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SFP split feasibility problem

BLO bounded linear operator

SFPP split fixed-point problem

SCFPP split common fixed-point problem
IMI inertial Mann iterative

UFP unique fixed point

ISM inverse strongly monotone

VIP variational inequality problem
SVI split variational inequalities

1. Introduction

The split feasibility problem (SFP) is a crucial area in functional and nonlinear analysis due to
its extensive applications in fields like signal processing, computer-processed tomography, intensity-
modulated radiation therapy, and image restoration [1-3]. In 1994, Censor and Elfving [4] introduced
the SFP as follows: Find ¢ € U such that

9 eCnIQ),

where C and Q are two closed and convex subsets of two Hilbert spaces U and Uj, respectively;
g : U — U is a bounded linear operator (BLO); and 3 1(Q) = {9 € U : I () € Q}.

In 2002, Byrne’s CQ method was one of many innovative approaches developed to solve the
SFP [5]. For an arbitrary starting guess % € U, the sequence {#,} in the CQ technique is described as

Dur1 = Pe (P — 3" = Pg)I()), u 20,

where P¢ and P are the metric projections on C and Q, respectively; u > 0 is a appropriately selected
step size; 3" is the adjoint of J; and 7 is the identity operator.

The SFP is significantly generalized by including multiple output sets. Let Q; be a closed and
convex subset of Hilbert spaces U; and let J:0 - U; be a BLO for j = 1,2, ..., N. Then, the SFP
with multiple output sets is described as follows: Find 9" € U such that

N
9 e Cﬂ (ﬂ 8;1(Q,~)]. (1.1)
j=1

In 2020, Reich et al. [6] proposed a new iterative strategy for tackling the problem (1.1) as follows:
For an arbitrary starting guess ¢ € U, the sequence {i#,} can be iterated by

N
ﬂu+1 = P (ﬁu —/JZ Sj(] - PQj)Sjﬁu), u>0,

J=1

where u > 0 is a fixed step size. They also established the proposed method’s weak and strong
convergence. Subsequently, in 2021, Reich and Tuyen [7]introduced a new cyclic projection approach
for solving the SFP with multiple output sets.
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The split fixed-point problem (SFPP) is an important generalization of the SFP. Let W; : U — U be
an ¢;-demicontractive mapping, W, : U; — U be an {,—demicontractive mapping for any ¢, £, > 0,
and let 3 : U — U, be a BLO. Then, the SFPP is considered as to be

Find 9" € Fix(W;) such that 39" € Fix(W,), (1.2)

where Fix (Wj) represents the set of all fixed points of the mapping W, j =1, 2.
Moreover, a novel iterative method for solving Problem (1.2) was proposed by Moudafi [8] as
follows: For an arbitrary ¥, € U, define

0, =9, + &3 (W, = 1) 39,
D1 = (1 = 2,060, + L,W,6,, u>0,

where & € (0, 1;—52) , {» < 1, x is the spectral radius of the operator 3*J, and 4, € (0, 1).

The development of solutions for the split common fixed-point problem (SCFPP) has seen several
key contributions. In 2011, Moudafi [9] suggested an iterative technique specifically for
quasi-nonextensive mappings. Building on this, Cegielski [10] investigated a broader solution to the
SCFPP in 2015. More recently, Padcharoen et al. [11] focused on SCFPPs for demicontractive
mappings, proposing a modified iterative strategy to address them.

The inertial methodology originated from the heavy-ball method, an implicit discretization of a
second-order time-dynamical system [12, 13]. Polyak [14] introduced the inertial approach as an
accelerated scheme for solving smooth convex minimization problems. This method is a two-stage
iterative procedure, where each new iteration is defined by the two preceding values. This simple
design modification has been consistently shown by numerous authors [15-26] to dramatically
enhance the performance and speed of iterative algorithms.

Recently, Wang [27] investigated the SFPP with multiple output sets for demicontractive mappings
as follows: Find ¢, € O such that

9" € Fix(Wp) and 39 € Fix(W;), j=1,2,...N.

Equivalently,
N
Find 9" € Fix (W) [ ) [ﬂ 5;1(Fix(Wj))), (1.3)
j=1

where Wy : U — U and W; : U; — U; (j = 1,2, ..., N) are nonlinear mappings. The same author
demonstrated the proposed method’s weak and strong convergence, then applied these findings to the
SFP with multiple output sets. In contrast, Wang’s iterative approaches [27] do not incorporate inertial
Mann terms.

Consequently, we aimed to enhance iterative algorithms by extending Wang’s algorithm through
the integration of inertial and Mann terms, thereby making it suitable for split feasibility problems
in real Hilbert spaces. Our work includes a detailed theoretical analysis that rigorously proves both
weak and strong convergence under specific fixed and variable step size conditions. To demonstrate its
practical value, we present comparative numerical experiments showcasing the algorithm’s efficiency
and superior convergence over the current SFPP solutions.
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2. Preliminaries

This section reviews the essential definitions and results that are crucial for analyzing the main
theorems. Throughout this paper, we assume that A is a non-empty, closed, and convex subset of a real
Hilbert space Q with the inner product (.,.) and the norm ||.||. We denote strong convergence by —
and weak convergence by —. Furthermore, ® represents the non-empty solution set of Problem (1.3).

Definition 2.1. Let Q be a real Hilbert space. Then, W : Q — Q is called

(i) Nonexpansive mapping on Q if
IWp - Wal| < llp — @ll;

forall p,@ € Q
(ii) {—demicontractive mapping if Fix (W) is non-empty and € € [0, 1) exists such that

IWp =@’ < llp - @I’ + £llo — Wpl

forallp € Qand w € Fix(W).

Definition 2.2. Let W be a self-mapping on Q and {#,} be a sequence on Q. Then, (I -W) is
demiclosed at zero if (I — W) ¥, — 0 and 9, — O implies 9* = W*, that is, 9* € Fix(W).

The following lemmas are important in subsequent sections:

Lemma 2.1. [28] Assume that W, = (1 =) 1 + AW, for any A > 0. If W is an {-demicontractive
mapping, then the assertions below hold:

(1) Fix (W) is closed and convex.
(2) For each (p,w) € Q X Fix (W), we have

1-¢
(p=Wp.p—w) 2 ——llo - Wpl’. 2.1)
(3) For each (p,w) € Q X Fix (W), we have
Wi - @l <llo -l =20 = 2= - W)pl. (2.2)

Lemma 2.2. [29] Assume that {9,,} is a subsequence of a real sequence {,} such that ¥, < 3, for
all k € N. Then there exists a non-decreasing sequence {0} C N such that lim,_,., 0y = oo, and the
following conditions hold for all (sufficiently large) values of € € N :

190'( < 190’(+1 and ﬁf < ﬁ05+1’

where o is the greatest number u in the set {1,2, ..., €} such that ¥, < &,,.

Lemma 2.3. [30] Assume that {(,} is a sequence of non-negative real numbers such that
Lot < (1 =8,) 8, + sury, forallu >0,

where {s,} and {r,} fulfill the conditions below:
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(i) {su} C [0, 1], 2052, 8y = o005
(ii) limsup,_, 7, < 0.

Then, lim,_, ¢, = 0.

