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1. Introduction, motivating example, and objectives

1.1. Introduction

Quaternions, introduced by Hamilton [1], have evolved from pure mathematics into essential tools
in areas such as quantum physics, mechanics, and signal processing [2,3]. One of their key advantages
is the ability to represent three-dimensional (3D) rotations compactly, making them invaluable in
aerospace engineering, computer graphics, and related fields [4, 5].

More recently, the concept of quaternionic matrices has gained attention in control systems,
robotics, and signal processing [6, 7], preserving the noncommutative nature of quaternions and
offering distinct advantages in multidimensional transformation problems [8]. Such noncommutativity
is particularly helpful in 3D rotation algorithms for robotics [9] and in control theory with multiple
dynamic components.

One of the fundamental topics in this context is obtaining the solution of quaternionic matrix
equations, which underpin practical tasks in engineering and physics. The Sylvester equation
has been studied extensively in real and complex domains [10, 11], whereas iterative and neural
network methods have also been proposed [12, 13]. Extending these approaches to quaternionic
matrices [14, 15] introduces challenges due to noncommutativity, particularly in the case of two-sided
Sylvester equations such as AX + XB = C. Standard techniques are not applicable when attempting to
reverse the order quaternionic multiplication [16], which has prompted the development of specialized
methods [17–20].

In many applications, it is necessary to perform multiple matrix products efficiently. Fast
algorithms and modern hardware features, such as Intel advanced matrix extensions (AMX), are
increasingly essential for handling large-scale or real-time scenarios [21]. Future research could
explore the integration of quaternionic matrix methods with unstructured data analysis and big
data frameworks [22], particularly in computer vision and robotic sensing applications. Since
quaternionic operations can be more computationally intensive than their real or complex counterparts,
these developments are highly relevant to the implementation of two-sided Sylvester solvers in
practical contexts. Consequently, our aim is to contribute to the theory and practice of quaternionic
Sylvester equations by examining solvability conditions, proposing an explicit solution framework,
and illustrating its effectiveness in real-world scenarios such as control and robotics.

1.2. Applications of quaternionic matrices, and motivating example

While quaternions are typically used to represent individual 3D rotations, quaternionic matrices
enable the coupling of multiple transformations within larger linear systems. This usage is especially
helpful in multi-link robotic manipulators, where each joint has a known initial orientation and an
unknown incremental rotation that must be determined simultaneously.

For example, consider a simplified robotic system consisting of two revolute joints. Let A ∈ H2×2

represent the rotation of the first link, let C ∈ H2×2 be that of the second link, and let E be the
desired orientation of the end effector. Then, the incremental rotations X and Y , which are also 2 × 2
quaternionic matrices, satisfy the equation given by

AX + CY = E. (1.1)
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While the expression in (1.1) is sufficient for systems with two joints, more complex configurations
(such as those involving four or more joints) naturally lead to higher-dimensional analogues of this
equation, possibly involving additional unknown blocks such as Z and W. Such extended systems can
be formulated as two-sided Sylvester-type equations, which require robust solution strategies capable
of handling quaternionic noncommutativity.

Systems similar to the one presented in (1.1) arise whenever multiple 3D rotations and
transformations need to be composed into a unified operation. Quaternionic matrices offer a
unified framework for handling such rotations, as they preserve the multiplication order inherent
to noncommutative quaternions and thereby avoid problems such as gimbal lock, while facilitating
efficient linear-algebraic solution methods. More advanced robotic applications may impose additional
constraints (such as collision avoidance or orientation alignment), which give rise to two-sided
Sylvester-type equations involving multiple unknown matrices. In Subsection 5.2, we present a more
detailed example and demonstrate how the proposed algorithm from later sections can be applied to
such scenarios.

1.3. Contributions and structure of the article

Although quaternionic matrix equations have been extensively studied, two-sided Sylvester systems
remain challenging and have important implications for control theory, signal processing, and image
analysis [15, 19, 20]. In this article, we derive general solutions to such problems by:
• Deriving the necessary and sufficient conditions for the solvability of two-sided Sylvester

quaternionic matrix equations, thereby unifying and extending previous theoretical contributions;
• Proposing an efficient algorithm to compute the general solution for both full-rank and rank-

deficient cases, using quaternionic inverses and projection operators;
• Demonstrating the practical relevance of the proposed methods through applications in fields such

as perturbation theory [11], image processing [23], and robust control [24].

The rest of this article is structured as follows. Section 2 provides the necessary preliminaries
on quaternionic algebra and matrix operations, followed by the problem formulation and main
contributions. In Section 3, we establish the theoretical framework and present the lemmas used to
derive the solvability conditions. In Section 4, the general algorithm for solving quaternionic matrix
equations is presented. In Section 5, we illustrate the practical implementation of our method through
numerical examples and an application in robotics, including the Python code for quaternionic matrix
operations and the corresponding error analysis. In Section 6, we conclude with a discussion of the
results and outline directions for future research. The appendices contain the proof of the main theorem
(Appendix A) and additional details on quaternionic matrix operations (Appendix B).

2. Preliminaries

2.1. Quaternion algebra and matrix operations

Quaternions, introduced by Hamilton [1], constitute a four-dimensional algebraH over R, generated
by the basis {1, i, j, k}. A generic quaternion q = e0 + e1i + e2j + e3k consists of the real coefficients e0,
e1, e2, and e3.
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The imaginary units satisfy

i2 = j2 = k2 = −1, ij = k, jk = i, ki = j, (2.1)

and their multiplication is noncommutative. This noncommutative property distinguishes H from C
and often provides advantages in 3D applications, such as representing rotations [2, 3].

UseHm×n to denote the set of m×n matrices with entries in the quaternionic algebraH. For A ∈ Hm×n,
the conjugate transpose, denoted A∗ ∈ Hn×m, is defined by transposing A and applying quaternionic
conjugation to each element. A quaternionic matrix may not be invertible in the conventional sense.
Thus, we employ the Moore-Penrose inverse A† ∈ Hn×m when handling rank-deficient or non-
square matrices.

Following [8, 25], A† is the unique matrix satisfying the conditions stated as

AA†A = A, A†AA† = A†, (AA†)∗ = AA†, (A†A)∗ = A†A. (2.2)

Then, we define left and right projectors as

LA = I − A†A, RA = I − AA†, (2.3)

which are essential in quaternionic matrix decompositions and in solving noncommutative linear
systems [7, 19].

