + t, ξ2 = B1x + t. Whenever Bi(1 ≤ i ≤ 5) and n1 are various parameters to be
determined. Now using Eq (5.1) into Eqs (3.6)–(3.8) then letting the coefficients of x, the cos function,
and t:
Set I. The values of parameters for Eqs (3.6) and (3.7), respectively:

a1 = −2c1n2+b1
n2

, n1 =
b2

1n2+
√

8b2
1c2

1n4
2+4b3

1c1n3
2b4

1n2
2−8b1c1n2−4b2

1
2b1(2c1n2+b1) , c = − 1

b1n2
, B3 = B3,

and

n2 =
3(B3

0+B2
0B1+B0B2

1+B3
1)

4(B2
0+B0B1+B2

1)
, b2 = −

a2(B3
0+B2

0B1+B0B2
1+B3

1)
4(B2

0+B0B1+B2
1)

, B3 = B3, B4 = B4.

(5.2)

Then values in Eq (5.2) generate required results for Eqs (3.6) and (3.7), respectively:
u(x, t) =

A1e
−it

b1n2

B2+(t+B0 x)2+(t+B1 x)2+B4 cos

t+
(
b2

1n2+

√
8b2

1c2
1n4

2+4b3
1c1n3

2b4
1n2

2−8b1c1n2−4b2
1

)
x

2b1(2c1n2+b1)




B3+(t+B0 x)2+(t+B1 x)2+B5 cos[t+n2 x]
,

and

v(x, t) =
2[2B0((t+B0 x)2+2B1(t+B1 x)2−B5n2 sin[t+n2 x])]

B3+(t+B0 x)2+(t+B1 x)2+B5 cos[t+n2 x]
e−i 1

b1n2
t
,

(5.3)

and 

u(x, t) =
A1e

−it
b1n2 (B2+(t+B0 x)2+(t+B1 x)2+B4 cos[t+n1 x])

B3+(t+B0 x)2+(t+B1 x)2+B5 cos
t+ 3(B3

0+B2
0B1+B0B2

1+B3
1)x

4(B2
0+B0B1+B2

1)

 ,
and

v(x, t) =

2

2B0

(t+B0 x)+2B1(t+B1 x)−
3(B3

0+B2
0B1+B0B2

1+B3
1)B5 sin

t+ 3(B3
0+B2

0B1+B0B2
1+B3

1)x

4(B2
0+B0B1+B2

1)


4(B2
0+B0B1+B2

1)




B3+(t+B0 x)2+(t+B1 x)2+B5 sin
t+ 3(B3

0+B2
0B1+B0B2

1+B3
1)x

4(B2
0+B0B1+B2

1)

 eict.

(5.4)

Set II. The values of parameters for Eqs (3.6) and (3.7), respectively:
a1 = −2c1n2+b1

n2
, n1 = n1, c = − 1

b1n2
, B0 = −B1, B4 = B4,

and

a1 = a1, b2 = 0, n1 = n1, c = c, B0 = −B1, B4 = B4.

(5.5)

Then values in Eq (5.5) generate required results for Eqs (3.6) and (3.7), respectively:
u(x, t) =

A1e
−it

b1n2 (B2+(t+B0 x)2+(t+B1 x)2+B4 cos[t+n1 x])
B3+(t−B1 x)2+(t+B1 x)2+B5 cos[t+n1 x]

,

and

v(x, t) =
2[−2B1((t−B1 x)2+2B1(t+B1 x)2−B5n2 sin[t+n1 x])]

B3+(t−B1 x)2+(t+B1 x)2+B5 cos[t+n1 x]
e−i 1

b1n2
t
,

(5.6)
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and 
u(x, t) =

A1eict(B2+(t−B1 x)2+(t+B1 x)2+B4 cos[t+n1 x])
B3+(t−B1 x)2+(t+B1 x)2+B5 cos[t+n1 x]

,

and

v(x, t) =
−4B1((t−B1 x)2+4B1(t+B1 x)2−2B5n2 sin[t+n1 x])

B3+(t−B1 x)2+(t+B1 x)2+B5 cos[t+n2 x]
eict.

