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1. Introduction

Common viral pathogens like adenovirus, which are members of the Adenoviridae family, can
cause a variety of illnesses such as gastrointestinal, ophthalmic, and respiratory infections. Adenovirus
transmission is a major contributor to infectious conjunctivitis in humans. This condition results from
inflammation affecting the conjunctiva, which lines the inside of the eyelids and covers the white
part of the eye. The inflammation can be triggered by viral, bacterial, or allergic factors. Humans
may experience various forms of conjunctivitis. For instance, allergic conjunctivitis can arise due to
seasonal exposure to allergens or irritants such as pollen, dust mites, animal dander, contact lenses,
or certain chemicals [1,2]. The disease typically spreads when an infected individual comes into
direct or indirect contact with someone who is susceptible. This interaction entails coming into contact
with contaminated objects. This contact involves coming into contact with contaminated objects that
have fallen into the eyes as well as being exposed to discharge from the upper respiratory tracts or
conjunctivae of sick people. There is also a suggestion that there is a direct link between the risk of
mother-to-child transmission in newborns and maternal chlamydia and gonococcal infections.

The acute hemorrhagic conjunctivitis (AHC) is a viral form of eye inflammation. The disease
typically has an incubation period ranging from one to three days. Common symptoms include tearing,
sore throat, eye irritation, and sensitivity to light, often accompanied by eyelid swelling or purulent
discharge [3]. Effective strategies to reduce the spread of AHC involve the use of antibiotic eye
drops, maintaining proper hygiene, patient isolation, and allowing the infection to resolve naturally,
which usually takes between two and three weeks. The incidence of conjunctivitis is notably higher
in tropical climates [4, 5], with a particular increase during the rainy season when elevated humidity
levels promote viral activity [6]. For instance, in tropical countries such as Thailand, the disease is
frequently reported [7, 8]. Isolating infected individuals is an important step in minimizing further
transmission [9]. Moreover, encouraging home isolation through sick leave not only supports faster
recovery but also limits potential exposure to others [9].

According to the American Academy of Pediatrics, children should refrain from attending school
during the infectious period to minimize close contact with peers and slow disease transmission (David
et al., 2015). The development of mathematical models has significantly enhanced our understanding
of AHC dynamics. Noteworthy contributions in this area include the works in [6, 10-12].

In [6], the authors formulated conjunctivitis disease with classical derivatives as follows

Cj{—i =Nb, —d.S (1) —0I(7)S (1),

d_ll‘? =0I(0)S(7) —d,E(t) — kE(7),

o = KE@) ~ d1(0) ~ (p + I(T), (.1
=+ @) - d R

S0) =S8, EQ) = EyI1(0) = I), R(0) = Ry.

In the SEIR model given in (1.1), the compartment “S” represents individuals who are susceptible, “E”
denotes those who have been exposed, “I”” corresponds to individuals infected with conjunctivitis, and
“R” indicates those who have recovered. The remaining parameters are detailed in Table 1. In [13],
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the authors included a vaccinated class V in the model and formulated it in Atangana-Baleanu-Caputo
sense as described by:

ABCDIS (1) = Nb, — §IS (1) — d,S (1),

ABCDOE(T) = 61S (1) — yE(7) — d,E(7),

ABEDIV(1) = yE(T) - BV (1) — d,V(7),

APEDTI(T) = BV (1) — (p + g + d)I(7),

APEDIR(T) = (p + I(7) - d:R(7),

§(0) = S0, E(0) = Eo, V(0) = Vo, 1(0) = Iy, R(0) = Ry,

(1.2)

where the notation #¢ D7 denotes the Atangana-Baleanu-Caputo fractional derivative of order o-. This
model is now referred to as SEVIR, where V represents the vaccinated class while S, E, I, and R are
already defined above.

Table 1. Parameters and their description.

Parameters Definition Parameters values
N Total population 1000

0 transmission rate for Acute Hemorrhagic Conjunctivitis (AHC) 0.001127
b, Birth rate 0.001190
d, Natural death rate 0.00060101
w Protection lose rate of vaccinated individuals 0.001170
J7i Immunity lose rate of recovered individuals 0.000220
0% Incubation rate for AHC 0.1517

B Incidence rate from vaccinated compartment to infected compartment 0.01107

p Recovered rate for symptomatic individuals 0.1330

q Quarantine rate for symptomatic individuals 0.1700

The parameter values in Table 1 have been assumed based on biologically plausible ranges to
facilitate the qualitative analysis of the model.

Similarly, in [14], Nisar et al. studied model (1.2) in sense of the Caputo fractional differential
operator and investigated a detailed analysis of the model with treatment impact.