Lemma 2.4. [31] Let V be a non-empty subset of Q and {9,} C Q be a sequence such that for
all 9 € V, lim,_, ||#, — 9| exists and every sequential weak cluster point of {#,} is in V. Then 9,
converges weakly to a point in V.

Lemma 2.5. [18] Assume that {s,},{r,} and {1,} are three sequences in [0, o) such that for all u € N,
Sur1 < 8, + 1, (8, — Syp1) + Ty, and Z T, < 400,
u=1

If; for all u € N, there exists a real number r such that 0 < r, < r < 1, then,

(i) 3 [50 = Sutl, < +oo, where [], = max {0,7);
u=1

(ii) for some s* € [0, ), lim,_,. §, = §*.
3. Weak convergence results

In this section, we lay out the main findings of this work. We start by developing an inertial Mann
iterative (IMI) algorithm for the split feasibility problem (SFP) with multiple output sets, first with a
fixed step size. We then extend this to an IMI algorithm that incorporates a variable step size.

3.1. An IMI algorithm with a fixed step size
For ¢y, 9, € A, construct a sequence {i,} in the following way:
2 = O+ @y (G — Fumr),
w, = (1 — k)%, + k, Iz,
0, = Wo,a (wu - ﬂjgll Jid - Wj)Sjwu),

0u+1 = (1 _Qu)zu +Qu9ua U= 1’

(3.1

where Wy, = (1 = )1 + AWy, and u € (0, mz[l—l]s(lllg)) £;<1,1> 0,k €(0,1)and a, C [0,a)is an

increasing sequence with0 < @, <@ <1l and a; = 0.

Theorem 3.1. Let W; be an {j-demicontractive mapping that satisfies the demiclosedness property for
each j=0,1,...,N and let 3 be a nonexpansive mapping. Choose 0, y1,y2, @ > 0 such that

21 +a)+ - 1 +a)+ay,+
v, > a( @) CY%, and 0 < 0 < 0, < 2 — a(a( @) + ay, 71)' 3.2)
1 -a? Y2 (a(l +a) +ay, +y1)

If{9,} is a sequence produced by (3.1), then ¥, converges weakly to a solution of the problem (1.3).
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Proof. First, we show that ||¢,,; — 9,]| = 0, u — oo.

N
For this, let ¢ € @ = Fix(WO)ﬂ(ﬂ S;I(Fix(w,))) and put £ = min(1-¢;) and
j=1

€ = min {,u (f - 2721 ||Sj||2) ,A(l—A - fo)} , where ¢ is {y,-demicontractive mapping.

Now, from (2.1), we have

2<(‘)u - q, Sj(l - W/')sjwu> 2(3‘,‘(1),4 - qu’ (1 - Wj)sjw”>

> (1-6)||a-wpdw,’
> |- WS’ (3.3)
for each j = 1,2, ..., N. Using Cauchy-Schwarz inequality, one has
2 N 2
< (oo wos
j=1
N
< >l Z |7 = W3, (3.4)
j=1 j=1
Set p, = w, — u ]Zv) 5;‘.(1 — W3 ;w,. Then by (3.3) and (3.4), we can write
j=1
N 2
pu—al? = |w,—p) I5U-W)Sw, —q
j=1
N 2 N
= =gl + 12 | Y I3 = WS =2 ) w, — g, T = W3 ,)
i=1 J=1
N 2 N )
< lw, — gl + 42 Z I3 = WpSsw| — > |- W3,
j=1
N
< llw, - gl +u22 [ Z [ - w3, - fﬂz - wps .|
= J=1 j=1
N
= llw, — gl + [MZ 15, - fu]Z = w30,
=1 =1
T
= Jlw. —qlf —u[f u )19l JZH(! ORI (3.5)
j=1
From (2.2), we have
16— al? = ||Woupu—dl
< lpu =gl = A1 = 2= &) I - Wo) pull. (3.6)
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Applying (3.5) in (3.6) and selecting € > 0, we get

N
2
16, — gI* < llw, = qll” = €| 117 = Wo) pull* + ) ||t = W3 0, (3.7)
J=1
It follows from ¢, ; that
1Puer — gl = (1 = 0)zu + 0ubu — 4l
= (1 - Qu) ||Zu - QHZ + Ou ||6u - 0]”2 - Qu(l - Qu) ”Zu - eu”z .
From (3.7), and since € > 0 and g, > 0, we get
[Puer =gl < (1= 04) llzu — 4l
N
2
+ou [uwu —qlP - e[ua = Wo) pull* + ) [l = Wp3 o0, ]]
=1
_Qu(l - Qu) “Zu - Gu”z
< (1= 00l — gl + oulwy — gl (3.8)
Using the definition of w,, and since o, > 0, and J is a nonexpansive mapping, we find that
2
191 = al < (1= 0 llzu = gll + 0u ||(1 = &)F + kT2 = q|
2
< (1= 00)llzu = gll + 0u(1 = &) 18 — gll + K04 || Iz — 4
_Qu(l - Ku)Ku ﬂu - Szu ?
2
= (1 - Qu(l - Ku)) ”Zu - C]||2 + Qu(l - Ku) ”ﬁu - CI|| - Qu(l - Ku)Ku | ﬂu - Szu
< Mz = gl + 0ull8 = qll — 0u 1190 — 2l - (3.9)
From the definition of z,, we have
lze =gl = 110+ au @y — %) — gl
= Il(l + a’u)ﬂu - auﬂu—l - QHZ
< I+ a) I = gl = @l = gl + au(1 + @) 19, = Dl (3.10)
Further, we can write
191 = zall® = (1 = @)z + 046 — zull* = 03 110 — 2ull* - (3.11)

Invoking (3.10) and (3.11) in (3.9), we arrive at

191 =gl < (1 + @) 10 =gl = aulldr = g + (1 + @) 19, = B0l
Qu
+0u |19 — qll - 2 191 = zall®

u

= (I +au+00) 10— gl = aull9us = gl + au(l + @) 119, = Fucrll®

1 2
- ||ﬂu+1 - Zu” .

u
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Equivalently,

1941 = gl = (A + @, + 0 10 — ql* + @, 191 — qlI”

IA

1
- ”ﬂu+l - Zu”2 + a’u(l + a'u) ”ﬁu - ﬂu—lllz .

Now, we consider

||19u+1 - (ﬁu +a, (ﬂu - 7914—1))”2
”ﬂu+1 - ﬁullz + ai ”ﬁu - 19u—l”2 + 2“u<ﬁu+l - ﬂu’ ﬁu - ﬂu—1>
13 us1 = Fll* + @ |10 — Tt IP

2
”ﬁu+1 - Zu”

v

1
+a, | =Yy ”ﬁu - 19LH—1||2 - ”ﬂu - 19u—l”z]

u

@,
= (1 - a’u‘pu) ”ﬁu+l - ﬂullz + (ai - _) ”ﬂu - ﬁu—lllz .

u

where ¢, = - +1m . Applying (3.13) in (3.12), and since 1 + o, + 0, > 1 + @, we have
%1 = qll* = (1 + @ + 0) 18, — ql* + e 1921 — gl
< et — gl = (1 + @) 19 — gl + @ 191 — gl
(1 -y u)
< N = Bl + 1 19— Bl
Hence,

”ﬁu+l - (1”2 - (1 + a'u) ”ﬂu - Q||2 + (o ”ﬂu—l - QHZ
(1 - a’u u)
< S — OulP + [ — TP

u

(3.12)

(3.13)

(3.14)

where n, = a/u(1+a/u)+gL (Z—l - aﬁ) > (. For the choice of ¢, we gety, = %. Since0<q,<a <1,

we have

au(1+au)+i(%—ai)ﬁa(l+a)+i(

u u u

@, — aitpu)
Pu

Mu

1 —a,p,

uy'u

a/(1+0z)+0zu( )§a(1+a)+ay2, for all u > O.

