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1. Introduction

Convex functions have been a part of mathematical theory for over a century with far reaching
implications in optimization, statistics, economics, machine learning, artificial intelligence and
physics. These functions possess the characteristic that their graph always lies above their secant lines
which gives them several significant properties such as being differentiable almost everywhere and
having a unique minimum. The significance of convexity extends from pure mathematics to various
applied sciences. In recent years, researchers have explored extensions and generalizations of convex
functions using innovative techniques. The applicability of convexity in optimization theory, statistics
and mathematical analysis stems from its strong geometric intuition.


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2025725

16201

Inequality theory is an important area of mathematics that studies the properties and uses of
inequalities in different fields. It is an essential branch of study in fields such as analysis, geometry,
number theory, and optimization, as well as applied fields such as physics and economics. The most
important part of inequality theory is convex analysis, which has been instrumental in establishing
many classical and modern inequalities. The properties of convex functions constitute a powerful
tool for proving and generalizing inequalities in mathematical analysis and statistics. This has led
to very significant results, including inequalities of the H-H, Hardy, Simpson, Fejér, and Ostrowski,
which have far-reaching applications in both theoretical and applied mathematics. The classical results
independently discovered by Hermite and Hadamard constitute a fundamental description of convex
functions.

Theorem 1.1. Consider a convex function Q : [g1,&] C R — R. The inequality given below holds
true

2 _82—81 2

9(81 + 82) < 1 fgz Q(r)dr < .Q.(S]) + Q(é‘g).

For further information and a more in-depth discussion, we refer to [1,2]. In [3], Wu et al. defined
the following new categories of g-convex sets and g-convex functions.

Definition 1.2. Let Q : D — R be a function that is both strictly monotone and continuous. A subset
D cC R is defined as a g-convex set if

g g+ =vgt)eD VYrtreD, veloll.

Definition 1.3. Let Q : D — R be called a g-convex function with respect to a strictly monotonic and
continuous function g if it satisfies the following inequality:

Q (g7 (g(r) + (1 = v)g(®)) < vQ() + (1 =QD), VrteD, vel0,1].

Interval analysis, a specialized branch of set-valued analysis, uses mathematical techniques and
concepts from general topology to examine set inequality properties. It is of broad significance in pure
and applied sciences, especially in handling interval uncertainty in mathematical and computational
models of real-life phenomena. Instead of point variables, it employs interval variables to enhance
computational accuracy and minimize errors that could lead to incorrect conclusions. Originally
developed to calculate error bounds for numerical solutions of finite state machines, interval analysis
has now become a fundamental tool in mathematical and computational modeling.

Ramon E. Moore is considered to be the first person to publish a book [4] on interval analysis
in 1966; it has since gained widespread use in engineering and scientific disciplines, particularly for
managing uncertainty in structural systems. Beyond these applications, interval analysis plays a vital
role in robotics [5], automatic error analysis [6], computer graphics [7], signal processing [8], scientific
computing [9], optimization [10], and neural networks [11]. In the article [12], Wolfgang W. Breckner
investigated the idea of set-valued convexity.

Definition 1.4. A set-valued function Q is said to be convex if it satisfies the following condition:
Q(ve; + (1 —v)ey) D vQ(g)) + (1 —v)Q(&y),

forallv € [0,1] and €y, &, in its domain.

AIMS Mathematics Volume 10, Issue 7, 16200-16232.



16202

In [13], Elzbieta Sadowska extended H-H integral inequalities to the framework of set-valued
functions, as detailed below.

Theorem 1.5. Assume that Q is a non-negative continuous convex set-valued function. Then

Q(sl +82)D 1 faz Q(r)dr > M

2 Er — & 2

Let us take another look at the key concept that was analyzed by Moore et al. in [14].

Definition 1.6. The LV function Q(v) = [Q,(v), Q*(v)] is defined for v within I°, the interior of I C R;
it is considered Lebesgue integrable if both Q,(v) and Q*(v) are measurable and Lebesgue integrable
over the real interval I°. Additionally, the 1.V integral of L Tz Q(v)dyv is expressed as follows:

f N Q(v)dv = [ f 2 Q,(v)dv, f " Q*(y)dv].

Mathematics employs various tools and techniques to interpret physical and natural phenomena.
However, since many of these phenomena involve dynamic processes, classical analysis often proves
inadequate due to its inherent limitations. One of the most powerful approaches for studying, modeling,
and advancing dynamic systems is fractional analysis, which traces its origins back to classical
analysis. This field has significantly influenced not only mathematics but also various other disciplines
through its effective applications [15, 16]. Fractional analysis seeks to enhance mathematical modeling
by introducing new fractional derivative and integral operators. Scholars who doubt that power
laws are sufficient for modeling actual problems have developed fractional operators that contain
the exponential function and its generalization in their kernels. The emerging operators vary in
kernel structure, including singularity, locality, and general form. The tempered fractional integral
operator is of tremendous worth and has received a significant amount of research interest, as it
enjoys many practical advantages over numerous applications. The tempered fractional calculus is
an extension of traditional fractional calculus. The tempered fractional integral was initially explored
by Buschman [17], while Li et al. [18] and Meerschaert et al. [19] later provided a thorough explanation
of the corresponding tempered fractional calculus as follows:

Definition 1.7. Consider a real interval [, &,] with y > 0, k > 0. For a function Q € L[y, &], the
left and right tempered fractional integral operators are given by:

1 ° -1 _—k(e2—v
T Q&) = F_(/\/)L (82 — V) e @Qv)dy,
and

XI5, Q) =

&r—

1 f “2 1 k(v
— | (=) e QM
re Js,
where I'(y) is the gamma function.
Let R; denote the family of all real intervals and R} the family of all positive intervals. Now, we

present [.V tempered fractional integral operators.
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Definition 1.8. Let Q : [g1,6,] CR — R; be an L.V function expressed as Q(v) = [Q.(v), Q*(v)] where
both Q. (v) and Q*(v) are Riemann integrable over the interval [g,, &,]. The associated 1.V left-sided
and right-sided tempered fractional integral operators for Q are defined as follows:

1 2
nglJrQ(gz) = l_‘_(/\//)f (82 _ V)X_le_K(gz_V)Q(V)dV,
£l
and
K 1 ” -1 _—«k(v—¢1)
T e = s [ e ey
£l

where y > 0, k > 0, and I'(x) denotes the gamma function. It is clear that

X K

e+

Q&) = "1

g+

Q. (&), I

g1+

Q* ()],
and

Iy, Qer) = [V, _Qu(e1), Y Ty, Q% (e1)].

&—
In [20], Mohammed et al. defined the k-incomplete gamma function, which is expressed as

Definition 1.9. The k-incomplete gamma function for the real numbers y > 0 and «,r > 0 is defined
as follows:

y,(()(,r):f Wle™dy.
0

It simplifies to the incomplete gamma function if k = 1

y(,y,r):f wWledv v > 0.
0

The k-incomplete gamma function satisfies the following properties:

Remark 1.10. For the real numbers y > 0 and k,r > 0, the following holds:

1
(l) YK(sz—sl)(Xa 1) = f V/Y—le_l((sz_gl)vdv = )/K(Xa &) — 81)-
0

(&2 — &)
Y. &2—e) vy +1,6 &)
(&2 — &)X (&2 — e X!

In recent developments, numerous significant inequalities related to 1.V functions have been
introduced, including H-H and Ostrowski inequalities. Roman—Flores et al. [21], derived Minkowski’s
and Beckenbach’s inequalities using the Kulisch-Miranker order for I.V functions. In [22], Zhao
et al. defined the 1.V approximately #-convex functions and derived H-H inequalities for them via
generalized fractional operators. Budak et al. [23] defined Riemann—Liouville fractional operators
for IV functions and, using these integrals, established H-H and related inequalities. By defining
I.V generalized p-convex functions, Kamran et al. [24] were able to formulate the corresponding

1
(”) f 7K(82—£1)(X’ r)dr =
0
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H-H inequality. In [25], Shi et al. utilized Riemann-Liouville fractional integrals to prove H-
H-type inequalities for [.V-coordinated functions. Sha et al. [26] introduced the I.V K-Riemann
integral and K-gH-derivative and established the extended H-H inequalities. Alqudah et al. [27]
introduced generalized modified (p,#%)-convex L.V functions, established H-H inequalities via k-
Riemann—Liouville fractional integrals, and derived related inequalities. In [28], Chen et al. introduced
LV generalized n;-convex functions and established H-H, Jensen, and Ostrowski-type inequalities.
Bin—Mohsin and associates [29] explored fractional reverse inequalities related to generic 1.V convex
functions and their applications.