Biological sciences have experienced significant growth over the past few decades, and it is
realistic to anticipate that this development will continue due to major technological breakthroughs.
Mathematics has continuously benefited society and brought about significant advances. Similar
to how mathematics has revolutionized the natural sciences, it has the potential to transform
biological research [15]. Mathematical models enable us to comprehend the fascinating complexity
that biology presents, and biology evaluates these mathematical representations in turn. Complex
mathematical problems are now easier to handle thanks to recent advances in computer algebra
systems. Consequently, this frees up researchers to concentrate on understanding mathematical biology
instead of figuring out how to solve problems [16]. Several numerical methods are used to approximate
solutions to complex mathematical problems that may not have an analytical solution. We refer to
some numerical results in [17, 18]. The mathematical simulation of several biological, physical, and
epibiological phenomena has garnered attention in recent times. In [19], the authors employ analytical
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techniques to analyze the behavior of the model and derive meaningful insights into the progression
of breast cancer. In [20], the authors explored the dynamics of a waterborne disease model using
fractal-fractional calculus. The study investigates the theoretical and numerical aspects of the model’s
solutions, employing simulations to gain insights into the behavior of the system. In [21], the authors
presented a fractal fractional-order model to investigate the dynamics of liver fibrosis disease. They
derived mathematical results for the model, with focusing on subinterval transitions. Similarly, using
a ®@-piecewise hybrid fractional derivative approach, the authors studied the dynamics of the Ebola
disease model [22]. The main reason for this increase in interest is the power of mathematical models.

The majority of biological diseases are first modeled using classical derivatives. There has been
a change in interest from classical calculus to fractional calculus as a result of recent developments
in mathematics and its applications. To enhance the accuracy of mathematical models, especially in
the context of real-world phenomena, researchers in applied mathematics have increasingly turned
to the tools of fractional calculus. We refer to [23-25]. In [26], the authors demonstrated the
application of fractional calculus for dynamic problems. The field of fractional calculus is constantly
evolving in order to fully and precisely comprehend the characteristics of practical issues. It enables
scientists working in this area to examine and investigate phenomena that integer order calculus is
unable to adequately express. The application of fractional derivatives and integrals can aid in the
understanding of complex systems and phenomena. The development of fractional-order calculus
offers an opportunity to deepen our understanding of practical problems. Caputo and Fabrizio
introduced a novel type of fractional derivative characterized by a non-singular kernel, which has
contributed significantly to the advancement of fractional differential equations; see [27].

The most recent developments in fractional calculus occurred due to the concept of fractals and
fractional order derivatives and integrals, which were originally introduced explicitly a few years ago
by author [28], despite the fact that the idea of fractals predates fractional calculus. Fractals and
fractional analysis have been applied by researchers to study a variety of physical scientific issues.
See, for example, [29], and [30].

Applying the fractal-fractional Caputo-Fabrizio (FFCF) derivative in the mathematical modeling of
infectious diseases, such as adenovirus transmission, introduces several key benefits beyond those
offered by traditional integer-order and standard fractional models. One notable feature of the
FFCF operator is its use of a non-singular kernel, which circumvents the numerical and conceptual
challenges posed by the singular kernels in classical Caputo or Riemann-Liouville formulations. This
contributes to more stable computations and aligns better with physical processes characterized by
exponentially fading memory. The smooth memory representation intrinsic to the Caputo-Fabrizio
kernel ensures consistent and robust results, particularly when simulating over extended time periods—
crucial for understanding long-term epidemiological trends involving gradual immunity loss and
repeated exposure.

Incorporating a fractal structure further enhances the model’s capacity by accounting for irregular
spatial or contact patterns often found in real-world populations, where uniform mixing is an unrealistic
assumption. This integration of the fractal dimension allows the model to better reflect heterogeneous
interactions within a population. Moreover, the FFCF model includes two adjustable parameters:
the fractional order, which governs how past states influence present dynamics, and the fractal
dimension, which characterizes spatial irregularities. Together, they offer a highly adaptable modeling
framework capable of capturing delayed infection peaks, multiple epidemic waves, and complex spatial
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transmission.

The SEVIR-S framework, which integrates aspects like waning immunity and reinfection, aligns
well with adenovirus behavior, where immunity is temporary and reinfections are frequent. The FFCF
formulation effectively captures the gradual, non-instantaneous nature of immunity decline-something
that conventional integer-order models struggle to represent adequately.

In this research, we modify the proposed model by considering immunity waning and reinfection.
We present our modified model by:

FECEDTeS (1) = Nb, — 61S (1) — d,S (1) + wV(7) + uR(7),
FFCEDIE(T) = 618 (1) — YE(T) — d,E(7),

PFEDTeV(t) = yE(1) - BV(1) = d,V(7) — 0V(7),
FFEEDTeI(r) = V(1) = (p + q + d)I(7),

T DIeR(T) = (p + @I(1) — d,R(7) = uR(7),

S(0) = S0, EQ0) = Ey, V(0) = V4, 1(0) = Iy, R(0) = Ry,

(1.3)

where the notation “F¢F D7 represents the Caputo-Fabrizio fractal-fractional derivative of fractional

order o and fractal dimension p, while w is the vaccine waning rate and u is the immunity waning rate.

