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1. Introduction

Fixed point theory, as a core branch of modern mathematics, has widely permeated into numerous
fields such as functional analysis, topology, and differential equations. The Banach fixed point
theorem [1], popularly known as the Banach contraction mapping principle, is a rewarding result
in fixed point theory. The idea and method of constructing a convergent sequence and proving that
its only limit is the only fixed point of a mapping is widely used. Subsequently, more and more
mathematical scholars began to study fixed point theory, and extended the result in different spaces.
Among them, some mathematicians defined the concept of quasi-metric spaces. In 1994, Matthews [2]
defined partial metric spaces. By combined quasi-metric space and partial metric space, Karapinar [3]
et al. introduced the concept of quasi-partial metric spaces. Fixed point theory has been widely applied
in various fields. As a result, more and more mathematicians have devoted themselves to its research.

With the development of fixed point theory, the contraction form in metric spaces has been
expanded. In 2012, Samet [4] et al. introduced a new class of α-ψ-contractive mappings in metric
spaces, and then Karapinar [5] et al. introduced α-(ψ, φ) contractive mappings in quasi-partial metric
spaces. The authors also proved the existence and uniqueness of fixed points of α-(ψ, φ) contractive
mappings in these spaces.

In this paper, we introduce a new type of α-ψ-contractive mapping of integral type and prove the
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existence and uniqueness of fixed points and common fixed points of the contractive mappings in the
setting of quasi-partial metric spaces.

Throughout this paper, we assume that R = (−∞,+∞), R+ = [0,+∞), and N denotes the set of all
positive integers.

The famous Banach contraction principle is as follows.
Theorem 1.1. [1] Let f be a mapping from a complete metric space (X, d) into itself satisfying

d( f x, f y) ≤ cd(x, y),

where c ∈ (0, 1) is a constant. Then f has a unique fixed point a ∈ X such that limn→∞ f nx = a for each
x ∈ X.

In 2002, Branciari [6] gave an integral version of the Banach contraction principle and showed the
following fixed point theorem.
Theorem 1.2. [6] Let f be a mapping from a complete metric space (X, d) into itself satisfying∫ d( f x, f y)

0
ϕ(t)dt ≤ c

∫ d(x,y)

0
ϕ(t)dt, ∀x, y ∈ X,

where c ∈ (0, 1) is a constant and ϕ ∈ Φ. Then f has a unique fixed point a ∈ X such that limn→∞ f nx =

a for each x ∈ X.

2. Preliminaries

In this section, some basic definitions and lemmas are introduced which take on an important role
for this article.

Let
Φ = {ϕ: ϕ: R+ −→ R+ satisfies that ϕ is Lebesgue integrable, summable on each compact subset of

R+, and
∫ ε

0
ϕ(t)dt > 0 for each ε > 0},

Φ1 = {ψ : ψ : R+ −→ R+ is continuous and nondecreasing , and ψ(x + y) ≤ ψ(x) + ψ(y),∀x, y > 0}.
Example 2.1. Let f (x) = x

x+1 , x ∈ R
+. It is obvious that f ∈ Φ1.

First, we recall the concept of quasi-metric spaces.
Definition 2.2. [7] Let X , ∅. A quasi-metric is a function d : X × X → R+ satisfying the following
conditions:

(i) d(x, y) = 0 i f and only i f x = y,
(ii) d(x, z) ≤ d(x, y) + d(y, z) f or x, y, z ∈ X.

The pair (X, d) is called a quasi-metric space.
Definition 2.3. [8] Let (X, d) be a quasi-metric space and {xn} be a sequence in X, x ∈ X. A sequence
{xn} converges to x if and only if

lim
n→∞

d(xn, x) = lim
n→∞

d(x, xn) = 0.

Definition 2.4. [8] Let (X, d) be a quasi-metric space and {xn} be a sequence in X.
(i) {xn} is said to be left Cauchy if for every ε > 0, there exists N = N(ε) such that for any n ≥ m > N,

d(xn, xm) < ε.
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(ii) {xn} is said to be right Cauchy if for every ε > 0, there exists N = N(ε) such that for any
n ≥ m > N, d(xm, xn) < ε.

(iii) {xn} is said to be Cauchy if and only if {xn} is both left Cauchy and right Cauchy.
Definition 2.5. [8] Let (X, d) be a quasi-metric space.

(i) (X, d) is left complete if and only if every left Cauchy in X converges.
(ii) (X, d) is right complete if and only if every right Cauchy in X converges.
(iii) (X, d) is complete if and only if every Cauchy in X converges.
Then, we outline the definition of partial metric spaces.

Definition 2.6. [3] Let X , ∅. A partial metric is a function p : X × X → R+ that satisfies
(i) p(x, y) = p(y, x),
(ii) if 0 ≤ q(x, x) = q(x, y) = q(y, y), then x = y,
(iii) q(x, x) ≤ q(x, y),
(iv) q(x, z) + q(y, y) ≤ q(x, y) + q(y, z),

for all x, y, z ∈ X. The pair (X, p) is called a partial metric space.
Proposition 2.7. [3] Let (X, p) be a partial metric space. Set q(x, y) = p(x, y) − p(x, x) for x, y ∈ X.
Then (X, q) is a quasi-partial metric space and their topologies coincide.
Definition 2.8. [3] Let (X, p) be a partial metric space. Then,

(i) a sequence {xn} ⊂ X converges to x ∈ X if and only if

p(x, x) = lim
n→∞

p(x, xn).

(ii) A sequence {xn} ⊂ X is called a Cauchy sequence if and only if

lim
n,m→∞

p(xn, xm) exists (and is finite).

(iii) A partial metric space (X, p) is said to be complete if every Cauchy sequence {xn} ⊂ X
converges, with respect to τp, to a point x ∈ X such that

p(x, x) = lim
n,m→∞

p(xn, xm).

Next, we introduce the definition of quasi-partial metric spaces.
Definiton 2.9. [3] Let X , ∅. A quasi-partial metric is a function q : X × X → R+ that satisfies

(i) if 0 ≤ q(x, x) = q(x, y) = q(y, y), then x = y,
(ii) q(x, x) ≤ q(x, y),
(iii) q(x, x) ≤ q(y, x),
(iv) q(x, z) + q(y, y) ≤ q(x, y) + q(y, z),

for all x, y, z ∈ X. The pair (X, q) is called a quasi-partial metric space.
Note that for a quasi-partial metric q on X, the function dq : X × X → R+ defined by

dq(x, y) = q(x, y) + q(y, x) − q(x, x) − q(y, y)

is a metric on X (see [3]).
Example 2.10. Let X = [−2, 2]. We define q : X × X → R+ as q(x, y) = |x − y| + |x|. Then (X, q) is a
quasi-partial metric space.
Proof. Here q(x, x) = q(x, y) = q(y, y)⇒ |x| = |x − y| + |x| = |y| ⇒ x = y.
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Let x, y ∈ X. It follows from |x| ≤ |x − y| + |x| that q(x, x) ≤ q(x, y).
In addition, q(y, x) = |y − x| + |y| = |x − y| + |y| ≥ |x − y + y| = |x| = q(x, x).
Note that

|x − z| + |x| + |y| ≤ |x − y| + |x| + |y − z| + |y|.

