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1. Introduction

In recent years, functional data analysis (FDA) has emerged as a powerful framework, allowing
each observation to be treated as a function. FDA provides tools and techniques to model, analyze, and
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interpret complex data structures inherent in various application fields. By leveraging the continuous
nature of data, FDA enables insights and predictions that traditional statistical methods cannot achieve
(see [1–3] and bibliographic discussions such as [4–6]).

In this context, combining the flexibility of nonparametric methods with the functional nature of
data provides a robust framework for modeling complex relationships. One prominent approach is
nonparametric functional regression (FNR), which establishes a relationship between a scalar response
variable and a functional explanatory variable (see [7–9] for more details). However, in many practical
applications, multiple covariates are involved. In particular, it is common to have both functional and
scalar explanatory variables linked to the response.

To address such scenarios, semi-functional partial linear regression (SFPLR) models offer an
appealing approach. These models are widely applied in various fields where understanding dynamic
relationships between variables over time or space is crucial. The SFPLR model, introduced by [10],
is given by:

Y = XTβ + m(ξ) + ε ,

where Y is the scalar response variable, X = (X1, X2, . . . , Xp) is a p-dimensional vector of scalar
explanatory variables, ξ is functional explanatory variable, β is an unknown p-dimensional parameter
vector, m(.) is an unknown smooth functional operator, and ε is the centered random error with finite
unknown variance. Extensive research has been conducted in this area: Aneiros-Pérez et al. [10]
introduced kernel-based estimation, Boente et al. [11] proposed robust estimation methods, Feng et
al. [12] developed local linear estimators, and Ling et al. [13] studied k-nearest neighbors (kNN)
approaches. Extensions of this model have been explored for dependent data [14] and spatial data [15].
The SFPLR model is particularly attractive due to its ability to balance interpretability (through the
linear component) and flexibility (via the nonparametric functional component). For recent advances,
see [16, 17].

An alternative to SFPLR is the single-index semi-functional partial linear model (SFPLSIM), which
integrates functional single-index concepts for handling the functional variable ξ while maintaining
the partially linear structure for multivariate covariates. This model filters the functional variable ξ to
extract the component that explains Y. This model was studied by [18], where a novel automatic and
locally adaptive procedure to estimate SFPLSIM components using kNN techniques was proposed,
achieving uniform convergence rates for all model parameters.

More recently, Kedir et al. [19] introduced an estimation method based on kNN-local linear
estimation (kNN-LLE) for independent and identically distributed (i.i.d.) data, building on earlier
work by [20]. This approach is innovative in nonparametric functional data analysis (NFDA), as it
significantly reduces bias compared to traditional kernel methods. By combining kNN and local linear
estimation, it yields an estimator with enhanced statistical properties, leading to faster convergence,
lower bias, and practical ease of implementation. Motivated by the advantages of this approach, several
studies have been conducted, including regression operator estimation [20], conditional cumulative
distribution estimation under dependence [21], the strong consistency of kNN-LLE estimation for
functional conditional density and mode [22], conditional expectation estimation [23], and conditional
density estimation for spatial functional data [24].

In real-world applications, missing data in the response variable frequently occurs, often following
a “missing at random” (MAR) scenario. While missing data problems are extensively studied in
multivariate analysis, research on this issue remains limited within non-functional data analysis
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(NFDA). Early contributions to addressing missing data in NFDA include [25] for regression operator
estimation, [26] for ergodic data, [27] for conditional mode estimation, and [28] for spatial functional
regression. Other significant contributions include [29] on regression operator estimation and [30] on
conditional distribution estimation for scalar response variables with missing data using kNN-local
linear methods. For semi-functional partial linear regression (SFPLR) models with a MAR response,
the first results were established by [31] using kernel methods for i.i.d. data. Subsequently, [32] further
explored the SFPLR model under the setting of responses missing at random for spatially dependent
data.

Building on these contributions, our work aims to advance research on SFPLR models for i.i.d.
data in the presence of missing values in the response variable. Specifically, we construct estimators
for both the parametric and nonparametric components using the kNN-LL approach and establish their
asymptotic properties. However, since the bandwidth parameter is a random variable, analyzing the
asymptotic properties requires additional theoretical tools and techniques.

The paper is organized as follows: Section 2 introduces our model. Section 3 presents the necessary
notations and assumptions, along with the main theoretical results. Section 4 discusses simulation
results and an application to real data. Finally, the proofs of our results are provided in the last section.

2. The model and its estimation

Let (Yi,Xi, ξi), for 1 ≤ i ≤ n}, be a sequence of independent random variables drawn from the
triplet (Y,X, ξ) ∈ R × Rp × F , where F is a semi-metric space equipped with a semi-metric d(., .). The
topological closed ball in F centered at ξ with radius h is denoted by B(ξ, h) = {ξ

′

∈ F /d(ξ, ξ
′

) ≤ h}
and Nξ denotes a neighborhood of ξ.

We consider the semi-functional partial linear regression (SFPLR) model, where the scalar response
Y is linearly related to the p-dimensional random vector X and nonparametrically related to an
independent functional covariate ξ. This model is defined as:

Yi =

p∑
s=1

Xisβs + m(ξi) + εi = XT
i β + m(ξi) + εi (i = 1, . . . , n), (2.1)

where Xi = (X(1)
i , X(2)

i , . . . , X(p)
i )T , β = (β1, . . . , βp)T , m(.) and εi are defined as before such that the

random error satisfies

E(εi|Xi, ξi) = 0 and E(ε2
i |Xi, ξi) < ∞ .