The modified SEVIR-S model for adenovirus spread with immunity waning and reinfection offers
several advantages over the standard SEVIR model: Unlike the traditional SEVIR model, this
extension considers reinfection, which is crucial for diseases like adenovirus where immunity may
not be permanent. By introducing an immunity waning parameter, the model reflects real-world
scenarios where recovered individuals can lose immunity over time. Moreover, this model provides a
more comprehensive understanding of long-term disease persistence and helps to determine whether
reinfection alters the stability of disease-free and endemic equilibria which is crucial for designing
long-term interventions.

Due to the presence of the FFCF derivative in the proposed model, which incorporates both
memory effects and nonlocal characteristics through its non-singular kernel, traditional approaches for
classical differential equations may not be sufficient. These distinctive features require an independent
mathematical investigation to guarantee that the model is well-defined and solvable. Therefore, we
conduct an analysis of existence, uniqueness, and stability of the solutions by applying fixed point
methods within a suitably chosen functional framework.

2. Basic results

In the following section, we present the necessary theoretical background and analytical tools.
These include definitions from fractal-fractional calculus involving FFCF derivatives and fractal-
fractional Riemann-Liouville (FFRL) integrals with various kernels.

Definition 2.1. [28] Let £(7) be a continuous function that is fractally differentiable on the interval
(a, b) of order p. Then, its FFCF derivative of order o~ with an exponential decay kernel is given as:

FFCF yrog(r) = (0-) f f(y) eXp E-O_(T - y))dy, T€[0,T], (2.1)
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where 0 < 0,0 < 1, M(0) is a normalization function such that M(0) = M(1) = 1, and

d . &1 - &)
a0 = lim =2

Ty T9 — y@

(2.2)

Definition 2.2. [28] Let £(7) be a continuous function that is fractally differentiable on the interval
(a, b) of order o. Then, its FFCF derivative of order o is defined using a power-law kernel:

FFCF o, _ 1 fTi -
D 95(7)——“1_0) , dygf(y)(f ) dy, t€l0,T], (2.3)

where 0 < 0,0 < 1.

Definition 2.3. [28] Let £ € C(0, T') then the FFRL integral of the function &£(7) with an exponential
decay kernel is given by

9(1—0)19‘15(7)+ o0 (7

FFRLIO',Qé‘:(T) — M(O—) M(O-)

¥ E)dy. (2.4)

Definition 2.4. [28] Let ¢ € C(0, T') then the FFRL integral of the function &£(7) with power-law kernel
is given as

FFRL70g(7) = O fT(T — )7 e () dy. (2.5
I'(o) Ja

Definition 2.5. [31] A set Z of real valued continuous functions defined on a domain D C R is called
equi-continuous on the domain D if, for every € > 0, there exists a > 0 such that for all x € Z and
any t1,t, € D with |t} — t;| < £, the following condition

|x(t)) — x(2)| < €,
is satisfied.

The definition is extended to operator as:

Definition 2.6. Let 7 be an operator mapping a normed space V into another normed space X. The
operator 7 is called equi-continuous if, for every € > 0, there exists a > 0 such that all #;,#, € V with
Ity — t]lv < £, and the inequality

IT (1) - T()lx <€

holds.
This property is critical in applying the Arzela-Ascoli theorem.

Theorem 2.1. (Krasnoselskii’s fixed point theorem) [32] Let (X, ||.||) be a Banach space and let B be
its nonempty closed convex subset. Let Q, and Q, be the two operators that map ‘B into X such that

e Qix + Q,y whenever x,y € B;
e Q, is a contraction mapping;
e Q, is a continuous and compact.
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Then there exists z € B such that 7z = Qz + Q,z.

Definition 2.7. The Adams-Bashforth method for solving ordinary differential equations numerically
can be described by the following scheme:

r—1
Xes1 = Xp+h Z a; f(te—i, Xe-i),
i=0

where x;, represents the numerical approximation at time #,, and #, € [0, K — 1], with K = %, where T
is the final time and 4 the time step size, f(x,¢) is the given ordinary differential equation and a; are
method-specific coefficients that depend on the order of the method.

3. Derivation of the model

In this part, we first derive a classical integer order model of the conjunctivitis viral illness. We next
apply it to the mathematical model of fractal-fractional that has been proposed. The entire population
N(7) is classified into five compartments, i.e., N(t) = S (1) + E(7) + V(1) + I(7) + R(7).