So, q(x, z) + q(y, y) ≤ q(x, y) + q(y, z).
Therefore, (X, q) is a quasi-partial metric space.

Definition 2.11. [3] Let (X, q) be a quasi-partial metric space. Then,
(i) a sequence {xn} ⊂ X converges to x ∈ X if and only if

q(x, x) = lim
n→∞

q(x, xn) = lim
n→∞

q(xn, x).

(ii) A sequence {xn} ⊂ X is called a Cauchy sequence if and only if

lim
n,m→∞

q(xm, xn) and lim
n,m→∞

q(xn, xm) exist (and are finite).

(iii) A quasi-partial metric space (X, q) is said to be complete if every Cauchy sequence {xn} ⊂ X
converges, with respect to τq, to a point x ∈ X such that

q(x, x) = lim
n,m→∞

q(xm, xn) = lim
n,m→∞

q(xn, xm).

Lemma 2.12. [3] Let (X, q) be a quasi-partial metric space, (X, p) be a partial metric space, and (X, dq)
be the corresponding metric space. The following statements are equivalent:

(i) (X, q) is complete.
(ii) (X, p) is complete.
(iii) (X, dq) is complete.

Moreover,
lim
n→∞

dq(x, xn) = 0⇔ p(x, x) = lim
n→∞

p(x, xn) = lim
n,m→∞

p(xn, xm)

⇔ q(x, x) = lim
n→∞

q(x, xn) = lim
n,m→∞

q(xn, xm)

= lim
n→∞

q(xn, x) = lim
n,m→∞

q(xm, xn).

Definition 2.13. [4] Let X be a nonempty set and α : X × X → [0,∞) be a given mapping. A mapping
f : X → X is said to be an α−admissible mapping if the following condition holds:

α(x, y) ≥ 1⇒ α( f x, f y) ≥ 1,∀x, y ∈ X.

Definition 2.14. [9] Let X be a nonempty set and α : X × X → [0,∞), f , g : X → X. A mapping
f : X → X is called a g-α-admissible mapping if for all x, y ∈ X, α(gx, gy) ≥ 1 means α( f x, f y) ≥ 1.
Definition 2.15. [10] Let X be a nonempty set. If a pair of self-mappings f and g satisfy that for some
x ∈ X with v = f x = gx, then x is the coincidence point of f and g, and v is the point of coincidence of
f and g. The set of all coincidence points of f and g is denoted as C( f , g).
Definition 2.16. [10] Let X be a nonempty set. If a pair of self-mappings f and g satisfy that for every
x ∈ C( f , g), f gx = g f x, then f and g are said to be weakly compatible.
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Definition 2.17. [11] One says that ϕ ∈ Φ is an integral subadditive if for each a, b > 0, there is∫ a+b

0
ϕ(t)dt ≤

∫ a

0
ϕ(t)dt +

∫ b

0
ϕ(t)dt.

Let Φs denotes the class of all integral subadditive functions ϕ ∈ Φ.
Lemma 2.18. [6] Let ϕ ∈ Φ and {rn}n∈N be a nonnegative sequence with limn→∞ rn = a. Then

lim
n→∞

∫ rn

0
ϕ(t)dt =

∫ a

0
ϕ(t)dt.

Lemma 2.19. [12] Let ϕ ∈ Φ and {rn}n∈N be a nonnegative sequence. If lim supn→∞ rn = a, then∫ a

0
ϕ(t)dt ≤ lim sup

n→∞

∫ rn

0
ϕ(t)dt.

If lim infn→∞ rn = a, then

lim inf
n→∞

∫ rn

0
ϕ(t)dt ≤

∫ a

0
ϕ(t)dt.

3. Main results

In this section, we mainly study the existence and uniqueness of fixed points and common fixed
points of contraction mappings of integral type in a complete quasi-partial metric space.
Definition 3.1. Let (X, q) be a quasi-partial metric space. A mapping f : X → X is called a generalized
α-ψ-contractive mapping of integral type if for all x, y ∈ X,

α(x, y)
∫ ψ(q( f x, f y)−q( f x, f x))

0
ϕ(t)dt ≤ L(q(x, y))

∫ ψ(h·M(x,y))

0
ϕ(t)dt, (3.1)

where ϕ ∈ Φs, ψ ∈ Φ1, L : R+ → [0, 1
2 ), h ∈ (0, 1), and

M(x, y) = max{q( f y, f x) − q( f y, f y), q(x, y) − q(x, x), q( f x, f y) − q( f x, f x), q(y, x) − q(y, y)
q(x, f y)[q( f y, x) − q( f y, f x)]

1 + q(x, y) + q( f x, f y)
,

q(y, f x)[q(y, f y) − q(y, f x)]
1 + q(y, f y) + q(x, f x)

}.
(3.2)

Theorem 3.2. Let (X, q) be a complete quasi-partial metric space and f : X → X be a generalized
α-ψ-contractive mapping of integral type. If the following conditions are satisfied:

(i) f is an α-admissible mapping,
(ii) ∃x0 ∈ X, such that α(x0, f x0) ≥ 1 and α( f x0, x0) ≥ 1,
(iii) for every sequence{xn} ⊂ X , if limn→∞ xn = x, then α(xn, x) ≥ 1 and α(x, xn) ≥ 1,
(iv) if Fix( f ) , ∅, then for x, y ∈ Fix( f ), there is α(x, y) ≥ 1 and α(y, x) ≥ 1,

then f has a unique fixed point in X.
Proof. We define the Picard iteration sequence {xn} by

xn+1 = f xn
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for all n ∈ N. If there is n0 ∈ N such that xn0 = xn0+1, then we have xn0 ∈ Fix( f ) and hence the
conclusion holds. Now we assume that xn , xn+1 for all n ∈ N. It follows that

q(xn, xn+1) > 0, q(xn+1, xn) > 0.

According to the conditions (i) and (ii), we have

α(x0, x1) = α(x0, f x0) ≥ 1,

α(x1, x2) = α( f x0, f x1) ≥ 1,

α(x2, x3) = α( f x1, f x2) ≥ 1,

· · · .

By induction, we obtain
α(xn, xn+1) ≥ 1, α(xn+1, xn) ≥ 1.

It follows that f is a generalized α-ψ-contraction mapping and∫ ψ(q( f xn−1, f xn)−q( f xn−1, f xn−1))

0
ϕ(t)dt ≤ α(xn−1, xn)

∫ ψ(q( f xn−1, f xn)−q( f xn−1, f xn−1))

0
ϕ(t)dt

≤ L(q(xn−1, xn))
∫ ψ(h·M(xn−1,xn))

0
ϕ(t)dt

<
1
2

∫ ψ(h·M(xn−1,xn))

0
ϕ(t)dt.

(3.3)

Similarly, one can get ∫ ψ(q( f xn, f xn−1)−q( f xn, f xn))

0
ϕ(t)dt <

1
2

∫ ψ(h·M(xn,xn−1))

0
ϕ(t)dt. (3.4)

By the integral subadditivity, we obtain∫ ψ(q(x,y)+q(y,x))

0
ϕ(t)dt ≤

∫ ψ(q(x,y))+ψ(q(y,x))

0
ϕ(t)dt ≤

∫ ψ(q(x,y))

0
ϕ(t)dt +

∫ ψ(q(y,x))

0
ϕ(t)dt.