Extensive research has been conducted on interval analysis, particularly in relation to convexity
and various fractional operators. Motivated by these studies and their wide-ranging applications,
this work seeks to establish a unified framework that connects existing convexity definitions within
interval analysis. We introduced a framework for the 1.V generalized (g,n;) class of convexity.
We derive discrete Jensen-type and fractional versions of Minkowski and Holder’s inclusions. By
incorporating this convexity concept alongside tempered fractional integral operators, we extend H-
H-type, Fejér-H-H-type, and other fractional inclusions in a novel way. Our results are robust and
adaptable, allowing for the retrieval of both new and existing inclusions by adjusting parameter values.
Moreover, we illustrate that these results serve as natural extensions of the previous findings. To
support our conclusion, we present a collection of insightful, non-trivial examples along with graphical
representations. Finally, we discuss practical applications of our results in the context of special means.

2. Fractional calculus approach to reverse Minkowski and Holder’s inclusions

This section highlights our primary contribution, which is the demonstration of the reverse
Minkowski and Holder’s inclusions through the tempered fractional integral operator. We begin by
presenting the integral form of the fractional reverse Minkowski inclusion.

Theorem 2.1. For y > 0, k > 0, and p > 1, consider two LV functions Q, ¢ : [&1,&] — R} defined
as Q) = [Q,, Q*], and p(v) = [@x, ©*], such that for all v > &, the conditions XI" QP (v) < 0o and
XI5 @P(v) < oo hold. If for all u € [g1, &3], the inequalities 0 < s < 2*5”)) < Sand 0 <s< Q*((”)) <S8
are satisfied, then the following relation holds

1+s2+S) 1+8SQ2+ys)
(1+1+8)" A +s)1+S)

[XIK @) +oy] 2 [ I8 .QW]7 + [T 0],

e+

Proof. Since s < 2:((:)) , it follows that
sP(Qu () + @i (W) < (1 + 5)PQL (). 2.1
By multiplying both sides of (2.1) with G e and integrating over the interval [&, v] with respect

) ')
to u, we can express 1t as

F(X) f v = uy e (Qu (1) + @i () du

< (1;(’)(“;)’7 f (v — uy e QP (u)du.
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By relating the above expression to the tempered fractional integral operator, we obtain

g1+

1 1
[T Qo) o) | < o lo] 2.2)
Furthermore, since *((”)) < S, it follows that

(1+8)PQ*(u) < S” (Q*(w) + ¢*(w))" .

(2.3)
By multiplying both sides of (2.3) by % and integrating over the interval [g;, v] with respect
to u, we can express it as

[z, )] <

<=

S
[T Q)+ )]

2.4)
Moreover, from (2.2) and (2.4) we can infer that

[ 0]’

= (15, Q) (175,07 )

e+

==

]

[P [ @0 + o [ [ @ + o ||

= [1—is 1 fs] [ 75, @0) + ) 7.

o ( ), it follows that

(2.5
Since s < £

(1 +8)7* () < (Q*(w) + ¢* ()"

(2.6)
By multiplying both sides of (2.6) by O nd integrating over the interval [&;, v] with respect
y plying o)
to u, we can express it as

I:)(_Z'K1+SO*P(V):|% 1 1 [XI<P1+ (Q* () + ¢ (V))P]

(2.7)
Now, given that

((”)) < 8, we obtain that

Q) + 7. (W)” < (1 + 8¢l (w).

(2.8)
By multiplying both sides of (2.8) by %01:)_«_) and integrating over the interval [g;, v] with respect
to u, we can express it as

[ @+ <[]

From (2.7) and (2.9), we deduce that

==

(2.9)

1
175 e )]
AIMS Mathematics
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= (75 ) (T8 ) ]

- [ 1 [X-Zgﬁ (-Q*(V) + O (V))p]% ’ L [XI21+ (Q*(V) + ()0*(V))p]

=

|

1+8 I+
1 1 1
— X 7K plr
| | [T @) e ] (2.10)
Thus, the proof is completed by adding (2.5) and (2.10). O

We now present the integral form of the fractional reverse Holder’s inclusion.

Theorem 2.2. For y > 0 and k > 0 with p > 1 satisfying % + é = 1. Consider two 1.V functions
Q, ¢ : [e1,&8] — R defined as Q(v) = [Qx,Q*] and p(v) = [¢.,¢*]. Suppose that for all v > &,
the conditions X1, QP(v) < oo and *I¥, ¢"(v) < oo hold. If for all u € [gy,&,], the inequalities

0<s< % <Sand0 < s < 2: ((Z)) < § are satisfied, then the following relation holds:
| S L
S \ rq pa » 1 1 » 1 » 1
(3] (3) Iz.eiowiof s b ooz ol
Proof. Since s < %, it follows that
1 1
Qu(u) > 57Q7 (u)p (u). @.11)
By multiplying both sides of (2.11) by % and integrating over the interval [&;, v] with respect
to u, we can express it as
1 1 Lo\
(75, Q.0)" > 7 (XIgI+Q;(v)<p1(v)) . 2.12)
Now, from 2: ((u”)) < 8, we have
O* () < ST ()™ 4 (u). (2.13)

(V—M)Xil efx(vfu

By multiplying both sides of (2.13) by o) " and integrating over the interval [&, v] with respect

to u, then we obtain

1 1 1 1
(75, 0* )" < 87 (3, Q" gt ) (2.14)
By combining (2.12) and (2.14), we acquire
1
('z:.Qm)
1 1
= | (150,00 (15,00 0) |
1 1 s o 1 1 5
c|s7 (125 .0lmelm) 5% (15,2 et o) |
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- [s#. 85 (22, 2 mp0) 2.15)

Q=

Using identical procedures, we obtain the following bounds for (X I +<p(v)) , as follows

21—

(“T5,00)
(75 0) (20 ) |

! 1 1 s 1 1 1 é
C|l— (nglJrQi (V)goi(v)) . (X]ZI+Q*p(V)¢*q(v)) ]
rq S
11 11, \N\g
s E] (<2t QP )" (2.16)
Then, from (2.15) and (2.16), we obtain the required result. |

3. Interval-valued generalized (g, 17;) convex functions and their related findings

Let us now present a novel concept, the 1.V generalized (g, ;) class of convex functions, which
extends several existing convexity classes.

Definition 3.1. Consider a function i : (&1, &,] — R that is non-negative and satisfies (0, 1) C [y, &]
with i # 0. Additionally, let n : J, X J, = J, be a bifunction for appropriate Ji,J, € R. A function

Q : [e1,&] — Ry is called an 1.V generalized (g,1n,) convex function if it satisfies the condition
Q(r) = [Qu(r), Q*(r)] and

Q((vg(er) + (1 —v)g(e2))) 2 Q(&2) + i(v)n ((e1), Q&) (3.1
Vrtele,slandv € |[0,1].

Remark 3.2. The fourteen special cases of Definition 3.1, which establish its connection to existing
literature, are outlined as follows:

(i) By choosing g(r) = r, Definition 3.1 simplifies to the definition of 1.V generalized n;-convex
function given in [28, Definition 9], that is,

Qve + (1 =v)er) 2 Q&) + 1) (&), &) -

(ii) Setting g(r) = r?, Definition 3.1 simplifies to the definition of 1.V generalized modified (p,h)
convex function given in [27, Defintion 4.6], that is,

Q ((st +(1- v)ag)”) 2 Q) + hi(v)n (Q(&)), Q(&y)) .