Define the sequences {®,} and {A,} by
(Du = ”ﬂu - q||2 ’ Au = (I)u - auq)u—l + Ny ”ﬂu - 19”_1”2 P forallu > 1.

Because @, > 0 and {«,} is non-decreasing for all u € N, we have

Au+1 - Au = (Du+1 - au+lq)u + Nu+1 ”ﬁu+l - ﬂqu - q)u + au(Du—l —Nu ”ﬁu - ﬁu—lllz
= O = (14 @) Oy + @@yt + st 184 = Gt P = 1 194 = G I -
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From (3.13), we get
(1 - au(Pu)

u

Au+1 _Au < (nu+l - )”ﬁu _ﬂu+l”2- (315)
Now, we claim that
(1 - a’u‘pu) < _

Y1 (3.16)
Qu

Nu+1 —
According to the choice of ¢,, one has

(1 - a’u(pu)
S - 4

u

()

Ou (nu+1 + )/1) + (au(,Du - 1) <0

_ A 1) <0
@y + Y20y

')/ZQU < 0
@, + Y20y
(@ +Y200) Mus1 +y1) —=¥2 <0

(@ + ¥200) Mus1 +v1) < o

()

Ou (nu+1 + 71) + (

()

Ou (Mus1 + 1) —

T 0

Now,

IA

(ay + y20u) Mus1 + 1) (@ +y20)) (a(1 + @) + @y, +y1)

< 72
where the final inequality is derived by the bound g,. Thus, from (3.15) and (3.16), we obtain that
At = Ay < =y 19 = Furll*, forall u > 1. (3.17)
It follows from the monotonicity of {A,} and the boundedness of {«,} that

—-a®, | <P, —ad, | <A, <Ay, forallu>1,

that is,
®, <A, +ad,_,. (3.18)
Hence,
u—1 ' A
(Dugoz“d)o+Alza/’Sa“CD0+1 L forallu> 1. (3.19)

=1
It is clear that ®; = A, (since @ = 0). According to (3.17)-(3.19), one can write

71D W =Bl < Au= At <A1 = Ay
u=0
< Al+a®, <A+ oD+ lai\l , forall u > 1.
This yields N
DI = B IP < oo, (3.20)

u=0
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Therefore,
[[#, — Fusill = 0 as u — oo. (3.21)
It follows from (3.13) that
1801 = zll® = st — G + @ @y — G
= WBusr =l + @} 1190 = FucrIP + 200 (i1 = Fir P = Gt
— Qasu — oo. (3.22)

Now, for g € 0, it follows from (3.13), (3.14), (3.20), and a,¢, < 1 thatlim,_, ||}, — ¢l exists. Hence,
the sequence {i#,} is bounded. Let 9" be a weak cluster point of {},}. From (3.8) and «, € (0, 1), we
have

N
oue I = Wo) pull? + " [I1 = W30,
=1
oullww = gl + (1 = 0) lzu = gl = 191 — gl
= o P+ (1= 0, lzu = gll = 19s1 — gl
0ul = k) N1z = gl + K04 |32 — d|f’ = 0ul1 = K )k
+(1 = 0 lzu = gll = 191 — gl
Iz — gl = [9s1 — gl
= o1 — zall (2w = gll = [Pt — ) -

IA

(1 - Ku)Zu + KuSZu -4

2

IA

SZM - Zu

IA

As u — oo and using the definition of o,, we have

N
lim [|(I — Wp) p,ll = 0 and lim Z | = W)3w.| = 0. (3.23)
j=1

Now, from (3.21) and (3.22), we have
”Zu - ﬂu” < ”Zu - ﬂu+l” + ”ﬂu+l - ﬂu” — 0asu — oo. (324)

Because ¢, — ¢" and ||z, — 9./l = 0 as u — oo, we conclude that z,, — ©*. Thus, {S]wuk} — {51-19*}.

Since (I — W;) is demiclosed at 0 and by (3.22), we infer that 3 4" € Fix (Wj) forall j=0,1,...,N.
Further, by using (3.23) and (3.24), we get

”pu - ﬁu” =

N
W= Y I = W)3w, - B,
=1

IA

N N
o = Bull + 2 D51 D" 0 = W) e,
j=1 j=1

N N
DS - W3 o
=1 =1

||(1 - Ku)Zu + Kuszu - 29u

AIMS Mathematics Volume 10, Issue 7, 16068—-16104.
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— 0, as u — oo.

N N
< Kallw =Bl + D135 D A = W3,

j=1 =1

Since ¥,, — ¥, then p, — ¥*. By the demiclosedness of (I — W) at O, then 4" € Fix(W;). Thus,
9" € O. According to Lemma 2.4, we conclude that {,} — ¢* € ©. O

3.2. An IMI algorithm with variable step size

For ¢, € A, build a sequence {1,} as follows:

Zy = O+ @y (G — Gumr),

w, = (1 = k)zy + k, 324,

6, = Wo (a)u — Mu ]gl 5;(1 - Wj)sjwu) )
i1 = (1 =02 + 0ub, u 2 1,

(3.25)

where Wy, = (1 =) 1+ AWy, 4> 0, k, € (0,1) and

N
0, if || X 950 - W)3 ,.wu| -0,
J:
N
/’l = minje[l,N](l—t’j) glll(l_wj)sjwullz
- > , otherwise.

2

N
gl I1U-W)3 jw,

Furthermore, a, C [0, ) is an increasing sequence with 0 < @, < @ < 1 and a; = 0.
Theorem 3.2. Let W; be an ;-demicontractive mapping and satisfies the demiclosedness principle

for each j = 0,1,...,N, and let3 be a nonexpansive mapping. Choose 0,v1,y» > 0 such that the
assumptions of (3.2) hold. If {},} is a sequence generated by (3.25), then ¥, — 9" € O.