In the real or complex setting, the Sylvester equation given by AX + XB = C can be solved using
well-established techniques such as the Bartels-Stewart method or Kronecker-product formulations
[10–13, 26, 27]. These techniques rely on commutative scalar multiplication, which allows the
reordering of factors and the reformulation of the problem into a linear system. However, in the
quaternionic setting, one cannot interchange AX and XB due to noncommutativity, since ij , ji.

Consequently, additional mathematical tools are required, often involving the Moore-Penrose
inverse, defined in (2.3), to handle noncommutativity [28, 29]. This article extends these ideas to
the two-sided Sylvester equation over H, where the unknown matrix is influenced on both sides by
known matrices, by increasing the complexity of the solution.

2.2. Notation overview

To streamline the presentation and facilitate the reader’s understanding, Table 1 provides a concise
yet comprehensive reference for the core symbols, matrix dimensions, and linear algebraic operations
employed throughout the article. This includes not only the notation for standard matrix and vector
operations, but also specialized constructs used in the formulation and solution of quaternionic and
noncommutative systems.

Table 1 is intended to serve as a quick-access reference, allowing readers to easily recall the
definitions and conventions adopted across the article without interrupting the flow of the main
arguments. Such notational clarity is particularly important given the abstract algebraic structures
and the operator-based techniques utilized in our methodology.

In particular, the matrix projectors LA and RA, together with the Moore-Penrose inverse A†, appear
repeatedly in later sections where we develop the theoretical framework and computational strategies
for solving generalized matrix equations in noncommutative settings. Their properties and algebraic
behavior play a central role in characterizing solution spaces and ensuring the consistency of the
proposed algorithms.
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Table 1. Summary of the main notation used in this article.

Symbol / Expression Definition /Meaning

R Field of real numbers
i, j, k Imaginary units in the quaternionic algebra H,

satisfying the expression given in (2.1), being
noncommutative

q Generic quaternion q = e0 + e1i + e2j + e3k
H Quaternion algebra over R
Hm×n Set of all m × n matrices with quaternionic entries,

with qi j ∈ H

A∗ ∈ Hn×m Conjugate transpose of A ∈ Hm×n, defined by
transposing A and taking the quaternionic conjugate
of each entry

A† ∈ Hn×m Moore-Penrose inverse of A ∈ Hm×n satisfying the
expression given in (2.2)

LA = I − A†A Left projector for A satisfying LA = L∗A = L2
A = L†A,

where LA ∈ H
m×m if A ∈ Hm×n

RA = I − AA† Right projector for A satisfying RA = R∗A = R2
A = R†A,

where RA ∈ H
n×n if A ∈ Hm×n

‖ · ‖F The Frobenius norm of a matrix, corresponding to the
square root of the sum of squared moduli of all entries

AX + XB = C Two-sided Sylvester equation given in H, where the
unknown X is multiplied by known A on the left and
by B on the right, with noncommutativity implying
AX , XA

Ci,Di, Ei, Fi,Gi Known quaternionic matrices, with the dimensions
suitably matched, appearing in the main Sylvester
system defined in Subsection 2.3

X,Y,Z,W Unknown quaternionic matrices, with the dimensions
matched to the above, to be solved for in the main
Sylvester-type system presented in Subsection 2.3

2.3. Problem statement and main contributions

We focus on solving the following system of quaternionic matrix equations, which constitutes a
two-sided Sylvester-type problem, defined as

(Set A) C4X = G4, XD4 = G5,C5Y = G6,YD5 = G7,C6Z = G8,ZD6 = G9,C7W = G10,WD7 = G11,

(Set B) C1XD1 + E1YF1 = G1,C2YD2 + E2ZF2 = G2,C3ZD3 + E3WF3 = G3,
(2.4)

where Ci,Di, Ei, Fi, and Gi are the known quaternionic matrices, while X,Y,Z, and W are the unknown
quaternionic matrices to be determined. The equations stated in (2.4) are generally noncommutative,
reflecting the intrinsic noncommutative nature of quaternion multiplication.
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In the system formulated in (2.4), the first group of equations (labeled “Set A”) imposes
linear relationships involving C4,D4,C5, and D5 (as well as similar matrices), together with the
unknowns X,Y,Z, and W. These equations must be solved simultaneously while preserving
quaternionic noncommutativity. The second set of equations presented in (2.4) (labeled “Set B”) is
more intricate, as each equation involves a sum of quaternionic matrix products, thereby coupling
the unknown matrices X,Y,Z, and W. As a result, solving one equation can influence the others,
complicating the pursuit of a closed-form solution.

As discussed in Subsection 1.2, a robotic manipulator with multiple joints may require the
concurrent determination of several incremental rotations. In a four-link scenario, for instance, the
matrices C4,D4,C5, and D5 (and so on) encode constraints or feasible ranges for each joint, while
unknowns X,Y,Z,W correspond to the quaternionic rotations to be applied in tandem.

Accordingly, Set A, stated in (2.4), can represent the local feasibility conditions (such as the
permissible rotations at each joint), while Set B enforces global consistency (such as the final
orientation of the end effector as a function of all joint rotations). Likewise, tasks such as multi-channel
signal processing or color image registration may involve coupling multiple quaternionic blocks to
impose global alignment or filtering constraints. Therefore, such systems of equations naturally emerge
in real-world scenarios involving multiple noncommutative transformations, highlighting the necessity
of a rigorous analysis of their solvability and associated solution methods.

Our main objective are the following:
(i) To establish the necessary and sufficient criteria under which the expression stated in (2.4) admits

a solution over H.
(ii) To propose an explicit procedure that systematically produces the general solution (X,Y,Z,W)

whenever those criteria are satisfied.
By addressing both objectives, we develop a comprehensive theoretical and computational

framework that not only expands the foundational results on two-sided Sylvester equations in H but
also demonstrates tangible benefits for real-world scenarios.

Section 3 presents the fundamental lemmas on quaternionic matrices, which establish the solvability
conditions and underlie the proof of the main theorem, culminating in the general solution.

3. Theoretical framework

3.1. Fundamental lemmas

The first lemma, adapted from [30], presents the rank identities for quaternionic matrices. These
identities are essential for proving the main theorem and are applied repeatedly in the derivation.

Lemma 3.1. Let K ∈ Hm×n, P ∈ Hm×t, and Q ∈ Hl×n. The rank equalities are given by

rank

KQ
− rank

(
QLK

)
= rank(K), rank

[
K P

]
− rank

(
RPK

)
= rank(P), rank

K P

Q 0

− rank(P)− rank(Q) = rank
(
RPKLQ

)
.