(5.7)

The 3D and contour plots in Figures 7 and 8 illustrate the lump periodic solution u(x, t) of Eq (5.3)
for various values of the parameter B4. These solutions exhibit an interaction between localized lump
structures and periodic wave backgrounds. As B4 varies from −10 to 15, the solution transitions
from dense multi-peak periodic structures to smoother, broader profiles. The surface plots show
a periodic wave modulation embedded with localized lump peaks, which become more distinct or
diffuse depending on the parameter values. The contour plots reinforce this observation by presenting
alternating elliptical ring formations and periodic strip-like bands, clearly indicating the coexistence of
periodicity and localization in the wave structure.

(a) B4 = −10 (b) B4 = −8 (c) B4 = −5

(d) B4 = 0 (e) B4 = 5 (f) B4 = 10

(g) B4 = 15

Figure 7. Lump periodic solution u(x, t) in Eq (5.3): Perspective interpretation for u(x, t)
with B1 = −3, B2 = 4, B3 = 2, B0 = 3, B5 = 5, b1 = 20, n1 = 5, n2 = 4, c1 = −1, A1 = 10.

AIMS Mathematics Volume 10, Issue 7, 16498–16525.



16515

(a) B4 = −10 (b) B4 = −8 (c) B4 = −5

(d) B4 = 0 (e) B4 = 5 (f) B4 = 10

(g) B4 = 15

Figure 8. Overhead view for Figure 7, respectively.

6. Rogue wave solutions

Theorem 5. In this theorem, we will compute the rogue wave solutions (RWS) to the cascaded system.

Proof. To compute RWS, we use the following supposition [53–57],

p = ξ2
1 + ξ2

2 + B2 + B3 cosh(n1x + t), q = ξ2
1 + ξ2

2 + B4 + B5 cosh(n1x + t), (6.1)

where ξ1 = B0x + t, ξ2 = B1x + t. Whenever Bi(1 ≤ i ≤ 5) and n1 are various parameters to be
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determined. Now using Eq (6.1) into Eqs (3.6)–(3.8) then letting the coefficients of x, cos function
and t:
Set I. The values of parameters for Eqs (3.6) and (3.7), respectively:

c = a1+2c1
b2

1
, n2 = − b1

a1+2c1
, B4 = 0, B1 = B1,

and

A1 =
1
2 i

c3n2
, B4 = 0, n1 = n1, c = c, B0 = B0.

(6.2)

Then values in Eq (6.2) generates required results for Eqs (3.6) and (3.7) respectively,

u(x, t) =
A1e

−i(a1+2c1)t
b2
1 (B2+(t+B0 x)2+(t+B1 x)2)

B3+(t−B1 x)2+(t+B1 x)2+B5 cos
[
t− b1 x

(a1+2c1)

] ,
and

v(x, t) =

2


2B0(t+B0 x)+2B1(t+B1 x)−

b1B5 cos
[
t−

b1 x
(a1+2c1)

]
a1+2c1




B3+(t−B1 x)2+(t+B1 x)2+B5 cos
[
t− b1 x

(a1+2c1)

] e
i a1+2c1

b2
1

t
,

(6.3)

and 
u(x, t) =

ieict(B2+(t+B0 x)2+(t+B1 x)2)
2c3n2(B3+(t+B0 x)2+(t+B1 x)2+B5 cosh[t+n2 x]) ,

and

v(x, t) =
2(2B0(t+B0 x)+2B1(t+B1 x)+B5n2 sinh[t+n2 x])

B3+(t+B0 x)2+(t+B1 x)2+B5cosh[t+n2 x]
eict.

(6.4)

Figure 9 presents both 3D and contour visualizations of the rogue wave solution v(x, t) obtained
from Eq (6.3) for varying values of B5. The 3D plots display a highly localized and sharply peaked
wave profile, characteristic of rogue waves that appear suddenly and disappear without a trace. These
peaks are centered in space-time and exhibit symmetry about their core. As B5 changes from −5
to 5, the width and amplitude of the rogue structure vary slightly, but the localized hump and steep
descent remain dominant features. The corresponding contour plots show concentric closed curves
surrounding the central peak, which visually emphasize the solitary and abrupt nature of the rogue
wave, distinguishing it from regular soliton or periodic wave patterns.
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(a) B5 = −5 (b) B5 = 0 (c) B5 = 5

(d) B5 = −5 (e) B5 = 0 (f) B5 = 5

Figure 9. Rogue wave solution v(x, t) in Eq (6.3): Perspective and overhead interpretation
for v(x, t) with B1 = −3, B0 = −4, B3 = 2, B0 = 3, b1 = 10, a1 = 50, c1 = −1.

