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Abstract:  This research extensively investigates the solitary wave solutions of the fractional
coupled Konno—Oono model, a prevalent framework in diverse scientific and engineering disciplines.
Three mathematical methods called the simple equation method, the modified extended auxiliary
equation mapping method, and the exponential-expansion method are gradually employed to derive
the analytical solutions. Moreover, Mathematica 13.0 software is used to perform the analytical
computations and graphical simulations. The explored outcomes have significant applications in the
realm of magnetic fields. After the careful selection of parametric values under constrained conditions,
some solutions are plotted in 2-dimensional and 3-dimensional spaces to understand the physical
phenomena of the concerned model. Importantly, our findings affirm that the employed methods not
only yield complete and uniform responses but also showcase simplicity, effectiveness, and remarkable
computational efficiency. Hence, our research contributes valuable insights into the behavior of the
fractional coupled Konno—Oono model, paving the way for enhanced comprehension and potential
applications in magnetic field studies.
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1. Introduction

Nonlinear partial differential equations play an essential role in numerous applied science
disciplines, like plasma physics, economics, propagation of shallow water waves, optics, solid-state
physics, fluid dynamics, biology, electromagnetic theory, and many more. Recent studies have
established the efficiency of analytical solutions in providing exact and decoupled solutions to the
majority of nonlinear evolution equations encountered within physics and engineering. Zayed and
Arnous [1] examined DNA dynamics via the homogeneous balance method, whose application of non-
linear processes in biological processes was brought to the fore. Altalbe et al. [2] applied different
analysis techniques to study the space—time fractional van der Waals equation with particular emphasis
on fractional calculus in fluid dynamics. Ryabov et al. [3] applied Kudryashov’s method for high-
order evolution equations and derived new exact solutions. Similarly, Cevikel et al. [4] studied
the FitzHugh—Nagumo model using conformable derivatives in order to investigate novel solitonic
behaviors. Wang et al.’s classical (G’ /G)-expansion approach [5] has been a device to solve nonlinear
evolution equations. Darvishi et al. [6] have extended the BLMP model to (2+1)-dimension and
uncovered diverse soliton structures. Nestor et al.’s [7] subsequent work uncovered solitary waves of
the Klein—-Gordon—Zakharov system and optical solitons of perturbed nonlinear Schrodinger equations
with double-power law nonlinearity. Finally, Cevikel [8] also presented precise optical solutions
to the (3+1)-dimensional YTSF equation, again indicating the generalizability of these approaches
to higher-dimensional wave processes. All of these efforts combined are reflective of the growing
significance of the exact analytical techniques in model construction and description of increasingly
complex nonlinear systems [9].

Analytical solutions provide us with a meticulous understanding of how a system performs,
grounded on definite conditions and characteristics. These solutions help reconnoiter a system’s
dynamics, revealing critical points, singularities, and stability. This inclination for analytical solutions
is particularly evident in studying fractional partial differential equations, where it helps investigators
make theoretical predictions and gain shrewd knowledge about the system’s behavior, managing future
research in this field. Many researchers created variable analytical methodologies to find the exact
and soliton solutions of nonlinear partial differential equations, like bilinear transformation [10],
Bicklund transformation [11], Painlevé analysis [12], Hirota bilinear method [13,14], trilinear analysis
method [15], modified extended direct algebraic method [16], Lie point symmetries analysis [17],
improved tanh-function algorithm [18], extended generalized Riccati mapping method [19], F-
expansion method [20,21], and many more.