Next, we present a lemma obtained from [31] that states the necessary and sufficient conditions for
the existence of a solution to the quaternionic matrix system established as

A1X1 = C1, X1B1 = C2, (3.1)

where A1 ∈ H
m1×n1 , B1 ∈ H

r1×s1 , C1 ∈ H
m1×r1 , and C2 ∈ H

n1×s1 are the given matrices, while X1 ∈ H
n1×r1

is unknown.
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Lemma 3.2. The system defined in (3.1) is consistent if and only if following conditions hold: RA1C1 =

0, C2LB1 = 0, and A1C2 = C1B1. Then the solution to the system presented in (3.1) is stated as
X1 = A†1C1 + LA1C2B†1 + LA1U1RB1 , where U1 is a free matrix over H of appropriate dimensions, which
introduces degrees of freedom in the solution.

Now, we introduce a lemma obtained from [32], which plays a fundamental role in the proof of
the main theorem of this article. This lemma addresses the solvability conditions for the following
quaternionic matrix system formulated as

A1U + VB1 + C3WD3 + C4ZD4 = E1, (3.2)

where A1, B1,C3,D3,C4,D4, and E1 are known, whereas U,V,W, and Z are the unknowns to be
determined. The lemma presents the equivalent conditions for the existence of solutions to the equation
shown in (3.2).

Lemma 3.3. Let A1, B1,C3,D3,C4,D4, and E1 be the given quaternionic matrices. Define the
intermediate matrices given by A = RA1C3, B = D3LB1 ,C = RA1C4,D = D4LB1 , E = RA1 E1LB1 , F =

RAC,G = DLB, and H = CLF . Then, the following statements are equivalent:

(i) The system stated in (3.2) admits a solution.
(ii) The conditions formulated as RFRAE = 0, ELBLG = 0,RAELD = 0, and RCELB = 0 are satisfied.

(iii) The following rank conditions hold, which are presented as

rank

E1 C4 C3 A1

B1 0 0 0

 = rank(B1) + rank
[
C4C3A1

]
, rank


E1 A1

D3 0
D4 0
B1 0

 = rank


D3

D4

B1

 + rank(A1),

rank


E1 C3 A1

D4 0 0
B1 0 0

 = rank
[
A1C3

]
+ rank

D4

B1

 , rank


E1 C4 A1

D3 0 0
B1 0 0

 = rank
[
A1C4

]
+ rank

D3

B1

 .
Under the conditions above, the general solution to the system presented in (3.2) is given by

U = A†1
(
E1 −C3WD3 −C4ZD4

)
− A†1S 7B1 + LA1 S 6,

V = RA1

(
E1 −C3WD3 −C4ZD4

)
B†1 + A1A†1S 7 + S 8RB1 ,

W = A†EB† − A†CF†EB† − A†HC†EG†DB† − A†HS 2RGDB† + LAS 4 + S 5RB,

Z = F†ED† + H†HC†EG† + LF LHS 1 + LFS 2RG + S 3RD,

where S 1, . . . , S 8 are free quaternionic parameters (with appropriate dimensions) representing the
degrees of freedom in the solution. These matrices can be selected arbitrarily, and their dimensions
depend on the particular structure of the system.

3.2. Main theorem

We now proceed to state and prove the main theorem, which yields the general solution to the
system of quaternionic matrix equations defined in (2.4).
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Theorem 3.1. Let the matrices C1, . . . ,C7,D1, . . . ,D7, E1, E2, E3, F1, F2, F3,G1, . . . ,G11 be given, all
with compatible dimensions over H. Assign the intermediate matrices and equations formulated as

P1 = C1LC4 , P2 = E1LC5 , P3 = C2LC5 , P4 = E2LC6 , P5 = C3LC6 , P6 = E3LC7 ,

Q1 = RD4 D1,Q2 = RD5 F1,Q3 = RD5 D2,Q4 = RD6 F2,Q5 = RD6 D3,Q6 = RD7 F3,

X̂01 = C†4G4 + LC4G5D†4, Ŷ01 = C†5G6 + LC5G7D†5, Ẑ01 = C†6G8 + LC6G9D†6, Ŵ01 = C†7G10 + LC7G11D†7,

R1 = G1 −C1X̂01D1 − E1Ŷ01F1,R2 = G2 −C2Ŷ01D2 − E2Ẑ01F2,R3 = G3 −C3Ẑ01D3 − E3Ŵ01F3,

M1 = RP1 P2,M2 = RP3 P4,M3 = RP5 P6,N1 = Q2LQ1 ,N2 = Q4LQ3 ,N3 = Q6LQ5 ,

S 1 = P2LM1 , S 2 = P4LM2 , S 3 = P6LM3 , A11 =
[
−LP3 LM1 LS 1

]
, B11 =

[
−RQ3 RQ2

]
,C11 = LM1 ,

D11 = RN1 , F11 = P†3S 2,G11 = RN1 Q4Q†3,Y01 = M†1R1Q†2 + S †1S 1P†2R1N†1 ,

Y02 = P†3R2Q†3 − P†3P4M†2R2Q†3 − P†3S 2P†4R2N†2 Q4Q†3, S 11 = C33LM11 , A22 =
[
−LP5 LM2 LS 2

]
, B22 =

[
−RQ5 RQ4

]
,

E11 = Y02 − Y01, A33 = RA11C11, B33 = D11LB11 ,C33 = RA11 F11,D33 = G11LB11 ,

E22 = RA33 E11RA33 , E33 = RA11 E11LB11 ,M11 = RA33C33,N11 = D33LB33 ,

C22 = LM2 ,D22 = RN2 , F22 = P†5S 3,G22 = RN3 Q6Q†5, A44 = RA22C22, B44 = D22LB22 ,C44 = RA22 F22,D44 = G22LB22 ,

E44 = RA22 E22LB22 ,M22 = RA44C44,N22 = D44LB44 , S 22 = C44LM22 , A55 =
[
−LA44 LM11 LS 11

]
, B55 =

[
−RB44 RD33

]
,

W01 = M†3R3Q†6 + S †3S 3P†6R3N†3 , X01 = P†1R1Q†1 − P†1P2M†1R1Q†1 − P†1S 1P†2R1N†1 Q2Q†1,

C55 = LM11 ,D55 = RN11 , F55 = A†44S 22,G55 = RN22 D44Q†44, A66 = RA55C55, B66 = D55LB55 ,C66 = RA55 F55,D66 = G55LB55 ,

S 3 = A5LM3 , E66 = RA55 E55LB55 ,M33 = RA66C66,N33 = D66LB66 ,

S 33 = C66LM33 , E22 = Z02 − Z01,Z02 = P†5R3Q†5 − P†5P6M†3R3Q†5 − P†5S 3P†6R3N†3 Q6Q†5,Z01 = M†2R2Q†4 + S †2S 2P†4R2N†2 .