Susceptible compartment: The susceptible compartment or class increases due to births at a rate b,
from the total population N, loss of immunity at a rate w from the vaccinated group V, and reinfection
at a rate u from the recovered group R. It declines at a rate d, as a result of mortality. Also, it declines
at a rate ¢ from contact between I and S due to infections. Therefore, the formulated dynamics of the

class S (1) are
ds (7)

dt
Exposed compartment: This class gains individuals through infections at a rate ¢ from interactions
between I and S, while it loses individuals due to natural deaths at rate d, and through progression to
the exposed class at an incubation rate y. Hence, the dynamics of the class are formulated by
dE(T)
dt
Vaccinated compartment: The class V(r) is recruited at the incubation rate y of the exposed
population and is decreased by a natural fatality rate d,. It is also reduced by the incidence rate 3
and immunity waning rate w. Therefore, the formulated dynamics of the class are given by
dV(r)
dt
Infected compartment: The infected class /(1) increases through recruitment at the rate 8 from V(1)
and is decreased by a natural fatality rate d,. It is also reduced at the incidence rates p and g. Therefore,
the formulated dynamics of the class are given by
dI(7)
o =~ AV@ - d @) = (p+ PI(). (3.4)
Recovered compartment: The recovered class grows due to recovery and disease-induced death,
represented by the rates p and g, respectively, and decreases through natural mortality at rate d, and
reinfection rate u. Therefore, the formulated dynamics of the class are provided by
dR(7)
dt

= Nb, - 0IS (1) —d,S (1) + V(1) + uR(7). (3.1

= 0IS (1) — yE(1) — d,E(7). (3.2)

=vyE(r)-BV(r) -d, V(1) — 0wV (7). (3.3)

= (p + @I(7) — d,R(1) = uR(7). (3.5
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Using the formulated results given in (3.1), (3.2), (3.4), and (3.5), we obtain the following integer-order
model of the spread of the adenovirus disease in human eyes as presented.

‘fi_St = Nb, — 8IS (1) = d,S (1) + wV(7) + uR(7),
Cii—lt? =0IS (1) — )’E(T) —d,E(7),
d_‘t’ = yE(1) - BV(1) - d, V(1) — wV(7), (3.6)
dl
t
dR
- = (p + @I(7) — d:R(7) — uR(7).

4. Equilibrium points and basic reproduction number

In this part, we analyze disease-free equilibrium (DFE) and compute the basic reproduction
number Ry.

To determine the equilibrium points, we set all the righthand sides of the differential equations in
the system to zero.

Nb, - 01§ —d,.S + wV +uR =0,

oIS —yE —-d,E =0,

vyE-pBV -d,V-wV =0, 4.1)
BV—-(p+q+d)I =0,

(p+q@!—-d.R—uR =0.

(1) DFE
At the DFE, there is no infection in the population, and, hence, we get
Nb,

S0 .
d,

4.2)
Thus, we have the following DFE:

NbD,
d,

(S° E°, VO, I°,R%) = ( ,0,0,0, 0).

(2) Endemic equilibrium (EE)
The numerical EE point is given by

(S*E, V., I',R") = (316.2424,24.3973,94.9978, 3.4638,561.1269).

Basic reproduction number:
As in [13], using the next-generation matrix approach, the basic reproduction number Rj is
derived as

5S°By

R T Brd +oprard)

4.3)
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Atthe DFE, I* =0 and S° = A;—b", thus:

3 OND,By
Cd(y+d)B+d+w)p+g+d)

Ry 4.4)

This is the expression for R,, which determines whether the infection will spread in the population. If
Ry > 1, an epidemic occurs; otherwise, the disease will die out.

To discuss the stability at equilibrium points, we compute the Jacobian matrix as given below

06 A 0f K A
S QE gV Ol  OR

= = % o7 = 4.3)

Computing the partial derivatives:

-d-16 0

w -S0 u
16 -d-vy 0 So 0
J = 0 Yy —B-d-w 0 0 (4.6)
0 0 B -d-p—gq 0
0 0 0 p+q -d—pu
At Ey, it will be
-d, 0 w — o u
ONb,
0 —-d -v 0 T 0
h=l0o vy —p-d-w 0 0 4.7)
0 0 B —-d.—p-q 0O
0 0 0 p+q —d, —u
The characteristic equation is given by
—-T—d, 0 w — 2 u
0 -Y-d—y 0 o 0
JO—‘I’I': 0 y T -B-d —w 0 0 (4.8)
0 0 B -T-d,—-p—-q 0
0 0 0 p -Y—-d, —u

The corresponding eigenvalues are

T, = -0.00082101,
T, = -0.00060101,
T; = 0.0318292,
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Ty
Ts

-0.114771,
—-0.284101.

Since one of the eigenvalues is positive, this DFE is unstable. This suggests that the infection can

invade and spread.
Similarly, the corresponding eigenvalues of EE point are computed as:

T, = -0.00060101,

T, = -0.0020132 + 0.0056211i,
T3 = -0.0020132 - 0.0056211i,
T, = -0.0669139,

Ts = -0.300827.

We see that the eigenvalues have negative real parts. This confirms that the EE is locally asymptotically
stable. Small perturbations will decay over time, and the system will return to equilibrium. The
presence of complex conjugate eigenvalues suggests damped oscillations in the dynamics around the

equilibrium.