Proof. First, we claim that |[¢,,; —3,J — 0, u — oo. For this regard, let ¢ € ©. Set
¢ =minjeq (1 - ¢;) and € = 1(1 = 2 = £p) , for each j = 1,2, - N.
Now, from the Cauchy-Schwarz inequality, we get

2

N N ’

Sxu-wse) = (Shetie-wmall

—1 i=1

J 1{/ W i
< SISl w3

=1 =
N
Set p, = w, — iy . Sj(l — W,)3 ;w,. Then by (2.1), we have
=

2

N
Ipu =l = |lwu—pm Y 350U = W), g

J=1

AIMS Mathematics Volume 10, Issue 7, 16068—-16104.
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N 2 N
= lwa =gl + 2| > T = W), =24, Y (@, — g T35 = W3 j,)
=1 J=1
N 2 N )
<l =gl + 43| I = WpSiw|| = b Y |0 - WpTjo,
J=1 j=1

Applying the definition of y,, we find that

N 2 N
”pu - Q||2 < ”wu - QHZ + My | My Z Sj(l - Wj)sjwu - fz ||(I - Wj)ﬁja)u
=1 =
N 2
¢ z} | - W) w, N
_ 2 J= 2
= llw, — gl + p, 5 —f;H(z— W3 w,
2

WL
= N, —alP = 5= 3 [la - w3,
=1

2

(3.26)

It is simple to demonstrate that the inequality above holds when p,, = 0. Combining (2.2) with (3.26),

we can write

2

N
Hul
16, = ql* < llw = gl = €liT = Wo) pulP === ) (| = W3,
j=1

From the definition of w,, we have

2
llw,, — 6]||2 = ||(1 — Ky)Zu + Kuszu - q”
< (1= k)l = qlP + || T2 = g = 1 = ) [z = Tz
< llew =gl
Applying (3.28) in (3.27), we get
w, X 2
16 =4I < llzu = gl = €l = Wo) pulP === > [ = W3,
=1
In the basis of definition of ¢, ;, one has
[thsr — Cl||2 = |1 - Qu)zu + Queu - QHZ

(1 = 0u) Iz = gl* + 24 16 = gl* = 2u(1 = 0u) llzu = B

From (3.29) in (3.30), we get

1301 = gI? < llzu =gl

2
1"

(3.27)

(3.28)

(3.29)

(3.30)
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oL X
-0, (eu(l - Wo pulP = B 3 [l - w30,
j=1

]
—0u(1 =0 11z, = 6.lI* . (3.31)

Since o, > 0 and € > 0, we have

2 2

N
4 Zl ||(I - Wj)SjCL)M
j=

N

> ||a-wp3jw,

)i = > il
u 2 —_—

N o

N N 2
2|13 95 - W) o, (_zl |35 - w3, )
Jj= Jj=
N 2 N 2
>l - W), > |- W)3w,
, L A SE_ F
= 2 2= 2N N
(Zlol Sla-wsl) 2K 20 -wos e
At A i= i=
= NLZ > 0.
2% 5]
j=1

Hence, from (3.31), we conclude that
||19u+1 - Q||2 < ”Zu - CI||2 - Qu(l - Qu) ”Zu - 9u||2 .

Similar to Theorem 3.1, we find that

DI = B IP < oo, (3.32)
u=0
Therefore,
”ﬁu - ﬂu+1” —Oasu— o, (333)
and
1001 = zdll> = 01 = @ + @ @y — Fu)IP
= ”ﬂu+1 - 79u||2 + ai ”ﬁu - ﬂu—lllz + 2au<ﬁu+l - ﬂu, 7914 - ﬂu—l)
— 0Oasu — oco. (3.34)

Using the same computations as in the formulation of Theorem 3.1; Egs (3.13), (3.14), (3.32), and by
Lemma 2.5, we determine that lim,,_,, ||}, — ¢l exists. Hence, the sequence {#},} is bounded.
Now, let 9" be a weak cluster point of {},}. From (3.31), we get

2

b

N
Mul
191 =l < llew = I = 0u| €l = Wo) pulP === > |7 = W3,
j=1
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which implies that

2

ol <
ou| el = Wo) pull” = 5= 3" [l - w30,
j=1

lzw = ql* = 19us1 — gl
1941 = Zall Az = qll = 19us1 = qll) -

IA

It follows from (3.34) and the definition of g, that

N
lim ||/ = Wo) pull = 0 and lim )" ||(Z = W))3 ]| = 0. (3.35)
U—>00 Uu—00 ]:1
Now, from (3.33) and (3.34), we have
l12u = Dull < llzu = el + 1101 = Full = 0 as u — co. (3.36)

Because #,, — ¢" and ||z, — ¥,/ = 0 as u — oo, we conclude that z,, — ©". Thus, {Sja)uk} — {Sjﬁ*}.
Since (I — W;) is demiclosed at 0 and by (3.36), we infer that J ;9" € Fix (Wj) forall j=0,1,...,N.
Further, by using (3.35) and (3.36), we get

”pu - 79u||

N
Wy — My Z 35U -W)3,w, -3,
=1

IA

N N
o = Bull + 1 Y |35 D2 = W) 30,
j=1 j=1

N N
||(1 - Ku)zu + KMSZM - ﬂu +:uu Z ||8j|| Z ||(I - Wj)sjwu
=1 =1

— 0, as u — oo.

N N
kaullz = Bull + 1 D [ 35 D d = W3 o,

J=1 J=1

Since ¥,, — ¥, then p, — ¥*. By the demiclosedness of (I — W) at O, then 4" € Fix(W;). Thus,
9" € O. According to Lemma 2.4, we conclude that {$,} — ¢* € ©. O

4. Strong convergence results

This section is dedicated to the development of several new IMI algorithms for solving the split
feasibility problem (SFPP), for which we establish strong convergence results.
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4.1. An IMI algorithm with a fixed step size
For ¢y, 9, € A, construct a sequence {1},} in the following way:
2 =0+ @y (G — 0umr),
wy = (1 = K)zu + KBz,
6, = Wo. (wu —ué 54(1 - W,-)S,-wu),
Durr = A =80, + 4G (0), u 21,

4.1)

where Wo, =(1 -1+ AWy and u € (0, %W) , 4> 0, and G is a contraction mapping with a
=11

comparison factor of 0. Assume that the sequences {(,}, {x,}, and {«,} fulfill the axioms below:

(A (&) [0, 1], {k,} € (0, 1), lim,—e & = 0 = lim,,—, &, and i {y = 00,

u=1

(Ay) {a,} C [0, @) for some a > 0 with lim,,_, 2’— [|¢, — F._1]| = 0.

Theorem 4.1. Let W; be an ;-demicontractive mapping and satisfies the demiclosedness principle for
each j = 0,1,...,N and 3 be a nonexpansive mapping. If {9,} is a sequence generated by (4.1), then
B, — q, where q is the unique fixed point (UFP) of the contraction PgG.
N
Proof. Letp, = w,—p 3, 35(I1 - W3 jw,, and let g be a UFP of the contraction PeG. Then, following
=1

the lines of the deduction of Eq (3.7) in Theorem 3.1, we have

N
2
16, = gl* < llw, = qll* = €[ 117 = Wo) pll* + Y ||t = W))3 0, 4.2)
=1
Now, we divide the rest of the proof into the following three steps:
Step 1. Prove that {%,} is bounded. Based on (3.7), we deduce that
”9u - CI” < ”wu - CI” 5 (43)
and
low =gl = [|(1 = k)2 + KISz — g
< (1 - Ku) ”Zu - Q|| + Ky gzu - 5QH
= lzu — 4ll
= ”ﬂu +a, (ﬂu - ﬁu—l) - (]||
a,
< ”ﬂu - Z” + éu_ ”ﬁu - ﬂu—l” .
$u
As :’f— [l#, — F,-1l]| = 0 as u — oo, there is ©; > 0 such that ?— [[?, = ®u—1ll £ O4. Thus, one has
llwy = gll < 13, = 2l + LuOr. (4.4)
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From the definition of ,.,, and using (4.2) and (4.4), we can write

%1 — 4l (1 = )b + .G (B) = 4l

(I =2 16 = qll + £ 1G () — 4l

(1 = &) llww = gl + & NIG (3) = Gl + £ IG (9) = 4]

(1 = &) [0 = 2ll + &1 ] + Luo 19 — gll + £ 11G (g) — 4l

(1 =& =Nl =2l + & [IIG (@) = gl + (1 = {1 ]

IANIA

IA

G(g) - 1-2)D
< (1—{u(l—0'))||ﬁu_z||+§u(1_0_)[|| (q) ql||_+(§ LD
< max{llﬂu—zn,”G(")‘q'”al}
1-0
< ...Smax{”ﬁo_zn,||G<q)—q||+al}_
-0

Therefor, {#,} is bounded.
Step 2. Claim that
eur1 < (I =cye, + cury,

where e, = ||, — qlI*, ¢, = &, (1 - 0_2)’ and

1 u u
o = (( b @ —(G@) = 4, Dus1 ~ 4).