The following conditions are equivalent for the consistency of the system:
(i) The system given in (2.4) is consistent.

(ii) The following equalities hold, which are defined as:

RC4G4 = 0,RC5G6 = 0,RC6G8 = 0,RC7G10 = 0,G5LD4 = 0, (3.3)

G7LD5 = 0,G9LD6 = 0,G11LD7 = 0,RP1 R1LQ2 = 0,C4G5 = G4D4,

C5G7 = G6D5,C6G9 = G8D6,C7G11 = G10D7,RP2 R1LQ1 = 0, (3.4)

RM1 RP1 R1 = 0,R1LQ1 LN1 = 0,RP3 R2LQ4 = 0,RP4 R2LQ3 = 0, (3.5)

RM2 RP3 R2 = 0,R2LQ3 LN2 = 0,RP5 R3LQ6 = 0,RP6 R3LQ5 = 0,RM3 RP5 R3 = 0,R3LQ5 LN3 = 0,

RA33 E33LD33 = 0,RC33 E33LB33 = 0,RM11 RA33 E33 = 0, E33LB33 LN11 = 0, (3.6)

RA44 E44LD44 = 0,RC44 E44LB44 = 0,RM22 RA44 E44 = 0, E44LB44 LN22 = 0, (3.7)

RA66 E66LD66 = 0,RC66 E66LB66 = 0,RM33 RA66 E66 = 0, E66LB66 LN33 = 0. (3.8)

(iii) The following rank equalities hold, which are established as:

rank
[

C4 G4

]
= rank(C4), rank

[
C5 G6

]
= rank(C5),

rank
[

G8 C6

]
= rank(C6), rank

[
C7 G10

]
= rank(C7), (3.9)

rank
[

D4

G5

]
= rank(G5), rank

[
D5

G7

]
= rank(D5), rank

[
D6

G9

]
= rank(G9), rank

[
D7

G11

]
= rank(D7),

rank
[

C4 G5

]
= rank

[
G4 D4

]
, rank

[
C5 G7

]
= rank

[
G6 D5

]
,
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rank
[

C6 G9

]
= rank

[
G8 D6

]
, rank

[
C7 G11

]
= rank

[
G10 D7

]
, (3.10)

rank

 G1 E1 C1

G6F1 C5 0
C4G4 0 C4

 = rank

 E1 C1

C5 0
0 C4

 , (3.11)

rank

 G1 C1G5 E1G7

F1 0 D5

D1 D4 0

 = rank
[

F1 D5 0
D1 0 D4

]
, rank

 G2 C2 E2G9

F2 0 D6

G6D2 C5 0

 = rank
[

C2

C5

]
+ rank[D6F2],

rank

 G2 E2 C2G7

D2 0 D2

G8F2 C6 0

 = rank
[

E2

C6

]
+ rank[D5D2], rank

 G2 E2 C2

G6D2 0 C5

G8F2 C6 0

 = rank

 E2 C2

C5 0
0 C6

 ,

rank

 G2 E2G9 C2G7

F2 D6 0
D2 0 D5

 = rank
[

F2 D6 0
D2 0 D5

]
, rank

 G3 C3 E3G11

F3 0 D7

G8D3 C6 0

 = rank
[

C3

C6

]
+ rank[F3D7],

rank

 G3 E3 C3G9

D3 0 D6

G10F3 C7 0

 = rank
[

E3

C7

]
+ rank

 D3 D6
 , rank

 G3 E3 C3

0 C7 0
0 0 C6

 = rank

 E3 C3

C7 0
0 C6

 ,

rank

 G3 E3G11 C3G9

F3 D7 0
D3 0 D6

 = rank[D7F3] + rank[D3D6], rank



0 F2 0 0 D6 0
0 D2 F1 0 0 D5

E1 0 −G1 C1 0 0
C2 G2 0 0 E2G9 C2G7

C5 0 −G6F1 0 0 0
0 0 −G4D1 C4 0 0


=

rank


C2 0
E1 C1

C5 0
0 C4

 + rank
[

F2 0 D6 0
D2 F1 0 D5

]
, (3.12)

rank



0 0 F1 D2 D5 0
E2 −C2 0 −G2 −C2G7 0
0 E1 −G1 0 0 −C1G5

0 0 D1 0 0 D4

C6 0 0 −G8F2 0 0
0 C5 −G6F1 0 0 0


= rank


−C2 E2

E1 0
C5 0
0 C6

 + rank
[

F1 D2 0 D5

D1 0 D4 0

]
, (3.13)

rank



0 0 D2 F1 0 D5

0 E1 0 −G1 −C1 0
E2 C2 G2 0 0 C2G7

0 0 D1 0 0 D4

C6 0 G8F2 0 0 0
0 0 0 −G4D1 C4 0


= rank


0 E1 C1

E2 C2 0
C6 0 0
0 C5 0
0 0 C4

 + rank
[

D2 D1 D5

]
,

rank



0 F2 0 F2 D6 0 0 0
0 0 −F1 0 0 D5 0 0

C2 −G2 0 G2 E2G4 0 0 0
E1 0 −G1 0 −E1G7 E1G7 0 0
0 D2 0 0 0 0 D5 −C1G5

0 0 D1 0 0 0 0 D4

C5 −G6D2 0 0 0 0 0 0


= rank


F2 0 F2 D6 0 0 0
0 F1 D2 0 D5 0 0

D2 0 0 0 0 D5 0
D2 0 0 0 0 D5 0
0 D1 0 0 0 0 D4

 + rank

 C2

E1

C5

 ,

(3.14)
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rank



0 F3 0 0 D7 0
0 D3 −F2 0 0 D6

E2 0 −G2 C2 0 0
C3 −G3 0 0 −E3G11 C3G9

C6 0 −G8F2 0 0 0
0 0 −G6D2 C5 0 0


= rank


C3 0
E2 C2

C6 0
0 C5

 + rank
[

F3 0 D7 0
D3 F2 0 D6

]
, (3.15)

rank



0 0 F2 D3 D6 0
E3 C3 0 G3 C3G9 0
0 E2 −G2 0 0 −C2G7

0 0 D2 0 0 D5

C7 0 0 G10F3 0 0
0 C6 −G8F2 0 0 0


= rank


C3 E3

E2 0
C6 0
0 C7

 + rank
[

F2 D3 D6 0
D2 0 0 D5

]
, (3.16)