We describe the positivity of the model as:
FECEDTeS (1) = Nb, + wV + uR > 0,
FFCEDTCE(T) = 8IS 2 0,
FECEDTey(1) = yE > 0,
FECEDTer(1) = BV 2 0,
FFCFD;”QR(T) =(p+ql=0.

4.9)

Theorem 4.1. Every solution of (4.9) is bounded and it exists inside the boundary region as given by

Nb,
A:{(S,E,V,I,R)eRi:N:S+E+V+1+Rs - }
Proof. We have
N=S+E+V+I1I+R.

FFCFDU',Q
T

Applying the differential operator to both sides, we have

FFCFDO',QN :FFCF DO',QS +FFCF DO',QE +FFCF DO',QV +FFCF Da’,gl +FFCF DO’,QR
T T T T T T .

Using the corresponding values, we have
FECEDTeN = Nb, — Nd,.

Taking the limit & — 0, and applying Laplace transform, we have

Nb,
N < .
<

(4.10)

(4.11)

(4.12)

(4.13)

O
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5. Existence and stability of the proposed model

Due to the presence of the FFCF derivative in the proposed model, which incorporates both
memory effects and nonlocal characteristics through its non-singular kernel, traditional approaches for
classical differential equations may not be sufficient. These distinctive features require an independent
mathematical investigation to guarantee that the model is well-defined and solvable. Therefore, we
conduct an analysis of existence, uniqueness, and stability of the solutions by applying fixed point
methods within a suitably chosen functional framework.

We divide the section into four subsections. In the first subsection, we rewrite our model in a
compacted form and present its integral form. In the second subsection, we investigate existence of at
least one solution. In the third subsection, we investigate the uniqueness of solution of the proposed
model. In the last subsection, we carry out Hyers-Ulam stability analysis of the proposed model.

To proceed, we define the Banach space and reformulate the model into an equivalent integral form
as presented in the Subsection 5.1.

5.1. Functional framework and integral form

Let the interval [0, 7] be represented by I and define the Banach space as:
B=CLRH)XCILR)XxC(,R")xC(,R") xC(R")
equipped with the following norm

1€1l = max {|S ()| + |[E@)] + [V(D)] + [[()] + [R(D]} 5

S,E,V,I,R € B.
Problem (1.3) can be rewritten as the following system:
T,6(7)),
FFCFDg-,@g(T) _ g(1,&(1)) 5.1)
§0)=¢, 7€l

where the vector £(1) = (S, E, V, I, R) denotes the variable with specified initial condition &, and the
variable function g takes the form:

&(,S,E,V,I,R) | [ & | | Nb,—6IS(t)—d,S(1)+ wV + uR |
&S, E,V.I,R) & oIS (t) — yE(7) — d,E(7)
gr.ém) = &H@ES,EV.LR) |, &)= & |[=| vE@-BV(@) -4, V(1) -wV :
&4(r,S,E,V.ILR) &4 BV(t) = (p +q+d)I(r)
| &(nS,EV.ILR) | | & 1 L (p+@I(t) —dR(7) — uR
and
So |
Ey
&= Vo
Iy
Ry |
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Lemma 5.1. Problem

FFCF o0 | e(m), O0<o,0<1,iftel0,T],
D>%¢(T) = { £0) = &, (5.2)
has the solution
1 —o)re! T
&) =&+ ol o) ¢(0) Je Y le(ydy, tel (5.3)

+
M(o) M(o) Jo

Corollary 5.1. By Lemma 5.1, the solution to the problem (5.1) of the proposed model can be expressed
as

&)(1—f3')T9‘lg(T,§(T))Jr oo (7

o—1
M(o) M) ), ” g, édy, TelL (5.4)

) =6+

We introduce the operator W : B — B by

ol -~ lg(r,é(x)) oo (T

o—1
M(o) "o ) 8. &()dy, Tel (5.5)

W) =& +

For carrying out the coming results, we need to take the following necessary assumptions:

(A1)  Let there exist some constants say L, > 0 such that for g,E € B, we have

8(1, £(1)) — g(1, E(T))| < Ly — €l

(A)  Assume that there exist constants C,, and M, > 0 such that

(1. E@)| < CJe@)] + M,

In the next subsection, we investigate existence of solution of the proposed model.

5.2. Existence of solutions

In this subsection, we investigate the existence of at least one solution of the proposed problem. For
investigating this result, we use Krasnoselskii’s fixed point theorem.

Theorem 5.1. If assumptions (A,) — (A) hold, then problem (5.1) has at least one solution.

Proof. We change (5.1) into a fixed point problem by

E=W(E(), €8
We consider a close ball Qg = {£ € B : ||£]| < 6} with

) ol * (A=t +77)

- :
1= s (L= )Tl + T7)

We take the operator W as sum of the two sub-operators W, and W, such that

o(1 - o) g(r, £(1))

o) , (5.6)

Wié(r) = {fo +
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and

W25(7)={% fo Y gy, E))dy. (5.7)

Several steps are involved in accomplishing the proof.
Step 1: W &(7) + Whé(1) € Q. For T € 1, & € Qp, with (A;), we have

Q(I—G)T"_lg(ﬁf(T))Jr oo (7

_ o—1
IWi& (7) + Wag ()] = [€(To) + M) mo) )y g@,S(y))dy‘
ol o) g bl go (T, 58
< ol + M) T Mo ) e 18y, £l dy (58)
<&l + M( ) (1 -oT +T7) + M( ) ((1 AT +T7)0 <.

