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1. Introduction

Special functions hold significant importance across various domains of mathematics, physics,
engineering, and related disciplines, encompassing topics such as differential equations, mathematical
analysis, functional analysis, mathematical physics, and quantum mechanics. Notably, the family of
special polynomials represents one of the most useful, widespread, and applicable categories of special
functions. Among the most prominent polynomials within the theory of special polynomials are the
Bernoulli (see, e.g., [1,8,11, 15,16, 18-22]) and Euler polynomials (see, e.g., [1,5,6,8,11,15,16, 18—
22]), and the Hermite polynomials (see, e.g., [2,3,10, 12,18, 23]).

Recently, unified forms of polynomials have been intensely considered, and many of their properties
and relations have been investigated in detail. For example, in [1], a unification of the generalized
multiparameter Apostol-type Bernoulli, Euler, Fubini, and Genocchi polynomials of higher order was
defined, and an explicit formula of these unified generalized polynomials in terms of the Gaussian
hypergeometric function, and several symmetry identities was provided. In [5], a novel class of
degenerate biparametric Apostol-type polynomials was defined, and diverse algebraic and differential
properties associated with these polynomials were derived. In [6], a new class of degenerate unified
polynomials covering the Appell-type classical polynomials and their most relevant generalizations
was defined, and several of their formulas were examined. In [7], unified Apostol-Bernoulli
and Apostol-Euler polynomials were introduced and multifarious properties, some of which were
inspired via umbral calculus, were studied. In [17], a degenerate version of the unified Apostol-
type Bernoulli, Euler, Genocchi, and Fubini polynomials defined by Acala [1] were considered, and
some identities and recurrence relations, a symmetric relation, and summation formulas were given.
In [18], Hermite-based unified Apostol-Bernoulli, Euler, and Genocchi polynomials were introduced,
and some symmetry identities, explicit closed-form formulae and a finite series relation between
this unification and 3d-Hermite polynomials were obtained. In [20], unified Apostol-type Hermite-
Bernoulli, Hermite-Euler, and Hermite-Genocchi polynomials were defined, and some correlations
with Fubini-Hermite and Bell-Hermite polynomials, implicit summation formulae and symmetric
identities were acquired. In [21], the three parametric types of Apostol-type unified Bernoulli-Euler
polynomials were introduced, fundamental properties and the partial derivatives were derived, and their
zeros, graphical representations, and approximation values for specific parameters were provided.

With the definitions of the first degenerate polynomials and numbers, degenerate Stirling, Bernoulli,
and Eulerian numbers, introduced by Carlitz [8, 9], in recent years, the degenerate forms for the many
special polynomials have been considerably studied and investigated by many mathematicians [4—
6, 11, 13-17, 19], and see also each of the references cited therein. For example, degenerate g-
Daehee polynomials with weight a in [4], two novel classes of degenerate biparametric Apostol-type
polynomials in [5], degenerate unified polynomials covering the Appell-type classical polynomials
and their most relevant generalizations in [6], Gould-Hopper-based fully degenerate poly-Bernoulli
polynomials with a g-parameter in [11], degenerate Stirling polynomials of the second kind in [13],
fully degenerate Bernoulli polynomials and degenerate Euler polynomials in [15], degenerate Bernoulli
and degenerate Euler polynomials in [16], unified degenerate Apostol-type Bernoulli, Euler, Genocchi,
and Fubini polynomials in [17], and degenerate Bernoulli polynomials in [19] were defined and many
of their properties and applications were investigated in detail.

In this paper, building upon the foundational work of the above studies, particularly [6, 7, 10], we
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introduce the degenerate unified Bernoulli-Euler Hermite polynomials of the Apostol type and then
examine some of their properties and applications. We emphasize the influence of prior research in
this domain and introduce novel insights into the algebraic and differential characteristics of these
polynomials. Our investigations encompass properties such as recurrence relations, symmetry, and
summation formulas. Additionally, we introduce degenerate unified Hermite-based Apostol Stirling
polynomials of the second kind, deriving properties analogous to those discussed in the preceding
section. Subsequently, we employ the Mathematica program to compute the distribution of zeros of
these polynomials.

2. Preliminaries

Throughout this paper, let N, Z, Ny, R, and C represent the set of all natural numbers, the set of
all integers, the set of all nonnegative integers, the set of all real numbers, and the set of all complex
numbers, respectively.

For A € C, the A-falling factorial (), , is defined by (see [4-6,11,13-17,19])

32,

1
1. 0. 2.1

@Mz{ 5O — DG —-22)---(0—(n— 1), Z

In the case when 4 = 1, the A-falling factorial simplifies to the conventional falling factorial as
follows:
()1 :=00),=06(06—-1)---(6—n+1)and (6), = 1.