We assume that for any ξ0 ∈ Nξ, the functions m(ξ) can be locally approximated by

m(ξ0) = a + b%(ξ0, ξ) + o(d(ξ0, ξ)) (2.2)

where %(·, ·) is a bilinear continuous function from F 2 into R such that %(ξ, ξ) = 0.
Let hk = hk,n be a sequence of bandwidths decreasing to zero as n tends to infinity, defined by:

hk = min{h ∈ R+ such that
n∑

i=1

1B(ξ,h)(ξi) = k} .
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Then, the kNN-LLE estimators of βn and mn (as proposed in [19]) are given by:

β̂n = (X̃T X̃)−1X̃T Ỹ =

 n∑
i=1

X̃T
i X̃i

−1 n∑
i=1

X̃T
i Ỹi, (2.3)

and

m̂n(ξ) =

n∑
j=1

Wj(ξ)Y j −

 n∑
j=1

Wj(ξ)Xj

 β̂n (2.4)

where X̃ = (X̃1, . . . , X̃n), Ỹ = (Ỹ1, . . . , Ỹn) with X̃i = Xi −
∑n

j=1 W j(ξ)X j and Ỹi = Yi −
∑n

j=1 W j(ξ)Y j.
The weights W j(ξ) are defined as

W j(ξ) =

n∑
i=1

Wi j(ξ, hk)/
n∑

i=1

n∑
j=1

Wi j(ξ, hk)

where Wi j(ξ, hk) = %i(%i − % j)KiK j, with %i = %(ξi, ξ) and Ki = K(h−1
k d(ξ, ξi)) (K is a real-valued kernel

function).
The main objective of this work is to adapt the above estimation procedure for SFPLR model in the

presence of incomplete data. Specifically, we consider the case where the response variable Y is MAR,
while the covariates X and ξ are fully observed.

To formalize this setting, we assume that the study is conducted on an incomplete sample of size
n: {(Yi, Xi, ξi, δi) , i = 1, . . . , n} , where δi = 1 if Yi is observed and δi = 0 if Yi is missing. The missing
data mechanism is assumed to satisfy the MAR condition:

P(δi = 1|Yi, Xi, ξi) = P(δi = 1|Xi, ξi) = p(X, ξ).

The function p is generally unknown.
Given this, our model becomes:

δiYi = δiXT
i β + δim(ξi) + δiεi i = 1, . . . , n. (2.5)

Conditioning on ξi = ξ gives

E(δiYi|ξi = ξ) = E(δiXi|ξi = ξ)Tβ + E(δi|ξi = ξ)m(ξ) . (2.6)

This yields:
m(ξ) =

E(δiYi/ξi=ξ)
E(δi/ξi=ξ)

−
(
E(δiXi/ξi=ξ)
E(δi/ξi=ξ)

)T
β = m2(ξ) − mT

1 (ξ)β . (2.7)

Substituting into (2.5), we get:

δi (Yi − m2(ξ)) = δi (Xi − m1(ξ))T β + δiεi . (2.8)

Thus, if the functions m1(ξ) and m2(ξ) are known, the least squares estimator (LSE) of β is given by

βn = arg min
β

n∑
i=1

δi

(
Yi − m2(ξi) − (Xi − m1(ξi))T β

)2
,

AIMS Mathematics Volume 10, Issue 7, 15929–15954.



15933

with explicit solution:

β̂n =

 n∑
i=1

δi (Xi − m1(ξi))⊗ 2

−1  n∑
i=1

δi (Xi − m1(ξi))T (Yi − m2(ξi))

 , (2.9)

where A⊗ 2 denotes AT A.
In practice, the functions m1(ξ) and m2(ξ) are unknown and must be estimated to apply Eq (2.9).

Under the local approximation:

ml(ξ0) = a + b%(ξ0, ξ) + o(d(ξ, ξ0)), l = 1, 2. (2.10)

We define the the LLE-kNN estimator of m1(ξ) and m2(ξ) (see [29]) as:

m̂1(ξ) =

n∑
i=1

n∑
j=1

Wi j(ξ, hk)X j

n∑
i=1

n∑
j=1

Wi j(ξ, hk)

=

n∑
j=1

W j(ξ)Xj , (2.11)

and

m̂2(ξ) =

n∑
i=1

n∑
j=1

Wi j(ξ, hk)Y j

n∑
i=1

n∑
j=1

Wi j(ξ, hk)

=

n∑
j=1

W j(ξ)Y j , (2.12)

where Wi j(ξ, hk) = δiδ j%i(%i − % j)KiK j . Here, the weight function is defined as

W j(ξ) =

∑n
i=1 Wi j(ξ, hk)∑n

i=1
∑n

j=1 Wi j(ξ, hk)
.

Similar to classical kNN methods, the choice of the parameter k is critical and not known a priori.
In this work, the optimal number of neighbors k is selected via cross-validation:

kopt = arg min
k∈]k1,n,k2,n[

CV(k) = arg min
k∈]k1,n,k2,n[

n∑
i=1

δi

(
Yi − ỸkNN

(−i) ((Xi, ξi)))
)2
, (2.13)

where ỸkNN
(−i) represents the leave one-out kNN-LLE estimator, and k1,n and k2,n are two sequences of

strictly positive integers. The existence of such sequences is ensured by the results of [33] (see also [23]
for more details).

Using the estimates m̂1(ξ) and m̂2(ξ), we define the adjusted estimator of β as

β̂n = (δX̃T X̃)−1δX̃T Ỹ =

 n∑
l=1

δlX̃T
l X̃l

−1 n∑
l=1

δlX̃T
l Ỹl, (2.14)

where X̃ = (X̃1, . . . , X̃n) and Ỹ = (Ỹ1, . . . , Ỹn) with X̃i = Xi −
∑n

j=1 Wj(ξ)Xj, Ỹi = Yi −
∑n

j=1 Wj(ξ)Y j.
Finally, using Eqs (2.7) and (2.14), we obtain a nonparametric estimator of m,

m̂n(ξ) = m̂2(ξ) − m̂1(ξ)T β̂n =

n∑
j=1

Wj(ξ)Y j −

 n∑
j=1

Wj(ξ)Xj


T

β̂n. (2.15)
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3. Notations and assumptions

Before presenting the main results, we introduce some notations that will be used throughout the
analysis. For all l = 1, . . . , n and s = 1, . . . , p, we define

ms
1,l(ξ) = E(δXls|ξl = ξ), ηls = Xls − ms

1,l(ξl) .

We also set
ηl = (ηl1, . . . , ηlp)T , θl = ηlεl Θ = (θ1, . . . , θn) .