(iii) Setting g(r) = r’ and hi(v) = v, Definition 3.1 simplifies to the definition of the 1.V generalized
p-convex function given in [24, Definition 6], that is,

Q ((vsf +(1 - v)sg);’) 2 Q&) + vn(Q(e1), Q&) .

AIMS Mathematics Volume 10, Issue 7, 16200-16232.
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(iv) By choosing n(Q(e;), Q(&,)) = Q(&1) — (&), Definition 3.1 reduces to the definition of generic
modified h-convexity for 1.V functions, which is given by

Qg7 (vglen) + (1 = V)glen))) 2 hm)Qer) + (1 = h(1)QAe).

(v) By choosing n(Q(g1), Q(e,)) = Q(g1)—Q(&y) and g(r) = r, Definition 3.1 reduces to the definition
of modified h-convexity for 1.V function, which is given by

Q(ver + (1 = v)er) 2 (v)Q(e)) + (1 = 7(v) Q&)

(vi) By choosing #i(v) = v, Definition 3.1 simplifies to the definition of 1.V generalized (g,n) convex
function, which is expressed as

Qg7 (vg(en) + (1 = )g(e2)) 2 Q) + v (Qen). e

(vii) By choosing g(r) = r and h(v) = v, Definition 3.1 reduces to the definition of 1.V generalized
n-convex function which is expressed as

Qver + (1 = v)er) 2 Q&) + v (Qg1), Q(er)) .

(viii) By choosing h(v) = v*, s € (0, 1), g(r) = r and n(Q(&1), (&) = Q(&1) — Q(&2), Definition 3.1
simplifies to the definition of the s-convex 1.V function of the first kind, which is given by

Q(ver + (1 =)&) 2 v'Q(>e1) + (1 = vH)Q(&y).

(ix) By choosing h(v) = v, g(r) = r, and n(Q(&y), Q(&,)) = Q(&1) — (&), Definition 3.1 simplifies to
the definition of 1.V convex function, which is given by

Qve; + (1 =v)ey) 2vQ(g)) + (1 —v)Q(ey).

(x) By choosing g(r) = %, Definition 3.1 simplifies to the definition of a generalized harmonically
ny-convex LV function, which is expressed as

) (L) > Qey) + h(v)n (Qey), Q).

ver + (1 —v)g

(xi) By choosing g(r) = L and n1(Q(e1),Qs,)) = Q&) — Q&»), Definition 3.1 simplifies to the

definition of a harmonically modified fi-convex 1.V function, which is expressed as

0 (L) S a)Qey) + (1 = BV)QAey).

ver + (1 —v)g

(xiii) By choosing g(r) = % n(Q(e)), Q&) = Qg1) — Qey), and h(v) = v* s € (0, 1), Definition 3.1
simplifies to the definition of the harmonically s-convex L.V function of the first kind, which is
given by

0 (L) >V Qe + (1 — v)QUe).

ver + (1 —v)g

AIMS Mathematics Volume 10, Issue 7, 16200-16232.
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(xiv) By choosing g(r) = % n(Q(e1), Q&) = Qe1) — Q(ey), and h(v) = v, Definition 3.1 simplifies to
the definition of 1.V harmonically convex function, which is given by

E1&
Q (m) D vQ(g1) + (1 = Q).

For convenience, we use the notations SIGX((g,1n), (1,21, R}), SIGV((g,n), [€1, €], R)),
SGX((g,nn), €1, &2],R), and SGV((g,n1), [£1, €21, R) to represent the family of I.V generalized (g, ;)
convex functions, [.V generalized (g, n7;) concave functions, generalized (g, ;) convex functions, and
generalized (g, ;) concave functions, respectively.

Theorem 3.3. Suppose Q : [g1,&,] — R] be an 1V function defined as Q = [Q,,Q*] where
Q, < Q. Then, Q € SIGX((g,m),[e1,e2,R)) © Q, € SGX((g, 1), [€1,&],R) and Q* €
SGV((g» Uh), [815 82]5 R)

Proof. Suppose that Q € SIGX((g, ), [e1, €21, R]) , 1.t € [e1, &1, and v € [0, 1], then we have
Qg7 (vglen) + (1 = v)g(e2) 2 Q&) + A (Qe1), Ae)) -
This implies that
[ (g7 (vglen) + (1 = v)g(£2))), Q* (7" (vg(en) + (1 = v)g(e))]

2 [Qu(82) + V)N (Qu(£1), Qu(£2)) , Q*(82) + (V)N (Q*(81), Q¥ (£2))]. (3.2)
From (3.2), we have

Q. (87" (vglen) + (1 = v)g(£2))) < Qu(E2) + AN (Qu(e1), Qu(22)) , (3.3)
and

Q* (g7 (vglen) + (1 = v)g(£2))) = Q*(&2) + ()N (Q* (1), Q* (52)) - (34)

From inequalities (3.3) and (3.4), it indicates that Q, € SGX((g,n1),[€1,&],R) and Q* €

SGV((g, ), [e1, 2], R) .
Conversely, suppose that Q, € SGX((g, 1), [¢1, €], R) and Q* € SGV((g,11), [€1, 2], R) . Then we
have

Q. (87 iglen) + (1 = )g(€2) < Qulen) + AN (Qulen). Aulen).

and

Q* (7! (vg(en) + (1 - v)g(e2)) = Q*(e2) + h(v) (Q*(e1), Q*(£2)).

This implies that

[ (7! (vg(er) + (1 = v)g(£2))), Q* (g7 (vg(en) + (1 = v)g(en)))]
2 [Qu(82) + 1V (Qu(e1), Qu(22)) , Q*(82) + (V) (Q*(21), Q* (22))]. (3.5)

Thus, the result is obtained. i
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4. A discrete Jensen-type inclusion for interval-valued generalized (g, 77,) convex functions

Now, we derive a discrete Jensen-type inclusion for .V generalized (g, 17;) convexity.

Theorem 4.1. Let Q € SIGX((g,11), [€1,&2],R)) and assume that the function 1 is nonnegative,
nondecreasing, and sublinear in the first variable. Suppose we define L, = 7., B, for z = 1,....m
with L,, = 1. Then, the following inclusion holds

Z @8(r.)

z=1

where No(ry, Toitys ooy Tn) = N(Ma(Fzy Foity ooy ), Q) and for all v € g1, &5], na(r) = Q(r).

m—1
2 Q(r,) + [Z AL Pt o rm)), (@.1)

z=1

Proof. Given that n possesses the properties of being nonnegative, nondecreasing, and sublinear in the
first variable, we deduce from (4.1) that

o ($ )0 i ool (5 2
((Spaefhorle l<zﬁzg<r»>>}
[0 )+ AL n( ¢ 1( I 1g(rz))) Q. (m))
Q% () + ALy r( g ‘(: L gr)) 0
(920 + {27! (72 mZ; 5+ P 00)) 20
Q1) + ALy (277! (722 12 g0+ gt 27 )|

7=

Lm_z)
Lo
xn(Qu(g ( e 2g(n,))),sz*m,_l)),Q*(r,,o),

L,_
-Q*(rm) + h(Lm—l)n(Q*(rm—l) +h (L 2)
m—1
m—2

(L

=1 m-2

2| Q. () + h(Lm_on(Q*(rm_]) T h(

2]} 2% 0un) 0w

o[ + Ly (@), 01

b 802 Qe ), 210,

+ h(Lm-z)U(U(Q*(g_l( mZ_Z Ly
=1 "M
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Q*(r) + h(Lm_on(Q*(rm_]), Q*(rm))

+ h(Lm_m(n(Q*(g‘l(mZ_z o)) 0 ) 0%
=1

Ly
D[ Qu(rn) + AL N (1), Q7)) + ALy DRk (P 2)s Qo (Fi1)), R (1)
+ e + LN Qe (1), Qi (72)), Qs (73)) o0y Qi (F=1)) Qi (1)),
Q* (1) + ALy QR (-1, @ (1)) + ALy -2 Q (1r-2), QX (10-1)), Q* (7))
oA AL (1), Q4 (12)), Q¥ (1), s Q¥ (1 1), Q2 ()|
= Qu () + AL 100, (Pt ) + AL 200, (Fr-2s Fonc1 i)
+ e + U L)NQ, (F1, 2y eees Pt T
Q* (1) + WLy )Nax (i1, ') + T Ln-2)N0x (Fm=2, Tm=1> T'm)
F e + (L) (P15 T2y ey Pyt rm)]

m—1

=Qr) + ) (LI (12 Pt oo i)

z=1
Hence, the result is obtained. O

Remark 4.2. By choosing g(r) = r in Theorem 4.1, we obtain a Jensen-type inclusion for L.V
generalized n, convexity, as given in [28, Theorem 6].