So using (3.3) and (3.4), we gain∫ ψ(dq( f xn−1, f xn))

0
ϕ(t)dt =

∫ ψ(q( f xn−1, f xn)−q( f xn−1, f xn−1)+q( f xn, f xn−1)−q( f xn, f xn))

0
ϕ(t)dt

≤

∫ ψ(q( f xn−1, f xn)−q( f xn−1, f xn−1))

0
ϕ(t)dt +

∫ ψ(q( f xn, f xn−1)−q( f xn, f xn))

0
ϕ(t)dt

<
1
2

∫ ψ(h·M(xn−1,xn))

0
ϕ(t)dt +

1
2

∫ ψ(h·M(xn,xn−1))

0
ϕ(t)dt.

(3.5)
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Note that for each n ∈ N,

M(xn−1, xn) = max{q(xn+1, xn) − q(xn+1, xn+1), q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn+1) − q(xn, xn),

q(xn, xn−1) − q(xn, xn),
q(xn−1, xn+1)[q(xn+1, xn−1) − q(xn+1, xn)]

1 + q(xn−1, xn) + q(xn, xn+1)
,

q(xn, xn)[q(xn, xn+1) − q(xn, xn)]
1 + q(xn, xn+1) + q(xn−1, xn)

}.

Since q is a quasi-partial metric, we have

q(xn, xn) ≤ q(xn, xn+1),

q(xn+1, xn−1) ≤ q(xn+1, xn) + q(xn, xn−1) − q(xn, xn),

q(xn−1, xn+1) ≤ q(xn−1, xn) + q(xn, xn+1) − q(xn, xn).

Therefore,
q(xn−1, xn+1)[q(xn+1, xn−1) − q(xn+1, xn)]

1 + q(xn−1, xn) + q(xn, xn+1)
≤ q(xn, xn−1) − q(xn, xn),

q(xn, xn)[q(xn, xn+1) − q(xn, xn)]
1 + q(xn, xn+1) + q(xn−1, xn)

≤ q(xn, xn+1) − q(xn, xn).

As a result,

M(xn−1, xn) ≤ max{q(xn+1, xn) − q(xn+1, xn+1), q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn+1) − q(xn, xn),
q(xn, xn−1) − q(xn, xn)}.

In the same way, we know

M(xn, xn−1) ≤ max{q(xn+1, xn) − q(xn+1, xn+1), q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn+1) − q(xn, xn),
q(xn, xn−1) − q(xn, xn)}.

According to the above inequality, we obtain

max{M(xn−1, xn),M(xn, xn−1)} ≤ max{q(xn+1, xn) − q(xn+1, xn+1), q(xn, xn+1) − q(xn, xn),
q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn−1) − q(xn, xn)}.

Since ψ ∈ Φ1, we get

ψ(h ·max{M(xn−1, xn),M(xn, xn−1)}) ≤ ψ(h ·max{q(xn+1, xn) − q(xn+1, xn+1), q(xn, xn+1) − q(xn, xn),
q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn−1) − q(xn, xn)}).

We assume
max{q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn−1) − q(xn, xn)}
≤ max{q(xn+1, xn) − q(xn+1, xn+1), q(xn, xn+1) − q(xn, xn)}
≤ q(xn+1, xn) − q(xn+1, xn+1) + q(xn, xn+1) − q(xn, xn).
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By using (3.5), we derive∫ ψ(dq( f xn−1, f xn))

0
ϕ(t)dt <

1
2

∫ ψ(h·M(xn−1,xn))

0
ϕ(t)dt +

1
2

∫ ψ(h·M(xn,xn−1))

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(xn−1,xn),M(xn,xn−1)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(xn−1,xn),M(xn,xn−1)})

0
ϕ(t)dt

<

∫ ψ(h·max{M(xn−1,xn),M(xn,xn−1)})

0
ϕ(t)dt

≤

∫ ψ(h·(q(xn+1,xn)−q(xn+1,xn+1)+q(xn,xn+1)−q(xn,xn))

0
ϕ(t)dt

=

∫ ψ(h·dq( f xn−1, f xn))

0
ϕ(t)dt

<

∫ ψ(dq( f xn−1, f xn))

0
ϕ(t)dt,

which is a contradiction. This implies

max{M(xn−1, xn),M(xn, xn−1)} ≤ max{q(xn−1, xn) − q(xn−1, xn−1), q(xn, xn−1) − q(xn, xn)}.

At the same time, we obtain ∫ ψ(dq(xn,xn+1))

0
ϕ(t)dt ≤

∫ ψ(h·dq(xn−1,xn))

0
ϕ(t)dt. (3.6)

Because ψ is nondecreasing, we have

dq(xn, xn+1) ≤ hdq(xn−1, xn). (3.7)

According to (3.7), it can be concluded that {dq(xn, xn+1)} is a decreasing sequence in R+. It follows
that there exists r ≥ 0 such that limn→∞ dq(xn, xn+1) = r. Assume r > 0 and take the upper limit as
n→ ∞ in (3.6), and one can deduce

0 <
∫ ψ(r)

0
ϕ(t)dt = lim sup

n→∞

∫ ψ(dq(xn,xn+1))

0
ϕ(t)dt ≤ lim sup

n→∞

∫ ψ(h·dq(xn−1,xn))

0
ϕ(t)dt <

∫ ψ(r)

0
ϕ(t)dt.

This conflicts with the facts. Consequently, r = 0. So we have limn→∞ dq(xn, xn+1) = 0.
Next, we prove that {xn} is a Cauchy sequence in (X, dq). In view of (3.7), we obtain

dq(xn, xn+1) ≤ hdq(xn−1, xn) ≤ h2dq(xn−2, xn−1) ≤ · · · ≤ hndq(x0, x1).

Thus, for all m ∈ R+,

dq(xn, xn+m) ≤ dq(xn, xn+1) + dq(xn+1, xn+2) + · · · + dq(xn+m−1, xn+m)
≤ (hn + hn+1 + · · · + hn+m−1)dq(x0, x1)
≤ (hn + hn+1 + · · · + hn+m−1 + · · ·)dq(x0, x1)

≤
hn

1 − h
dq(x0, x1) → 0 as n→ ∞.
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Hence, {xn} is a Cauchy sequence in (X, dq), which means {xn} is a Cauchy sequence in (X, q). By the
completeness of (X, q), we arrive at the fact that (X, dq) also is a complete space. It follows that there
exists u ∈ X such that limn→∞ dq(xn, u) = 0. From that we conclude

q(u, u) = lim
n→∞

q(xn, u) = lim
n→∞

q(u, xn) = lim
n,m→∞

q(xn, xm) = lim
m,n→∞

q(xm, xn).