Let S be a subset of F such that: S ⊂
⋃dn

l=1 B(Zl; rn), where dn > 1 and rn are sequences of positive real
numbers, and Zl ∈ F , for l = 1, . . . , dn.

Our objective is to establish the almost complete (a.co.) convergence of m̂n(ξ) and to derive the
asymptotic properties of the estimator β̂n. To achieve this, we fix a point ξ in F and a neighborhood
Nξ of ξ and assume the following conditions:

3.1. Technical assumptions

(A1) For any h > 0, the function φξ(h) := P(B(ξ, h)) > 0 is continuous in the neighborhood of 0 with
φξ(0) = 0.

A2) There exists a bounded, positive function τ and a differentiable, invertible, nonnegative function
φ such that

sup
S

∣∣∣∣∣φξ(h)
φ(h)

− τ(ξ)
∣∣∣∣∣ = O(hν) , as h→ 0 , for some ν > 0.

The function φ(.), is such that

i) for all ξ ∈ S: 0 < C1φ(h) ≤ φξ(h) < C2φ(h), for C1 > 0,C2 > 0 ,

ii) ∃h0 > 0, such that for all h0 > h, φ
′

(h) < C, where φ
′

is the derivative of φ.

iii) There exists a function ι(t) such that, for all t ∈]0, 1[:

lim
hn→0

φ(t hn)
φ(hn)

= ι(t) = tυ , υ > 0.

(A3) The functions m1 and m2 satisfy condition (2.10) with continuous operator %. Moreover, there
exists two positive constants C and C′ such that ∀r ≥ 3, E(|X1s|

r|ξ1 = ξ) < ar(ξ) < C < ∞

for s = 1, . . . , p, and E(|Y |r|ξ1 = ξ) < br(ξ) < C′ < ∞, where ar(·) and br(ξ) are a continuous
functions on Nξ.

(A4) ∃α > 0, ∃C > 0 such that

m,m1
1,i,m

2
1,i, . . . ,m

p
1,i ∈ { f : F → R, | f (ξ1) − f (ξ2)| ≤ C dα(ξ1, ξ2),∀(ξ1, ξ2) ∈ N2

ξ }.

(A5) The kernel function K is supported within [0, 1/2] and it has a continuous first derivative on
[0, 1/2] such that there exist two constants C and C′ satisfying

−∞ < C′ < K′(t) < C < 0 ,
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K(1/2)ι(1/2) −
∫ 1/2

0
K′(t)ι(t)dt > 0,

and

(1/4)K(1/2)ι(1/2) −
∫ 1/2

0
(u2K′(t)ι(t)dt) > 0.

(A6) Let the functions class Ka = {· 7→ γ−aK(γ−1d(ξ, ·))%a(·, ξ), γ > 0}, for a = 0, 1, 2. We assume that
these functions classes are a pointwise measurable, and satisfies the following condition:

sup
Q

∫ 1

0

√
1 + logN(ε‖F‖Q,2,Ka, dQ,2)dε < ∞,

where F is the envelope function of the set Ka and where the supremum is taken over all
probability measures Q on the space F with Q(F2) < ∞. ‖.‖Q,2 is the norm L2(Q) and dQ,2 is
the metric associated with the norm ‖.‖Q,2. Finally,N(ε,Ka, dQ,2) denotes the minimal number of
open balls with radius ε which are needed to cover the functions classKa in the topological space
given by dQ,2.

(A7) There exist positive constants C1, C2 and C′′ such that the bi-function % satisfies the following
conditions:

∀ξ
′

∈ F , C1 d(ξ, z) ≤| %(ξ, z) |≤ C2 d(ξ, z) ,

∀ξ1, ξ2 ∈ S , |%(ξ1, ξ) − %(ξ2, ξ)| ≤ C′′d(ξ1, ξ2) .

(A8) For any sequence h := hn ∈]φ−1(k2,n/n), φ−1(k1,n/n)[, we have

h
(∫

B(ξ,h/2)
%(u, ξ)dPξ(u)

)
= o

(∫
B(ξ,h/2)

%2(u, ξ)dPξ(u)
)
,

where dPξ is the cumulative distribution of r.v. ξ.

(A9) The sequences (k1,n) and (k2,n) are such that

φ−1(k2,n/n)→ 0 and log n
min(φ−1(k1,n/n),k1,n) → 0 as n→ ∞.

(A10) The subset S is such that, for rn = O( log n
n ), the sequence dn satisfies:

(log n)2

k
< log dn <

k
log n

and there exits ς > 1 such that ∑
n

d1−ς
n < ∞.

(A11) Let Σ = E
[
p(X1, ξ1)

(
η1(η1)T

)]
and B = E

[
p(X1, ξ1)

(
Θ1(Θ1)T

)]
.

• We assume that Σ is an invertible matrix.

• The matrix B is assumed to be positive definite.
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Comments on the assumptions:

Most of these conditions are standard in the literature on local linear smoothing using the kNN
approach (see [23]). Although they are not the weakest possible, they are sufficient to derive
our theoretical results. More specifically, and in line with the discussions in [34], assumptions
(A1) and (A2) are standard conditions related to small-ball probability. In particular, assumption
(A2) states that the small-ball probability can be approximately decomposed as the product of two
independent functions, φ and τ and the assumption (A2) (i-ii) ensures the usual concentration property
of the functional variable, a well-documented key feature for capturing the functional nature of the
data. Meanwhile, the assumption (A2)(iii) provides information on the variability of the small-
ball probability, which plays a crucial role in controlling the bias of nonparametric estimators.
This condition holds for various continuous-time processes, including Gaussian processes, diffusion
processes, and general Gaussian processes (see [7, 35] for examples). Furthermore, the assumptions
(A5), (A7) and (A8) are identical to those introduced by [36] in the context of functional local linear
regression, and the assumptions (A6) and (A9) follow the framework established by [37] to ensure
uniform integrated bias (UIB) consistency for any kNN-based estimator. Assumptions (A3), (A4), and
(A11) are standard in SFPLR models (see, for example, [10]). The entropy condition in (A10) is met
in several common cases (see [38]). These conditions help establish uniform convergence rates over
the functional variable. Naturally, these conditions impose constraints on the small-ball probability
function φ, as reflected in assumption (A2). However, this restriction can be relaxed by imposing
alternative conditions on the set S F (see [31] for more details).