The operator A, s, which represents the difference with respect to ¢, is defined as follows (cf. [11]):

1
Aief(0) = 7(f(6 + 1) = f(6).  1#0. (2.2)

The definition of the degenerate exponential function ei (1) is given as follows (see, e.g., [4-6, 11,
13-17,19]): :
()= (1+ )7 and e} () = e, (1). (2.3)

It is readily seen that lim,_, eﬁ (1) = €°. From (2.3), we obtain the following relation:

b n

EO=Y @i (2.4)

n=0

which satisfies the following difference rule

A€ () = te5 (1) (2.5)
Note that e} (¢) := e, () and €5 (1) €% (1) = €™ (0).

The classical Bernoulli polynomials, denoted as B, (6), and the degenerate Bernoulli polynomials,
represented as B, , (0), are defined as follows:

iB (6)
n=0
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The classical Euler polynomials, denoted as E), (9), and the degenerate Euler polynomials, represented
as E, , (0), are defined as follows:

iE (5)£_ L
4"l e () +1

For a comprehensive understanding of the diverse applications of Bernoulli and Euler polynomials,
one may consult the references [1, 8, 11, 15, 16, 18-22]. The degenerate Stirling polynomials of the
second kind are defined as follows (cf. [8, 13]):

eﬁ ), |t <mn.

(o) tn
ot —
1e and ,,:Eo E,.(0) o=

Zszmk ol @Oy, 6)

Taking 6 = 0 in (2.6) yields S, (n,k : 0) := S,,(n, k), called degenerate Stirling numbers of the
second kind. The degenerate Stirling numbers of the second kind are also given by

Ot = D S2.4(n,K) (0. 2.7)
k=

The two-variable Hermite polynomial of the Gould-Hopper type [2, 3,10, 12, 18,23] is revisited by
employing the following formula:
[%] r sn—2r
g'o"
H,6,{)=n! ) ——F—,
0.0)=n Z:O: Pl —2r)!

where [3] is the truncated part of 7. These polynomials satisfy the following generating equation:

) "
e5t+§12 _ ZHn(é, é’)—'
n:

n=0

It is to be noted that
Hy(6,¢) = 1 and H,(26,-1) = H,(9),

where H,(6) are the ordinary Hermite polynomials; see [2]. By applying the derivative of order r to
the Hermite polynomials, we have the following equality:

ar n!
n n—r 6’ ]
Hy(6,0) = s i (6.0)

see [23]. This family of polynom1als solves the following difference equation:

0 0?
56t0.0 = 35 H6.0)

The above equation is called the heat equation. Taking { = 0 for H,(J, {), we obtain
H,(5,0) = ¢".
Let A € R\ {0}. The degenerate Hermite polynomials H,, , (6, {) are defined below:
- %
D Hia (6.0 — = 0. (2.8)

n [10, 11, 22], the polynomials H, ,(d,{) were examined for their varied applications and
characteristics.
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3. A novel class of degenerate unified Bernoulli-Euler Hermite polynomials of Apostol type

In this part, we aim to introduce a degenerate form of unified Bernoulli-Euler Hermite polynomials
of Apostol type in (3.2) and to derive some of its properties and relationships.

In recent years, Belbachir et al. [7] introduced and analyzed a category of polynomials termed the
unified Bernoulli-Euler polynomials of Apostol type, characterized by the following power series:

2—pu+5t RN "
——¢" = W,.(0; 0 ) —, 3.1
PR Z(; (©:pi 1) 3.1
where
ln( p )+t<27r, for 1>u>0,
l—p
and
ln( P )+t <m, otherwise.
u—1

These polynomials provide some families of polynomials in the literature according to the specific
values of their parameters. Determinantal representation of Bernoulli-Euler polynomials of Apostol
type, generalized Raabe’s Theorem, some explicit formulas, derivation, and integration representations,
and identities inspired via umbral calculus for the unified Bernoulli-Euler polynomials of Apostol type
were investigated in [7]. Then, Bedoya et al. [6] conducted a study on the degenerate version of these
polynomials. Utilizing the generating function, they analyzed numerous algebraic properties of this
polynomial and provided several graphical examples.

Very recently, Diaz et al. [10] defined the unified Bernoulli-Euler Hermite polynomials of Apostol
type, which are provided by

( 2—u+5t

¢ 2 - "
— ] & = § WD 6,031 —. 3.2
pef+(1—,u)) ¢ pr S (0.8 p: 1) n! (3-2)

These polynomials were studied and analyzed in detail in [10]. Also, applications of the monomiality
principle were considered, and many interesting formulas were investigated.
We are now ready to give our primary definition.

Definition 3.1. Let u € R* — {1}, p € R* and a € C. We define the degenerate unified Bernoulli-Euler
Hermite polynomials of Apostol type via the following exponential generating function:

2B N ey = S W6 2o (3.3)
peany + (L—p) “LOXT LSSy |
where
ln( p )+t<27r, for 1>u>0,
l—u
and
ln( P )+t <m, otherwise.
u—1
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Throughout the paper, when the superscript @ = 1 is omitted, we denote
W,oa(6,£:pi 1) := WO, L5 p3 o).
Here, we examine some special circumstances of the polynomials ‘Wﬁf; 0, ;o5 ).