Recently, certain analytical and semi-analytical methods have been employed to obtain the solution
of nonlinear differential equations in applied mathematics and mathematical physics. Nadeem
and He [22] successfully employed the He—Laplace variational iteration technique for the solution
of nonlinear chemical kinetics and population dynamics problems, establishing the potency of
variational principles in physical systems. In [23], the authors validated the Adomian Decomposition
Method (ADM) for Volterra integral equations with a discontinuous kernel using the CESTAC method
to ensure high numerical accuracy. The g-homotopy analysis technique was applied in [24] to the
Cahn-Hilliard equation, which plays an important role in advection and reaction dynamics of phase
separation processes. Modanli et al. [25] and Qazza et al. [26] employed the residual power series and
ARA-residual power series methods, respectively, to obtain solutions of complex pseudo-hyperbolic
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and fractional systems with evidence of their effectiveness in problems of nonlocal and memory-
dependent nature.

The authors of [27] presented new coupling doubly dispersive equation solutions using the extended
Bernoulli sub-equation method, while Akbar et al. [28] explored soliton dynamics for perturbed
Schrédinger equations and microtubules by using the generalized Kudryashov approach. Similarly,
Hashemi and Mirzazadeh [29] used Lie symmetry analysis for the optical solitons of the same class
of equations. In [30], they solved the variable coefficient Davey—Stewartson system to derive novel
soliton and periodic solutions. Rezazadeh et al. [31] also used variable-coefficient analysis to study
traveling wave structures in nonlinear Schrodinger systems. Ali et al. [32], Seadawy et al. [33], and Lu
et al. [34] solved dispersive wave models and generalized equal width equations using extended simple
equation and Riemann-Liouville methods.

Ahmad and Younas [36] also extended the above works by considering the conformable time-
fractional Konno—Oono model, magnetic field stability outcomes, etc. Liang et al. [37] found
different wave phenomena of the fractional Boiti—-Leon—Manna—Pempinelli equation, i.e., kinks and
breathers, and Li et al. [38] found a variational principle for the fractal derivative nonlinear Schrodinger
equation. Collectively, these advances illustrate the significance of advanced analytical methods
for characterizing complex soliton dynamics and for enriching our understanding of fractional and
nonlinear evolution equations in a wide variety of physical settings.

The main motivation of this work is to investigate the solitary wave solutions of the nonlinear
fractional coupled Konno-Oono model, a prevalent framework in diverse scientific and engineering
disciplines. For this purpose, three analytical mathematical methods [32-34] are employed to the
FCKOM with the assistance of the conformable derivative [35]. The solutions obtained using the
employed methods are expressed in the form of exponential, trigonometric, and hyperbolic functions.
Our obtained results are novel and have a variety of solutions as compared to results found in previous
research articles [36,39,40]. Moreover, explored outcomes have significant applications in the realm
of magnetic fields and have diverse applications in physics.

In Section 2, the definition of conformable fractional derivative and its properties are discussed.
In Section 3, details of the proposed mathematical techniques are arranged. Section 4 represents the
mathematical analysis of FCKOM. In Section 5, the proposed methods are applied to construct solitary
wave solutions of FCKOM. In Section 6, the conclusion is discussed.

2. Conformable fractional derivative

Conformal fractional derivatives have been introduced to discourse the limitations of conventional
fractional derivatives, which adhere to standard derivative rules, making them a subject of interest for
several investigators.

2.1. Definition (conformable fractional derivative of order y):

Let U : [0,00] — R represent a function; the conformable fractional derivative of order 7y is
defined as;

T,U)(0 = Lim (U000, forall 150, 0 <y < 1.
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2.2. Some properties of conformable fractional derivative:

Let U, and U, be two y-conformable differential functions with the inclusions «a; and @, are
constants then followings properties hold;

o T, (a Uy + auUy) = a1 T, (Uy) + ar T, (U>).

o T,(t*) = pt*77 for all w e R.

o T, (U Uy) = UiT, (Uy) + UyT, (Uy).
7, (%)= (W)

o T,(U)(1) = 75 (0).