Next we prove f u = u. Assume to the contrary that f u , u. It follows that

M(xn−1, u) = max{q( f u, xn) − q( f u, f u), q(xn−1, u) − q(xn−1, xn−1), q(xn, f u) − q(xn, xn),

q(u, xn−1) − q(u, u),
q(xn−1, f u)[q( f u, xn−1) − q( f u, xn)]

1 + q(xn, f u) + q(xn−1, u)
,

q(u, xn)[q(u, f u) − q(u, xn)]
1 + q(xn−1, xn) + q(u, f u)

}.

(3.8)

Taking the inferior limit as n→ ∞ in (3.8), one can obtain

lim inf
n→∞

M(xn−1, u) ≤max{q( f u, u) − q( f u, f u), q(u, u) − q(u, u), q(u, f u) − q(u, u), q(u, u) − q(u, u),

lim inf
n→∞

q(xn−1, f u)
1 + q(xn, f u) + q(xn−1, u)

· lim sup
n→∞

[q( f u, xn−1) − q( f u, xn)],

lim inf
n→∞

q(u, xn)
1 + q(xn−1, xn) + q(u, f u)

· lim sup
n→∞

[q(u, f u) − q(u, xn)]}

≤max{q( f u, u) − q( f u, f u), 0, q(u, f u) − q(u, u), 0, 0, q(u, f u) − q(u, u)}
≤max{q( f u, u) − q( f u, f u), q(u, f u) − q(u, u)}
≤ q( f u, u) − q( f u, f u) + q(u, f u) − q(u, u)
= dq(u, f u).

By the same token, we have

lim inf
n→∞

M(u, xn−1) ≤max{q( f u, u) − q( f u, f u), q(u, f u) − q(u, u)}

≤ q( f u, u) − q( f u, f u) + q(u, f u) − q(u, u)
= dq(u, f u).

Hence,

lim inf
n→∞

max{M(xn−1, u),M(u, xn−1)} ≤ dq(u, f u).
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By (iii), we get α(u, xn) ≥ 1 and α(xn, u) ≥ 1. As a result, we derive∫ ψ(dq( f xn−1, f u))

0
ϕ(t)dt =

∫ ψ(q( f xn−1, f u)−q( f xn−1, f xn−1)+q( f u, f xn−1)−q( f u, f u))

0
ϕ(t)dt

≤

∫ ψ(q( f xn−1, f u)−q( f xn−1, f xn−1))

0
ϕ(t)dt +

∫ ψ(q( f u, f xn−1)−q( f u, f u))

0
ϕ(t)dt

≤ α(xn−1, u)
∫ ψ(q( f xn−1, f u)−q( f xn−1, f xn−1))

0
ϕ(t)dt + α(xn−1, u)

∫ ψ(q( f u, f xn−1)−q( f u, f u))

0
ϕ(t)dt

≤ L(d(xn−1, u))
∫ ψ(h·M(xn−1,u))

0
ϕ(t)dt + L(d(u, xn−1))

∫ ψ(h·M(u,xn−1))

0
ϕ(t)dt

<
1
2

∫ ψ(h·M(xn−1,u))

0
ϕ(t)dt +

1
2

∫ ψ(h·M(u,xn−1))

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(xn−1,u),M(u,xn−1)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(xn−1,u),M(u,xn−1)})

0
ϕ(t)dt

<

∫ ψ(h·max{M(xn−1,u),M(u,xn−1)})

0
ϕ(t)dt.

(3.9)

Taking the inferior limit as n→ ∞ in (3.9), one can deduce

0 <
∫ ψ(dq(u, f u))

0
ϕ(t)dt

= lim inf
n→∞

∫ ψ(dq( f xn−1, f u))

0
ϕ(t)dt

≤ lim inf
n→∞

∫ ψ(h·max{M(xn−1,u),M(u,xn−1)})

0
ϕ(t)dt

≤

∫ ψ(hdq(u, f u))

0
ϕ(t)dt

<

∫ ψ(dq(u, f u))

0
ϕ(t)dt,

which is a contradiction. Hence we get f u = u.
Finally, we prove that f has a unique fixed point in X. Suppose that f has another fixed point

v ∈ X \ {u}. It is easy to get that

M(u, v) = max{q( f v, f u) − q( f v, f v), q(u, v) − q(u, u), q( f u, f v) − q( f u, f u), q(v, u) − q(v, v)
q(u, f v)[q( f v, u) − q( f v, f u)]

1 + q(u, v) + q( f u, f v)
,

q(v, f u)[q(v, f v) − q(v, f u)]
1 + q(v, f v) + q(u, f u)

}

≤max{q(u, v) − q(u, u), q(v, u) − q(v, v)}
≤ q(u, v) − q(u, u) + q(v, u) − q(v, v)
= dq(u, v).

In the same way, we gain

M(v, u) ≤ max{q(u, v) − q(u, u), q(v, u) − q(v, v)} ≤ q(u, v) − q(u, u) + q(v, u) − q(v, v) = dq(u, v).
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Therefore, max{M(v, u),M(v, u)} ≤ dq(u, v). By the condition (iv), we have α(u, v) > 1 and α(v, u) > 1.
Consequently,∫ ψ(dq( f u, f v))

0
ϕ(t)dt =

∫ ψ(q( f u, f v)−q( f u, f u)+q( f v, f u)−q( f v, f v))

0
ϕ(t)dt

≤

∫ ψ(q( f u, f v)−q( f u, f u))

0
ϕ(t)dt +

∫ ψ(q( f v, f u)−q( f v, f v))

0
ϕ(t)dt

≤ α(u, v)
∫ ψ(q( f u, f u)−q( f u, f u))

0
ϕ(t)dt + α(v, u)

∫ ψ(q( f v, f u)−q( f v, f v))

0
ϕ(t)dt

≤ L(d(u, v))
∫ ψ(h·M(u,v))

0
ϕ(t)dt + L(d(v, u))

∫ ψ(h·M(v,u))

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(u,v),M(v,u)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(u,v),M(v,u)})

0
ϕ(t)dt

<

∫ ψ(h·max{M(u,v),M(v,u)})

0
ϕ(t)dt

<

∫ ψ(dq(u,v))

0
ϕ(t)dt.

This is impossible. To sum up, we derive u = v. The proof is complete.
Example 3.3. Let X = [0, π2 ]. Define q(x, y) = |x − y| + |x| and f (x) = sin x

2 . For α(x, y) = 1, ϕ(t) =

2t, ψ(t) = t, L(x) = 4
9 , h = 3

4 , we conclude that f has a unique fixed point in X.
In fact, according to this statement, we get

q( f x, f y) − q( f x, f x) = |
sin x

2
−

sin y
2
| + |

sin x
2
| − |

sin x
2
| =

1
2
| sin x − sin y|

and
q(x, y) − q(x, x) = |x − y| + |x| − |x| = |x − y|.

So, we derive

h · M(x, y) ≥
3
4
· |x − y| =

3
4
|x − y|.

From the above inequality, it can be concluded that∫ ψ(q( f x, f y)−q( f x, f x))

0
ϕ(t)dt = (

1
2
| sin x − sin y|)2 =

1
4
| sin x − sin y|2.

Similarly, we have ∫ ψ(h·M(x,y))

0
ϕ(t)dt ≥

∫ ψ( 3
4 |x−y|)

0
ϕ(t)dt = (

3
4
|x − y|)2 =

9
16
|x − y|2.