Hence, W &(1) + Whé(T) € Q.
Step 2: W, is a contraction.
Fort el &,& € Q. Then,

Wié1(7) = Wi = max (16(m) = ()l + % 85, &1(7) - 8(r. (7))
1 Q(l _ O_)Tg—ng . (59)
(1 Ty e -
if 1+ oo L, < 1, then Wj is a contraction.

M(o)
Step 3: In this step, we will show the relative compactness of W,. Consequently, we will show that

W, is continuous, uniformly bounded on €y, and equi-continuous.
W, is continuous due to the continuity of g(t, £(1)).
W, is uniformly bounded on Qy:
Fort €1, ¢ € Qy, we consider

Wt (o) = 17 fo ¥ g £ dy

<(Cql01+ M,)

(5.10)
7<0.

2 7
M(o)
Thus W, is uniformly bounded on €.

Next, we need to establish equi-continuity.
Let 7,7, € I with 7, < 75,. Then

[Wat (1) — Wat (Tl < % f ¥ g, 0l d ‘W f ¥ g0y, £0))l dy

IA

-1 N

_ MZT) ((Tb)@ - (Ta)g) (€0 + Mg)

— 0Oast, - 7,
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This proves that W, is equi-continuous. Thus, W is relatively compact via the Arzeld-Ascoli theorem
and the above steps, and its complete continuity is ensured. It follows that, by Theorem 2.1, there is at
least one solution for problem (5.1). O

The next subsection is allocated for investigation of uniqueness of solution.

5.3. Uniqueness of solutions

In this subsection, we use Banach’s fixed point theorem to derive conditions for uniqueness of
solution of the proposed model.

Theorem 5.2. Under assumption (A,) and the condition
model (5.1) has a unique solution.

Proof. For t €1, &,&, € Qy. We have

Mo )(Q(l —o)T° 1+0'T9) < 1, problem of

IWé(7) = W (7))

IA

1
n:glx[(M( (’)) 1 g1, £4(1)) — g(r. Ex(T))]

-1
+N@5b£)ﬂ lg(y, £100) — (v, ()l dy
- o)L,

( .
< = s _
< max| e i (1) — ()
TQ
M) I€1(7) — &(T)] |
Hence L,
IWe - Wl < 325 (0 (1 =) T + o T) I ~ &l
ML(; 5 (Q (1-0)T " + o-TQ) < 1, it follows that W is a contraction, and, therefore, the solution of
model (5.1) is unique. O

In the coming subsection, we carry out stability analysis of the proposed model.

5.4. Stability analysis

Definition 5.1. The model prescribed by (5.1) is H-U stable if there is a real number ¢ > 0 > for each
€ > 0, any solution € € B of inequality is

‘PFFCFD(T”QE(T) - g(T,E(T)) <etTel,

and unique solution ¢ € B of model (5.1) in the following inequality satisfies

HE— fH < ¢, Tel,
where . .
S(7) S (0) &(1,S,E,V,I,R)
N Em | E(0) N &S E, V. LR)
o) =| V@ [.&0)=| V(©0) |.8r.é0) =| &(.S,E,V,LR)
1(7) 1(0) &(1,S,E,V,I,R)
R(7) R(0) &(t,S,E,V,I,R)
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Remark 5.1. Let there be a small perturbation ¥ € B such that
O MY)l<e tel;
(ii) PFFCEDTCE(T) = g(t, (1)) + P(1), T € L.

A perturbed problem solution is derived by Remark 5.1,

{ PFFCF DS’QE(T) = g(q-,g(‘r)) + ¥(7), (5.11)

£(0) =& > 0.

Lemma 5.2. The solution of problem (5.11) that has a perturbation function (1) is provided by

=z - e E) + Y@ | oo (T = s 1
£ =& + ) o ) ¥ GOED + YNy, Tel (12)
Proof. The proof can be obtained by using Lemma 5.1. O

Theorem 5.3. Under assumption (A,) and the condition =

M(Z’)
is H-U stable.