Remark 3.2. Choosing A — 0 and a = 1 in (3.3), the polynomials (Wffj (0, ¢; p; u) become the usual
unified Bernoulli-Euler Hermite polynomials of Apostol type in (3.2).

Remark 3.3. Choosing 1 — 0 = ¢ = a — 1 in (3.3), the polynomials (Wi:lﬁ) (0, ¢; p; ) become the
degenerate unified Bernoulli-Euler numbers of Apostol type in (3.1).

Remark 3.4. Choosing { = 0 in (3.3), the polynomials ‘W (“A) (0, ¢; p; n) become the degenerate unified

n,

Bernoulli-Euler polynomials of Apostol type (Wfl”; (0; 05 1) given by

2—u+5t )“ s > "
0 =) W Gpip) —.
(pem) ) 407 2 WiE
Remark 3.5. Replacing 6 by 0 in (3.3), the polynomials (W,%) (0, £; p; ) become the degenerate Apostol
type unified Bernoulli-Euler polynomials of (W,(f; (0, £; p; ), which is a new family of polynomials, as
follows:

( 2—pu+5t

D = S WD 0.2
pea(t) + (1 —u)) eir) = Z(Wn,/l 0,805 - (3.4)

n=0

Remark 3.6. Choosing { = 6 = 0 in (3.3), the polynomials ‘Wfl“j (0, ; p; ) become the degenerate
unified Bernoulli-Euler numbers of Apostol type (Wfl“; (o; ) given by

2—p+br "L "
= (W(a) 5 —.
(pe,l(t) T —ﬂ)) Z:; O3

Remark 3.7. Replacing u by 0 in (3.3), the polynomials Wff; (0,; p; ) become the degenerate
Hermite based Apostol-Euler polynomials 8;“3 (0,; p) of order a as follows (cf. [17,22]):

(o)

) SMEE) = Y EN(6,4:p) %

( pe () +1 oy

Remark 3.8. Replacing u by 2 in (3.3), the polynomials (Wfl“j (0,; p; ) become the degenerate

Hermite based Apostol-Bernoulli polynomials Bflaj (0, ¢; p) of order a as follows (cf. [17,22]):

;aé .(2_00(@) G
(peﬂ(t)_ 1) e (el (t) = ;BM (5,§,p)n!.

Now, we examine several properties of (Wfl“j (0, £; p; p) by the following consecutive theorems with
their proofs.
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Theorem 3.9. The following implicit summation formula holds for n € Ny:

(% - n o
WD 61+ 60,0+ Lsprp) = ) (k)w,i, 061, L s ) WP, (62, 803 3 10) (3.5)

k=0

Proof. 1t is readily seen from (3.3) that

n ( 2—pu+5t

o) a+ﬁ

t
E WP (S, + 60,01 + Cozpip) — = 0102 (£) 81742 (42
- n,A ( 1 2 §1 42 P ,u) n pe/l(l)+(1 —,Ll) €, ()6,1 ( )

2—pu+5t
pea(®) + (1 — )

:( 2—pu+5t

B
pe () + (1 —p) ) e (e (1)

) l(De’] (rz)(

N a "< t"
= Y WO 6L — > WE (6. Lspi ) =
n. =0 n.

n

=0
N (M@ . ®) N
= Z k (Wk,/l (61, é/l,P,,U)(Wn_k,ﬁ (62, §Zap,ﬂ) E,
n=0 k=0 '

which gives the alleged result (3.5). O

Corollary 3.10. Some special cases of the addition formula given above are provided as follows:

n

W61+ 82 Lpip) = Y f WD (61830040 @)

k=0

(W,%) 01+ 62,01 + Q550 = Zn: Z W,((aﬂ) (01, 41305 1) Hyi (62, £2),
k=0

WP (8,8 pp) = n Z WG, GoWE, (i),
k=0

WD (S + 62,80 + s pip) = n Z W (61,8103 1) Wi (02, L3 3 )

k=0

The following theorem gives a recurrence relation for the degenerate unified Bernoulli-Euler
Hermite polynomials of Apostol type.

Theorem 3.11. The following relation
2 - Hy2(6,0) + %Hn_u (6,0) = pWua(6+ LS psp) + (1 = ) Wi (6,405 10)
with
Q=) =pWoa(6+ L)+ =) Woa(6,.4:0:1),
holds for n € N.
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Proof. 1t can be written by Definition 3.1 that

A= (2=t B) S0 = (a4 =) Y W, 6.

n=0

So, we observe that

A = (2 /,t+'gt)e/l(t)e )
i i n+l1
= Y- u)HM<6z>—+§Z Ho (0,0
n=0 ' n=0
0 2 ©0 n+1
= @-w+y —kn Zg‘ 0.0
n=0
*® 2_# n+1
= (2_/-1)+ ( n+ (5 ‘:)+ Hn (6 {))
; I’l+1 1,1 A
and also
A = (pea(t)+(1—u));wn,a(&{;p;u)%

PO Wia@+ LG — + (=) ) Woa (S 5050 —
o n. =0 n.