Hence, we obtain

L(q(x, y))
∫ ψ(h·M(x,y))

0
ϕ(t)dt ≥

4
9
·

9
16
|x − y|2 =

1
4
|x − y|2.
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Since X = [0, π2 ],
1
4
| sin x − sin y|2 ≤

1
4
|x − y|2.

As a result, we conclude that f satisfies the conditions of Theorem 3.2, which means f has a unique
fixed point in X. In this example, 0 is the unique fixed point of f .
Theorem 3.4. Let (X, p) be a complete partial metric space and f : X → X be a self-mapping. If for
all x, y ∈ X, ∫ ψ(p( f x, f y)−p( f x, f x))

0
ϕ(t)dt ≤

∫ ψ(h·(p(x,y)−p(x,x))

0
ϕ(t)dt,

where ϕ ∈ Φs, ψ ∈ Φ1, and h ∈ (0, 1), then f has a unique fixed point in X.
Proof. We define the Picard iteration sequence {xn} by

xn+1 = f xn

for all n ∈ N. If there is n0 ∈ N such that xn0 = xn0+1, then we have xn0 ∈ Fix( f ) and hence the
conclusion holds. Now we assume that xn , xn+1 for all n ∈ N. From the contraction conditions, it can
be obtained that

p(xn, xn+1) − p(xn, xn) = p( f xn−1, f xn) − p( f xn−1, f xn−1) ≤ h[p(xn−1, xn) − p(xn−1, xn−1)].

Since q(x, y) = p(x, y) − p(x, x), we have

q( f xn−1, f xn) ≤ hq(xn−1, xn).

Therefore,
q(xn, xn+1) ≤ hq(xn−1, xn) ≤ h2q(xn−2, xn−1) ≤ · · · ≤ hnq(x0, x1).

For all m ∈ R+, we get

q(xn, xn+m) ≤ q(xn, xn+1) + q(xn+1, xn+2) + · · · + q(xn+m−1, xn+m)
≤ (hn + hn+1 + · · · + hn+m−1)q(x0, x1)
≤ (hn + hn+1 + · · · + hn+m−1 + · · · )q(x0, x1)

≤
hn

1 − h
q(x0, x1) → 0 (n→ ∞).

By the same token, one can deduce
lim
n→∞

q(xn+m, xn) = 0.

As a result, {xn} is a Cauchy sequence in (X, q). Since (X, p) is complete, then (X, q) is complete. There
exists u ∈ X such that limn→∞ q(xn, xm) = limn→∞ q(xn, u) = q(u, u).

Next, we prove f u = u. Since∫ ψ(q( f xn−1, f u))

0
ϕ(t)dt ≤

∫ ψ(h(q(xn−1,u)))

0
ϕ(t)dt,
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taking the upper limit as n→ ∞, we conclude∫ ψ(q(u, f u))

0
ϕ(t)dt ≤ lim sup

n→∞

∫ ψ(q( f xn−1, f u))

0
ϕ(t)dt

≤ lim sup
n→∞

∫ ψ(h(q(xn−1,u)))

0
ϕ(t)dt

=

∫ ψ(h(q(u,u)))

0
ϕ(t)dt.

Then,
q(u, f u) ≤ hq(u, u),

which is a contradiction. So we obtain f u = u.
Finally, we prove the uniqueness. Suppose that f has another fixed point v ∈ X \ {u}. There exists∫ ψ(q( f u, f v))

0
ϕ(t)dt ≤

∫ ψ(h(q(u,v)))

0
ϕ(t)dt.

Hence,
q(u, v) = q( f u, f v) ≤ hq(u, v).

This is contradictory. To sum up, we derive u = v. This completes the proof.
Definition 3.5. Let (X, q) be a quasi-partial metric space and f , g : X → X be given mappings with
f (X) ⊆ g(X). Suppose f , g are generalized α-ψ-contractive mappings of integral type if for all x, y ∈ X,

α(gx, gy)
∫ ψ(q( f x, f y)−q( f x, f x))

0
ϕ(t)dt ≤ L(q(gx, gy))

∫ ψ(h·M(x,y))

0
ϕ(t)dt, (3.10)

where ϕ ∈ Φs, ψ ∈ Φ1, L : R+ → [0, 1
2 ), h ∈ (0, 1), and

M(x, y) = max{q(gy, f y) − q(gy, gy), q( f y, gy) − q( f y, f y), q(gx, f x) − q(gx, gx),

q( f x, gx) − q( f x, f x),
q( f x, gy)[q( f y, f x) − q( f y, f y)]

1 + q( f x, f y) + q(gx, gy)
,

q(gy, f x)[q(gx, gy) − q(gx, gx)]
1 + q(gx, f x) + q(gy, gx)

}.

(3.11)

Theorem 3.6. Let (X, q) be a complete quasi-partial metric space. Assume that f , g are generalized
α-ψ-contractive mappings of integral type. If the following conditions are satisfied:

(i) f is a g − α−admissible mapping,
(ii) ∃x0 ∈ X, such that α(gx0, f x0) ≥ 1, and α( f x0, gx0) ≥ 1,
(iii) for a sequence {yn} ⊂ X , if limn→∞ gyn = ga, then α(gyn, ga) ≥ 1 and α(ga, gyn) ≥ 1,
(iv) if e, f ∈ C( f , g), then α(ge, g f ) ≥ 1 and α(g f , ge) ≥ 1,
(v) if Fix( f ) , ∅, then if s, t ∈ Fix( f ), there are α(gs, gt) ≥ 1 and α(gt, gs) ≥ 1,
(vi) f and g are weakly compatible,
(vii) g(X) is closed,

then f and g have a unique fixed point in X.
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Proof. By condition (ii), there exists x0 ∈ X such that α(gx0, f x0) ≥ 1. According to f (X) ⊆ g(X), we
define sequence {yn} and {xn} such that yn = f xn = gxn+1 for all n ∈ N. If there is some n such that
yn = yn+1, then yn+1 = yn = f xn+1 = gxn+1, and hence f and g have coincidence points. Now we assume
yn , yn+1 for all n ∈ N, and from the condition (i), we have

α(gx0, f x0) ≥ 1, α(gx0, gx1) ≥ 1,

α( f x0, f x1) ≥ 1, α(gx1, gx2) ≥ 1,

α( f x1, f x2) ≥ 1, α(gx2, gx3) ≥ 1,

· · · .

Therefore, we obtain α(gxn, gxn+1) ≥ 1, α(yn−1, yn) ≥ 1.
In the same way, we have α(gxn+1, gxn) ≥ 1, α(yn, yn−1) ≥ 1. It follows that∫ ψ(q(yn,yn+1))

0
ϕ(t)dt =

∫ ψ(q( f xn, f xn+1))

0
ϕ(t)dt

≤ α(gxn, gxn+1)
∫ ψ(q( f xn, f xn+1))

0
ϕ(t)dt

≤ L(q(gxn, gxn+1))
∫ ψ(h·M(xn,xn+1))

0
ϕ(t)dt

<
1
2

∫ ψ(h·M(xn,xn+1))

0
ϕ(t)dt.