rank



0 0 D3 F2 0 D6

0 E2 0 G2 C2 E2G9

E3 C3 −G3 0 0 0
C7 0 −G10F3 0 0 0
0 C6 −G8D3 0 0 0
0 0 0 G6D2 C5 0


= rank


E2 0 C2

E2 E2 0
C6 0 0
0 C7 0
0 0 C5

 + rank
[

D3 F2 D6

]
,

rank



0 0 F3 D7 0
0 F1 D3 0 D6

C3 0 G3 0 C3G9

E2 −G1 0 0 −C2G7

0 D2 0 0 D5

C6 −G8F2 0 0 0


= rank


0 F3 D7 0 0
F2 D3 0 D6 0
D2 0 0 0 D5

D2 0 0 0 D5

 + rank

 C3

E2

C6

 , (3.17)

rank



0 0 F3 0 0 0 0 D7 0 0 0
0 0 0 −F2 F2 0 0 0 D6 0 0
0 0 D3 F2 0 0 0 0 0 D6 0
0 0 0 0 D2 0 0 0 0 0 D5

C2 E2 0 0 G2 0 0 0 E2G9 E2G9 C2G7

0 C3 G3 0 0 0 0 E3G11 0 0 0
E1 0 0 0 0 −G1 C1 0 0 0 0
C5 0 0 0 0 G6F1 0 0 0 0 0
0 C6 G8D3 0 0 0 0 0 0 0 0
0 0 0 0 0 G4D1 C4 0 0 0 0


=

rank

 P5 0 0
P4 P3 0
0 P2 P1

 + rank


Q6 0 0 0
0 Q4 Q4 0

Q5 Q4 0 0
0 0 Q3 Q2

 , (3.18)

rank



0 0 0 0 F2 0 0 −F2 D6 0 0 0 0
0 0 0 F1 0 −F1 0 0 0 D5 0 0 0
0 0 0 0 D2 F1 0 0 0 0 D5 0 0
0 0 0 0 0 0 D3 −F2 0 0 0 D6 0
E3 C3 0 0 0 0 G3 0 C3G9 0 0 C3G9 0
0 −E2 C2 0 G2 0 0 0 0 0 C2G7 0 0
0 0 0 D1 0 0 0 0 0 0 0 0 D4

0 0 E1 G1 0 0 0 0 0 E1G7 E1G7 0 C1G5

C7 0 0 0 0 0 G10F3 0 0 0 0 0 0
0 C6 0 0 G8F2 0 0 0 0 0 0 0 0
0 0 C5 0 0 G6D2 0 0 0 0 0 0 0



=
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rank


F1 0 −F1 0 0 D5 0 0 0 0
0 D2 F1 0 0 0 D5 0 0 0
0 F2 0 D3 0 0 0 D6 0 0
0 −F2 0 0 F2 0 0 0 D6 0

D1 0 0 0 0 0 0 0 0 D4

 + rank



E3 C3 0
0 −E2 C2

0 0 E1

C7 0 0
0 C6 0
0 0 C5


, (3.19)

rank



0 0 0 0 0 F2 0 0 D6 0 0
0 0 0 D3 F2 0 0 0 0 D6 0
0 0 0 0 0 D2 F1 0 0 0 D5

0 E1 0 0 0 0 G1 C1 0 0 −C2G7

0 C2 E2 0 0 −G2 0 0 −E2G9 0 0
E3 0 C3 G3 0 0 0 0 0 C3G9 0
C7 0 0 G10F3 0 0 0 0 0 0 0
0 C5 0 0 0 0 G6F1 0 0 0 0
0 0 C6 G8D3 G8F2 0 0 0 0 0 0
0 0 0 0 0 0 G4D1 C4 0 0 0


=

rank

 0 −F2 F2 0 D6 0 0
D3 F2 0 0 0 D6 0
0 0 D2 F1 0 0 D5

 + rank



E3 C3 0
0 E2 C2

0 0 E1

C7 0 0
0 C6 0
0 0 C5


,

rank



0 0 0 0 F3 D7 0 0 0
0 0 F1 D2 0 0 D5 0 0
0 0 0 F2 D3 0 0 D6 0

C3 0 0 0 G3 E3G11 0 −C3G9 0
E2 −C2 0 G2 0 C2G7 0 0 0
0 E1 G1 0 0 0 0 0 C1G5

0 0 G1 0 0 0 0 0 D4

C6 0 0 0 G8F2 0 0 0 0
0 C5 0 0 0 0 0 0 0


=

rank


F1 0 −F1 0 D5 0 0 0
0 D2 F1 0 0 D5 0 0
0 F2 0 D3 0 0 D6 0

D1 0 0 D3 0 0 0 D4

 + rank


E2 C2

C3 0
0 E1

C6 0
0 C5

 . (3.20)

Under Conditions (i)–(iii), the general solution to the system given in (2.4) is stated as

X = C†4G4 + LC4G5D†4 + LC4 X1RD4 ,Y = C†5G6 + LC5G7D†5 + LC5 Y1RD5 , (3.21)

X1 = P†1R1Q†1 − P†1P2M†1R1Q†1 − P†1S 1P†2R1N†1 Q2Q†1 − P†1S 1P†2R1N†1 Q2Q†1 − P†1S 1T1RN1 Q2Q†1 + LP1 T2 + T3RQ1 ,

Y1 = M†1R1Q†2 + S †1S 1P†2R1N†1 + LM1 LS 1 T4 + LM1 T1RN1 + T6RQ2 ,

Y1 = P†3R2Q†3 − P†3P4M†2R2Q†3 − P†3S 2P†4R2N†2 Q4Q†3 − P†3S 2P†4R2N†2 Q4Q†3 − P†3S 2U1RN2 Q4Q†3 + LP3 U2 + U3RQ3 ,

Z = C†6G8 + LC6G9D†6 + LC6 Z1RD6 , (3.22)

Z1 = M†2R2Q†4 + S †2S 2P†4R2N†2 + LM2 LS 2 U4 + LM2 U1RN2 + U6RQ4 ,

W = C†7G10 + LC7G11D†7 + LC7 W1RD7 , (3.23)

W1 = M†3R3Q†6 + S †3S 3P†6R3N†3 + LM3 LS 3 V4 + LM3 V1RN3 + V6RQ6 ,

where [
U2T4

]>
= A†11(E11 −C11T1D11 − F11U1G11) − T7B11 + LA11 T8, (3.24)[

U3 T6

]
= RA11 (E11 −C11T1D11 − F11U1G11)B†11 + A11U7 + U8RB11 ,
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with