3.2. Main results

We are now in position to give our asymptotic results. The first one gives the asymptotic distribution
of the estimator for the parametric component of the model, whereas the second one precises the rate
of almost complete convergence for the nonparametric component.

Theorem 3.1. Under assumptions (A1)–(A11), if in addition
√

n log dn
k1,n

→ 0 as n → ∞,
√

n log2 n
k1,n

→ 0 as

n → ∞,
√

nφ−1( k2,n

n )α → 0 as n → ∞ and k ≥ n(2/r)+b−1/(log n)2 for some constant b > 0 satisfying
( 2

r ) + b > 1/2 (where r ≥ 3) and n large enough, then we have

√
n(̂β − β)

D
−→ N(0,Σ−1BΣ−1) .

Theorem 3.2. Under the assumptions of Theorem 3.1, we have

sup
k1,n≤k≤k2,n

sup
ξ∈S

|m̂(ξ) − m(ξ)| = O
(
φ−1

(
k2,n

n

)α)
+ Oa.co.


√

log dn

k1,n

 .
Note that the proofs of the asymptotic results are given in the appendix.

AIMS Mathematics Volume 10, Issue 7, 15929–15954.



15937

4. Simulation and application studies

4.1. Simulation study

The main objective of this section is to examine the performance of the kNN-LLE approach on
finite samples. More specifically, to highlight the superiority of this method compared to others,
we compare the prediction accuracy of two models: Functional nonparametric regression and semi-
functional partial linear regression. To evaluate the performance, we examine the mean square error
(MSE) of prediction for three estimators: kNN estimator and kNN-LLE estimators. The proposed
regression estimators are as follows:

• Functional nonparametric kNN regression (FNP.kNN) introduced by [39];

• Functional nonparametric kNN-local linear regression (FNP.kNN-LLE) developed by [29];

• Semi-functional partial linear kNN regression (SFPLR.kNN) proposed by [13];

• Semi-functional partial linear local-linear kNN regression (SFPLR.kNN-LLE), our estimator
given by the Eq (2.15).

Recall that the functional nonparametric (FNP) model is defined as:

Yi = m(ξi) + εi, i = 1, . . . , n,

and the kNN-kernel estimators for the SFPL and FNP models are given, respectively, by the following
expressions:

• For the semi-functional partial linear (SFPL) model:

m̂n(ξ) = m̂2(ξ) − m̂1(ξ)T β̂n =

n∑
i=1

δiwi(ξ)Yi −

 n∑
i=1

δiwi(ξ)Xi

T

β̂n, (4.1)

• and for the functional nonparametric (FNP) model:

m̂n(ξ) =

n∑
i=1

δiwi(ξ)Yi. (4.2)

In both cases, the weights wi(ξ) are defined by:

wi(ξ) =
K (d(ξ, ξi)/hk)∑n

j=1 δ jK
(
d(ξ, ξ j)/hk

) ,
where:K(·) is a kernel function, d(·, ·) is a semi-metric, hk is the bandwidth associated with the number
of neighbors k, δi is the missingness indicator for observation i, and β̂n is the estimated parametric
component in the SFPL model.

Additionally, this section includes naive estimators based on a missing at random (MAR)
mechanism. These estimators are based on complete case analysis, where all observations with missing
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responses are discarded, without accounting for the potential information contained in the covariates X
and ξ. It should be emphasized that the naive estimator is inconsistent unless the missingness indicator
δ is independent of the covariates X and ξ, which is a strong and often unrealistic assumption (see [25]
for details). In fact, while such estimators are simple to implement, excluding incomplete cases can
lead to substantial bias in the estimation of model parameters, particularly when the missingness is
informative, the proportion of missing data is high, or the missingness is related to the response
variable. Moreover, restricting the analysis to complete cases reduces the effective sample size,
resulting in decreased precision and a loss of efficiency. Ignoring missing data can also lead to model
misspecification and potentially misleading conclusions about the relationships between variables.
For these reasons, the naive estimator is included in our study solely as a benchmark, and not as a
competing method.

Formally, we generate our observations (Yi, Xi, ξi) from the SFPLR model, i.e.,

Yi = m(ξi) +

2∑
j=1

Xi, jβ j + εi, i = 1, . . . , n = 250 ,

where Xi, j ∼ Exp(0.5), β = (2, 1)T , εi ∼ N(0, 1), and we take the nonparametric operators m(.) as

m(ξ) =

∫ π

0
ξ2(t)dt.

The functional explanatory variables ξi(t) are defined as: ξi(t) = 2 sin(Wit)3 + 3 sin(2Wi + t)2 + Wit, for
t ∈ [0, π] and Wi ∼ N(0, 1).

The sample of curves {ξi}
n
1 can be observed in Figure 1.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

−
3

−
2

−
1

0
1

2
3

4

t

X
(t

)

Figure 1. A sample of n = 250 functional explanatory variables ξ.

Moreover, similar to that described in [31], we adopted the following missing data mechanism,

p(x, z) = P(δ = 1|X = x, ξ = z) = expit

2α
 2∑

j=1

|x j| +

∫ π

0
z2(t)dt


 ,
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where expit(u) = eu/(1 + eu) for all u ∈ R and we will take for α the following values: α = 0.25, 0.5, 1.
Recalling that the degree of dependence between the variable (X, ξ) and the variable δ is controlled by
the parameter α and to check the value of p(x, z), we compute δ = 1 − 1

n

∑n
i=1 δi. In order to compute

our estimators, we use the class of semi-metrics d(., .) based on derivatives which are well adapted to
this type of data (smooth data),

d(ξ1, ξ2) =

√∫ π

0
(ξ(s)

1 (t) − ξ(s)
2 (t))2dt , (4.3)

where ξ(s)(t) denotes the sth derivative of the curve ξ(t), and we selected the asymmetric quadratic
kernel K defined by

K(u) =
3
4

(1 − u2)1[0,1/2](u). (4.4)

The local-linear estimator (for the two models FNP and SFPLR) is constructed by the same
procedure proposed by [36] for which the locating function % is defined by

%(ξ1, ξ2) =

∫ π

0
θ(t)(ξ(s)

1 (t) − ξ(s)
2 (t))dt , (4.5)

where θ is the eigenfunction of the empirical covariance operator, i.e.,

1
n

n∑
i=1

(ξ(s)
i (t) − ξ(s)(t))t(ξ(s)

i (t) − ξ(s)(t)), with ξ(s)(t) =
1
n

n
i=1

n∑
i=1

ξ(s)
i (t),

associated with the q-greatest eigenvalue.
On other hand, the model’s performance depends on the parameters used in the estimation process.