Similarly, we get ∫ ψ(q(yn+1,yn))

0
ϕ(t)dt =

∫ ψ(q( f xn+1, f xn))

0
ϕ(t)dt <

1
2

∫ ψ(h·M(xn+1,xn))

0
ϕ(t)dt.

Note that for each n ∈ N,

M(xn, xn+1) = max{q(gxn+1, f xn+1) − q(gxn+1, gxn+1), q(gxn, f xn) − q(gxn, gxn),
q( f xn+1, gxn+1) − q( f xn+1, f xn+1), q( f xn, gxn) − q( f xn, f xn),
q( f xn, gxn+1)[q( f xn+1, f xn) − q( f xn+1, f xn+1)]

1 + q( f xn, f xn+1) + q(gxn, gxn+1)
,

q(gxn+1, f xn)[q(gxn, gxn+1) − q(gxn, gxn)]
1 + q(gxn, f xn) + q(gxn+1, gxn)

}

= max{q(yn, yn+1) − q(yn, yn), q(yn−1, yn) − q(yn−1, yn−1),
q(yn+1, yn) − q(yn+1, yn+1), q(yn, yn−1) − q(yn, yn),
q(yn, yn)[q(yn+1, yn) − q(yn+1, yn+1)]

1 + q(yn, yn+1) + q(yn−1, yn)
,

q(yn, yn)[q(yn−1, yn) − q(yn−1, yn−1)]
1 + q(yn−1, yn) + q(yn, yn−1)

}.

Because q is a quasi-partial metric, we have

q(yn, yn) ≤ q(yn, yn+1),
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q(yn, yn) ≤ q(yn−1, yn),

and then
q(yn, yn)[q(yn+1, yn) − q(yn+1, yn+1)]

1 + q(yn, yn+1) + q(yn−1, yn)
≤ q(yn+1, yn) − q(yn+1, yn+1),

q(yn, yn)[q(yn−1, yn) − q(yn−1, yn−1)]
1 + q(yn−1, yn) + q(yn, yn−1)

≤ q(yn−1, yn) − q(yn−1, yn−1).

Hence,

M(xn, xn+1) ≤ max{q(yn, yn+1) − q(yn, yn), q(yn−1, yn) − q(yn−1, yn−1), q(yn+1, yn) − q(yn+1, yn+1),
q(yn, yn−1) − q(yn, yn)}.

By the same token, we gain

M(xn+1, xn) ≤ max{q(yn, yn+1) − q(yn, yn), q(yn−1, yn) − q(yn−1, yn−1), q(yn+1, yn) − q(yn+1, yn+1),
q(yn, yn−1) − q(yn, yn)}.

Thus, one can deduce

max{M(xn+1, xn),M(xn, xn+1)} ≤ max{q(yn, yn+1) − q(yn, yn), q(yn−1, yn) − q(yn−1, yn−1),
q(yn+1, yn) − q(yn+1, yn+1), q(yn, yn−1) − q(yn, yn)}.

Since ψ ∈ Φ1, we get

ψ(max{M(xn+1, xn),M(xn, xn+1)}) ≤ ψ(max{q(yn, yn+1) − q(yn, yn), q(yn−1, yn) − q(yn−1, yn−1),
q(yn+1, yn) − q(yn+1, yn+1), q(yn, yn−1) − q(yn, yn)}).

By the subadditivity of the integral, one can derive∫ ψ(q(x,y)+q(y,x))

0
ϕ(t)dt ≤

∫ ψ(q(x,y))+ψ(q(y,x))

0
ϕ(t)dt ≤

∫ ψ(q(x,y))

0
ϕ(t)dt +

∫ ψ(q(y,x))

0
ϕ(t)dt,

which implies∫ ψ(dq(yn,yn+1))

0
ϕ(t)dt =

∫ ψ(dq( f xn, f xn+1))

0
ϕ(t)dt

≤

∫ ψ(q( f xn, f xn+1))

0
ϕ(t)dt +

∫ ψ(q( f xn+1, f xn))

0
ϕ(t)dt

<
1
2

∫ ψ(h·M(xn,xn+1))

0
ϕ(t)dt +

1
2

∫ ψ(h·M(xn+1,xn))

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(xn+1,xn),M(xn,xn+1)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(xn+1,xn),M(xn,xn+1)})

0
ϕ(t)dt

<

∫ ψ(h·max{M(xn+1,xn),M(xn,xn+1)})

0
ϕ(t)dt.
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Similar to the proof of Theorem 3.2, we can conclude

lim
n→∞

dq(yn, yn+1) = 0,

and {yn} is a Cauchy sequence in (X, dq). Hence {yn} is a Cauchy sequence in (X, q).
Since g(X) is closed, there exists a ∈ g(X) such that

lim
n→∞

yn = lim
n→∞

f xn = lim
n→∞

gxn+1 = a.

As a result, we have

lim
n→∞

dq(yn, a) = 0⇔ q(a, a) = lim
n→∞

q(yn, a) = lim
n,m→∞

q(yn, ym)

= lim
n→∞

q(a, yn) = lim
n,m→∞

q(ym, yn).

Next, we prove gu = f u. We choose u ∈ g(X) that satisfies gu = a. By condition (iii), we get
α(gxn, gu) ≥ 1 and α(gu, gxn) ≥ 1. If gu , f u, then f u , a. It follows that

M(xn, u) = max{q(gu, f u) − q(gu, gu), q(gxn, f xn) − q(gxn, gxn), q( f u, gu) − q( f u, f u),

q( f xn, gxn) − q( f xn, f xn),
q( f xn, gu)[q( f u, f xn) − q( f u, f u)]

1 + q( f xn, f u) + q(gxn, gu)
,

q(gu, f xn)[q(gxn, gu) − q(gxn, gxn)]
1 + q(gxn, f xn) + q(gu, gxn)

}

= max{q(a, f u) − q(a, a), q(yn−1, yn) − q(yn−1, yn−1), q( f u, a) − q( f u, f u),

q(yn, yn−1) − q(yn, yn),
q(yn, a)[q( f u, yn) − q( f u, f u)]

1 + q(yn, f u) + q(yn−1, a)
,

q(a, yn)[q(yn−1, a) − q(yn−1, yn−1)]
1 + q(yn−1, yn) + q(a, yn−1)

}.

(3.12)

Taking the inferior limit as n→ ∞ in (3.12), we derive

lim inf
n→∞

M(xn, u) ≤max{q(a, f u) − q(a, a), q(a, a) − q(a, a), q( f u, a) − q( f u, f u), q(a, a) − q(a, a),

lim inf
n→∞

q(yn, a)
1 + q(yn, f u) + q(yn−1, a)

· lim sup
n→∞

[q( f u, yn) − q( f u, f u)],

lim inf
n→∞

q(a, yn)
1 + q(yn−1, yn) + q(a, yn−1)

· lim sup
n→∞

[q(yn−1, a) − q(yn−1, yn−1)]}

≤max{q(a, f u) − q(a, a), 0, q( f u, a) − q( f u, f u), 0, q( f u, a) − q( f u, f u), 0}
≤max{q(a, f u) − q(a, a), q( f u, a) − q( f u, f u)}.