3. Description of mathematical methods

Let
Fl (P,PX?PI’PXX,PII'“):O’ (31)
consider,
P = P(), &=x—wt (3.2)
Put Eq (3.1) into Eq (3.2),
F, (P, P, wP, P, aﬂP"...) = 0. (3.3)

3.1. Extended simple equation method:
Let Eq (3.3) have a solution,

N
PE) = > AP(E). (3.4)
i=—N
Let ¥’
p’ :L0+L15U+L25U2+L35U3. (35)

The general solutions to Eq (3.5) are as follows;
If L; = 0, then the solution of Eq (3.5) is;

Ly — J4LoL, — L?tan (% JALoL, — L2+ 50))

Y= oL , 4LoL, > L2, (3.6)
If Ly = L3 = 0, then the solution of Eq (3.5) is;
_( Liexp(L; (£ + o))
o= (1 “Loexp(Li €+ 60»)’ b=, G-
[ Liexp(Li(€+6)
7 = (L2 exp (L (€ + 60) + 1)’ 1<0. (3:8)

If L, = Ly = 0, then the solution of Eq (3.5) is;

v = (3.9)

VLoLy tan ( VLoL; (€ + 60))
I , Lol, > 0,
2
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V=LoL; tanh ( V=LoL; (¢ + 50))]
7(¢) = , LyL, < 0.

L,

Put (3.4) with (3.5) in (3.3) and solved for the solutions of Eq (3.1) with Egs (3.6)—(3.10).

3.2. Modified extended auxiliary equation mapping method:
Let Eq (3.3) have solution
N i -N i N L N '\
P¢) = ;A,‘P +;B_lsff +;C,‘P ' +;D,( g/) :

LetV

P = \LP? + L3+ P
The solutions of (3.12) are

’ [11 (ecoth (4 VI1 (¢ +60)) + 1)
_ i

] € sinh \/E(§+60)
po=— |1 ( ) + 1), 4, >0, 135>0, L, = 4,1,
413 cosh(\/ﬂ(§+6o))+n

(e,m) = (L, D, (1, =1, (=1, 1), (=1, =1).

( e(sinh( VI1(£+80))+R) 1)
1 cosh( VI1(£+80) )+n VR2+1

b

W= 1 >0,

(E’ 77) = (1’ 1)’ (1’ _1)7 (_1’ 1), (_17 _1)
Put (3.11) with (3.12) in (3.3), solved for Eq (3.1) with Eqgs (3.13)—(3.15).

3.3. The Exp(—¥(&))-expansion method:
Let Eq (3.3) have solution
P&) = Ay (Exp(=P(@&)" + ..., Ay # 0.
Let
V' = Exp(=¥ (&) + i Exp(¥()) + 4.

For /l% —4u; >0, w; # 0 then the solution of Eq (3.17) is as follows:

_ Mtanh (% /l% =4 (& + 50)) -4

¥ =log o

], I,>0,e=1or-1, 5-41;=0.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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For /l% —4u; > 0, wy =0, then the solution of Eq (3.17) is

- —1og(#). (3.19)

elié+60) — 1

For A7 —4u; =0, A, # 0, then the solution of Eq (3.17) is

2-22(£+6
¥ =lo ( - L€ 0)). (3.20)
A7 (€ +6,)
For A7 —4u; =0, p = A; =0, then the solution of Eq (3.17) is
¥ = log(& + dp). (3.21)
For A2 — 4, < 0, then the solution of Eq (3.17) is
—1[4[11 —/l%tan(% (§+60) 4/11 —/l%)—/ll
¥ = log : (3.22)

2

Put (3.16) with (3.17) in (3.3) and solved for the solution of Eq (3.1) with the help of Eqs (3.18)—(3.22).
4. Mathematical analysis of fractional coupled Konno-Oono model

Consider the mathematical form of the fractional coupled Konno—Oono model [36,39,40],

D!P,(x,t) = 2P(x,)Q(x,1) = 0,
D] Q(x,1) + 2P(x, )P (x,1) = 0. 4.1)

FCKOM has fruitful applications where the conservation of quantities and symmetries is essential.
When vy tends towards 1, the system (4.1) is simplified to the integer-order derivative with the following
new form:

Py (x,1) = 2P(x,1)Q(x,1) =0,

O, (x,1) + 2P(x,H)P(x,t) = 0. “4.2)
Let
Px.i)= P©), &= k(x _ “’7’7)
Y
o1 = 0@, é= k(x - %) 4.3)

Put Eq (4.3) in Eq (4.2), we have

— kwP” —2PQ = 0,
2kPP' — wQ = 0. (4.4)
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Integrating the second equation from the system Eq (4.4), we obtained,

Here y is a constant of integration; substitute (4.5) into the first equation in (4.4),
2¥P + KPwP” +2P° = 0.
5. Applications

5.1. Application of ESE method
Let Eq (4.6) have a solution
A_
P=AY+—L+ A,
v
Put Eq (5.1) with Eq (3.5) into Eq (4.6).

Casel. L; =0,
F-1

2lL2 \/_

4y

A_1:0,A1:—

Put (5.2) in (5.1),

i \/)7( JALoL, — 2 tan (% JALoLy — L2 (8o + f)) + Ll)
Pl(x’ t) = -
L2 —4LyL,
iL
_ VX 4LoL, > L
L -4=1LyL,
i\/;( J4LoLy — L2 tan (% VA4LoLy — L3 (80 + f)) + Ll) iLi \X

lLl
JL2 —4L0L2 1/ 4= Lo, (£} - 4LoLs)

1
Oi(x, 1) :% -

()

The solution’s representation of Eqs (5.3) and (5.4) is shown in Figure 1.

1’L%—4L0L2 1,L%—4:L0L2

4.5)

(4.6)

5.1

(5.2)

(5.3)

(5.4)
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20

| Q'I (X’t)l 1152).\"%,’

(c) (d)
Figure 1. The 3-dimensional and 2-dimensional plots of periodic solitary wave solutions
of Pi(a,b) and Q;(¢c,d) withy =1, 60 = 0.7, k =25, Ly =L, =L, =1, y = 0.5 and
Y= 1, 5020.2, k:0.7, L0:L1 =L2= 1,/\/:05

F-11

L 4
LV X 5.5)

2iLo\x
L SR - .
k> (L3 —4L0L2)

L2 = 4LoL, L2 = 4LoL,

Substitute (5.5) in (5.1),

A—l =

vl - ALl
: \//?( ' AL tan 4 \/4L0L2-L$(50+§))+L1) )
Pa(x,1) = , 4LoLy > L2, (5.6)
L2 = 4LoL,
2
el ALyl
1 l\/)?( ST v tan( 4 \/4L0L2—L§(50+§))+L1) 5%
Oa(x.1) = ¢ +(). (5.7)
I —4LoL,
Case2.Lo=15;=0,
2iL, \//? 4y
AL =0, A= ,Ag=iV5, w=—">. (5.8)
L, KL
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Put (5.8) in (5.1),

2iL L Ly (0
P3(x,t):(i\/)?+( iLs \x) (L1 exp (Ly ( 0+§)))], L0

Ly (1 = Lyexp (L (69 + £))) 62
s I
Pyx.1) = [,' - (252(2/2_);))((15(1;1"22? S‘)’ : ‘"'3))] L <0 (5.11)

e

The solution’s representation of Eqgs (5.9) and (5.10) is shown in Figure 2.

IP3(x.b)]

0.0

1Qa(x,

B
0.04}

(© (d
Figure 2. The 3-dimensional and 2-dimensional plots of bright solitary wave solutions of
Ps;(a,b) and Qs(c,d) withy = 1, 60 = 0.7, k = 24, L, =1, L, = 1, y = 0.5, and
v=1,060=-17,k=-24, L =1, L, =-4, y =-0.2.
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Case3. L, =1;=0,

F-1
VL, X
A1 =0, A = ,A0=0, w=— .
1 1 VL 0 PLL,
Put (5.13) in (5.1),
VXL, ( VLyL, tan ( VLoL, (60 + & )))
P5(X, t) = , LoLz > 0.
VLoL,

B \/X_LZ(Mtan(vLoLz(éo*‘f))) ’ X
Os(x, 1) = % VLoL, " (?)