In fact, bandwidth parameters play a critical role in nonparametric estimation, affecting all asymptotic
properties, and in particular the rate of convergence. In our study, the k-nearest neighbors technique
is utilized to derive hkopt , which represents the bandwidth associated with the optimal number of
neighbors, as determined by following cross-validation,

hkopt = min

h ∈ R+ such that
n∑

i=1

1B(ξ,h) (ξi) = kopt

 ,

where

kopt = arg min
k∈]k1,n,k2,n[

CV(k) = arg min
k∈]k1,n,k2,n[

n∑
i=1

δi

(
Yi − ỸkNN

l,(−i) ((Xi, ξi)))
)2
, l = 1, 2,

where k1,n and k2,n are two sequences of strictly positive integers, and ỸkNN
1,(−i) = m̂(−i)

n (ξ j) (resp ỸkNN
2,(−i) =

(m̂(−i)
n (ξ j) + XT

j β̂n) ) are the leave-one-out values of the functional nonparametric regression estimators
calculate without observation (ξi) (resp. the leave-one-out values of the semi-functional nonparametric
regression estimators calculate without observation (Xi, ξi) after estimating βn). (see [40, 41] for more
details).
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Remark 4.1. For simplicity, the optimal parameter kopt is selected using cross-validation, following
the procedure described in [23]. Note that kopt is a data-driven quantity, as it depends on the
entire sample. This dependency makes the theoretical analysis of the resulting kNN-LLE estimator
particularly challenging. To date, no theoretical or empirical results are available for the case where k
is selected via cross-validation. Nevertheless, one can investigate the performance of the estimator by
comparing the predictive accuracy obtained for several fixed values of k with that achieved using kopt

(see [13]). Simulation studies suggest that estimators based on kopt are highly competitive in practice.
Alternative methods for selecting k can also be considered, such as Bayesian approaches (see [42]) or
minimax criteria (see [43]). For insights into uniform selection methods, we refer the reader to [37,44].

In this simulation study, we take the parameters: s = 2 and q = 8. The sample of size n is randomly
split into two parts: A training set S train =

{
(Yi, δi, Xi, ξi)i∈ Train

}
, consisting of n− 50 observations, used

for model estimation, and a testing set S test =
{
(Yi, δi, Xi, ξi)i∈ Test

}
consisting of 50 observations, used

to evaluate prediction performance.
To assess the effectiveness of the proposed model for this prediction problem, we calculated the

mean square error of prediction (MS EP) on the test set:

MS EP =
1

nTest

∑
i∈ Test

(
Yi − Ỹl

)2
l = 1, 2,

where nTest = 50 (the length of the testing sample) and Ỹ1 (resp Ỹ2, ) denotes the predicted value from
the functional nonparametric regression estimators calculate at (ξi) (resp. from the semi-functional
nonparametric regression estimator calculate at (Xi, ξi)).

For each fixed value of α, we performed M = 100 independent replications of the experiment. Each
replication yields an estimate of the mean squared error of prediction (MSEP), resulting in a total of
M independent MSEP values. We summarize the distribution of these estimates using boxplots and
compute the average MSEP as follows:

MS EP =
1
M

n∑
u=1

MS EPu,

where MS EPu is the prediction error computed from the uth replication.

Table 1 reports the values of MSEP for the six models at k = 50, 70, 90, and at the optimal value
kopt, as well as the MSEP of the naive estimator computed using kopt.
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Table 1. MS EP (mean squared error) for the six models for k = 50, 70, 90 and kopt.

Model α Missing kNN kNN-LLE Naive

kopt k = 50 k = 70 k = 90 kopt k = 50 k = 70 k = 90 kopt

0,25 30% 23.963 25.786 25.632 25.547 22.731 25.719 25.560 25.492 24.993
FNP 0,5 16% 22.886 23.973 23.828 23.782 22.641 23.058 22.867 22.789 24.096

1 05% 22.625 23.105 22.900 22.897 22.514 22.859 22.764 22.673 23.915
Complete 00% 22.481 23.194 23.155 22.658 22.447 22.782 22.667 22.497 23.005

0,25 30% 0.419 1.152 0.802 0.523 0.384 0.743 0.694 0.672 0.645
SFPLR 0,5 16% 0.404 0.936 0.794 0.452 0.167 0.389 0.283 0.192 0.638

1 05% 0.391 0.565 0.463 0.482 0.131 0.241 0.233 0.151 0.596
Complete 00% 0.385 0.479 0.441 0.406 0.105 0.182 0.167 0.109 0.481

Table 1 confirms that selecting the optimal k significantly improves prediction accuracy. The kNN-
LLE method consistently outperforms the standard kNN and naive approaches, especially under the
SFPLR model. Moreover, its performance remains robust even in the presence of missing data.

The main conclusions drawn from the Table 1 are as follows:

• The estimators are highly sensitive to the choice of their tuning parameters;

• The cross-validation selectors perform competitively;

• The predictive performance of the kNN-LL estimator surpasses that of the kNN-kernel estimator;

• The SFPL model demonstrates superior goodness-of-fit compared to the FNP model.