D oW 6+ 1,853 + (1= )W (5,3 p510) .

In addition, we get

A=Z(p;( )fw“((sgp D+ (= ) Wi 6. 8310 | =

n=0

Therefore, the proof is completed.

Corollary 3.12. Another representation of Theorem 3.11 is given by:
n
Q=1 Hua 6.0+ S H,106.0)
= (n
= p Z (k)(Wk,/l (6,505 1) (Dygq + (L= ) Wy (6,803 10)
k=0

with

(2—p)

Wo.a (6, ;p; _—
0.4 (6, & o5 10) brl-p
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Remark 3.13. The formula in Theorem 3.11 is an extension of the well-known formulas for Bernoulli
and Euler polynomials provided by (cf. [18, 20])

Bn+1 (5 + 1) B Bn+1 (5) n _ En+1 (5 + 1) + En+1 (6)
and 6" = .

o' =
n+1 2

Two different operator rules for ‘W,(fj (0, ¢; p; p) are as follows.

Theorem 3.14. The polynomials ’Wil"ﬂ) (0, Z; A; p; p) fulfill the following difference operator formulas
forn e N:
MW 6.8 pip) = n W (8.5 p3p0)

and
MW GG o3 =n(n = DWW, (6,4 034).

Proof. Based on the following difference properties
Arsei(DE(r) = teh (e (1),

and
A &5 = Les)es (),
the proof is done. O

We now provide derivative operator properties for the polynomials “Wfl“j (0, ¢; p; p) as follows.

Theorem 3.15. The derivative operator formulas for the degenerate unified Bernoulli-Euler Hermite
polynomials of Apostol type hold for n € N:

O W 6,200 = § WO 6.ty — D (3.6)
3 n-eend (O S P T T T e 1) :
and L5-1]
1
9 @ \ @ . n! (=)*
aéfW 0,805 = z W, ot (68505 10) 2+ D) CkT D (3.7

Proof. By applying the usual partial derivative operator to both sides of (3.3) with respect to ¢ and £,
respectively, we then derive

( 2 +%t )a (& )—(1+/U)
/l
pe () + (1 —p) ‘1

0 «
o5 Z‘W”(éépﬂ)—)
2—pu+5t
pea(®) + (1 — )
_ i(W(OI) ((5{/) n) i (_/Dnﬂl+l
oy ! n:0n+1

N @ R G
ZZW”k‘(é’g’p”u)(n—k)!(k+1)t ’

n=0 k

) @) (1+ )T In (1 + A0’
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and
00 2 U+ /,zt a )
() £
- _ |
R HZ:(;(W 6,850 — ] (pel(t)+(l ) A(t)ag( +/lt)
2-pt5t Y { }
) (pea(t) +(1- )) i (1+47) In(1+7)
00 (@) "
_ Z W,.106.4p; ,u) Z (=) -
=0 n! “n+l
x n/2) 2%
_ (@) L (D) -
_HZ:(;;(W” 2/{/1((5,{’[)5/’() (n—2k)'(2k+1)tn .
which mean the assertions. g

We readily observe from (2.3) that
9 s 9 ¢ &4 6-4
a—teﬂ(t) =5 I+ =6(1+ )7 = e "(2) (3.8)

and
¢
A

0 (o _ 0 > 2
() = o (1+a7)" =207 (1 + At ) = 20265 (). (3.9)
We give the following theorem, including a recursive formula for W, , (6, {; p; p).

Theorem 3.16. For n > 1, we have

W6, 4050 = (I =)W1 (6,;p5 1)

2(2 0]

= (n
- ( )Wn_m O0+1-A4,80,1) Wialo; )
2-pH k

+ W, a0 -4, p50) +n W10 =4, 405 1)

ué

Ho
22—

+n2{W,_12(0,{ = A, p5) + n(n — 1) w24 (0, — A; 05 1) .

Proof. By applying the operator to both sides of (3.3), we then derive using (3.8) and (3.9) that

a nzz(;(Wn,/l ((5,{,[),/«() E :nZ:(;(W’H—l’/l (5,§,p,u) E

a(Zu%‘

eia)ei(ﬂ))

0t \pe(d) + (1 - )
g D+ (1 —p)—(2—p+Lt)pel=(t
:ei(t)ei(tz)meﬁ(m ) — ( utz)peﬂ ()
(pea(r) + (1 = )
2—u+5t

b T (T O W) + 21 e 0)

AIMS Mathematics Volume 10, Issue 7, 16117-16138.
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_H (el (1) )
“2pean +(1 _,1)
2- /l 0—A o)
Ped(t)+(1— )562 (e (1)
2+ o
peﬂ(t)+(1 )2’%(% ().