7. Stability characteristic of solutions

We compute the stability characteristic for u(x, t) via the Hamiltonian approach [58],

u =
1
2

r∫
−r

u2 (z) dz, (7.1)

thus, a stability condition for u(x, t) can be computed as

∂u
∂c

> 0, (7.2)

where u denotes the momentum in the Hamiltonian system, and c denotes wave velocity. The stability
for u(x, t) in Eq (3.11) via parameters (see Table 1) is given by

|
∂u
∂c
|c=5 > 0. (7.3)

In the interval x, t ∈ [−2, 2] and c = 5, we deduce that u is stable. Similarly, we check out the stability
of our solutions; see Table 1.

8. Results and discussion

Table 1 contains all stability properties of our solutions.
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Table 1. Stability properties for our solutions.
Solution Stability Values of variables.

u(x, t) in Eq (3.11) Stable A1 = −5, c = 5, c1 = 2.5, b1 = 10, a4 = −9, and x, t ∈ [−2, 2].
v(x, t) in Eq (3.11) Stable c1 = 1.5, c = 5, b1 = 0.5, a1 = 1, and x, t ∈ [−2, 2].
u(x, t) in Eq (3.12) Stable A1 = −0.5, B0 = 4, B1 = 10, c = 0.1, c1 = 1, B3 = 2, and x, t ∈ [−20, 20].
v(x, t) in Eq (3.12) Stable B0 = −6, B1 = 5, c = 1, c1 = 10, B3 = 4.5, and x, t ∈ [−2, 2].
u(x, t) in Eq (3.14) Stable A1 = 3, B1 = 5.1, c = −5, c1 = 1, B0 = 4.5, and x, t ∈ [−2, 2].
v(x, t) in Eq (3.14) Stable B0 = 0.1, B1 = 5.1, c = −5, c1 = 1, B3 = 4.5, and x, t ∈ [−2, 2].
u(x, t) in Eq (3.15) Stable a2 = 0.1, b2 = 8, c = 5, c3 = 1, B3 = 2, and x, t ∈ [−2, 2].
v(x, t) in Eq (3.15) Stable a2 = 1, b2 = −8, c = 5, c3 = 1, B3 = 3, and x, t ∈ [−2, 2].
u(x, t) in Eq (4.3) Stable A1 = 5, c = 5, c1 = 2.5, b0 = −3, k1 = −6, k2 = −4, B1 = 0.1, B0 = −1.5, B3 =

−1 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.3) Stable c = −5, c1 = −2.5, b0 = 3, k1 = 6, k2 = 4, B1 = 1, B0 = 1.5, B3 = 1 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.4) Stable A1 = 1, c = −5, c1 = 2.5, b0 = 3.1, k1 = 6, k2 = 4, B1 = 1, B0 = 1.5, B3 = 2 and x, t ∈

[−2, 2].
v(x, t) in Eq (4.4) Stable c = 5, c1 = 2.5, b0 = 3.1, k1 = 6, k2 = 4, B1 = 1, B0 = 1.5, B3 = 2 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.6) Stable A1 = 4, c = −5, c1 = 2.5, c2 = 3.3, b0 = 3.1, a2 = 1, b2 = 5, k2 = 4, B1 = 1, B0 =

1.5, B3 = 1 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.6) Stable c = −5, c1 = 2.5, c2 = 3.3, b0 = 3.1, a2 = 1, b2 = 5, k2 = 4, B1 = 1, B0 = 1.5, B3 =

1 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.7) Stable A1 = 3, c = −5, c1 = 2.5, c2 = 3.3, b0 = 3.1, a2 = 1, b2 = 5, k2 = 4, B1 = 1, B0 =

1.5, B2 = 8, B3 = 1 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.7) Stable c = −5, c1 = 2.5, c2 = 3.3, b0 = 3.1, a2 = 1, b2 = 5, k2 = 4, B1 = 1, B0 = 1.5, B2 =

8, B3 = 1 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.10) Stable A1 = −5, c = 5, c1 = 2.5, k1 = 1, k2 = 4, k3 = 6, k4 = 2.5, k5 = 3, k6 = 2, b1 =