To summarize the simulation study, Figure 2 presents the boxplots of the MSEP values for the four
regression models evaluated on the test sets using the optimal number of neighbors, kopt. Table 2 reports
the corresponding average prediction errors, MSEP, also computed with kopt. The figure illustrates
the distribution and variability of prediction errors across replications, highlighting the relative
performance of each method. As shown in Table 2, the naive estimator performs significantly worse
than the other methods for both the FNP and SFPL models. Moreover, the predictive performance of
the kNN-LL estimator consistently outperforms that of the kNN-kernel estimator.

Table 2. MS EP (mean squared error) for the six models, computed using kopt.

Model α Missing kNN kNN-LLE Naive
Rate

0,25 30% 23.9632 22.7319 24.9931
FNP 0,5 16% 22.8861 22.6411 24.0969

(Y = m(ξ) + ε) 1 05% 22.6256 22.5140 23.9153
Complete 00% 22.4817 22.4472 23.0058
0,25 30% 0.4195 0.3845 0.6453

SFPLR 0,5 16% 0.4044 0.1675 0.6385
(Y = m(ξ) +

∑2
j=1 X jβ j + ε) 1 05% 0.3918 0.1319 0.5961

Complete 00% 0.3855 0.1053 0.4819
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Figure 2. Boxplots of the prediction MS E of componentwise prediction values by the two
methods without and with missing data.

Figure 3 presents the prediction results, plotting the predicted values against the true values for
both models, using the four estimation methods. This figure offers insight into the accuracy of the
predictions from a single run.
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(a) α = 0.25.
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(b) α = 0.5.
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(c) α = 1.0.
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(d) Complete case.

Figure 3. Prediction of the testing simple by the four methods without and with missing
data.
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It’s clear the SFPLR model offers superior predictive performance compared to the FNR model.
This is strongly supported by the Mean Squared Error of Prediction (MSEP). As Figure 2 illustrates, the
MSEP comparison across the four estimation methods confirms the SFPLR model’s better forecasting
accuracy. This finding is also reinforced by Figure 3 and Table 2. Furthermore, when applied to SFPLR
models, the kNN-LLE approach outperforms other methods.

Table 3 presents the convergence behavior of the estimated coefficients β̂n for the two models (kNN
and kNN-LLE) under different scenarios, considering varying sample sizes n and different levels of
missing data (α).

Table 3. Convergence of β̂n.

n α Missing kNN kNN-LLE
Rate (̂β1,n, β̂2,n) (̂β1,n, β̂2,n)

0,25 30% (2.0906 , 1.0861) (2.0272 , 1.0288)
150 0,5 16% (1.9697 , 0.9792) (2.0226 , 1.0239)

1 05% (1.9801 , 0.9899) (2.0210 , 1.0185)
Complete 00% (2.0135 , 0.9916) (2.0200 , 1.0151)

0,25 30% (2.0510 , 1.0569) (2.0210 , 1.0216)
250 0,5 16% (2.0187 , 1.0180) (2.0201 , 1.0163)

1 05% (1.9871 , 1.0100) (2.0197 , 1.0162)
Complete 00% (2.0066 , 0.9970) (2.0111 , 1.0147)

0,25 30% (1.9674 , 1.0383) (2.0206 , 1.0185)
550 0,5 16% (1.9862 , 0.9880) (2.0119 , 1.0157)

1 05% (2.0044 , 0.9942) (2.0074 , 1.0147)
Complete 00% (2.0024 , 0.9979) (2.0069 , 1.0119)

From Table 3, it is evident that the kNN-LLE estimator yields superior performance compared
to the standard kNN estimator, particularly in imputation tasks involving missing data. While an
increase in sample size correlates with improved estimation accuracy, the pervasive effect of missing
data remains discernible. These observations underscore the imperative of deploying robust estimation
methodologies, such as kNN-LLE, in analyses affected by substantial data incompleteness.

4.2. Application to real data

We aim to compare our SFPLR-kNN-LLE estimators with other established estimators for SFPLR
models, as well as with those commonly used in nonparametric functional regression (FNR). The FNR
estimators include the kNN estimator, the local linear estimator (LLE), and the kernel estimator. This
comparison aligns with the objectives outlined in the simulation section.

Sugar Quality Assessment Dataset: Our analysis uses a real dataset related to sugar quality
assessment through fluorescence data. Sugar quality is typically evaluated based on two key
parameters: ash content and color. Ash content, expressed as a percentage, indicates the amount
of inorganic impurities in refined sugar, determined by its conductivity. Color is measured by the
absorption at 420 nm in a membrane-filtered sugar solution adjusted to pH=7. Its values are derived
from absorbance units, with 45 being the maximum allowable value for standard sugar.

The primary goal of this study is to investigate the relationship between the color indexation and
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both ash content and Near-Infrared Spectroscopy (NIR) curves. The NIR curves represent emission
spectra, measured between 275nm and 560nm at 0.5nm intervals (571 wavelengths), for four excitation
wavelengths (290nm, 305nm, 325nm and 340nm). This dataset is publicly available at: https://
ucphchemometrics.com/sugar-process-data/.

The dataset contains missing observations, which were replaced by NaN, resulting in an overall
missing rate of 15.67%. Our analysis compares two distinct scenarios to account for this:

• Without missing observations: Data after imputation.

• With missing observations: The original dataset.

Figure 4 displays the observed curves for all 265 samples.
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Figure 4. A sample of 265 curves ξ of NIR spectroscopy.

The primary goal of this computational study is to evaluate the efficiency of the SFPLR-kNN-LLE
estimator in approximating the average color indexation.

To achieve this, we randomly divide the 265 independent and identically distributed (i.i.d.)
observations into two subsets:

• Training set: 215 observations used for model estimation.

• Test set: The remaining observations used to evaluate the prediction quality.

We assume a semi-functional partial linear regression (SFPLR) model to establish the relationship
between the variables:

Y = m(ξ) + Xβ + ε,

where β and m(·) are unknown components modeling the relationship between X (ash content), ξ (near-
infrared spectroscopy curves), and Y (color indexation).

To compute our estimators, we adopt the same methodological framework as in the simulation study.
Specifically, we conduct M = 100 independent replications, generating M values of the mean squared
error of prediction (MSEP). The distribution of these MSEP values is visualized using boxplots for
both scenarios: With and without missing observations.