T1 = A†33E33B†33 − A†33C33M†11E33B†33 − A†33S 11C†33E33N†11D33B†33 − A†33S 11V7RN11 D33B†33 + LA33 V8 + V9RB33 ,

U1 = M†11E33D†33 + S †11S 11C†33E33N†11 + LM11 LS 11 W2 + LM11 V7RN11 + W4RD33 , (3.25) V2

U4

 = A†22(E22 −C22U1D22 − F22V1G22) − T9B22 + LA22 T10, (3.26)[
V3 U6

]
= RA22 (E22 −C22U1D22 − F22V1G22)B†22 + A22U9 + U10RB22 ,

U1 = A†44E44B†44 − A†44C44M†22E44B†44 − A†44S 22C†44E44N†22D44B†44 − A†44S 22W6RN22 D44B†44 + LA44 V9 + V10RB44 ,

(3.27)

V1 = M†22E44D†44 + S †22S 22C†44E44N†22 + LM22 LS 22 W5 + LM22 W6RN22 + W7RD44 , (3.28) V9

W2

 = A†55(E55 −C55V7D55 − F55W6G55) − T11B55 + LA55 T12, (3.29)[
V10 W4

]
= RA55 (E55 −C55V7D55 − F55W6G55)B†55 + A55U11 + U12RB55 ,

V7 = A†66E66B†66 − A†66C66M†33E66B†66 − A†66S 33C†66E66N†33D66B†66 − A†66S 33W9RN33 D66B†66 + LA66 V11 + V12RB66 ,

W6 = M†33E66D†66 + S †33S 33C†66E66N†33 + LM33 LS 33 W8 + LM33 W9RN33 + W10RD66 , (3.30)

and T2, T3, T7, . . . ,T12, U7, . . . ,U12, V4, V6, V8, V11, V12, W5, W7, . . . ,W10 are arbitrary matrices of
appropriate dimensions overH. These matrices act as free parameters in the general solution, meaning
that any specific values assigned to them yield particular solutions of the system.

Remark 3.1. It is worth noting that by setting certain matrices to zero for the expressions stated in
in (2.4), we can derive simplified systems providing valuable insights into specific cases. For example,
by nullifying particular coefficients or coupling terms in the subsystems presented in (A.1)–(A.3),
we obtain reduced systems of equations that correspond to simpler quaternionic matrix problems,
such as uncoupled Sylvester-type equations or conditions involving reduced rank. In these cases, the
necessary and sufficient conditions for the existence of solutions, as well as the general form of these
solutions, can be directly derived by applying Theorem 3.1. This theorem addresses the full system
and provides a versatile framework for handling reduced cases, enabling us to deduce the results
for simplified systems such as those defined in (A.1)–(A.3). Thus, this approach demonstrates the
flexibility of Theorem 3.1, offering a unified methodology for solving both the general and reduced
forms of quaternionic matrix equations.

4. Algorithm for solving the quaternionic matrix system

4.1. Step-by-step calculation of X1 and X

To compute X, we must first calculate X1, which serves as an essential intermediate step. On the
basis of the definitions and results in Theorem 3.1, particularly the equation given in (3.21), we follow
the steps below, ensuring that all matrices have either been previously computed or explicitly specified.

We begin by calculating the intermediate matrices X̂01 and Ŷ01, which are defined in (3.21) as
follows: (i) X̂01 depends on the given matrices C4, G4, G5, and D4; and (ii) Ŷ01 depends on the matrices
C5, G6, G7, and D5, which are also given.

AIMS Mathematics Volume 10, Issue 7, 15663–15697.



15675

Next, we obtain the matrices P1 and Q1, as defined in Theorem 3.1, as (i) P1 depends on the given
matrix C1 and LC4 , which is a function of the given matrix C4 and already used in Step 1; and (ii) Q1

depends on RD4 and D1, where RD4 is derived from the given matrix D4, and D1 is also given. Thus, all
the necessary matrices for P1 and Q1 have either been given or calculated in the previous steps.

Building on these results, we compute the residual matrix R1 defined in Theorem 3.1. The
dependencies for R1 are: (i) G1, which is known; (ii) X̂01, which was calculated in Step 1; (iii) C1

and D1, both of which are given; (iv) Ŷ01, also obtained in Step 1; and (v) E1 and F1, both of which are
given. At this point, all the matrices required to compute R1 have either been given or calculated.

With R1 already obtained, we now generate M1, S 1, P2, Q2, and N1, as defined in Theorem 3.1,
as (i) P2 depends on the given matrix E1 and LC5 , which involves C5 (already used in Step 1); (ii) Q2

is calculated using the residuals RD5 and F1, both of which are given; (iii) M1 depends on RP1 and P2,
where P1 was obtained in Step 2; (iv) S 1 depends on P2 (which was obtained above) and M1, which
we are currently computing; and (v) N1 depends on Q2 (which was generated above) and other given
matrices as defined in Theorem 3.1. Thus, the matrices required for M1, S 1, P2, Q2, and N1 have either
been given or calculated in previous steps.

Now that we have reached R1, M1, S 1, P2, Q2, and N1, we can compute X1 using the expression
stated in (3.21) from: (i) P1 (calculated in Step 2); (ii) R1 (reached in Step 3); (iii) Q1 (generated in
Step 2); (iv) P2 and M1 (determined in Step 4); (v) S 1 (implemented in Step 4); and (vi) N1 (presented
in Step 4). At this stage, all matrices necessary to compute X1 have either been given or calculated.

Once X1 is known, the matrix X is computed using the expression stated in (3.21). Specifically, X
depends on: (i) The given matrices C4, G4, G5, and D4; and (ii) X1, obtained in Step 5. Thus, all the
necessary components to compute X are now available, concluding the calculation.

4.2. Step-by-step computation of Y1 and Y

The calculation of Y1 and Y follows similarly to the process outlined for X1 and X. Since some
matrices have already been obtained in previous steps, we build on those results rather than starting
from scratch. The solution is based on the expressions defined in (3.21), and we proceed by outlining
the necessary calculations.

The matrix Ŷ01, defined in (3.21), was generated in Step 1 during the process of obtaining X1.
Recall that Ŷ01 depends on the given matrices C5, G6, G7, and D5. Since this matrix has already been
generated, we can proceed to the next step without recalculating Ŷ01.

Now, we need to compute P3 and Q3, as defined in Theorem 3.1, as follows: (i) P3 depends on
the given matrices C2 and LC5 , which were involved in the calculation of Ŷ01 in Step 1; and (ii) Q3

depends on RD5 , which is obtained using D5, and D2, which are given. Thus, all the matrices required
for computing P3 and Q3 are either given or have been computed previously.