S. Inclusions involving tempered fractional integral operators and interval-valued generalized
(g, 11) convex functions

This section emphasizes our primary contributions in deriving H-H-type, Fejér-H-H-type, and
other fractional inclusions through the tempered fractional integral operators and generalized (g, ;)
L.V convexity. To set the stage, we first introduce a unified 1.V H-H-type inclusion presented in the
following theorem.

Theorem 5.1. Suppose Q € SIGX((g, 1), (&1, €21, R)), then the following relation holds

Q(g_1(g(81) ‘; g(&2) )) _Q

3 )

— 2(g(&2) = g(ED) Vucgten-geny x> 1)

X VT Q0 g7 (8() + X T, Qo g7 (s(en)]

5 Q(g1) + Q(er) N n(Q(e1), Q(e2)) + n(Q(e2), Q)
B 2 2Ygten-gen X 1)

1
X f V)(—l e_K(g(SZ)_g(S'))Vh(v)dv
0
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where

1 1
= h3) f P (e —glen)y
2Yugen-sen s 1) Jo

{n(Q(eg™ (veten) + (1 = v)gE)) ), Qg™ (1 = )g(en) + vg(e)))
+n(Q(e™" (1 - v)glen) +vg(e:) ), Qg™ (velen) + (1 = v)g(e2))))} dv

andy >0,k >0, andVr,te€ e, &)

Proof. Since Q is 1.V generalized (g, 17;) convex function, it follows that for v = % we obtain

Q (g—l (M)) DQM)+h (%) n(Q(r), Q(t)), 5.1

for all r,t € [g],&,]. By selecting r = g7 (vg(e)) + (1 — v)g(&)) and t = g '((1 — v)g(&)) + vg(&r))
in (5.1), we obtain

0 (g (8(81) ‘; g(&2)

)) Qg™ (1 =v)glen) + vg(e)))
+h (%) n(Q (g7 velen) + (1 = v)g(e2))).
Q(g7'((1 = v)glen) +vg(e)) ). (5.2)

By selecting r = g '((1 — v)g(&)) + vg(es)) and t = g7 (vg(e)) + (1 — v)g(&,)) in (5.1), we have

Q (g-‘ (Mzg(&))) 2 (g7 (vglen) + (1 - g(e2)

+h (%) n(Q (g7 (1 = vgen) + vg(en))
Q(g7'(vglen) + (1 = v)g(e2))) ). (5.3)

Add (5.2) and (5.3), then multiplying the result by »¥~!e=*®)=8E) and integrating from 0 to 1 with
respect to v, we obtain

f L pr(gE2)- g(sl»vQ( -1 (g(51)+8(82))) f P AR
2

x {n(Q(g™ (1 = v)g(en) +vg(£2)), Qg™ (vg(er) + (1 = v)g(e2))))
+7(Q (g7 (vglen) + (1 = v)g(e2))) . Qg7 (1 = v)gler) + vg(e2)) )} dv

1
21 f vl (0 (o7 (vg(er) + (1 - v)g(e2)))
2 Js
+Q (g7 = v)glen) + vg(e))) dv. (54)
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Now
1
f Sl (ge) gy ( ! (g(al) + 8(82))) v
0 2
1
_ [ f prlgke-genvg o1 g(&1) + g(&2) dy
0 * 2 })
1
f V/\/_le_K(g(SZ)_g(gl))VQ* (g—l (g(gl) + g(SZ))) dy]
0 2
_1[{8(er) + gler)
= Q(g 1(# Yi(glen)-gten) s 1)
Also

1
f ylem e e (o (o7 (vg(er) + (1 - v)g(£2)))
0
+Q(g7((1 = v)g(er) + ve(er)) dv

1
_ [f V,\/—le—K(g(é‘Z)_g(&‘l))VQ* (g‘l(vg(el) +(1- y)g(sz))) dv
0
1
N f e serserg (o7(1 - v)glen) + vg(en))) dv,
0
i
f AL pK(glen)—glenv oy * (g_l(yg(gl) +(1 - V)g(82))) dv
0

1
N f L pK(gen)-gen)v > (g—l((l —v)g(en) + Vg(82))) d"]
0

1 g(&2) o y

- - IO, d

[(8(82)—g(81))x e (g(e2) —y) e (g~ O)dy
! o =1 ,—k(y—g(e1)) -1

- TEEDQ, dy,

+ (2(2) — g en (y—g(e))ye (g7 '()dy

1 g(£2)

- -1 —K(g(gz)—y)Q* -1 d
G —g@y )., EED e (57 oy

1 g(€2)
+ (g(Sz) - g(al)))( f; : (y — g(gl))X—le—x(y—g(su))g*(g—1(y))dy]
8(&1
— F(X) [X]'K Qo —1( (8 ))+XIK Qo _1( (8 ))]
- (8(82) —g(sl))X glen+ g8 8l& g(e2)- g \8L&1))|-

Now, by using (5.5) and (5.6) in (5.4), we obtain
Q (g_l (—g(gl) J2r g(SZ))) Ytsger)-geny x> 1) — %%) f 1 ylemrsE)=slen)y
0
x {n(Q(g71((1 = vglen) + vg(e2)) . Qg7 (vg(en) + (1 - V)g(er) )
+ n(Q(g™ (vglen) + (1 = vg(e)), Q (7 (1 = )g(er) + vg(e2)) )} dv

(5.5)

(5.6)
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C) K ] ) -
> S — ey Lo 2o 87 (8(e) + Ty Q0 g7 (se0)]

Now, by applying the definition of 1.V generalized (g, ;) convex function
Qg7 (vglen) + (1 - v)g(e2)) 2 QAen) + hMN(Qer), Ae)), (5.7)

and

Qg7 (1 = v)glen) + vg(e)) 2 Qen) + hIn(QAe). Ae)). (5.8)
Adding (5.7) and (5.8), we get

Qg7 (vglen) + (1 = vgea)) + Qg™ (1 = v)gle) + vg(e2))

2 Q(e1) + Q(&2) + A){N(Qe2), Q1)) + n(Q(er), Qe2))}- (5.9)
By multiplying both sides of (5.9) by w and integrating with respect to v over the interval
[0,1], the desired relation is obtained. O
Corollary 5.2. Now, we present innovative findings in connection with Theorem 5.1.

(i) By choosing g(r) = r and fi(v) = v in Theorem 5.1, we get

Q(S] + 82) 1
Huer-ents 1)

f Y lemxe- 8'” (Q(vsl + (1 =)&), Q1 —v)e, + vsz))
+77(Q((1 —V)er +vey), Qve + (1 - v)az))} dv
5 ') [X
2 (82 - 81)X 7K(82—81)(X’ l)
5 Q(er) + Q(e2) N n(Q(e1), Q(&2)) + n(Q&2), Q&) YVi(er-en(X + 1, 1)

J'K

e+

Q&) +¥ 17 Q(81)]

&—

- 2 27k(82—81)()(’ 1)
(ii) By choosing g(r) = r, h(v) = v, and n(Q(&), Q(&,)) = Q(&1) — Q(&,) in Theorem 5.1, we obtain
&+ & I'(x)
Q( )g XI5 Qe2) + 415, Qs
2 2(&2 = 81 Yugeren (X 1>[ Qe +1 T, Qo)

S, Qe + Q&)
2
(iii) By choosing g(r) = r?, p > —1 and n(Q(&1), Q(&2)) = Q(&1) — Q(&,) in Theorem 5.1, we obtain

ey +eh\r L(y)
Q (1—) ] ) Y1, Qo K(eh) +¥I% Qo K(eh)
[ 2 2(85 8117)\/ )’K(gg_gf)(X, 1)[ ‘9‘1 2 2 1 ]
5 Q&) + Q&)
= f,

where K(r) = ro.
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Remark 5.3. We now examine Theorem 5.1 in the context of related work in the literature.