(2 - g+ 1) 5517 D))
(pea(r) + (1 =)y’

Then, we get

TARN N
(2_ﬂ+Et);(W’l-Fl,/l(é’{’p’ﬂ)a

S b i RNl ol s RS TS
pei) + (1 — ) pea®) + (1 — ) pea(r) + (1 — p)

_u+ M 2-pt 5t &0 M 2-pu+3 5 21

+(5(2 [+ t)pe,l(t)+(l— e (t)e/l(t)+2t{(2 u+ B )peﬂ(t)+(1 S0

gi n’A(é,é‘;p;y);—’:—pZ(Wn,l(5+l—/1{p,u)—Z(Wn/l(P,U)
(5 y5+—r)Z*WM(6 ﬂépﬂ)—

(41 = 200+ uP) Y Wi 6.2 - i

n=0

gi M(Mpu)——pZZ() A

Wk a0+ 1= 4,805 1) Wi (05 ﬂ)—
=0 k=0

NI=

n+1
+(25—ﬂ5)Z(WM(5 L.2:p; u)—+—Z(WM(6 LGoin

+(4¢ - 20p) Z W,

n+2

na (6,4 = /lpﬂ)

which means the assertion.

]
The following theorem provides a summation formula including the degenerate unified Bernoulli-
Euler Hermite polynomials of Apostol type and degenerate Stirling numbers of the second kind

Theorem 3.17. The following summation formula

W, 6. &pip) = ZZ( )<6>k(w(">u<o £:p3 ) S 2.0 (1 k)

k=0 1=0
holds for n € N,,.

AIMS Mathematics
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Proof. By applying Definition 3.1 together with Eqs (2.6) and (2.7), we obtain

S @ s g 2-p+st N\ _ 5
;Wn,ﬂ(dé,p,ﬂ)n! - (m(m(l_ )) A () - 1+ 1)
2-p+ht | <eﬂ(t>
_ (pea(t)+ T ) A(r)Z(é)k

n=
(o)

ZZ(&»Z( )(W%(o P S20 (L) —

n=0 k=0

which gives the asserted result.

We note that the following series manipulation formulas hold (cf. [20]):

6+ z)N S 5 ¢
Z FN) = D, St m—=

a_

n,m=0

and

iB(l,k) = izk:B(l,k—l).

k,1=0 k=0 [=0

We give the following theorem.
Theorem 3.18. The following implicit summation formula

k,l

k\(1
Wil @ Lipiso = Z (n)(m) 6 = Dt WSna @ G011

n,m=0

holds.

Proof. Upon setting t by ¢ + u in (3.3), we derive

2—pu+5@+u
(pe,l(t+u)+(1— ))

k l
) = ) > W o)

k,I=0

Again, by replacing z by ¢ in the last equation and using (3.10), we get

( 2—p+ B+ u) ) # o
)

peirm (=g ACrwI=e (””)Z +u(5§pﬂ)ﬁl_'

k,I=0

By the last two equations, we obtain

i k l

(@) (@) u
];)(Www £p5 1) m—, = (1t + u),;)w“” @ L) 1

D0 Y WEIO.G050 15 ) 2000

}’L

n!’

KNI

(3.10)

(3.11)

(3.12)

AIMS Mathematics Volume 10, Issue 7, 16117-16138.
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which yields
ZW(“) <5§pu>k1=§]<6 2) ZW(“) G Gapii) =
& k+1,2 o1 P n+m/l . p i (& an
Utilizing (3.11), we acquire
oo okl = Dam. W( o (@ )
];) +u(5 & p; ,U) T l' ; nzzlo n?m/!l(k ;z)! (ljm)!g iidls *ul,

which implies the asserted result (3.12).

Corollary 3.19. Letting [ = 0 in (3.12), the following implicit summation formula holds:

k

k
W (6,853 ) = Z( )(5 Dna W2 @ Lpim).

n=0

Corollary 3.20. Upon setting | = 0 and replacing 6 by 6 + z in (3.12), we attain

k
a k (03
WO G+aLpm =) (n) @ W@ G5

n=0
Now, we give the following theorem.

Theorem 3.21. The following symmetric identity

n

Z (k)(W(a)k ba (b6, bd; ps ) W a/l (ad, ad; p; ) a"b*
k=0

n (07 a 71—
= Z(k)(wl("b)i (bé,b{;p;,u)(W( ka1 (ad,ad;p; W) dp*
k=0

holds for a,b € R andn > 0.
Proof. Assume that

:[ (2-p+5ar)(2 -+ 5br)

a

(peb,l(at) +(1- /J)) (Pea,l(bt) +(1- /,l)) (abt)e/l(b (at) )e (a (b[) ).

(3.13)

Then, the expression for ¥ is symmetric in a and b, and we derive the following two expansions of V:

b d

Z(W( (béb{pﬂ)( ) Z(nga;/l (t)

N a (03 n— ln
ZZ( )(Wfl )kb/l (ch,b{;p;,u)‘W( )A(aé al;p; ) a kbk;
n=0 ’

k=0
and similarly

a a . l‘n
Yo ZZ( ) ’(‘1’)” (bé’bg;p;“)w( _ray (@d,ad;p; W) d*b kﬁ,

n=0 k=0
which gives the desired result (3.13).