The MSEP results are visualized in Figures 5 and 6.
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Figure 5. The MS EP box plots with missing observations of the prediction values for both
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Figure 6. The MS EP box plots without missing observations of the prediction values for
both models with the 4 estimation methods.
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The dataset for this study comprises near-infrared (NIR) spectroscopy measurements from an
experiment designed to determine the composition of 265 sugar quality samples. Our main goal
is to predict color indexation using ash content and the NIR curves, which are derived from light
absorbance measurements at various wavelengths. To achieve this, we use the semi-functional partial
linear regression (SFPLR) model as our predictive framework.

Figures 5 and 6 offer a detailed analysis of the mean squared error of prediction (MSEP) for several
predictive models, including: FNP.kNN, FNP.kNN-LLE, SFPLR.kNN and SFPLR.kNN-LLE.

The results clearly show that SFPLR-based models deliver superior prediction accuracy compared
to FNP models. Within the SFPLR framework, the kNN-LLE approach stands out as particularly
effective. The accompanying scatter plot visually confirms the accuracy of these predictions, providing
an intuitive assessment of model performance and reinforcing our findings.

5. Conclusions

This paper introduces the semi-functional partial linear regression (SFPLR) model for independent
and identically distributed (i.i.d.) data. This model combines the strengths of partial linear regression
with the flexibility of functional data analysis, explicitly accounting for missing at random (MAR) data
in the response variable.

Our primary contribution is the development of novel estimators through the integration of local
linear estimation (LLE) with the k-Nearest Neighbor (kNN) smoothing method. This hybrid approach
effectively addresses the common problem of bandwidth selection in nonparametric estimation,
yielding estimators with reduced bias. Beyond its solid theoretical properties, this estimator proves to
be highly practical: It is fast, robust, and more accurate than competing alternatives. We establish the
asymptotic distribution of the parametric component and the quasi-complete uniform consistency rates
of the nonparametric component, relative to the number of neighbors, under appropriate conditions.

The advantages of the LLE-kNN approach are twofold:

• Improved bias component: While the proposed estimator’s convergence rate is consistent with
that of existing methods in the SFPLR framework, it significantly improves the bias component.
Utilizing the local linear method not only reduces computational costs but also enhances
implementation efficiency, leading to substantial gains in predictive performance.

• Efficient bandwidth selection: The integration of kNN smoothing offers an elegant and efficient
solution to the complex, long-standing challenge of bandwidth selection in nonparametric
statistics. One challenge remains: determining an appropriate rule for selecting the optimal
smoothing parameter and identifying the relevant subset for optimization. Nevertheless, by
reformulating the problem as selecting an integer k ∈ {1, . . . , n}, the kNN approach simplifies
this task while maintaining high performance.

Finally, we evaluate the finite-sample performance of the proposed estimators through simulations and
real-world data analysis.The results clearly demonstrate that the LLE-kNN estimator outperforms its
competitor. This superiority is evidenced by the lowest mean squared error (MSE) obtained on both
simulated and real-world datasets.
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Appendix

The proofs of the asymptotic results follow the same ideas as in [31], so they are given briefly. They
are based on the following intermediate results.

Lemma 5.1. Under assumptions (A1)–(A10), we have

sup
k1,n≤k≤k2,n

sup
ξ∈S

∣∣∣∣∣∣∣ms
1,l(ξ) −

n∑
j=1

Wj(ξ)X js

∣∣∣∣∣∣∣ = O
(
φ−1

(
k2,n

n

)α)
+ Oa.co.


√

log dn

k1,n

 . (5.1)

sup
k1,n≤k≤k2,n

sup
ξ∈S

∣∣∣∣∣∣∣m2(ξ) −
n∑

j=1

Wj(ξ)Y j

∣∣∣∣∣∣∣ = O
(
φ−1

(
k2,n

n

)α)
+ Oa.co.


√

log dn

k1,n

 . (5.2)

Remark 5.1. The Lemma 5.1 extends Theorem 2 of [29] in the case where the functional space is a
semi-metric space and Theorem 2.1 of [23] with MAR data. The proof of this result is a combination
of the same demonstration techniques used in these references. It is not given here.

Lemma 5.2. Under the conditions (A1)–(A10), we have

1
n

n∑
l=1

δlX̃T
l X̃l → Σ a.s. (5.3)

Proof. Denote X̃ls = Xls −
∑n

j=1 W j(ξl)X js = ηls − g1s(ξl) −
∑n

j=1 W j(ξl)X js (l = 1, . . . , n, s = 1, . . . , p).
Then the (r, s)th element of 1

nX̃T X̃ can be written as
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n−1 ∑n
l=1 δlX̃T

lr X̃ls = n−1[
∑n

l=1 δlηlrηls +
∑n

l=1 δlηlr

(
g1s(ξl) −

∑n
j=1 W j(ξl)X js )

+
∑n

l=1 δlηls

(
g1r(ξl) −

∑n
j=1 W j(ξl)X jr )

+
∑n

l=1 δl

(
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∑n
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×
(
g1s(ξl) −

∑n
j=1 W j(ξl)X js )] .

(5.4)

Thus, using the strong law of large numbers for i.i.d. variables, we get, as n→ ∞,

n−1
n∑

l=1

δlηlrηls → Σrs a.s. (5.5)

Furthermore, by applying directly the Lemma 5.1 and using again the strong law of large numbers
for i.i.d. variables, we can see that

n−1
n∑

l=1

δlηlr

g1s(ξl) −
n∑

j=1

W j(ξl)X js

→ 0 a.s. (5.6)

n−1
n∑

l=1

δlηls

g1r(ξl) −
n∑

j=1

W j(ξl)X jr

→ 0 a.s. (5.7)

and

n−1
n∑

l=1

δl

g1r(ξl) −
n∑

j=1

W j(ξl)X jr

 ×
g1s(ξl) −

n∑
j=1

W j(ξl)X js

→ 0 a.s. (5.8)