(i) By selecting h(v) = v, n(Q(e1), Q&) = Q1) — Q(&), and k = 0, Theorem 5.1 simplifies
to [29, Theorem 6, Case (i)].
(ii) By selecting g(r) = r, i(v) = v, n(Q(&), Q&) = Q&) — Q(&y), and k = 0, Theorem 5.1
simplifies to [23, Theorem 3.4].
(iii) By selecting g(r) =P, p > —1, i(v) = v, n(Q(&1), Q(&2)) = Q(&1)—Q(&,), and k = 0, Theorem 5.1
simplifies to [29, Theorem 6, Case (iv)].

Example 5.4. Consider Q(v) = [v*,8 — €], assuming that all the conditions of Theorem 5.1 are
met, where the interval [&1,&,] is defined as [0,2], and the functions g(r) = r, i(v) = v, and
n(Q(&1), Q&) = Qe1) — Q(&y) are specified. If y = 2 and k = 2 are chosen, we obtain the following
results:

1
—— Q1) =[1, 5.28172],

')
2
2(2)XF(/Y1))’2 P 1)[ f ((2 — Ve 4 V’(_le"‘V)Q (v) dv| = [1.25806, 4.91607],
K\ > 0
Q0) +Q(2)
rg " |2 3805471

Figures 1 and 2 illustrate Theorem 5.1 by depicting the lower and upper functions across the left,
middle, and right segments, labeled as LLF, LUF, MLF, MUF, RLF, and RUF, respectively. These
graphical representations offer a clear and effective illustration of the key concepts and results
established in Theorem 5.1.

o LUF[x,k]
o MUF[x,k]
o RUF[x,k]
u RLF[x,k]
u MLF[x,k]
o LLF[x,k]

Figure 1. Theorem 5.1 offers a graph representation valid for the ranges 0 < y < 4 and
0<k<4.
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— LUF[]
MUFx]
RUF[x]

— RLF[y]

— MLF[x]
LLFIx]

. . . L x
1 2 3 4

Figure 2. Theorem 5.1 provides a graph representation applicable to the range 0 < y < 4
and for k = 2.

We now present a table summarizing Theorem 5.1, which highlights its main components and
facilitates clearer understanding. Table 1 provides clear evidence of the validity of Theorem 5.1 for

varying values of .

Table 1. A comparative analysis of every part of Theorem 5.1.

% LUF[x] LLF[x] MUF[y] MLF[y] RUF[y] RLF[y]
0.5 2.9799 0.5642 2.4219 0.9477 2.1470 1.1284
1.5 5.9598 1.1284 5.4306 1.4998 4.2940 2.2568
2.5 3.9732 0.7523 3.7281 0.9255 2.8627 1.5045
35 1.5893 0.3009 1.4831 0.3756 1.1451 0.6018

This example clearly demonstrates the validity of the H-H-type inclusion in the 1.V generalized
(g, mp) function context, emphasizing its strong reliability and broad applicability.

Theorem 5.5. Suppose Q € SIGX((g,11), [€1, &1, R}) and let N : [, &,] — R be a symmetric function
with respect to 232, Then, the following relation holds:

2
QR o g7'(g(e2)) +1I%

g(e2)—

Q (g_l (w)) {XI;(&H;~< o g '(g(&2) + X L - N0 g_](g(gl))} —W

> frre

glen+

QN o g‘l(g(81))}
Q Q
2 w {ng(al)+x o g_l(g(82)) +XI§(82)_N © g‘l(g(gl))}

" U(Q(El), 9(82)) + U(Q(I:‘o“(z/\)/,)g(sl)) (g(&2) — g(é‘l)))( fl Vx_le_,((g(gz)_g(gl))vh(v)
0

X N(g™ (vg(en) + (1 = v)g(er) dv,

where

(L - 1
W = (2)(g(?(;) sey fo Ve R (vg(er) + (1 - v)g(e2))

{n(Qe™ (vglen) + (1 = v)g(e))), Qg™ (1 - v)gler) +vg(e2))))
+1(Qe™ (1 = v)g(er) +vg(&))), Qg™ (vg(en) + (1 = v)g(en))} dv,

andy >0,k >0andVr,t € [g, &)
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Proof. Since Q is an 1.V generalized (g, ;) convex function, setting v = % yields the following relation:

1
Q(g_l (g(r) : g(t))) 500 + h(i)n(g(r),g(t))’ (5.10)

for all r,t € [&,&,]. Substituting r = g~ (vg(e;) + (1 — v)g(ey)) and t = g '((1 — v)g(&)) + vg(&r))
in (5.10), we obtain

o (g_1 (g(sn +8(e2)

> )) 2 Q(g7((1 - v)gler) + vg(e))

+h (%) n(Q (g7 (vglen) + (1 = v)g(e2))).
Qg7 ((1 = v)glen) +vg(e)) ) (5.11)

By choosing » = g71((1 — v)g(&) + vg(ey)) and t = g (vg(e)) + (1 — v)g(&,)) in (5.10), we obtain

[0) (g—l (w)) o0 (g_l(yg(gl) +(1 - v)g(sz)))

+ (%) n(Q (g7 (1 =v)glen) + vg(e)),
Q(g7'(vglen) + (1 = v)g(e2)) ). (5.12)

Adding (5.11) and (5.12), then multiplying the result by y¥~!e *@E)=gE0)
N (g‘l(vg(al) +(1 - v)g(gz))) and integrating from O to 1 with respect to v, we obtain

1
) S pkge—genvR( o1 1 Of 0! gler) + g(er) J
fo e (57 080 + (1 = mgtean o s (KL ay
1
- h(l) f Ve R ER (g7 (vg(en) + (1 - V)g(en)))
2) Jo

x (g™ (1 = v)g(en) + vg(e). g™ (vg(en) + (1 = v)g(£2)))
+ 7(Q (g7 (vglen) + (1 = v)8(e2))) . Qg7 (1 = v)gler) + vg(e2)) )} dv

1
2 f vl EE R (g7 (vg(ey) + (1 = v)g(e2))) X
0
[Q (g7 valen) + (1 = v)g(e2)) + Qg7 (1 = )g(en) + ve(e)))) av.
By utilizing the fact that

R (g7 (vg(en) + (1 = v)g(e2) = R (g7 (1 = v)g(er) + vg(e2))).

1
f yile e serR (g7 (vg(en) + (1 - v)g(62)) Q (g-1 (—g ) = (82))) dv
0
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1
+ f v)(—le—k(g(az)—g(sl))vx (g—l((l _ V)g(81) + Vg(SZ))) Q (g—l (8(81) + 8(82))) dv
0

2
1
i, (1) f P (CA SN (g_l(vg(sl)-l-(l_v)g(gl)))
2] Jo

x [n(Q(g™ (1 = v)g(en) + ve(e)), Qg™ (vg(en) + (1 = v)g(e2)))
+n(Q (g7 velen) + (1 = v)g(£2))), (7' (1 = v)glen) + vg(en))) )} dv

1
> f ylesen s (o7 (vg(er) + (1 = v)g(e2))) R (87 (vg(er) + (1 = v)g(e2)) dv
0

1
+ f yE e ee s Q) (71 (1 = vigler) + vg(e2)) N (7 (1 = v)gler) + vg(en)) dv.  (5.13)
0

Now,
b _ _ _1[&er) + gler)
f Yl prs(e2)—8lEv g (g l(vg(gl) +(1 - y)g(gz))) Q (g ! (—2 )) dv
0
1
+ f V,\(—le—K(g(sz)—g(al))vx (g—l((l _ V)g(81) + Vg(é‘z))) Q (g—] (g(gl) ;g(SZ) )) dv
0
_9 (g_1 (g(en + g(a))) 409
2 (g(&2) — glen)*