(1 - 2)414

Now, from the definition of ,,;, we have

)Wu =Gyl O2 + -

1£,G @) + (1 = )6, — gl
< 2w (G @) = G(@) + (1 = &) (0 = PIF +284G(@) = ¢, Fust — @)
< LG @) = G@IP + (1 = Z) 16, = gl + 244G(@) = ¢, Fus1 — @)

191 = gll?

Applying (3.7), we can write

191 — gl
< 4o 11, = gl + 244G (@) = ¢, %1 — @)

N
+(1-4) [nwu ~qlf - e{uu = Wo) plP + D |l = Wp3 o, 2)] .
j=1

From the definition of w,,, we have

lw, =gl < Iz, = gl

19 + @ 3y = uct) = gl

194 = gl + &} 19, = Tt P + 200 = ¢, 94 = Fur)
194 = gI* + @3 194 = Fucr I + 20 18, = gll 119 = Dl
194 = gl + @, |19, = Fual| D2,

IAIA

(4.5)

(4.6)
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where
Oy = sup 2|, — qll + @, 19, — Fill}

Applying (4.6) in (4.7), we have

191 = gl
207 10 = gl + 244G (q) = ¢, Dusr = @)
+(1=4) [Ilﬁu —qlI* + @ 19, = 941l O

N
—e[uu —Wo) pull® + > |l - W,~>f5,~wu||2]}

IA

=1
1 u u
= (1=2(1 =)0 - alP + 4 (1 - 07) [ (T 9,0,
e(1-4) S 2
- (m {”(1 — Wo) pll® + ; |7 - W)3w, }}
2
T 20@ ~ ¢ D - 61>] :

which implies that

B =gl < (1=2,(1=0?)) 119 — gl

1 u u
42, (1- )[ ((1 42);; 18— B0 111D
1 CI, u+l = C])]

Step 3. Show that i}, — ¢. To accomplish this step, we present the following two cases:

(I) Assume that there is U € N such that
1801 = qI* <118 = gl*, for allu > U.
It follows that lim,,_,, ||#, — q||2 exists. First, we prove that
Lim Jidyss = 3ull = 0

From the definition of ¢, we have

131 — gl 14, (G (@) — @) + (1 = &) 6, — DI

Applying (4.2) in (4.6), we get

1901 =gl < &G @) - gl

LG @) = gl + (1 = &) 16, = gl = L1 = Z) NG (9) = 6.l

4.7)
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+(1 = ) 19 = gl + e, I, = Bua 1D

—€

N
1= Wo) pull® + >[I = W) T 00, ZH
j=1

~L(1 = )G (8) - 6.1
&G @) - qlI
+(1 = ) 118 = glI” + @ 18, = Fucrll 2

IA

—€

N
I = Wo) pull® + >[I = W) T 00,

3w

N
(1- g)e[na —Wo) pulP + ) ||t = W3, 2]
J=1

Hence, we can write

< GG @) = gl + (1= &) 10 = gl = 19t = gl
au
+§u(§— [ ﬂu_lnaz).

u

Because lim, ., ¢, = 0, lim,,_,, % [|#, — ?,-1]] = 0, and lim,,_,o, ||, — q||2 exists, we have
Su

N
e[u(l = Wo) pull* + )" [l = Wp3 0,

2
— 0asu — oo,
=

Since € > 0, we obtain

N
lim ([ = Wy) pll = 0, and lim " {|(/ = W))T || = 0. 4.8)
U— 0o U— 00 j:]

Next, consider Wyp,, = h,. So,
”pu - hu” = ”pu - WOpu” = ”(I - WO) pu” — 0asu — oo.

By the definition of p, and using (4.8), one has

N
Wy — U Z 3;([ - Wj)sjwu — Wy

J=1

”pu - wu”

N

uy |

J=1

IA

Sj([ - Wj)Sja)u

— 0asu — oo.

From (4.1), and by the axioms (A;) and (A,), we have

”wu - ﬁu” = ||(1 - Ku)Zu + KuSZu - ﬁu
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Iz, =y,
Iz, — %

< (=) llze = ull + x4

ay
= (1 - Ku)é/ug_ ”ﬂu - ﬁu—l” + Ky

u
— Qasu — oo,

Further, from the results above, we can write
lim |6, — A,/ = lim ||(1 = A) p, + Ak, — h,|| = (1 = A) lim ||p, — h,|| = O,
lim ||h, — &, < lim ||k, — p,|| + lim ||p, — w,|| + lim [lw, — &,|| = 0,

and
lim |6, — ?,|| £ lim ||6, — A,|| + lim ||A, — 3,|| = 0.

Now, by the definition of ,,;, one has

i1 = Dl

Il(l - gu)gu + qu (ﬁu) - ﬂu”
< GG @) =l + (1 = &) 116, — Tull -

As lim,_,., {, = 0 and lim,_,, [|6, — ?,|| = 0, we have
lim ”ﬁu+1 - 19u” =0.

The boundedness of {,} implies that there is a subsequence {J,,} C {¢,} such that ¢#,, — ¥* as
k — oo.
Now, we shall show that ¥* € ®. For this, we have

P — Dy

N
Wy =1t Y 5 = WS, — B,
=1

IA

N N
Wy, — ﬂuk +u Z ||8]|| Z ||(I — Wj)ﬁjwuk .
j=1 =1
wy =% = 0, and limj. 3, || - W)T,w, 0, we get
pu — % = 0. Hence, p, — ¥, and w, — ¥,. Since {Sjwuk} — {Sjﬂ*},
lim, o |/ = W3, = 0 and (I — W) is demiclosed at 0, then 3,8 € Fix(W;) for all

j = 0,1,...,N, which implies that ¢* € ﬁ?': 15}‘.] (F ix (Wj)). Moreover, the demiclosedness of
(I — Wp) at 0 leads to ¢ € Fix(W,). Hence,

Because lim;_,o |

lim,jeo |

* . N -1 .
9" € Fix(Wy) N (ﬂjzlﬁj (le(Wj))).
As a result, utilizing the projection’s attributes, we obtain

L}Ltg sup{G (@) — q, %, — q)
< 31_{2 sup(G (q) = PeG (q) , %y, — PoG (q))
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= (G(g) - PeG (q),0" — PoG (¢)).