Finally, we conclude the proof by using results of (5.4)–(5.8). �

Proof of Theorem 3.1.
Similar to [13, 31], we can write

√
n
(̂
βn − β

)
=

(
n−1X̃T X̃

)−1 1
√

n

 n∑
l=1

X̃lmn(ξl) −
n∑

l=1

X̃l

 n∑
j=1

W j(ξl)ε j

 +

n∑
l=1

X̃lεl


=

(
n−1X̃T X̃

)−1 1
√

n
(Ln1 − Ln2 + Ln3), (5.9)

where m(ξl) = m(ξl) −
∑n

j=1 W j(ξl)m(ξ j).
As, the sth element of X̃l is written as

X̃ls = ηls −

n∑
j=1

W j(ξl)η js + g1s(ξl) −
n∑

j=1

W j(ξl)g1s(ξ j),

= ηls −

n∑
j=1

W j(ξl)η js + m̃ls (l = 1, . . . , n, s = 1, . . . , p) . (5.10)

Then each element of the vectors Ln1, Ln2 and Ln3 can be decomposed into three summands, noted
Lnq,1, Lnq,2 and Lnq,3 for q = 1, 2, 3 , whose asymptotic behavior can be obtained from the Lemmas 5.1
and 5.2, Lemma 3 in [10] and Lemma A.3 in [19].
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More specifically, by Lemma 5.1 we have

| m(ξl) |= O

φ−1
(
k2,n

n

)α
+

log n√
k1,n − 1

 + Oa.co.


√

log dn

k1,n

 , (5.11)

and

| m̃ls |= O

φ−1
(
k2,n

n

)α
+

log n√
k1,n − 1

 + Oa.co.


√

log dn

k1,n

 . (5.12)

It follows from (5.11), (5.12), Lemma 3 in [10], Lemma A.3 in [19] and Abel’s inequality that

Ln1,1 = O
n (φ−1

(
k2,n

n

))2α

+
log n2

k1,n − 1

 + Oa.co.

(
n

log dn

k1,n

)
= o(
√

n) a.s. (5.13)

Ln1,2 = O


φ−1

(
k2,n

n

)α
+ +

√
log dn

k1,n
+

log n√
k1,n − 1

 √n log n

 = o(
√

n) a.s.,

Ln1,3 = O


φ−1

(
k2,n

n

)α
+

√
log dn

k1,n
+

log n√
k1,n − 1

 n
log n√
k1,n − 1

 = o(
√

n) a.s.

In the same way, we have

Ln2,1 = O


φ−1

(
k2,n

n

)α
+

√
log dn

k1,n
+

log n√
k1,n − 1

 n log n√
k1,n − 1

 = o(
√

n) a.s.,

Ln2,2 = = Oa.co.

 √n log2 n√
k1,n − 1

 = o(
√

n) a.s. (5.14)

Ln2,3 = O
(
n log2 n
k1,n − 1

)
= o(
√

n) a.s.

Finally, for Ln3, we have

Ln3,1 = O


φ−1

(
k2,n

n

)α
+

√
log dn

k1,n
+

log n√
k1,n − 1

 √n log n√
k1,n − 1

 = o(
√

n) a.s.

Ln3,2 = O

 √n log n√
k1,n − 1

 = o(
√

n) a.s.,

Ln3,3 =

n∑
l=1

ηlεl .
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Then, by (5.9) and (5.13)–(5.15), it follows that

√
n(̂β − β) =

(
n−1X̃T X̃

)−1 1
√

n

 n∑
l=1

ηlεl + o(
√

n)

 . (5.15)

Therefore, applying Slutsky’ lemma and central limit theorem with the Lemma 5.2, the proof of
Theorem 3.1 is concluded.
Proof of Theorem 3.2.

From the fact that

m̂(ξ) =
∑n

j=1 W j(ξ)Y j −
∑

j∈In W j(ξ)XT
j β̃n

=
∑n

j=1 W j(ξ)
(
m(ξ j) + ε j

)
−

∑n
j=1 W j(ξ)XT

j

(
β̃n − βn

)
,

we can deduce that

sup
k∈]k1,n,k2,n[

sup
ξ∈S

|m̂(ξ) − m(ξ)| ≤ sup
k∈]k1,n,k2,n[

sup
ξ∈S

|
∑n

j=1 W j(ξ)
(
m(ξ j) + ε j

)
− m(ξ)|

+ sup
k∈]k1,n,k2,n[

sup
ξ∈S

|
∑n

j=1 W j(ξ)XT
j |‖̂βn − β)‖

≤ sup
k∈]k1,n,k2,n[

sup
ξ∈S

|S 1| + sup
k∈]k1,n,k2,n[

sup
ξ∈S

|S 2| .

(5.16)

On the one hand, from Lemma 5.1, we have

sup
k∈]k1,n,k2,n[

sup
ξ∈S

|S 1| = O
(
φ−1

(
k2,n

n

))
+ Oa.co


√

log dn

k1,n

 . (5.17)

In other hand,

sup
k∈]k1,n,k2,n[

sup
ξ∈S

|S 2| ≤ sup
k∈]k1,n,k2,n[

sup
ξ∈S

|
∑n

j=1 W j(ξl)X j|||̂βn − β||

≤ sup
k∈]k1,n,k2,n[

sup
ξ∈S

|
∑n

j=1 W j(ξl)
(
X j

)
− E (Xl/ξl) | |̂βn − β|+

sup
ξ∈S

|E(Xl/ξl)| ||̂βn − β|| .

Under Theorem 3.1(ii), we have ||̂βn − β|| → 0 and according to the fact that sup
ξ∈S

|E(Xl/ξl)| < ∞, 5.1

implies that

sup
k∈]k1,n,k2,n[

sup
ξ∈S

|S 2| = O
(
φ−1

(
k2,n

n̂

))
+ Oa.co


√

log dn

k1,n

 . (5.18)

So by using Eqs (5.16)–(5.18), we have

sup
k∈]k1,n,k2,n[

sup
ξ∈S

|m̂(ξ) − m(ξ)| = O
(
φ−1

(
k2,n

n̂

))
+ Oa.co


√

log dn

k1,n

 .
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