VL, (V=LoL; tanh ( V=LoL; (6 + £)))
VLoL,

P6(~x’ t) = [

. 1[«/)(Tz(x/Tothanh(x/ToLz((so+f>)))2 )
6(X, Z%

VLo, kI
F-11
L
A1 =0, A; :—\/_2\/)?, A =0, w:_ZL'
\/L_O k L0L2
Put (5.18) in (5.1),
1 L
Pi(x,1) = _ VLK » LoLy > 0.
VLo L; tan( VLo L2 (50+6)) VLo
L
2
0, 1) = 1 : SR *()ﬁ)
A b = k| VLoLz tan( VLoLy(60+£)) \/L_O k)
Ly
1 L
PS(X,I): - \/_2\//? ’LOL2<O'
V=cocz tanh( V=LoLa(d0+£)) VLo
2
2
s, 1) = 1 1 Ve *()ﬁ)
SV | Vemen(VaGern) | L 7
(&)

], L()L2 < 0.

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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F-II1
VL 0VL
A = O\/)?,Alz‘/_’/z,AO:O,w:—zL.
2+/L 2L 4k*LoL,

Put (5.23) in (5.1),

Po(x, ) = (%tan(@@(ao +6)) (V6 = Vi cot” (VLo Lz (8 +5)))), LyL, > 0.
2

055, 1) = %(%tan(m@wg))(vg_ @cotz(m@(50+g)))) (1),

Pio(x, 1) = (% Vi cot (VLo vL (6 + £)) - % V5 tan (Lo Lz (8 +g))), LoL, < 0.

2
0utr = 1 (5 vEeot (VEVE 60 +) - 3 VBtan (VE N 00 ) +(£).

5.2. Application of MEAEM method
Let solution of Eq (4.6) as;

B, !
PE)=AY+A)+—+D{|—].
€3] 1 r+ O+‘I’+ 1(\1,)

Put (5.28) with (3.12) in (4.6),

~ _ i VG X i _ Ay
A()—O,A]— \/E ,D]—W,Bl—o,w—kz—ll.
Put (5.29) in (5.28).
Case L.
P i V¥ (2 VI, VE5 (e coth (3 VT (8o + &) + 1) + Lecsch® (1 VI (6 + £)))
X, 1) =|— ,
) 21, (ecoth (3 VI (6 + ) + 1)

I, >0, 5-4Lt;=0.

x| =

nten = 21, (e coth (L VI (6 + ) + 1)

—+
1=

(&)

[ i\/)?(Z \/E\/E(ecoth (% VI (6o + g)) + 1)2 + Lecsch? (% VI (6o + f))))z

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)
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Case I1.
wy(z 5—;«/E(mcosh(\/ﬁ(ao+g))+esinh(\/E(50+§)))2—4«/Ee(ncosh(\/z(5o+g))+1))
P, =|- s
2 4T (n+ cosh (VI 60 + ©))) (n + cosh (VIr 6 +&)) + esinh (VEr 6 + &)
L >0, 1>0, L, =@44L41;)"?. (5.32)
ot _i\/)?(Z\/%\/E(nJrcosh(\/E(éo+§))+esinh(\/ﬂ(6o+§)))2—4\/Ee(ncosh(\/ﬂ(6o+§))+1)) ’
27k 4T (n + cosh (VI1 (8 + €))) (n + cosh ( VI{ (6 + £)) + e sinh (VI (5 +£)))
X
+(E)‘ (5.33)

Figure 3 is plotted to represent the solutions of Eqs (5.32) and (5.33) and display

their characteristics.

|P12(X1)] 20»