(0(1 =) T + ¢T¢) < 1, model (5.1)

Proof. Let g,’é € B be the unique and any solution of model (5.1) and (5.11), respectively. For 7 €
(t1,T], using (5.4) and (5.12), we have

ol =yt o0 (" il E
[etr) — &) < F s E ) - gt eo)] + 40 fo ¥ |e@ &) - g(r, £ dy
o(1 =) o0 (7 s
+ W ¥'(7)| + M(o) fo Y W)l dy
Lg - Q(l - O-)TQ_] Q o
SM(O’) (Q(l —o)T¢! +0'T9)"E— §H +( M) + M(O')T )6
(5.13)
Further simplification implies
o(l-o)Te! 9 _To
Foefs— oo aa) 10
1- (Wfr) (el =o)Te ! + O'TQ))
This implies that
ol <
where
o(1-g)Te"! o T
c= E i+ i) . (5.15)
1 - (3% (@1 - ) T + o'T))
This proves that model (5.1) is H-U stable. O
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6. Simulation-based solution of (1.3)

In this section, we aim to find a numerical solution for model (5.1) under FFCF derivative. To
develop the numerical scheme for the proposed model, we use the extended 2-step Adams-Bashforth
method (ABM) with Lagrange interpolation as used in [33]. The corresponding integral form of the
model, at T = 7,41, is presented as

g(l—cr)ri‘%l(ra,s,E,w,R)+ oo [T

S = 5(0) + o P YE, S E VLR, T,€]
Eet = g0y + 8L2 O')Tﬁ)_lifl((z),S,E, V.ILR) A;i : .S EV. LRy, 1, €l,
vert = yo) + 217 “)Tﬁ_li;((z)’s";’ LLR o Ve S EV LRy, T,el
1 = 10+ 2017 U)Tg_]i;((j;)’s’ﬂ = A;(i) VS, BV LRy, T €l

R = R(0) + 2L G)Tf,_li/sl((g,),S,E, V.LR) A/Zi- : ey, S EV.LRdy. 1.l

(6.1)
We then approximate the systems as

o(1=0)7 &1 (1, S BV IORT)  0(1=0)T [£1(Tam1, S L 4 RO
SO+ M(o) M(@)

Sa+l
b [T Y6 (0, S E V. LRy, TiTan €1,

0= (1, S,V 10 RY)  0(1=0)T [ E5(ra 1,847 B 1o R
E(O) + M(o) M(o)

e [0S, E VLR, TosTas €1

Ea+l

o1 M) M(0) (6.2)
375 [ S E VLR, TaTan €1,

1(0) + 2= —o) (2, S LB VIR (=) Ea(Tam1, S B 10 RO

M(o) M(o)

Ia+1
s [y (1, S E VL Ry, TanTas €1,

o(1— O')Tg f5(Ta,S‘l,Ea,V",Ia,Ra) o(1- 0—)7-»- 1§S(Ta 1,89 lEa lIa lRa 1)
R(O) + M(o) M(o)

+% Ta+l o’ 1550} S E V[ R)dy, Ty, Ta+l el

Ra+l

(=) &5 S B VAIRY)  @(=0)Te E3(ram SO T R
port { V(O) + M 1
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For approximation of the integrals, we employ Lagrange interpolation, and obtain the following

numerical solution:

S(0) + o(1-0)18 &1 (ra,S LEVAIURY) o121 &)(tae1, S B4 197 RO

0(=0)t (10,9 EL VI RY  0(1=0)T | Ea(Tu1, S T L R
E0) + M(o) M(o)
M@ 2 M) 2

Ta, Ta-1 € ]L

Q(1—0')T§7163(Ta,Sa,EaaVa,1u»Ru) _ Q(I—U)Tfl)::f_%(Ta_],Sail,Eafl,Iafl,Rail)

M(o) 2 M) 2 ‘a-

Ta,Ta-1 € I[,

o— -1 a-1 pa-1 ja—1 pa-1
0(1-0)18 ' & (ra, S LEVAIORY  o(1=0)Te 4(Ta-1. ST L ET LI R
1(0) + M(o) M(o)

M(o) 2 M) 2

TarTa-1 € ]I»

— —1 — — — —
R(0) + 0(1-0)1% " 510, S LEA VARG o(1=0)Te” E5(ra-1. 5 L E“L I R

7. Simulations and analysis

M(o) M(o)
a+l _ 3 -1 A —1 _ _ _ _
ST =0 53T (1, S EY VLI RY) — 55 R 6 (1, ST ECL 1L R,
Tas Ta-1 € I[’

atl _ o 3 -1 a ra Yya ja pa 00 (A1) -1 a-1 pa-1 ja-1 pa-1
E =0 4325 3(AD)r 6x(ra, S EL, VO, 19 RY) — 25 5017 6 (1,0, SO E4L 17 RO,

VIl =0 2 AT (1, S B VL 19 RY) — 25 B0 e (7, S B 1 RO,

I =0 B A (AT (10, S B, VO, I RY) = 85 G000 £y (0, S B4 171 RO,

M(o) M(o)
a+l _ 3 -1 A -1 - - - -
R - +A5((:;-)§(AT)T§ fS(TaaSa’Eaa Va,la’Ra)_ llfgra-)(ZT)qufS(Ta—laSa laEa 1,[(1 laRa 1)a
Ta, Ta-1 € L.