In the same way, we obtain

lim inf
n→∞

M(u, xn) ≤ max{q(a, f u) − q(a, a), q( f u, a) − q( f u, f u)}.

Therefore, it can be concluded that

lim inf
n→∞

max{M(xn, u),M(u, xn)} ≤ max{q(a, f u) − q(a, a), q( f u, a) − q( f u, f u)}.
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From the above inequality, one can deduce∫ ψ(dq( f xn, f u))

0
ϕ(t)dt ≤

∫ ψ(q( f xn, f u))

0
ϕ(t)dt +

∫ ψ(q( f u, f xn))

0
ϕ(t)dt

≤ α(gxn, gu)
∫ ψ(q( f xn, f u))

0
ϕ(t)dt + α(gu, gxn)

∫ ψ(q( f u, f xn))

0
ϕ(t)dt

≤ L(q(gxn, gu))
∫ ψ(h·M(xn,u))

0
ϕ(t)dt + L(q(gu, gxn))

∫ ψ(h·M(u,xn)

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(xn,u),M(u,xn)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(u,xn),M(xn,u)})

0
ϕ(t)dt)

<

∫ ψ(h·max{M(xn,u),M(u,xn)})

0
ϕ(t)dt.

(3.13)

Letting n→ ∞ in (3.13), we gain∫ ψ(dq(a, f u))

0
ϕ(t)dt = lim inf

n→∞

∫ ψ(dq( f xn, f u))

0
ϕ(t)dt

≤ lim inf
n→∞

∫ ψ(h·max{M(xn,u),M(u,xn)})

0
ϕ(t)dt

≤

∫ ψ(h·max{q(a, f u)−q(a,a),q( f u,a)−q( f u, f u)})

0
ϕ(t)dt

≤

∫ ψ(h(q(a, f u)−q(a,a)+q( f u,a)−q( f u, f u)))

0
ϕ(t)dt

=

∫ ψ(hdq(a, f u))

0
ϕ(t)dt

<

∫ ψ(dq(a, f u))

0
ϕ(t)dt,

which is a contradiction. Consequently, we derive f u = gu = a and u is a coincidence point of f and g.
Because f and g are weakly compatible, we conclude f a = f gu = g f u = ga. Now we assume

f a , a, namely, f a , f u. We get α(ga, gu) ≥ 1 and α(gu, ga) ≥ 1 with a, u ∈ C( f , g), and then

M(a, u) = max{q(gu, f u) − q(gu, gu), q( f u, gu) − q( f u, f u), q(ga, f a) − q(ga, ga),

q( f a, ga) − q( f a, f a),
q( f a, gu)[q( f u, f a) − q( f u, f u)]

1 + q( f a, f u) + q(ga, gu)
,

q(gu, f a)[q(ga, gu) − q(ga, ga)]
1 + q(ga, f a) + q(gu, ga)

}

≤ max{0, 0, 0, 0, q(a, f a) − q(a, a), q( f a, a) − q( f a, f a)}
= max{q(a, f a) − q(a, a), q( f a, a) − q( f a, f a)}.

By the same token, we have M(u, a) ≤ max{q(a, f a) − q(a, a), q( f a, a) − q( f a, f a)}.
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Further,

0 <
∫ ψ(dq( f a,a))

0
ϕ(t)dt

≤

∫ ψ(q( f a, f u))

0
ϕ(t)dt +

∫ ψ(q( f u, f a))

0
ϕ(t)dt

≤ α(ga, gu)
∫ ψ(q( f a, f u))

0
ϕ(t)dt + α(gu, ga)

∫ ψ(q( f u, f a))

0
ϕ(t)dt

≤ L(q(ga, gu))
∫ ψ(h·M(a,u))

0
ϕ(t)dt + L(q(gu, ga))

∫ ψ(h·M(u,a))

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(a,u),M(u,a)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(a,u),M(u,a)})

0
ϕ(t)dt

<

∫ ψ(h(q(a, f a)−q(a,a)+q( f a,a)−q( f a, f a)))

0
ϕ(t)dt

=

∫ ψ(hdq(a, f a))

0
ϕ(t)dt

<

∫ ψ(dq(a, f u))

0
ϕ(t)dt.

This is a contraction. It implies f a = ga = a. Therefore a is a fixed point of f and g.
Finally, we prove the uniqueness. Let a and c be two different common fixed points of f and g, and

specifically a , c. Since a, c ∈ Fix( f ), we have α(ga, gc) ≥ 1 and α(gc, ga) ≥ 1. After that, one can
obtain

M(a, c) = max{q(gc, f c) − q(gc, gc), q( f c, gc) − q( f c, f c), q(ga, f a) − q(ga, ga),

q( f a, ga) − q( f a, f a),
q( f a, gc)[q( f c, f a) − q( f c, f c)]

1 + q( f a, f c) + q(ga, gc)
,

q(gc, f a)[q(ga, gc) − q(ga, ga)]
1 + q(ga, f a) + q(gc, ga)

}

≤ max{0, 0, 0, 0, q(c, a) − q(c, c), q(a, c) − q(a, a)}
= max{q(c, a) − q(c, c), q(a, c) − q(a, a)}.
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In the same way, one can deduce M(c, a) ≤ max{q(c, a) − q(c, c), q(a, c) − q(a, a)}. It follows that

0 <
∫ ψ(dq(a,c))

0
ϕ(t)dt

≤

∫ ψ(q( f a, f c))

0
ϕ(t)dt +

∫ ψ(q( f c, f a))

0
ϕ(t)dt

≤ α(ga, gc)
∫ ψ(q( f a, f c))

0
ϕ(t)dt + α(gc, ga)

∫ ψ(q( f c, f a))

0
ϕ(t)dt

≤ L(q(ga, gc))
∫ ψ(h·M(a,c))

0
ϕ(t)dt + L(q(gc, ga))

∫ ψ(h·M(c,a))

0
ϕ(t)dt

<
1
2

∫ ψ(h·max{M(a,c),M(c,a)})

0
ϕ(t)dt +

1
2

∫ ψ(h·max{M(a,c),M(c,a)})

0
ϕ(t)dt

<

∫ ψ(h(q(a,c)−q(a,a)+q(c,a)−q(c,c)))

0
ϕ(t)dt

=

∫ ψ(hdq(a,c))

0
ϕ(t)dt

<

∫ ψ(dq(a,c))

0
ϕ(t)dt.

This is contradictory, so a , c. Consequently, a is the unique common fixed point of f and g. This
completes the proof.
Example 3.7. Let X = [0, π4 ]. Define q(x, y) = |x − y| + |x| and f (x) = sin x

2 , g(x) = x − sin x
2 . For

α(x, y) = 1, ϕ(t) = 2t, ψ(t) = t, L(x) = 25
64 , and h = 4

5 , we conclude that f and g have a unique fixed
point in X.

According to the statement, we get

q( f x, f y) − q( f x, f x) = |
sin x

2
−

sin y
2
| + |

sin x
2
| − |

sin x
2
| =

1
2
| sin x − sin y|,

and then ∫ ψ(q( f x, f y)−q( f x, f x)

0
ϕ(t)dt = (

1
2
| sin x − sin y|)2 =

1
4
| sin x − sin y|2.