O
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The degenerate differential operator is introduced by Kim et al. [14] as follows:
d d d d d
— — —A|{0—=-24 — —-(m-1)A1|. 14
(6615 )m (6615 ) (6615 )(6615 ) (6615 = ) G119

By (3.14), we have
d
0— 0" = 0.
( dd)m,/l (n)m’/l

Let f be a formal power series written as f(0) = >~ ,a,0" and k > 0. Then, the degenerate
differential operator of this series is given by

d N n
(5%)’&1 £©) = Z(; (1)y1,0 @

Kim et al. [14] showed that a degenerate differential operator plays an important role in boson
operators. Here, we focus on a representation of the degenerate differential operator on the degenerate
unified Bernoulli-Euler Hermite polynomials of Apostol type as follows.

Thus, we state the following theorem.

Theorem 3.22. The following operator formula holds for n € N:

(63) W) @ L) = ZZZ()w“’)“(ogpmsu(kz)Sl(u)(J)M ,

96 k=0 =0 j=0
where the symbol S | (I, j) is the (signed) Stirling numbers of the first kind, cf. [14] defined by

! j
ZS (. )t (log(1+t)) or 30

Proof. By Corollary 3.10 and Eq (2.7), we have

n

WG Lo = ) (WD 0. 800 O
k=0

n

W 0,8 ,U)ZSZA(]C D),

k=0 k =0
n n "

= > ’“<0§pu>25u<k Z)Zslu e
k=0 Jj=0

Therefore, from the above computations and Eq (3.14), we observe

g P n k l
il (‘Y) -
(o) wmern-(:2) (55

=0 =0 j=0

( )(W%(O &3 S2a (kDS 1 (L, 1)5’}

0 .
)fw“’)“(ogpu)Su(k DS, J){( 65) 51}

M- 1M

)W‘”M(o &) Saa (e, D) St (L ) (s 6
which is the claimed result. |

AIMS Mathematics Volume 10, Issue 7, 16117-16138.



16131

4. Further remarks

In this part, we aim to define degenerate unified Hermite-based Apostol-Stirling polynomials of the
second kind and to derive some of their properties and relations.

Definition 4.1. Let u, p € R. We define degenerate unified Hermite-based Apostol-Stirling polynomials
of the second kind via the following exponential generating function:

(pea(t) + (1 = )"
k!

[e9) l’n
SWOeP) = ) Saalnkipip:6.0) . @.1)
n=0 ’

Here, we examine some special circumstances of the polynomials S, , (n, k; p; i : 6, ).

Remark 4.2. Choosing { = 6 = 0in (4.1), the polynomials S, , (n, k; p; it : 6, () become the degenerate
unified Apostol-Stirling numbers of the second kind, which is a new extension of the numbers in (2.7),
as follows:
(pea®) + (1 — )"
k!

0o l‘n
= > Saa ks p) —. (4.2)
=0 n.

Remark 4.3. Choosing { = 0 in (4.1), the polynomials S, , (n,k;p;u : 6,{) become the degenerate
unified Apostol-Stirling polynomials of the second kind, which is a new extension of the polynomials
in (2.6) given by
(pea(n) + (1 = w)*
k!

o0 l‘n
0 D Saankipip: ) —. (4.3)
n=0 '

Remark 4.4. Choosing A — 0 in (4.1), the polynomials S, ,(n,k;p;u : 6,{) become the unified
Hermite-based Apostol-Stirling polynomials of the second kind, which is a new family of polynomials,
as follows:
(pe' + (L= 1)" suce
oo

o0 tn
=ZSz(n,k;p;u:6,{)—,.
s n.

The following theorem gives some properties of the degenerate unified Hermite-based Apostol-
Stirling polynomials of the second kind.

Theorem 4.5. The following properties
Saa(nky +kyspspt 61+ 62,81 + &)

kllkz! - (n)
= — Sor(Lkispsp 01,0082 =Lkyspsp: 62,8),
ki +he)! 24\

=~ (n
Soa(nk;psp:6,0) = Z (Z)Sz,/l (ks ps ) Hyy 4 (6,0)
=0

15]

Soa(Lk;psp: 8) ()
Soa(n,k;p;p:6,0) =n! . ,
; ' (n—-2D!

AMsSoa(nk;psp:60,)=nSoa(n—=1k;p;u:6,0)),
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AeSor(nkspsp:6,) =nn—1)S,(n—2,k;p;u:6,0),
n! (=

0
D s kipin: 0.0 = Y 24— 1=k kipige: 6.0
n

3% 24 (1= G+ D)k + 1)
L5-1] 2%
0 3 Soa(n,=2(k+1);0;p:06,)n! (=)
a2 k0.0 = Z; n—2(k+ D) 2k+1)

are valid for k > 0 and n > 1.