Hence,

lim sup(G (@) = ¢, Fus1 = )
352 Sup(G (@) = PoG (@), Fur1 = Fu) + lim sup(G (¢) = PoG (¢) . Fu = PoG (9)
= (G(q) - PG (q),9" — PG (q)) < 0.

IA

By combining Lemma 2.3 with the result of Step 2, we may deduce that lim,_,. ||#, — ¢|| = 0.
Hence {1#,} — z. This finishes the proof.
(IT) There is a subsequence { | ” q|| C {|l#, — ql|} such that

|

From Lemma 2.2, there is a nondecreasing sequence {m;} C N such that lim;_,, m; = co and

, forall k € N.

uk+1 -

wdl <o

[ @ = || < ||t — 4| and 19k = gll < |[Fme1 — g forall k € N. (4.9)
Using the same rationale as in Case (I), we have

lim [0 9, =0

Analogously, we get
hm sup sup{G (q) — q, O +1 —q) < 0. (4.10)

Applying (4.7) and the condition || — ¢|| < ||19mk+1 -q

e U 8
b (GU9) ~ 4, s ~ 4). @.11)
Because o € [0, 1), limgoo 2 || = It = 0 and {[|8h,,, — 2]} is bounded, then by (4.10)
and (4.11), one has ol =0. -

Combining (4.9) and (4.12), we have
lim (18 = gll < lim [[9,,,41 — g]| = 0
Hence, ¢, — z. This finishes the proof.
O

AIMS Mathematics Volume 10, Issue 7, 16068—-16104.



16088

4.2. An IMI algorithm with a variable step size
For ¢y, 9, € A, construct a sequence {},} in the following way:
2 = O+ ay (G — 0umr),
w, = (1 = k)74 + K32,
6. = W (wu a3 50 - W,~>Sjwu),
B = = 8)0u + 4G (D), u>1,

(4.13)

where Wy, = (1 -1+ AWy, 1 > 0, «, € (0,1), G is a contraction mapping with a comparison factor
o and

N
0, if Zl 8;([ - Wj)Sjwu = 0,
j:
N
u= min_jE[LN](l—[j) ;]ll(]—w,')s_iwllllz
= > , otherwise.

N
2' % FU-W)3 jw,
=

Moreover, we assume that the sequences {(,}, {x,}, and {«,} satisfy the axioms (A;) and (A,).

Theorem 4.2. Let W; be an {;-demicontractive mapping and satisfies the demiclosedness principle for
each j = 0,1,...,N and let 3 be a nonexpansive mapping. If {9,} is a sequence generated by (4.13),
then ¥, — q, where q is the UFP of the contraction PeG.

N

Proof. Let p, = wy,—p, Y, 35(I-W))3 jw,, and let g be a UFP of the contraction PeG. Then, continuing
=1

along the lines of (3.27) in Theorem 3.2, we have

2

oL X
16, = qll < llw, — ql* = €It = Wo) pull* - “2 - wpge,
j=1

The remaining section of the proof is similar to the proof of Theorem 4.1. We replace

2

N
€|l = Wo) pull* + > || = W) jeo,
j=1
in (4.2) with
2

b

ul <
—ellt = Wo) pulP = 5= 3 [l = w30,
=1

and use u, > 0, u > 1. The convergence result is established by following the proof of Theorem 4.1
line by line. m|
Remark 4.1. Theorems 3.1, 3.2, 4.1, and 4.2 can be used to approximate the solution of

SFPP-multiple output sets (1.3) using nonexpansive mappings in real Hilbert spaces, since every
nonexpansive mapping is 0-demicontractive.

Remark 4.2. Theorems 3.1, 3.2, 4.1, and 4.2 can be used to approximate the solution of the SFP-
multiple output set (1.1), since the projection mapping on a closed convex subset of real Hilbert spaces
is nonexpansive and we have Wy = Pc and W; = Py, j € N.
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5. Solving split variational inequalities with multiple output sets

Assume that C is a non-empty, closed, and convex subset of a real Hilbert space y and thatW : C —
C is a given mapping. The variational inequality problem (VIP) is described as follows: Find J* € C
such that
W@, R-9)>0, forall R € C.

The VIP is a critical problem in nonlinear analysis. Stampacchia [32] introduced this issue to examine
problems in elasticity and potential theory. Following that, Lions and Stampacchia [33] demonstrated
the existence of a solution for the VIP.The VIP is employed in various fields, like economics,
optimization, operations research, and pure/applied mathematics. The VIP can be used to describe
many well-known mathematical issues, like convex optimization, complementarity, FPs, and traffic
equilibrium. Clearly, the VIP has the solution ¥ € C if ¢ = Pc(I — {W)¥*. For more details,
see [34-36].
To formulate our problem, we need the following definition:

Definition 5.1. Let W : C — y be a given mapping. If there exists a constant i > 0 such that
(W9~ WR, 9 - R) > 1||Wo - WR|, forall 9,R € C.

Then W is called an h-inverse strongly monotone (h-ISM, for short).

Now, we build the the split variational inequalities (SVIs) with multiple output sets. Let Q; be a
non-empty, closed and convex subset of y; for j = 1,2, ..., N. Assume that T, : C — y is an 7p-ISM and
T;:C — yisanh;-ISM for j = 1,2,...,N. Then the SVI-multiple output set is described as follows:
Find ¢ € C such that

(Ty (9%),9—9") =20, forall ¢ € C,

and R* = J ;9" € Q, solves
(T;(R"),R-R")>0, forall R e Q;and j=1,2,..,N,
where J; is a BLO.
The SVI-multiple output set can be treated as an SFP with multiple output sets as follows:

N
Find 9" € Fix(Pc (I = ¢Wo) ()| 1) 35" (Po, (1-2W)))|.
j=1

It is clear that Pc (I — {W) is nonexpanssive for { € [0, 2%], provided that W : y — y is an A-ISM.
Because every nonexpansive mapping. is O-demicontractive, then P¢ (I - Wj) is O—demicontractive,
for j = 1,2,...,N. Therefore, Theorems 3.1, 3.2, 4.1, and 4.2 can be applied to solve the supposed
SVI-multiple output set of 7 ;-ISMs.

6. Numerical results

In this section, we provide numerical examples to illustrate the convergence of our algorithms and
demonstrate the effectiveness of our proposed methodologies. These analyses serve two fundamental
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objectives: First, they offer valuable insights into the selection of the optimal control settings. Second,
they substantiate the enhanced performance of our approaches when compared with previously
published methodologies. It is important to note that the error term, denoted as TOL, remains
consistent across all methods and computations outlined in this section. The comparison is as follows:

Algo. (8) in [37] (shortly, Algl) and Algo. (6) (shortly, NewAlgl);

Algo. (33) in [37] (shortly, Alg2) and Algo. (30) (shortly, NewAlg2);

Algo. (45) in [37] (shortly, Alg3) and Algo. (42) (shortly, NewAlg3);

Algo. (58) in [37] (shortly, Algd)and Algo. (54) (shortly, NewAlg4).

Example 6.1. Ler U =R*. For j =0, 1,2,3, we define the mappings ‘W, : R> — R? as follows:
Wo(,w,w) = (0,w, @),

s@w@), il w o)l > 1,

Wi, w, @) = {_3(19, w, @), iflld,w,@)| <1,

Wy, w, @) = %(19, w, @),

and |
Wi, w, @) = <0, w, @), V@, w, @) e R’.