We consider two cases as follows.
Case 1. x > y. We arrive at

q(gx, f x) − q(gx, gx) = |x −
sin x

2
−

sin x
2
| + |x −

sin x
2
| − |x −

sin x
2
| = |x − sin x|.

So, we derive

h · M(x, y) ≥
4
5
· |x − sin x| =

4
5
|x − sin x|.

This implies ∫ ψ(h·M(x,y))

0
ϕ(t)dt ≥

∫ ψ( 4
5 |x−sin x|)

0
ϕ(t)dt = (

4
5
|x − sin x|)2 =

16
25
|x − sin x|2.
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Thus, we obtain

L(q(x, y))
∫ ψ(h·M(x,y))

0
ϕ(t)dt ≥

25
64
·

16
25
|x − sin x|2 =

1
4
|x − sin x|2.

Since X = [0, π4 ],
1
4
| sin x − sin y|2 6

1
4
|x − sin x|2.

Case 2. x < y. In this case, we have

q(gy, f y) − q(gy, gy) = |y −
sin y

2
−

sin y
2
| + |y −

sin y
2
| − |y −

sin y
2
| = |y − sin y|.

So, one can deduce

h · M(x, y) ≥
4
5
· |y − sin y| =

4
5
|y − sin y|.

It can be concluded that∫ ψ(h·M(x,y))

0
ϕ(t)dt ≥

∫ ψ( 4
5 |y−sin y|)

0
ϕ(t)dt = (

4
5
|y − sin y|)2 =

16
25
|y − sin y|2.

As a result, we gain

L(q(x, y))
∫ ψ(h·M(x,y))

0
ϕ(t)dt ≥

25
64
·

16
25
|y − sin y|2 =

1
4
|y − sin y|2.

Due to X = [0, π4 ], we obtain
1
4
| sin x − sin y|2 6

1
4
|y − sin y|2.

In summary, we can conclude that f and g satisfy the conditions of the Theorem 3.5, which means
f and g have a unique fixed point in X. In this example, 0 is the unique fixed point of f and g.

4. Application

In this section, we will derive an existence solution based on Theorem 3.4, thereby solving the
following integral equation:

u(t) =

∫ T

0
K(t, r, u(r))dr, (4.1)

where t ∈ [0,T ], T > 0, K : [0,T ] × [0,T ] × R→ R, and u : [0,T ]→ R.
Let X = C[0,T ]. Define p : X × X → R+ by

p(x, y) = sup
t∈[0,T ]

|x(t) − y(t)| + max{ sup
t∈[0,T ]

|x(t)|, sup
t∈[0,T ]

|y(t)|}.

It is obvious that (X, p) is a p−complete partial metric space.
Define f by

f u(t) =

∫ T

0
K(t, r, u(r))dr.
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Theorem 4.1. Let (X, p) be a complete partial metric space and f : X → X be a self-mapping. If the
following conditions are satisfied:

(i) the mapping K : [0,T ] × [0,T ] × R→ R is continuous,
(ii) there exists a continuous function η : [0,T ] × [0,T ]→ R+ such that

∫ T

0
η(t, r)dr = 1,

(iii) for each x, y ∈ X, t, r ∈ [0,T ], and h ∈ (0, 1), we have

|K(t, r, x(r)) − K(t, r, y(r))| ≤
h

1 + h
η(t, r)|x(t) − y(t)|,

max
t,r∈[0,T ]

{|K(t, r, x(r))|, |K(t, r, y(r))|} ≤
h

1 + h
η(t, r) max

t,r∈[0,T ]
{|x(t)|, |y(t)|},

|K(t, r, x(r))| ≥
h

1 + h
η(t, r)|x(t)|,

then the integral equation (4.1) has a unique solution ξ ∈ C[0,T ].
Proof. For x, y ∈ X, by virtue of conditions (i)–(iii), we have

p( f x, f y) − p( f x, f x) = sup
t∈[0,T ]

| f x(t) − f y(t)| + max{ sup
t∈[0,T ]

| f x(t)|, sup
t∈[0,T ]

| f y(t)|} − sup
t∈[0,T ]

| f x(t)|.

So that

sup
t∈[0,T ]

(| f x(t) − f y(t)|) = sup
t∈[0,T ]

(|
∫ T

0
K(t, r, x(r))dr −

∫ T

0
K(t, r, y(r))dr|)

≤ sup
t∈[0,T ]

(
∫ T

0
|K(t, r, x(r)) − K(t, r, y(r))|dr)

≤ sup
t∈[0,T ]

(
∫ T

0

h
1 + h

η(t, r)|x(t) − y(t)|dr)

≤ sup
t∈[0,T ]

(
h

1 + h
|x(t) − y(t)|)

=
h

1 + h
sup

t∈[0,T ]
|x(t) − y(t)|.

Similarly, we get

max{ sup
t∈[0,T ]

| f x(t)|, sup
t∈[0,T ]

| f y(t)|} − sup
t∈[0,T ]

| f x(t)|

= max{ sup
t∈[0,T ]

|

∫ T

0
K(t, r, x(r))dr|, sup

t∈[0,T ]
|

∫ T

0
K(t, r, y(r))dr|} − sup

t∈[0,T ]
|

∫ T

0
K(t, r, x(r))dr|

≤ sup
t∈[0,T ]

(
∫ T

0
max{|K(t, r, x(r))|, |K(t, r, y(r))|}dr) − sup

t∈[0,T ]

∫ T

0

h
1 + h

η(t, r)|x(t)|dr

≤ sup
t∈[0,T ]

(
∫ T

0

h
1 + h

η(t, r) max{|x(t)|, |y(t)|}dr) − sup
t∈[0,T ]

∫ T

0

h
1 + h

η(t, r)|x(t)|dr

≤
h

1 + h
max{ sup

t∈[0,T ]
|x(t)|, sup

t∈[0,T ]
|y(t)|} −

h
1 + h

sup
t∈[0,T ]

|x(t)|

=
h

1 + h
(max{ sup

t∈[0,T ]
|x(t)|, sup

t∈[0,T ]
|y(t)|} − sup

t∈[0,T ]
|x(t)|).
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We suppose
H = sup

t∈[0,T ]
|x(t) − y(t)| + max{ sup

t∈[0,T ]
|x(t)|, sup

t∈[0,T ]
|y(t)|} − sup

t∈[0,T ]
|x(t)|,

and by the above equation, we obtain∫ ψ(p( f x, f y)−p( f x, f x))

0
ϕ(t)dt ≤

∫ ψ( h
1+h H)

0
ϕ(t)dt ≤

∫ ψ((hH)

0
ϕ(t)dt =

∫ ψh((p(x,y)−p(x,x)))

0
ϕ(t)dt.

Therefore, all the conditions of Theorem 3.4 hold. As a result, the mapping f has a unique point
ξ ∈ C[0,T ], which is a solution of the integral equation (4.1).

5. Conclusions

In this manuscript, we introduced a new class of generalized α-ψ-contractive mappings and proved
the existence and uniqueness of fixed points and common fixed points in the framework of quasi-partial
metric spaces. Furthermore, two examples were given to support our results.
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