Proof. The proofs of the claimed formulas in the theorem can be done similarly to those of
Theorems 3.9, 3.14, and 3.15. Therefore, we omit them. O

We now aim to provide some connections between the degenerate unified Bernoulli-Euler Hermite
polynomials of Apostol type in (3.3) and the degenerate unified Hermite-based Apostol-Stirling
polynomials of the second kind in (4.1).

Theorem 4.6. The following formula

k n
n-14(6,0) _ k!
(@ -yt () Hrialo ) K ( )S (m ko) WE G Lo (44)
IZ( ) (2) (n=D! "~ nl &d\m)”* A
is valid for n € Ny and k € N.

Proof. By means of Definitions 3.1 and 4.1, based on the following equality

TS (pea(r) + (1 - ) t
(2 —ut Er) EDEP) = k! Z Wi @ Cpin)
we observe that

St

n =0

—kaSum kpu)—wa‘“(égp e

'n0

[ee) n I’l

= k! ( )Su<mkpu>w;>mﬂ(5§pu>;
which means the claimed result (4.4). O

Theorem 4.7. The following summation formula

k

2-w! (g)l b

Sor(nk;psp:6,0) = W, 26,8051 4.5)
> £ (n— D! (k= D! H

holds for non-negative integers k and n with n > k.

Proof. By Definitions 3.1 and 4.1, we have

DOE " 1= )
Sz,/l (n, k;p;’u : 0, év) ; — (pe/l(t) ‘;d( ,u))
n=0 !

(1) (t?)
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1y W " %
_EZ; V6o (2-n+ i)
1 ook ln+l
= EZZ( )(2 W (Y Wb .o -
" n=0 =0
which implies the claimed result (4.5). O

5. Distribution of zeros and graphical representations

This section demonstrates how numerical analysis can be employed to confirm theoretical
predictions and uncover new and interesting patterns in the zeros of certain members of the newly
introduced hybrid polynomial family. Here, we contribute to the field by giving the presentation of
the first few values of the degenerate unified Bernoulli-Euler Hermite polynomials of Apostol type
‘Wﬁllg(é, {;3;2). These values are not only a practical reference but also help to establish a foundation
for further research and exploration.

The first few polynomials of (W(l; (6,¢;3;2) are as follows:

Wh6.4:3;:2) = 1,

WNG,83:2) = 146,

WG,8:3:2) = 7 —6+20 - g,

WG,8:3;2) = 68— 66"+ 660 +6{ +6,

W0.4:3:2) = 6 =146 + (55 + 128" — (T +24)5 — 2(34 + 397 —97%),

635 1462
WG,8:3:2) = 6 -256%+ (— + 20() 5 — 15(45 + 80)5° + = - 8¢ + 6042)5

+60(8 — 7 + { ),
W(6.4:3:2) = 6° =396 +5(113 + 60)5* — 15(247 + 280)8° + 2(5177 + 5557 + 9.°)6”

40
—12(598 + 60 + 15£%)6 — ?(490 — 1147 + 9972 — 9%,

D5 7 a. 7 6 5 7 2\ 3

WI6,4:3:2) = 6 — 568 + 14(88 + 30)6° — 210(64 + 650)5" + 332071 + 32707 + 1804)6

4
—42(4532 + 495¢ + 60£7)6% + §(95831 + 219667 — 409577 + 6305°)6
+280(388 + 997 — 187% + 32°).

To analyze the zero distributions of the degenerate unified Bernoulli-Euler Hermite polynomials
of Apostol type, we utilize the software Wolfram Mathematica. We present graphical representations
of these zero distributions by assigning specific values to the polynomial coefficients: {&¢ — 1, 1 —
3,p— 3 and { — 4}.

Here, we give values for n = 10, 15,20,25, and have provided the graphical representations
in Figures 1 and 2 forming 2D structures, enhancing the understanding of the numerical data and
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facilitating a more intuitive grasp of the concepts discussed. In addition, we present perspectives for
visualizing the zeros (or stacks of zeros) of degenerate unified Bernoulli-Euler Hermite polynomials of
the Apostol type, as illustrated in Figures 3 and 4. We have provided the graphical representations
in Figures 3 and 4 forming 3D structures, enhancing the understanding of the numerical data
and facilitating a more intuitive grasp of the concepts discussed. Using computational techniques,

approximate solutions for the zeros of ‘Wfllg (6,4;3;2) for 1 < n < 12 are obtained and summarized in
Table 1.

20FT T T T T T 15FT
10F
10F
o
0 0
S
ol
10}
20k . . . . o 15k, . . . I
0 5 10 15 20 25 0 10 20 30 40
(a) Zeros of W\|),(6,4;3;2) (b) Zeros of W'D (6,4;3;2)

Figure 1. Solutions of ‘Wg}))’3(5,4; 3;2) =0and (W(llsg(é, 4;3;2)=0.