(6.3)

In this section, using the parameters values in Table 1, we simulate numerical results of the proposed
SEVIR-S model. In the first two figures, we give two comparative plots of the model via the 2-step
ABM and Euler method. A numerical sanity check is carried out to ensure that the ABM numerical

method is well behaved at least for the case of 0 = p = 1.

In Figures 1 and 2, we observe that for fractional order o = 1, and fractal dimension o = 1, the
ABM method gives identical dynamical behavior to that by the Euler method. Hence, ABM method is

well behaved at least for the case of o = p = 1.
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Figure 1. Dynamical behavior of model (1.3) via proposed ABM method foro = 1,0 = 1.
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Figure 2. Classical SEVIR-S model using Euler method.

Population compartments

Next, using the two steps ABM numerical method, we simulate the numerical results under
fractional-order and fractal-dimensional variations to observe the dynamics of different compartments
of the proposed SEVIR-S model. In the Figures 3-7, the fractal dimension is kept constant while
the fractional order is being changed to see the impact of fractional order on the model’s dynamics.
Similarly in the Figures 8—12, the fractional order is kept constant while the fractal dimension is being
changed to see the impact of fractal dimension on the model’s dynamics.
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Figure 3. Dynamical behavior of susceptible class on various fractional orders with same

fractal dimension.
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Figure 4. Dynamical behavior of exposed class on various fractional orders with same fractal

dimension.
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Figure 5. Dynamical behavior of vaccinated class on various fractional orders with same

fractal dimension.
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Figure 6. Dynamical behavior of infected class on various fractional orders with same fractal
dimension.
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Figure 7. Dynamical behavior of recovered class on various fractional orders with same
fractal dimension.
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Figure 8. Dynamical behavior of susceptible class on various fractal dimensions with fixed
fractional orders.
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Figure 9. Dynamical behavior of exposed class on various fractal dimensions with fixed
fractional orders.
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Figure 10. Dynamical behavior of vaccinated class on various fractal dimensions with fixed
fractional orders.
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Figure 11. Dynamical behavior of infected class on various fractal dimensions with fixed
fractional orders.
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Figure 12. Dynamical behavior of recovered class on various fractal dimensions with fixed
fractional orders.

For simulation, we utilized MATLAB R2024a on a system equipped with an Intel(R) Core(TM) i5-
8350U CPU @ 1.70GHz 1.90GHz, RAM 16 GB. With a step size & = 0.05 and final time simulation
time ¢ = 1000, the average CPU time for the proposed ABM numerical method computed over multiple
simulation runs and was approximately 1.45 seconds per figure.

The following analysis offers deeper insight into the behavior of the SEVIR-S model as depicted in
Figures 3—12.

Figures 3—7 depict the dynamical behavior of each compartment (susceptible, exposed, vaccinated,
infected, and recovered) under varying fractional orders while keeping the fractal dimension fixed
at 0.70. As the fractional order increases, the solution becomes more regular and stabilizes faster.
Lower fractional orders correspond to systems with stronger memory effects, showing delayed
convergence or oscillatory dynamics. This highlights the sensitivity of the model to memory effects
encoded by the fractional parameter o.

Figures 8-12 demonstrate the effect of changing fractal dimension values while keeping the
fractional order fixed. The fractal dimension captures structural irregularities and heterogeneity in
population behavior. As the dimension increases, the dynamics generally reflect greater complexity
and higher peaks, especially in the exposed and infected compartments. This illustrates that more
intricate population structures may lead to stronger epidemic waves.

Across all figures, we observe that the interplay between fractional order and fractal dimension
allows fine control over the dynamics. Such sensitivity analysis is essential for fitting real-world data
and capturing diverse epidemic patterns. The vaccinated class shows significant responsiveness to both
parameters, indicating its critical role in shaping epidemic control strategies.

8. Conclusions

In this study, we proposed an extended SEVIR-S model for the spread of adenovirus by
incorporating immunity waning and reinfection-key aspects often overlooked in classical models. This
modification allows for a more realistic representation of diseases like adenovirus, where recovered
individuals may lose immunity and become susceptible again. The model was developed using the
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FFCF derivative with a power-law kernel, enabling a more accurate description of memory effects
and complex dynamics. We derived and analyzed equilibrium points corresponding to disease-
free and endemic states. Also, we calculated Ry, which is essential for understanding the long-
term behavior of the disease. The existence of solutions was established through the fixed point
approach, and the model’s stability was rigorously examined using the Hyers-Ulam Stability technique.
Numerical simulations, carried out using an extended second-order ABM, validated our theoretical
findings and demonstrated the dynamic behavior of the model under different parameter settings.
Including reinfection and immunity waning in our model makes it much more realistic-especially
for diseases like adenovirus, COVID-19, or influenza where immunity isn’t lifelong. It captures the
possibility of endemicity and the need for booster doses. Overall, the proposed model offers a well-
defined framework for analyzing the transmission dynamics of adenovirus, capturing the influence
of reinfection and immunity waning, and can be extended to other infectious diseases with similar
characteristics.
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