Before proceeding to obtain the residual matrix R2, we first need to compute the intermediate matrix
Ẑ01, as defined in Theorem 3.1. Ẑ01 depends on the given matrices C6, G8, G9, and D6. This matrix is
crucial for the subsequent calculation of R2, so we obtain it now.

Once Ẑ01 is obtained in Step 9, we proceed to compute the residual matrix R2, which is defined in
Theorem 3.1. The matrix R2 depends on: (i) G2, which is given; (ii) Ŷ01, which was calculated earlier
in Step 7; (iii) C2 and D2, both of which are given; and (iv) Ẑ01, which was just generated in Step 9.
With all the necessary components implemented or given, we can now obtain the matrix R2.

AIMS Mathematics Volume 10, Issue 7, 15663–15697.



15676

We now compute the matrices M2, S 2, P4, Q4, and N2, as defined in Theorem 3.1, assuming that: (i)
P4 depends on the given matrices E2 and LC6 , which involve the given matrix C6 already used in Step 9;
(ii) Q4 is computed using the residuals RD6 and D2, both of which are given; (iii) M2 depends on RP3

and P4, where P3 was reached in Step 7; (iv) S 2 depends on P4 (implemented above) and M2, which
is being calculated; and (v) N2, which depends on Q4 (obtained above and defined in Theorem 3.1).
Thus, the matrices required for M2, S 2, P4, Q4, and N2 are given or were computed in previous steps.

Now that we have the necessary components, we can compute Y1 using the expression stated
in (3.21). Specifically, Y1 depends on: (i) M2, calculated in Step 11; (ii) R2, obtained in Step 10;
(iii) Q3, generated in Step 11; (iv) S 2, reached in Step 11; and (v) N2, implemented in Step 11. Since
all the required components have been calculated or given, we can now obtain Y1.

Once Y1 is known, we can calculate Y using the formulation established in (3.21). The matrix Y
depends on: (i) The given matrices C5, G6, G7, and D5; and (ii) Y1, obtained in Step 12. With all
components available, we can now compute Y , completing this step.

4.3. Discussion of the two forms of Y1

In the system described in Theorem 3.1, two distinct expressions for the matrix Y1 arise, as shown in
the equations given in (A.4) and (A.5). These two forms are not contradictory but rather serve different
purposes depending on the structure of the subsystems to which they correspond.

The first formula for Y1 emerges from solving the subsystem stated in (A.1), which involves the
matrices X and Y in the context of the equation C1XD1 + E1YF1 = G1. This expression for Y1 is
linked to the first part of the problem, where the unknowns X and Y are coupled via the given matrices
C1,D1, E1, F1, and the residual matrix R1. The role of Y1 here is to help decouple X and Y so that X
may be obtained more directly from the linear relations.

The second formula for Y1 appears in the solution to the subsystem presented in (A.2), which
couples Y and Z via the equation C2YD2 + E2ZF2 = G2. Here, Y1 depends not only on the matrices
related to Y but also on those related to Z. The introduction of Z1 in the system requires Y1 to be
recomputed with respect to the coupled relationship between Y and Z, thus giving rise to a second
expression for Y1. This coupling introduces additional complexity, since the matrix Y1 must now
account for the constraints imposed by both Y and Z.

Although there are two distinct forms of Y1, they must ultimately be consistent with each other for
the solution of the system to be valid. This consistency is enforced through the comparison of the
equations formulated in (A.4) and (A.5). As shown in the proof, equating the two forms of Y1 leads
to the equation given in (A.8), which imposes additional conditions on the free parameters involved
in the general solution. These conditions ensure that the system remains solvable and that the two
expressions for Y1 do not introduce contradictions.

The existence of two forms for Y1 reflects the underlying structure of the system, where different
subsystems are coupled through shared variables. The two expressions highlight the modularity of the
solution process, as each subsystem can be solved individually, yet the solutions must ultimately align
to ensure consistency across the entire system. This is particularly important in quaternionic matrix
systems, where non-commutativity introduces additional challenges in ensuring that all expressions
are compatible. In practice, the second expression for Y1 acts as a crucial consistency check. It ensures
that the solutions derived from the subsystems do not conflict with one another, and it gives a way to
validate the overall solution by ensuring that all conditions of the system are satisfied.
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4.4. Step-by-step calculation of Z1 and Z

The process for computing Z1 and Z mirrors the methodology used in the earlier steps for X1, Y1,
and other variables. Here, we carefully outline the key steps required, ensuring that all the necessary
matrices are either pre-calculated or given. The computation is based on the equation given in (3.22),
and the following steps detail the necessary operations.

Before proceeding further, we utilize the intermediate matrix Ẑ01, which was previously computed
in Step 9. This matrix plays a crucial role in the calculation of Z1, and its dependencies are based on
the given matrices C6, G8, G9, and D6. Since Ẑ01 has already been obtained, we can directly apply it in
subsequent steps without recalculating.

We now proceed to compute the matrices P5 and Q5, as described in Theorem 3.1. These matrices
are essential for calculating Z1 and depend on the following components: (i) P5 is derived from the
given matrix C3 and the previously obtained matrix LC6 , which involves C6 a matrix that already was
used in Step 14 for Z01; and (ii) Q5 is determined by the residual RD6 , which must be obtained using D6,
along with the given matrix D3. Therefore, all matrices required for computing P5 and Q5 are either
given or can be derived from previously calculated quantities.

Next, we compute the intermediate matrix Ŵ01 defined in (3.23). This matrix depends on the given
matrices C7, G10, G11, and D7. Since it is an essential component for subsequent steps, we compute it
at this stage before proceeding further. With Ŵ01 now available from Step 16, we compute the residual
matrix R3, as described in Theorem 3.1. The dependencies for R3 are as follows: (i) G3, which is given;
(ii) Ẑ01, calculated in Step 14; (iii) C3 and D3, both of which are given; and (iv) Ŵ01, obtained in Step 16.
Since all necessary components have been either computed or provided, we can now obtain R3.

After calculating R3, we compute the matrices M3, S 3, P6, Q5, and N3, as outlined in Theorem 3.1,
as follows: (i) P6 depends on the given matrices E3 and LC7 , which involves the previously obtained
C7 (Step 15); (ii) Q5 is obtained using the given residuals RD6 and D3; (iii) M3 depends on RP5 and P6,
where P5 was obtained in Step 14; (iv) S 3 depends on P6 and M3, which is currently being calculated;
and (v) N3, which depends on Q5 (implemented above and defined in Theorem 3.1). Thus, the matrices
required for M3, S 3, P6, Q5, and N3 are either given or have been calculated in previous steps.