−10, a1 = −10, B2 = 4, B1 = 3, B3 = 5, B4 = 10,m2 = 10 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.10) Stable c = 5, c1 = 2.5, k1 = 1, k2 = 4, k3 = 6, k4 = 2.5, k5 = 3, k6 = 2, b1 = −10, a1 =

−10, B2 = 4, B1 = 3, B3 = 5, B4 = 10,m2 = 10 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.11) Stable A1 = 20, c = 2, c1 = 2.5, k1 = 1, k2 = 4, k3 = 6, k4 = 2.5, k5 = −3, k6 = −2, b1 =

10, a1 = 10, B2 = 4, B1 = 1, B2 = 4, B3 = 5, B4 = −9,m2 = 10 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.11) Stable c = 5, c1 = 2.5, k1 = 1, k2 = 4, k3 = 6, k4 = 2.5, k5 = 3, k6 = 2, b1 = −10, a1 =

−10, B2 = 4, B1 = 3, B3 = 5, B4 = 10,m2 = 10 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.13) Stable A1 = 3, c = 20, c1 = 5, k1 = 1, k2 = 4, k3 = 6, k4 = 2.5, k5 = 3, k6 = −2, b1 = 10, a1 =

5, B2 = 20, B1 = 15, B2 = 20, B3 = 15, B4 = 9,m2 = 10 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.13) Stable c = 20, c1 = 5, k1 = 1, k2 = 4, k3 = 6, k4 = 2.5, k5 = 3, k6 = −2, b1 = 10, a1 = 5, B2 =

20, B1 = 15, B2 = 20, B3 = 15, B4 = 9,m2 = 10 and x, t ∈ [−2, 2].
u(x, t) in Eq (4.14) Stable A1 = 3, c = −2.1, c1 = 10, c2 = 2.1, c3 = −4, k1 = −1, k2 = 4, k3 = −6, k4 = 2.5, k5 =

3, k6 = −2, b1 = 10, b2 = 3, a1 = 5, B2 = −20, B1 = −15, B3 = −15, B4 = −9,m2 =

−10,m1 = −5 and x, t ∈ [−2, 2].
v(x, t) in Eq (4.14) Stable c = 2, c3 = −4, k1 = 1, k2 = 4, k3 = −6, k4 = 2.5, k5 = 3, k6 = 2, b2 = 3, a1 = 5, B2 =

20, B1 = 15, B2 = 20, B4 = 9,m2 = 10,m1 = 5 and x, t ∈ [−2, 2].
u(x, t) in Eq (5.3) Stable A1 = −4, c = 2, c1 = 3, c2 = −4, n1 = 1, n2 = 4, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 =

9, B5 = 2, B3 = 2.5, and x, t ∈ [−2, 2].
v(x, t) in Eq (5.3) Stable c = 2, c1 = 3, c2 = −4, n1 = 1, n2 = 4, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 = 9, B5 =

2, B3 = 2.5, and x, t ∈ [−2, 2]..
u(x, t) in Eq (5.4) Stable A1 = 5, c = 6, c1 = −3, c2 = −4, n1 = 1, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 = 9, B5 =

2, B3 = 2.5, and x, t ∈ [−2, 2].
v(x, t) in Eq (5.4) Stable c = 6, c1 = −3, c2 = −4, n1 = 1, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 = 9, B5 = 2, B3 =

2.5, and x, t ∈ [−2, 2].
u(x, t) in Eq (5.5) Stable A1 = −4, c = 2, c1 = 3, c2 = −4, n1 = 1, n2 = 4, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 =

9, B5 = 2, B3 = 2.5, and x, t ∈ [−2, 2].
v(x, t) in Eq (5.5) Stable c = 2, c1 = 3, c2 = −4, n1 = 1, n2 = 4, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 = 9, B5 =

2, B3 = 2.5, and x, t ∈ [−2, 2].
u(x, t) in Eq (5.6) Stable A1 = −4, c = 2, c1 = 3, c2 = −4, n1 = 1, n2 = 4, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 =

9, B5 = 2, B3 = 2.5, and x, t ∈ [−2, 2].
v(x, t) in Eq (5.6) Stable c = 2, c1 = 3, c2 = −4, n1 = 1, n2 = 4, b1 = 3, B0 = 5, B2 = 2, B1 = 15, B4 = 9, B5 =

2, B3 = 2.5, and x, t ∈ [−2, 2].