Here, W, isa %-demicontractive mapping, while Wy, W», and ‘W5 are 0-demicontractive mappings.

Now, fori=1,2,3, let
7 -3 -5
Ji==-2 4 =2|.

~.| —

-5 -2 7
We seek 9 € O such that X
9 € Fix(Wo) 0 () 55 (Fix(W)))).

J=1

It is evident that the solution to the specified problem is 9 = (0,0,0). The experimental control
parameters are selected as follows:
(i) For the weak convergence results with fixed and variable step sizes, we set

a, =0.75,k, = 0.64,u = 0.45,0, = 0.65,1 = 0.45.
(ii) For the strong convergence results with fixed and variable step sizes, we choose

1
u+1’

@, = 0.75,k, = 0.64, 1 = 0.45,0, = 0.65,1 = 0.45,, =

We perform a comparative analysis between the proposed iterative methods and those introduced by
Majee et al. [37], focusing on the number of iterations across various initial points. The experiment’s
stopping criterion is defined as TOL < €, where TOL = ||¢#,,1 — Y¥,|| and € > 0 is a predetermined
value. These comparisons are presented in Figures 1-8 and Tables 1-4.
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102 i 102

— Algl — Algl

----- NewAlgl =aann NewAlgl
3 10° ]

10°

10-2 L

TOL
5
S
TOL

1 1 1 1 1 1010 1 1 1
50 100 150 200 250 300 0 0.5 1 15 2 2.5 3 3.5 4

Iterations Time

Figure 1. A numerical comparison has been conducted by contrasting Algorithm (8) outlined
in [37] with our introduced Algorithm (6). This assessment encompasses evaluations of
both the iteration count and the execution time, and Example 6.1 serves as an illustrative
demonstration of these comparative analyzes with 9y = (1,1, 1)’.

10-10
0

—Alg2 — Alg2

----- NewAlg2 ==ens NewAlg2
10° E 10° E

102 102

5 4 5 4
= 10 = 10
100 106k
108k 108k
1010 I I I I | | | 10710 )
0 50 100 150 200 250 300 350 400 0 1 2 3 4 5 6
Iterations Time

Figure 2. A numerical comparison has been conducted by contrasting Algorithm (33)
outlined in [37] with our introduced Algorithm (30). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.1 serves as
an illustrative demonstration of these comparative analyses with 9 = (1, 1, 1)7.
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102

10°

102

TOL
5
S

— Alg3

----- NewAlg3

10-10
0

Iterations

50 100 150 200 250

300 350 400 450

TOL

102

10°

— Alg3

----- NewAlg3

10-10

Figure 3. A numerical comparison has been conducted by contrasting Algorithm (45)

outlined in [37] with our introduced Algorithm (42).

This assessment encompasses

evaluations of both the iteration count and the execution time, and Example 6.1 serves as
an illustrative demonstration of these comparative analyses with 9 = (1, 1, 1)T.

10°

102

10

TOL

10

10'8 L

—Algd

----- NewAlg4

..
»
e,
e
Yo,
ravaL,
Tau,

10710
0

Iterations

50 100 150 200 250 300 350 400 450 500

TOL

10°

102

104 F

10

1078 L

—Algd

10710
0

----- NewAlg4

Figure 4. A numerical comparison has been conducted by contrasting Algorithm (58)

outlined in [37] with our introduced Algorithm (54).

This assessment encompasses

evaluations of both the iteration count and the execution time, and Example 6.1 serves as
an illustrative demonstration of these comparative analyses with 9 = (1, 1, 1)7.
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102 i

102

— Algl — Algl

----- NewAlgl =aann NewAlgl
3 10° ]

10°

10-2 L

TOL
5
S
TOL

1 1 1 1 1 1 1 1 1010 1
50 100 150 200 250 300 350 400 450 0 1 2 3 4 5 6

Iterations Time

Figure 5. A numerical comparison has been conducted by contrasting Algorithm (8) outlined
in [37] with our introduced Algorithm (6). This assessment encompasses evaluations of
both the iteration count and the execution time, and Example 6.1 serves as an illustrative
demonstration of these comparative analyses with ¢, = (1,2, 3)T.

10-10
0

—Alg2 — Alg2

----- NewAlg2 ==ens NewAlg2
10° E 10° E

102k 102

5 4 5 4
= 10 = 10
100 106k
108 10% ¢
10710 L L L L 1 10710 1 L
0 100 200 300 400 500 600 0 1 2 3 4 5 6 7 8
Iterations Time

Figure 6. A numerical comparison has been conducted by contrasting Algorithm (33)
outlined in [37] with our introduced Algorithm (30). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.1 serves as
an illustrative demonstration of these comparative analyses with 9 = (1,2, 3).
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Figure 7. A numerical comparison has been conducted by contrasting Algorithm (45)
outlined in [37] with our introduced Algorithm (42). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.1 serves as
an illustrative demonstration of these comparative analyses with 9, = (1,2, 3)T.

—_— Alg4 — Algd
----- NewAlg4 ==ens NewAlg4
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Iterations Time
Figure 8. A numerical comparison has been conducted by contrasting Algorithm (58)
outlined in [37] with our introduced Algorithm (54). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.1 serves as
an illustrative demonstration of these comparative analyses with 9 = (1,2, 3).

Table 1. The data-set presented here corresponds to the numerical values associated with
Figures 1-8, specifically in terms of the number of iterations.

% Algl Alg2 Alg3 Algd
(1,1,1) 288 376 418 481
(1,2,3)7 421 544 508 544
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Table 2. The data-set presented here corresponds to the numerical values associated with
Figures 1-8, specifically in terms of execution time measured in seconds.

Py Algl Alg2 Alg3 Alg4
(1,1, DT 3.98910080000000 5.65416570000000 5.66388190000000  6.43818780000000
(1,2,3)"  5.44849080000000 7.19120470000000 6.75355650000000 8.70876290000000

Table 3. The data-set presented here corresponds to the numerical values associated with
Figures 1-8, specifically in terms of the number of iterations.

Po NewAlgl NewAlg2 NewAlg3 NewAlg4
(1,1, DT 217 259 290 344
(1,2,3)T 333 399 372 395

Table 4. The data-set presented here corresponds to the numerical values associated with
Figures 1-8, specifically in terms of execution time measured in seconds.

Py NewAlgl NewAlg2 NewAlg3 NewAlg4
(1,1, DT 2.65832610000000 2.94047930000000 3.59740310000000 4.55457900000000
(1,2,3)"  4.00560800000000 4.95051310000000 4.96351510000000  4.83952040000000

Example 6.2. Let us consider the Hilbert space U = L*([0, 1]) with the inner product defined as

1
(h,w) = f dow(r)dr, Y, w € U,
0

1
191l = \/ﬁ [H(0)lPdr.

Now, let C and Qj, where j = 1,2,3, be the closed and convex subsets of L*([0, 1]) described as

and the induced norm given by

Cz{ﬂeﬁmj]wmﬂ3#>=q,

.
> —jl.
2+ﬁ_ Jl

For j=1,2,3, let Sj : L2[0,1] — L*([0, 1]) be a BLO defined by
J;((1)) = H7).