X I8, N o g7 (8(e) + 4T, No g™ (g(en)]. (5.14)

and

1
f yle e Q) (g7 (vg(er) + (1 = v)g(e)) R (g7 (vg(er) + (1 = v)g(e2))) dv
0

1
+ f vl e e (o7 (1 = v)glen) + vg(e))) R (g7 (1 = v)gler) + vg(e2))) dv
0

__ Tw
(8(e2) — g@)!

By applying (5.14) and (5.15) to (5.13), we obtain the first part of inclusion. To derive the second
part, we multiply (5.9) by v~ e sE)=sEDvK (g‘l(vg(sl) +(1 - v)g(sz))) and integrate over the interval
[0,1] with respect to v, then we obtain

fere,, QN0 g7 (g(e2) + X 1%, QN 0 g7 (g(en))}. (5.15)

1
f vl s s (o7 (vg(er) + (1 = v)g(e2)) B (g7 (vg(en) + (1 = v)g(ea))) dv
0

1

+ f vl e s (o7 (1 = v)gler) +vg(e2)) B (g7 (1 = v)g(en) + vg(en))) dv
0

_ Q) ; Q(e2)

1
+ f Wl EEmsER (g™ (1~ v)g(er) + ve(er) dV}
0

1
{f W lem @8R (67! (ve(e)) + (1 — v)g(e2)))dy
0
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1
+ [1(Q(e1), Q1)) + n(Q(e2), Qe1))] f Pl emrse gy )y
0

x R(g™" (vg(en) + (1 = v)g(e2)) dv,
A few straightforward calculations lead to the desired inequality. O

Corollary 5.6. Now, we present innovative findings in connection with Theorem 5.5.

(i) By choosing n(Q(&1), (&) = Q(e1) — Q&) in Theorem 5.5, we get

= {XI§<81)+QN 087! (8(e2) + Ty, QN 0 g7 (g(e: ))}
Q Q
> (81) ;‘ (82) {X.ZK N o g—l(g(gz)) +X.Z-§(82)_N o g_l(g(81))} .

glen)+

(ii) By choosing g(r) = r, hi(v) = v, and n((&1), (&) = Q(e1) — Q(&y) in Theorem 5.5, we get

Q(Sl ;82){)([" N(e2) +XI§2—N(81)} 2 {XIK QR(e2) +Xf§z—QN(81)}

e1+ €1+

o HEVTA (17 Nea) +172, Ne).

&1+

(iii) By choosing g(r) = r?, p > —1 and n(Q(&1), Q(&3)) = Q(&1) — Q(&,) in Theorem 5.5, we obtain

&+ &\
e

> {ngppx o K(e]) +* T, ON o K(&! }
1 2

Q) + Q
> M {ng,l,y 0 K(ef) +11% No 7((,9';)} ,

1
where K(r) = rr.
Remark 5.7. We now examine Theorem 5.5 in the context of related work in the literature.

(i) By selecting h(v) = v, n(Q(e1), Q&) = Q1) — Q(&), and k = 0, Theorem 5.5 simplifies
to [29, Theorem 7, Case (i)].
(ii) By selecting g(r) = r, i(v) = v, n(Q(&1), Q&) = Q&) — Q(ey), and k = 0, Theorem 5.5
simplifies to [29, Theorem 7, Case (ii)].
(iii) By selecting g(r) =P, p > -1, h(v) = v, n(Q(&1), Q(&2)) = Q(&1)—Q(&,), and k = 0, Theorem 5.5
simplifies to [29, Theorem 7, Case (iv)].

Example 5.8. Assuming that all the conditions of Theorem 5.5 are fulfilled, let us consider the
function Q : [0,2] — R; is defined by Q(v) = [V?, 8 — ¢e'] along with g(r) = r, h(v) = v and

E1+&

n(Q(e1), Qez)) = Qe1) — Qe2). The function R(v) is symmetric with respect to =5 satisfying the
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condition N(e| + &, — r) = K(r), for r € [0,2]. Specifically, X(v) is defined as

N {v, ifv€[0,1]
2—-v, ifvell,2].

Now, taking y = 2 and k = 2, we obtain the following result:
Q(1)
')
1
()
Q0) + Q(2)
2I(y)
Figures 3 and 4 illustrate Theorem 5.5 by depicting the lower and upper functions across the left,
middle, and right segments, labeled as LLF, LUF, MLF, MUF, RLF, and RUF, respectively. These
graphical representations offer a clear and effective illustration of the key concepts and results
established in Theorem 5.5.

2
[ f ((2 _ e v’(_le_"")N (v)dv] = [0.256803, 1.35636],
0
2
[ f ((2 _ e v"_le_’“’)QN (v)dv| = [0.294319, 1.30385],
0

2
[ f ((2 _ e V"_le_"V)N (v)dv| = [0.513606, 0.977256].
0

o LUF[x,k]
o MUF[x,k]
o RUF[x,k]
o RLF[x,k]
u MLF[x,k]
o LLF[x,k]

Figure 3. Theorem 5.5 offers a graph representation valid for the ranges 0 < y < 4 and
0<k<4.

— LUF[x
MUF[x]
— RUF[x]
— RLF[y]
— MLFIx]
LLFIx]

- X

Figure 4. Theorem 5.5 provides a graph representation applicable to the range 0 < y < 4
and k = 2.

We now present a table summarizing Theorem 5.5, which highlights its main components and
facilitates clearer understanding. Table 2 provides clear evidence of the validity of Theorem 5.5 for

varying values of x.
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Table 2. A comparative analysis of every part of Theorem 5.5.

X LUF[x] LLF[x] MUF|y] MLFIy] RUF[y] RLF[y]
0.5 1.5866 0.3004 1.4462 0.3989 1.1431 0.6008
1.5 1.7701 0.3351 1.6858 0.3951 1.2754 0.6703
2.5 0.9387 0.1777 0.9064 0.2008 0.6763 0.3554
35 0.3634 0.0688 0.3509 0.0777 0.2618 0.1376

This example clearly demonstrates the validity of Theorem 5.5, emphasizing its strong reliability
and broad applicability.

Theorem 5.9. Suppose Q, N € SIGX((g, 1), [&1, €21, R]), then the following relation holds:

'y
(8(&2) — g(1))*

1
o) f yi e EEEED [Py + Q(v)]dy,
0

[XI e N0 g7 (g(82)) + XI5, ON o g_l(g(sl))]

where

P) = [Q(&2) + 1(v)n (Q(e1), Ue))IN(e2) + (v (R(er), N(e2))],
Q) = [Qe1) + AN (Qe2), QeN][N(€1) + h(v)n (R(€2), R(eD)].

Proof. Since Q,N € SIGX((g,m), [£1, £], RY), then we have

Qg7 (vglen) + (1 = v)g(e2))) 2 Qen) + M (Qe). Qen)) (5.16)
and

N (g7 (vglen) + (1 = v)g(e2))) 2 Rlea) + h(vn (N(er). N(e2)) (5.17)

Multiplying (5.16) and (5.17), we obtain

Qg™ (vg(en) + (1 = v)g(e2)) R (g7 (vg(er) + (1 = v)g(e2))
2 [Q(e2) + 1) (Qe1), Qe)IN(82) + () (N(er), R(e)]. (5.18)

Similarly,

Qg™ (1 =gl +vg(e2)) R (g7 (1 = v)gen) + vg(e2))
2 [Q(e1) + ()7 (Q(e2), AeIIN(e1) + ()N (R(e2), REn)]. (5.19)

By summing (5.18) and (5.19), we obtain

Qg™ (vglen) + (1 = v)g(e)) ¥ (g7 (vg(en) + (1 = v)g(er))
+Q (g7 (1= v)gler) + vg(e)) R (g™ (1 - v)g(er) + vg(en)))
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2 PW) + Q).

Multiplying (5.20) by w¥~!e=*&E2)=8@)) and integrating from 0 to 1 with respect to v, we get

1
f vl e (o7 (vg(er) + (1 = v)g(e)) R (g7 (valen) + (1 = v)g(e))) dv
0

1
+ f Yl e (o7 (1= v)glen) +vg(e2)) R (g7 (1 = v)gler) + vg(en))) dv

0
1
5 f Yl EE)-8EDY (D (y) + Q(v)]d.
0

Now, by applying the tempered fractional integral operators, we obtain

I'Cv) [X
(g(&2) — glen)*

1
5 f Yl e )-8 [P(y) 4 Q(v)]dv.
0

This completes the proof.