20
10F
° L]
5 0 L]
L] ° . L]
e e oo ee e e e ® leeseoesees L L L L L L
L] ° . L]
-5+ ]
ol
10 ¢ *
0 10 20 20 10 50 5 020 30 a0 50 60 70
1
(a) Zeros of W4),(6,4:3:2) (b) Zeros of W51(6,4:3;2)

Figure 2. Solutions of (W;))S(é, 4;3;2) =0and (Wéls)ﬁ(é, 4;3;2)=0.

107 /

15 #.',/

gt T~ P

mmaginario e\t //\""\.,‘ n‘magrwari()m‘;
4t ’ 5\ 4
2} 9%
ey W
10 -20 T
Index (i)
. . | . L 1
(a) Data visualization of zeros of ’WEO)%((S, 4;3;2) (b) Data visualization of zeros of (W§5)3(6, 4;3;2)

Figure 3. Data visualizations of solutions of ‘W%g(é, 4;3;2) =0and “Wﬁls),s(é, 4;3;2)=0.
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w0

S i T | 25 ¢ /

T aF T~ e E\ ~_
mmag ”‘”“’10", e N N / mmaginaric 1 | s
il 0% /
5% st 7 i
40 T ¥
20
0
Index (i)
. . . 1 . . .
(a) Data visualization of zeros of (W(20),3(5’ 4;3;2) (b) Data visualization of zeros of (ngs)g(é’ 4;3;2)

Figure 4. Data visualizations of solutions of (W;gﬁ(d, 4;3;2) =0and (Wéls)ﬁ(é, 4;3;2) = 0.

: : (1) . 2. —
Table 1. Approximate solutions of ‘W, 3(6,4;3;2) = 0.

degreen p

2 1.5

3 3-2.549511, 3+2.549511

4 1.69392, 5.90304 - 4.812021, 5.90304 + 4.812021

5 228077, 3.88264, 8.9183-6.904661, 8.9183 + 6.90466 i

6 2.19868, 5.67809 - 0.530573i, 5.67809 + 0.5305731, 11.9726 - 8.921534,
11.9726 + 8.92153i

7 248384, 4.30623, 8.56533-1.677711, 8.56533 + 1.677711,
15.0396 - 10.89021, 15.0396 + 10.89021

8 296993, 3.85507, 7.73906, 11.3582-2.470351
11.3582 +2.470351, 18.1097 - 12.8271, 18.1097 + 12.827 1

9 3.56348 - 0.3576881, 3.56348 + 0.3576881, 7.09115, 11.3699,
14.0265 - 3.217591, 14.0265 + 3.217591, 21.1795 - 14.7414 1,
21.1795 + 14.74141

10 3.67911 - 0.707093 1, 3.67911 + 0.707093 1, 7.27041, 9.91189, 15.2993,
16.5824 - 4.06856 1, 16.5824 + 4.068561, 24.2477 - 16.63941,
24.2477 + 16.63941

11 3.73795 - 0.99663 1, 3.73795 + 0.996631, 7.75139, 9.56992, 13.0992,
19.1551, 19.1602 - 5.05697 1, 19.1602 + 5.056971,
27.314 - 18.52471,27.314 + 18.52471

12 3.79612 - 1.23935 1, 3.79612 + 1.239351, 7.70397, 11.1245, 11.3053,
16.6233,21.7952 - 6.09131, 21.7952 + 6.09131,
22.8034,30.3784 - 20.39971, 30.3784 + 20.3997 1
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6. Conclusions

In this paper, a new class of degenerate unified Bernoulli-Euler Hermite polynomials of Apostol
type, denoted by (Wffj(é, {; p; ), was considered in Definition 3.1, and then, diverse properties were
derived. Some summation formulas in Theorems 3.9 and 3.17 and Corollaries 3.10, 3.12, 3.19, and
3.20 a relation in Theorem 3.11; two difference operator formulas in Theorem 3.14; two derivative
operator formulas in Theorem 3.15; a recursive formula in Theorem 3.16; an implicit summation
formula in Theorem 3.18; and a symmetric property in Theorem 3.21 for the new polynomials were
provided with their proofs. Also, a representation of the degenerate differential operator on the
degenerate unified Bernoulli-Euler Hermite polynomials of Apostol type was given in Theorem 3.22.
Moreover, the degenerate unified Hermite-based Apostol-Stirling polynomials of the second kind were
defined in Definition 4.1, and some properties of these newly established polynomials were derived
in Theorem 4.5. In addition, we prove multifarious correlations, including the two new polynomials
in Theorems 4.6. and 4.7. Furthermore, the first few degenerate unified Bernoulli-Euler Hermite
polynomials of Apostol type for some special cases were listed and data visualizations of zeros forming
2D and 3D structures were presented in Section 5. Finally, a table covering approximate solutions for
the zeros of ‘Wff; (0,4;3;2) is provided in Table 1.

In conclusion, the introduction and investigation of mixed polynomials represent a significant
milestone in the field of mathematics and science, promoting novel examination avenues and
applications in different disciplines. It is crucial to continue exploring and collaborating to fully realize
their potential and understand their broader implications.
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