Q; = {9 € L*[0,1] : (1),

The projection formulas onto C and Q; are given by

(1) - LOELT i (), 37) # 0,

137212

Pc(9 =
e {ﬂ(T), if (9(1),37%) = 0,
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and

(D@E)-i [ o\ ) ‘
Po ey = |7~ iR () @5 <
), if (0(0), 55) > =

The numerical comparisons are presented in Figures 9—12, and Tables 5 and 6. The control parameters

for the experiment are chosen as follows:
(i) For the weak convergence results with fixed and variable step sizes, we set

a, = 0.655,«, = 0.554,u = 0.545, 0, = 0.465, 1 = 0.545.

(ii) For the strong convergence results with fixed and variable step sizes, we choose

1
@, = 0.655,, = 0.554,11 = 0.545,0, = 0.465, 4= 0.545.¢, = 5.

102

102

— Algl — Algl
----- NewAlgl o =aann NewAlgl
1 1008 1

10°

102F 2 102F &

TOL
5
S
TOL
5
S

108 ¢ 106 F

108 ¢ 108 ¢

L L L L L L L L L 10'10
20 40 60 80 100 120 140 160 180 200 0 1 2 3

Iterations
Figure 9. A numerical comparison has been conducted by contrasting Algorithm (8) outlined
in [37] with our introduced Algorithm (6). This assessment encompasses evaluations of
both the iteration count and the execution time, and Example 6.2 serves as an illustrative
demonstration of these comparative analyses with J, = 272

1010
0
Time

AIMS Mathematics Volume 10, Issue 7, 16068—-16104.



16097

102 i 102 .
— Alg2 — Alg2
2 e NewAlg2/{ & e NewAlg2

-

10° 10°

TOL
TOL

1010 1 1 1 1 1010 1 1 1 1 1 1
0 50 100 150 200 250 0 1 2 3 4 5 6 7

Iterations Time
Figure 10. A numerical comparison has been conducted by contrasting Algorithm (33)
outlined in [37] with our introduced Algorithm (30). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.2 serves as
an illustrative demonstration of these comparative analyses with ¢, = 272
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Figure 11. A numerical comparison has been conducted by contrasting Algorithm (45)
outlined in [37] with our introduced Algorithm (42). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.2 serves as
an illustrative demonstration of these comparative analyses with ¢, = 272,

AIMS Mathematics Volume 10, Issue 7, 16068—-16104.



16098

10? 10?

— Alg4 — Alg4
----- NewAlg4 =aunn NewAlg4
10° 1 10° 1

102 102 F

TOL
TOL

104 F 104 F

108 ¢

108 ¢

108 ¢ 108 F

L L L L L L L 10,10 L L L L L
50 100 150 200 250 300 350 400 0 2 4 6 8 10 12
Iterations Time

10'10

Figure 12. A numerical comparison has been conducted by contrasting Algorithm (58)
outlined in [37] with our introduced Algorithm (54). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.2 serves as
an illustrative demonstration of these comparative analyses with ¢, = 272

Table 5. The data-set presented here corresponds to the numerical values associated with
Figures 912, specifically in terms of the number of iterations.

Algl Alg2 Alg3 Algd
Iterations 194 223 303 376
Time 6.28606670000000  6.63806650000000  9.12589670000000  11.1870605000000

Table 6. The data-set presented here corresponds to the numerical values associated with
Figures 9-12, specifically in terms of the number of iterations.

NewAlgl NewAlg2 NewAlg3 NewAlg4
Iterations 159 173 243 318
Time 5.75115640000000 4.35383970000000 7.29541340000000  8.89380250000000

Example 6.3. Let C and Q;, j = 1,2,3, be the closed and convex subsets of RN, R?N, R3N, and R*,
respectively. Define C and Q; as follows:

C={#eR":[I9-n'll<c,

and
0= 9 € RMD ¢ 19—l < c}),

Here, ' and ni. are vectors with coordinates randomly generated in [-1,1], c' is a real number
randomly generated in [N,2N], and c}. is a real number randomly generated in [(j + 1)N,2(j + 1)N]
forall j=1,2,3.
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Let 3; : RN — R™YN be g BLO with elements randomly generated in the closed interval [-5,5]. It
is straightforward to verify that
C (N 35Q)) # 0,

since the zero element of RN belongs to the set.
The projection formulas on the closed and convex balls C and Q; are given by

c'@-n"
max{|[¢ — n'll, ¢!}’

Pc(®) =n'+

and
i@ —n})

max{[[9 — n}ll.c}}’

_ 1
PQj(ﬁ) - 77‘,' +

The stopping criterion for the experiment is set as TOL < €, where
TOL = ||(I = Po)318ull + I = Po,) oDl + I — Pg,) I3, lI.

The results of the experiment are reported in Figures 13—16, and Tables 7 and 8. The control
parameters for the experiment are chosen as follows:
(i) For the weak convergence results with fixed and variable step sizes, we set

a, = 0.655,«, = 0.554,u = 0.545, 0, = 0.465, 1 = 0.545.

(ii) For the strong convergence results with fixed and variable step sizes, we choose

a, = 0.655,«, = 0.554,u = 0.545,0, = 0.465,1 = 0.545, ¢, = .
2u+2
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Figure 13. A numerical comparison has been conducted by contrasting Algorithm (8)
outlined in [37] with our introduced Algorithm (6). This assessment encompasses evaluations
of both the iteration count and the execution time, and Example 6.3 serves as an illustrative
demonstration of these comparative analyses.
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Figure 14. A numerical comparison has been conducted by contrasting Algorithm (33)
outlined in [37] with our introduced Algorithm (30). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.3 serves as
an illustrative demonstration of these comparative analyses.
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Figure 15. A numerical comparison has been conducted by contrasting Algorithm (45)
outlined in [37] with our introduced Algorithm (42). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.3 serves as
an illustrative demonstration of these comparative analyses.
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Figure 16. A numerical comparison has been conducted by contrasting Algorithm (58)
outlined in [37] with our introduced Algorithm (54). This assessment encompasses
evaluations of both the iteration count and the execution time, and Example 6.3 serves as
an illustrative demonstration of these comparative analyses.

Table 7. The dataset presented here corresponds to the numerical values associated with
Figures 13-16, specifically in terms of the number of iterations.

Algl Alg2 Alg3 Algd
Iterations 177 205 262 292
Time 0.0710745000000000 0.155804500000000 0.131109200000000 0.211114800000000

Table 8. The dataset presented here corresponds to the numerical values associated with
Figures 13-16, specifically in terms of the number of iterations.

NewAlgl NewAlg2 NewAlg3 NewAlg4
Iterations 140 168 221 257
Time 0.0282480000000000 0.105587200000000 0.0435061000000000 0.136429400000000

7. Conclusions and future work

This study develops an inertial Mann-type algorithm to find approximate solutions for SFPPs
involving demicontractive mappings in real Hilbert spaces. We rigorously prove the algorithm’s weak
and strong convergence under mild parameter constraints, using two-step iterative schemes with both
fixed and variable step sizes. Numerical experiments validate the algorithm’s effectiveness. Future
work includes extending these methods to broader split and bilevel problems in Banach spaces,
incorporating various step size strategies and inertial terms, and exploring their applicability to
Hadamard manifolds to comprehensively assess the two-step inertial methods’ performance across
diverse conditions.
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