Corollary 5.10. Now, we present innovative findings in connection with Theorem 5.9.

(i) By choosing n (&), (&) = Q(e1) — (&) in Theorem 5.9, we obtain
I'(x) [X
(g(&2) — glen)*
1
2 M(ey, &) f Wl 8@ [B2(y) 4 (1 — fi(v))*]dv
0

1
+2N(g1, &) f Y lem @)=V B (1) (1 — B(v))]dy,
0

where

M(ey, &) = Q(e1)NR(g1) + Q(&2)N(&2),
N(e1, &) = Qe)R(&) + Q(&2)N(g)).

Tyone N 0 g7 (8(e2) + T3, ONo g™ (8(81))]

Lo SN © g (g(e)) + T e N © 8_1(8(81))]

(5.20)

(5.21)
(5.22)

(ii) By choosing g(r) = r, h(v) = v, and n (&), (&) = Q&) — (&) in Theorem 5.9, we get

IK

e+

') [X

(&2 — &))"

1
2 M(gy, &) f ylec@=e0v 2 4 (1 — v)2)dy
0

QR(sy) +*I%, ON(#1)]

&r—

1
+2N(g1, &) f ylem @y — y)]dy,
0

where M(g1, &) and N(&1, &) are defined in (5.21) and (5.22), respectively.
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(iii) By choosing g(r) = rP, p > —1, h(v) = v, and n(Q(&1), Q(&3)) = Q(&1) — Q&) in Theorem 5.9,
we obtain

ﬁ["[ﬁ,ﬁﬂ& o K(£5) +XIK€§_QN o 7((8‘;’)]
278

1
2 Mgy, az)f v"_]e‘K(‘EIZ)_eIl])V[v2 + (1= v)")dv
0

1
+2N(g1, &) f W™ E=ED[1(1 = v)]dy,
0

where K(r) = ro.

Additionally, M(e,&,) and N(gy,&,) are defined in (5.21) and (5.22),
respectively.

Remark 5.11. We now examine Theorem 5.9 in the context of related work in the literature.
(i) By selecting h(v) = v, n(Q(e1), Q&) = Q1) — Q(&), and k = 0, Theorem 5.9 simplifies
to [29, Theorem 8, Case (i)].
(ii) By selecting g(r) = r, i(v) =

v, 1(Q(&1), (&) = Q&) — Q(ez), and k = 0, Theorem 5.9
simplifies to [29, Theorem 8, Case (ii)].

(iii) By selecting g(r) =P, p > =1, h(v) = v, n(Q(&1), Q(&2)) = Q(&1)—Q(&,), and k = 0, Theorem 5.9
simplifies to [29, Theorem 8, Case (iv)].

Example 5.12. Assuming that all the conditions of Theorem 5.9 are fulfilled, let us consider the
functions Q,N : [0,2] — R;, defined by Q(v) = [v*,8 — e”] and R(v) = [V*,3 =V’ with g(r) = 1,
h(v) = vand n(Q(e), Q(e,)) = Q(&1) — Q(&,). Taking y = 2 and k = 2, we obtain the following result:
1 ? 1 —k(2—v) 1
2=y e 1y e_"V)QN (v)dv| =10.304016, 1.15565],
(2)XF(X)[L ( ]

1
%()()[M(al,ez) fo yle e )2 4 (1 — vy dy

1
+2N(g1, &) f ylemeevy —v)]dv] =[0.571423, 0.61934].
0

Figures 5 and 6 illustrate Theorem 5.9 by depicting the lower and upper functions across the left and
right segments, labeled as LLF, LUF, RLF, and RUF, respectively. These graphical representations
offer a clear and effective illustration of the key concepts and results established in Theorem 5.9.
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o LUF[x,k]
u RUF[x,K]
o RLF[x,k]
u LLF[[x,k]

Figure 5. Theorem 5.9 offers a graph representation valid for the ranges 0 < y < 3 and
0<k<3.

Q)

20

15 — LUF[x]
RUF[x]
10 RLF[x]
— LLF[x]

— X

Figure 6. Theorem 5.9 provides a graph representation applicable to the range 0 < y < 3
and k = 2.

We now present a table summarizing Theorem 5.9, which highlights its main components and
facilitates clearer understanding. Table 3 provides clear evidence of the validity of Theorem 5.9 for
varying values of x.

Table 3. A comparative analysis of every part of Theorem 5.9.

% LUF[y] LLF[y] RUFI[y] RLF[x]
0.5 9.9885 5.6105 8.1100 6.6874
1.5 2.4135 0.7541 1.4092 1.2680
25 0.5384 0.1315 0.2783 0.2595
35 0.1065 0.0273 0.0562 0.0520

This example clearly demonstrates the validity of Theorem 5.9, emphasizing its strong reliability
and broad applicability.

Theorem 5.13. Suppose Q,N € SIGX((g, 1), [1, €21, R)), then the following relation holds

¢ (g_1 (M)) N (g B (M)) Yitgten-gen (¢ 1

I'(y) {X I

_1 »
2 4(g(er) — glen))” s+ N g (8(&r) +XI

g(e2)— ONo g_l (g(81 ))}
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1 1
N : f 1 pK(g(e2)—glen)y [N(81,82)+h(v)g+h2(v)ﬂ] dv
0
1y pl Q) [
. () f el e n(3) f S o EE) -8V oy
4 Jo 4 Jo |

where

B =(Q(g" (vgle) + (1 = v)g(e2) + Qg7 (1 - v)gler) +vg(en)) )x
(8™ (vgen) + (1 = vgea)), R(g™ (1 - v)gler) + vg(e2)))
+1(R(g™ (1 = v)g(er) +vg(e)). R(g™" (vg(er) + (1 = v)g(e)))}

+ (N (g7 (vglen) + (1 = v)g(e2) + R (g7 (1 = v)gle) + vg(ex) )x
(n(Q(g™" (vglen) + (1 = Mg, Qg™ (1 = v)g(en) + vg(er))
+n(Q(g™ (1 = vgler) + vg(e)), Qg™ (vgler) + (1 - vige))}.

C = [n(Ne™ (vglen) + (1 = v)g(e)), R(g™ (1 = v)g(en) +vg(e2))))
+1(R(g™ (1= v)g(er) + vg(e)), (g™ (vg(en) + (1 - v)g(e2)))} X
(n(Q(e™ vglen) + (1 = v)g(e))), Qg™ (1 - v)gler) +vg(e))))

+1(Qe™ (1 = v)gler) + vg(e), Qg™ (vg(en) + (1 - g(e))}

G = QeNn(N(e1), N(&2)) + Q(e)n(N(£2), N(e1)) + R(en(Q(e)), Q&)
+ N(e)n(Q(e2), Q(e1)),

U = n(Q(e1), Ae)N(N(£2), N(er)) + (&), Uen))n(R(er), N(er)),
and N(g1, &) is given by (5.22).