-5 e

Figure 3. The 3-dimensional and 2-dimensional plots of singular solitary wave solutions of

Pix(ab) and Qpp(e,d) withy =1, 6o =27, n=1,k=-24,1,=2,L=4,13=2, y =
=51, e=1l,andy=1,00=07,n=1,k=081,=2,,b=4,13=2, y=0.1, e = 1.
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Case I11.

i V¥ (€ (n VR? + 1 cosh ( VI (& + £)) — Rsinh (VI; (6 + &) + 1))

s(smh( W(§+50))+R)

(COSh ( VIi (60 + f)) +7n \/ITH) (cosh ( VI, (60 + g)) +n \/m) | cos(VIiGo+e)+n VRZ 41

-

173

I, > 0. (5.34)
2
I i ¥ (€ (7 VR? + T cosh (VI (8 + €)) — Rsinh (VI (69 + ) + 1))
013 = (nn(Viere0) )
(COSh(\/E(éO + é:)) +7n VR2 + 1) (COSh(\/E(éo + é:)) +7 ‘/RZ n 1) _ cosh(‘F(:SwZ)ﬂ; R2+

()
5.3. Application of Exp(—¥Y(¢))-expansion method
Let the solution of Eq (4.6) be
P(§) = Ay exp(=¥(§)) + Ay exp(=2¥(£)) + Ao.
Put (5.36) with (3.17) in (4.6),
. S

\/4;11 Az \/4/11 2 R(R-au)

Putting (5.37) with (5.36), the following cases exist.
Case . > —4u; >0, p; 20,

\M%—4,ul tanh( 4 (60+&) \//l%—4lll +41
\/)?[2 IOg (_ (22/11 ) + 4

4/.11 - /l%

Pl4(~xa t) =

\/)7(2 log [— —

4/.11 - /l%

1
Ql4(-x’ t) = z

2~y tanh(%(é(ﬁf) \/1§—4,J1)+/11) 2 )
1
o

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
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The solution’s representation of Eqs (5.38) and (5.39) is shown in Figure 4.

|P14(x,1)]

(@)
Figure 4. The 3-dimensional and 2-dimensional plots of kinked solitary wave solutions of
P14(a,b) and Q14(C,d) with Y = 1, 60 = 17, ﬂ] = 3, k = —2.4, M1 = 1, X = 21, and
vy=1,06=17 4=-4k=08, 1y =1, y =0.1.

Case IL A7 — 4y, >0, uy; =0,

PIS(x’ t) =

A (2Vr)1og (i) |

2 -2

2

BOTRP | EURY. (2 V%) loe (sierar) +(X).

k - k
J-2 J-z

Case IIL 22 — 4y, < 0,

(2 \/_) | (— VA -2 tan(%(60+§) \/4;41—/1%)—,11 )
+ W

1,4,[11 —/l% 1,4,[11 —/l%

P16(x’ t) =

(5.40)

(5.41)

(5.42)
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- \/Am]——/ﬁtan(%(%‘*f) V4lll_/1%)_/l] ]
2 1
( \/)?) Og( 2u . /ll \/)?

A = 22 A - 2

; ()ﬁ) . (5.43)

I —

Qis(x, 1) =

6. Conclusions

This research extensively investigates the solitary wave solutions of the fractional coupled
Konno—Oono model, a prevalent framework in diverse scientific and engineering disciplines. The
innovation of this work lies in its comprehensive investigation of FCKOM by employing the three
analytical methods, which provides a perspective platform to indulge the dynamic behaviors of the
model, leading to the detection of various soliton solutions. The explored outcomes have significant
applications in the realm of magnetic fields. To visually interpret and dissect our results, some solutions
are plotted in 2-dimensional and 3-dimensional forms by assigning specific values to the parameters.
Our research recommends that the suggested methods not only hold promise for application in
nonlinear models but also pave the way for wider solicitations across numerous scientific disciplines.
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