AIMS Mathematics Volume 10, Issue 7, 16498–16525.



16519

We can see that the solution in Eq (3.11) forms two lump-waves (LW), known as upper bright
and lower dark LW, and the bright and dark LWs are symmetrical about the coordinate plane. The
solution is called the dark-bright lump solution because the depth of the valley bottom is equal to the
height of the peak. When B1 is changing from the minimum to the maximum number, two-LWs will
be altering counterclockwise. When B1 = 0, then LW disappears, but at B1 = 5, the LW gradually
appears; see Figure 1. LWs are theoretically viewed as a limit form of soliton in some ways and
move with higher propagating energy than general solitons. Consequently, LWs would be destructive,
sometimes, be terrible for certain systems, such as in ocean and finance. It is noteworthy to be able to
find and anticipate LWs in applications. The valley at the minimum point and peak at the maximum
point for the lump solution are symmetric w.r.t the center (0, 0), as shown in Figures 1 and 2. The
perspective interpretation of the LS for v(x, t) in Eq (3.11) with the specific values of parameters
A1 = 10, B0 = −2, B3 = 2, c = 2, c1 = 2. The overhead view of Figure 1 is displayed in Figure 2,
respectively. The perspective interpretation and twisting behaviour of lump one-strip soliton for u(x, t)
in Eq (4.4) with the choice of parameters A1 = 10, B1 = −10, b0 = −2, b2 = 4, a2 = 3, c2 = 2, c = 5
is displayed in Figure 3. The above two phenomena are matches to fission and fusion phenomena,
which occurred among the progress of the lump wave and one stripe wave collisions via appropriate
parameters. The two lump-waves (LWs), known as the upper bright and lower dark LWs comes closer
and merge into a single lump with the upper bright wave at k2 = 0 (see Figure 3), and for increasing
value of k2, the wave retains its shape. The five lump-waves (LWs), known as, upper bright LWs, comes
closer, and after interacting with one another, merge into a single lump with an upper bright wave at
B1 = 0 (see Figure 5), and for increasing values of B1, the LWs retain their shape. The Overhead
view of Figure 3 is displayed in Figure 4, respectively. The perspective interpretation and twisting
behaviour of the lump double strip soliton for u(x, t) in Eq (4.11) with the selection of parameters
B3 = 3, B4 = 2, a1 = 3, k1 = 1, k2 = 20, k3 = 5, k4 = 4, k5 = 10, k6 = 2,m2 = 2, c = 2, c1 = 2, A1 = 6
is displayed in Figure 5. The Overhead view of Figure 5 is displayed in Figure 6,
respectively. The lump periodic soliton u(x, t) in Eq (5.3) is attained with suitable values of
B1 = −3, B2 = 4, B3 = 2, B0 = 3, B5 = 5, b1 = 20, n1 = 5, n2 = 4, c1 = −1, A1 = 10. When B1 is
changing from -10 to 15, the lump periodic (LP) wave will be altering and its behaviour can be seen in
Figure 7. When B1 = 0, then the amplitude for the LP wave decreases, but at B1 = 15, the amplitude
for the LP wave gradually increases, see Figure 7. The Overhead view of Figure 7 is displayed in
Figure 8, respectively. When B5 is changing from −5 to 10, the rogue wave will be altering, and its
behavior can be seen in Figure 9. The rogue waves are symmetrical about the coordinate plane.

9. Conclusions

In this paper, we used the proper transformations technique, bilinear equations, and HBM to
examine several lump solution forms in a cascaded system with spatiotemporal dispersion and Kerr
law nonlinearity. The vector-coupled nonlinear Schrödinger equation provides the mathematical
model that describes how different solitons spread across a cascaded system. The lump solutions
are assessed using the positive quadratic assumption in bilinear equations. We have created lump
one soliton solutions for bilinear equations using a single exponential transformation. Using the
double exponential transformation in the bilinear equation, we have calculated two lump soliton
solutions. The evaluation of a mixed solution of lump waves and solitons is successful. Additionally,
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by selecting appropriate trigonometric functions and hyperbolic functions, we have developed lump
periodic solutions and rogue wave solutions. We also computed the stability of our solutions. The
presented solutions have valuable uses in nonlinear optics and other areas. In future work, advanced
techniques such as the bilinear neural network method and Lie symmetry analysis can be employed to
explore and solve the governing model more efficiently.
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