Proof. By the 1.V generalized (g, ;) convexity of Q and N, we have

_1[&(r) +g(@) _1[&(r) +g()
o (550 sfe (2322

1 n()
2 (5199 + Q01 + (). QD) + 1€, )
1

1 (3)

X (I8 + RO] + == n(N). @) + 1RO, 8()))
1 1

= Z1QOIRD) + QONM + ZIQING) + QON()]

hl
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4
201

()
42 [7(€(r), (1) + n(Q0), QN)I[R(), R(@®)) + n(N(@), N()]. (5.23)

+ ——{[R(r) + NOI[n(Q(r), D) + n(Q(D), ()]

—+

Using r = g7 '(vg(e)) + (1 — v)g(&)) and t = g7 '((1 — v)g(e;) + vg(ey)), along with the indicated
convexity, we have

(80 + 8D\ [, 1 (860 + 8(e2)
ol (5 nfer (55

1
2 ;[0 080 + (1 = VgE)NGE gL + (1= V)ge)
+Q(g7' (1 = v)g(er) + vg@)IN(E™ (1 = v)g(er) +ve(£2)]
ZC €Y c

—8B+
4 4

1
+ Z[N(gl, &) + h(V)G(e1, &) + W) U(ey, £2)] +
After multiplying the last inclusion by v¥~!e=*&©)=8)) and integrating from O to 1 with respect to v,
we obtain the desired inclusion. m|

Corollary 5.14. Now, we present innovative findings in connection with Theorem 5.13.
(i) By choosing n(€(&1), (&) = Q(e1) — (&) in Theorem 5.13, we get

L Tw
= 4(g(e2) - 8@

1
¥ %[2M(81,82) f YE K [ (y)(1 = h(v))]dy
0

[Tt 8 0 87 (8(e2) +¥ Ty, ON 0 g7 (s(e1)]

1
+ N(g1, &) f y e @ B2 () 4 (1 - h(v))z]dv],
0

where M(e1, &) and N(&1, &) are defined in (5.21) and (5.22), respectively.
(ii) By choosing g(r) = r, h(v) = v, and n(€(&1), (&) = Q&) — Q(&,) in Theorem 5.13, we get

g+ & &+ &
Q e
bl

5 I'(x) [X
4 (82 - 81)/\/ yk(ez—8|)(X’ 1)

1 1
+ Z[ZM(sl,ez) f Wl eV [y(1 — y)]dy
0

I5 ON(e2) + YIS, ON(e))]
1
+ N(ey, &) f wleke=ev 2 4 (1 — v)z]dv],
0

where M(g1, &) and N(&y, &,) are defined in (5.21) and (5.22), respectively.
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(iii) By choosing g(r) = r?, p > —1, fi(v) = v, and n(Q(&1), Q(&3)) = Q&) — Q&) in Theorem 5.13,

we obtain
8f+8§% N sf+s§%
2 2

')
2 KT, QN o K(eh) +X1%,_QN o K(e))
4 ("‘-:’\127 - 6117)/\/ 7K(s§—£f)(X’ 1)[ : ’ é‘g 1 ]

1 ! p o
+ Z[ZM(SI,SZ) f yle™E=E vy — y)]dy
0

Q

1
+ N(gy, 82)f PRl C Y+ (1 - v)Hdv|,
0

where K(r) = ro. Additionally, M(e,&,) and N(ey, &) are defined in (5.21) and (5.22),
respectively.

Remark 5.15. We now examine Theorem 5.13 in the context of related work in the literature.

(i) By selecting h(v) = v, n(Q(e), Q&) = Q(e)) — (&), and k = 0, Theorem 5.13 simplifies
to [29, Theorem 9, Case (i)].
(ii) By selecting g(r) = r, i(v) = v, n(Q(&1), Q(&2)) = Q(&g1) — Q&y), and k = 0, Theorem 5.13
simplifies to [29, Theorem 9, Case (ii)].
(iii) By selecting g(r) = r, p > —1, i(v) = v, n(Q(e)), Q&) = Q&) — Q&y), and k = 0,
Theorem 5.13 simplifies to [29, Theorem 9, Case (iii)].

Example 5.16. Assuming that all the conditions of Theorem 5.13 are fulfilled, let us consider the
functions Q,NX : [0,2] — R;, defined by Q(v) = [v*,8 — e’] and R(v) = [V*,3 = V*] with g(r) = r,
h(v) = v, and n(Q(e1), Q&) = Q&) —Q(&y). Taking xy = 2 and k = 2, we obtain the following result:

1
——Q(1)N(1) =[1, 10.5634],
lﬁ()()()() [ ]

1
T ATy )

! 1 -1 —«k(ez—&1)v
a2 [ Ve -l

1
+ N(ey, &) f wlekemev 2 4 (1 — v)z]dv] = [2.82255, 6.167].
0

[ f 2 ((2 _yle@ | v"_le_"")QN () dv]
0

Figures 7 and 8 illustrate Theorem 5.13 by depicting the lower and upper functions across the left
and right segments, labeled as LLF, LUF, RLF, and RUF; respectively. These graphical representations
offer a clear and effective illustration of the key concepts and results established in Theorem 5.13.
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Figure 7. Theorem 5.13 offers a graph representation valid for the ranges 0 < y < 4 and
0<k<4.

— LUF[x]

RUF[x]
er RLF[x]
— LLF[x]

Figure 8. Theorem 5.13 provides a graph representation applicable to the range 0 < y < 4
and « = 2.

We now present a table summarizing Theorem 5.13, which highlights its main components and
facilitates clearer understanding. Table 4 provides clear evidence of the validity of Theorem 5.13 for
varying values of .

Table 4. A comparative analysis of every part of Theorem 5.13.

X LUF[x] LLF[y] RUFIx] RLF[y]
0.5 5.9598 0.5462 2.6794 1.9515
1.5 11.9196 1.1284 6.6697 3.2977
25 7.9464 0.7523 47182 2.0956
35 3.1786 0.3009 1.8696 0.8468

This example clearly demonstrates the validity of Theorem 5.13, emphasizing its strong reliability
and broad applicability.

6. Applications to means

This section investigates the interplay among specialized means through the inclusion of the generic
class of I.V generalized convex functions in the context of H-H-type inclusion.
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(1) The arithmetic mean

g1+ &

2

A(er, &) =

(i) The geometric mean

G(ei, &) = Ve&.

(ii1) The logarithmic mean

& — &

L(g, &) = M’

& £ &, &£& 0.

(iv) The generalized log-mean
8?—1 _ 81'1+1

Li(e1, &) = m

]l ;i€ Z )\ {-1,0}.

Proposition 6.1. For g, &, > 0, we have
|A’(e1,82), —A%(e1,22) + 8| 2|Li(e1, £2), ~Li(e1,22) + 8]

2 |A(el. 83), —Ael. 83) + 8.

Proof. This outcome is derived by applying Theorem 5.1 under the specific substitution Q(v) = [v?, 8—
v?] and choosing A(v) = v, g(r) = r, and 1 (Q(&)), Q(&2)) = Q&) — Q(&;), where y = landk = 0. O

Proposition 6.2. For &, &, > 0, we have
|G*(e1,82), =G¥(e1,82) + 8] 2|L(et, 83), —L(e},&3) + 8]

2[A(e].2). —A(el. £3) +8].

Proof. This outcome is derived by applying Theorem 5.1 under the specific substitution Q(v) = [v?, 8—
v?] and choosing #(v) = v, g(r) = Inr, and n (Q(&)), Q&,)) = Q(g;)—Q(s,) where y = landk = 0. O

Proposition 6.3. For &, &, > 0, we have

1 1 L(e1, &) L(e1, &)
, — +2(2 , — +2
eAere)”  gAE1e) ] [Gz(b‘l, &) G*er &) ]
A
5 (81,82), _A(Sl,é‘z) 2l
G (&1, &) G (&1, &)

Proof. This outcome is derived by applying Theorem 5.1 under the specific substitution Q(v) = [%, 2-
%] for v > 1 and choosing #(v) = v, g(r) = Inr and 1 (Q(&;), Q(&2)) = Q(e1) — Q(e,) where y = 1 and
k=0. O
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7. Conclusions

In contemporary research, the study of inequality has rapidly progressed, particularly with a focus
on the convex properties of functions within fractional domains. Interval analysis models uncertainty
using interval variables to improve accuracy in computations. It is widely used in engineering, robotics,
optimization, and neural networks for reliable results. This study presents a comprehensive unification
of classical concepts by introducing I.V generalized (g, n,) convex function, which generalizes H-
H-type, Fejér-H-H-type, and other fractional inclusions through tempered fractional operators. By
tuning parameters, we derive unified and extended results supported by illustrative examples, graphical
representations and applications to means. These outcomes contribute significantly to deriving bounds
for special functions, including modified Beta and Bessel functions, among others. This idea aims to
be applied across various frameworks, including time-scale calculus, coordinates systems, fuzzy and
quantum calculus. The approach and recent advancements outlined in the paper are intended to spark
interest and motivate further research in this area.
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