At this point, as R3, M3, S 3, P6, and Q5 were calculated, we can compute Z1 using the expression
stated in (3.22). The computation of Z1 relies on the following components: (i) M2, obtained in Step 11;
(ii) R2, computed in Step 9; (iii) Q4, derived from the given matrices; and (iv) S 2, obtained earlier in
Step 11. Therefore, all components required for computing Z1 have either been obtained in earlier steps
or are given. Once Z1 is known, we can compute Z using the equation defined in (3.22). Specifically,
Z depends on: (i) The given matrices C6, G8, G9, and D6; as well as (ii) the previously computed Z1

from Step 19. Since all components have been either calculated or provided, we can now compute Z,
thereby concluding the detailed computation of this step.

4.5. Step-by-step calculation of W1 and W

To obtain W1 and W, we follow a similar structure to that used for X1, Y1, and Z1. On the basis of
the definitions and results in (3.1), particularly the equation given in (3.23), we proceed with the steps
below, ensuring that all matrices have either been previously generated or are explicitly given.

We start by computing the intermediate matrix Ŵ01, as defined in (3.23). This matrix depends on
the given matrices C7, G10, G11, and D7. The matrix Ŵ01 is crucial for the subsequent computations of
the residuals and the final solution.
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Next, we compute P6 and Q6, which are necessary for the residual calculations as follows: (i)
P6 depends on the given matrix E3 and the operator LC7 , which is derived from the matrix C7 (also
given in Step 21); and (ii) Q6 depends on RD7 and F3, where RD7 needs to be computed using the
given matrix D7, and F3 is also given. With these matrices available, we can proceed to compute the
residual matrix.

We now calculate the residual matrix R4, which is defined by the relation stated in Theorem 3.1.
The matrix R4 depends on: (i) G4, which is given; (ii) Ŵ01, obtained in Step 16; and (iii) C4 and D4,
both of which are given. At this stage, all components required for R4 have been either computed or
provided, enabling us to determine the residual.

With the residual R4 already obtained, we now calculate the matrices M4, S 4, P7, Q6, and N4, as
outlined in Theorem 3.1 as follows: (i) P7 depends on the given matrix E4 and LC8 , which involves
the given matrix C8; (ii) Q6 is obtained from the residual RD7 and F3, both of which are given; (iii)
M4 depends on RP6 and P7, where P6 was generated in Step 22; (iv) S 4 depends on P7 (implemented
above) and M4, which is currently being computed; and (v) N4 depends on Q6 (computed above and
defined in Theorem 3.1). Thus, the matrices required for M4, S 4, P7, Q6, and N4 are either given or
have been calculated in previous steps.

Now that M4, S 4, P7, Q6, and R4 have been calculated, we can proceed with the computation of W1,
using the relation stated in (3.23). Specifically, W1 depends on: (i) M4 (generated in Step 24); (ii)
R4 (implemented in Step 23); (iii) Q6 (reached in Step 22); (iv) S 4 (calculated in Step 24); and (v) N4

(reached in Step 24). With all components available, W1 can now be computed. Therefore, we generate
the matrix W, which is defined in (3.23). The matrix W depends on (i) given matrices C7, G10, G11,
and D7; and (ii) W1, which was obtained in Step 25. With all necessary components available, we may
obtain the matrix W, concluding the calculation process.

4.6. Discussion of the two forms of Z1

As presented in Theorem 3.1, two distinct expressions for Z1 arise, similar to the case of Y1

due to different structural constraints within the system. These two forms of Z1, given in (A.6)
and (A.7), correspond to the different subsystems within the overall system, each governed by distinct
structural constraints.

The first expression for Z1 arises from solving subsystem (A.2), which involves coupling between
Y and Z through the equation C2YD2 + E2ZF2 = G2. In this subsystem, Z1 is primarily determined
by the matrices related to Y and Z. Specifically, this form of Z1 facilitates the decoupling of Y and Z,
allowing the remaining linear relationships to be solved in a straightforward manner. The first formula
serves the purpose of resolving the coupling between Y and Z.

The second expression for Z1 arises from the subsystem presented in (A.3), which couples Z and W
through the equation C3ZD3 +E3WF3 = G3. Here, Z1 depends not only on the matrices associated with
Z but also on those associated with W. The introduction of W1 into the system requires Z1 to account
for the coupling between Z and W, thereby leading to the second expression. This adds additional
complexity, as Z1 and W1 become interdependent and must satisfy mutual consistency conditions.

Although these two expressions for Z1 are derived from different subsystems, they must be
consistent to ensure the solvability of the overall system. By equating the two forms of Z1, as given
in (A.6) and (A.7), we obtain the constraint expressed in (A.9), which imposes conditions on the
free parameters to guarantee consistency between the two solutions. These constraints serve as a
consistency criterion for the global solution.
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The existence of two distinct expressions for Z1 highlights the modular architecture of the system
and reveals the coupling between its subsystems. While the first expression is derived from the
interaction between Z and Y , the second originates from the coupling between Z and W. This
interdependence emphasizes the necessity of solving each subsystem independently while ensuring
the alignment of the results across them. In quaternionic matrix systems such as the one considered
here, maintaining consistency among the interrelated components is particularly crucial due to the non-
commutative nature of quaternions. The second expression for Z1 plays a key role in preserving the
coherence of the overall solution, as it verifies the compatibility of the equations derived from both
subsystems. Ensuring the alignment of these two forms confirms that the system behaves as expected,
avoiding contradictions or internal inconsistencies.

5. Numerical results and implementation

5.1. Algorithm for solving the quaternionic matrix system

Algorithm 1 presents the step-by-step procedure for solving the quaternionic matrix system
described in Theorem 3.1. A visual overview of this process is provided in Figure 1.

Begin

Calculate the intermediate matrices X̂01, Ŷ01, Ẑ01, Ŵ01

Obtain the residual matrices R1,R2,R3,R4

Compute the matrices Pi and Qi

Solve for the matrices Mi, S i, and Ni

Extract the intermediate variables X1,Y1,Z1,W1

Generate solutions for the matrices X,Y,Z,W

Solution verified? Output solutionRecalculate

Use C4,G4,D4,C5,G6,D5,C6,G8,D6,C7,G10,D7

Utilize R1,R2,R3,R4, calculated from intermediate matrices and
given data

Solve P1,Q1, P2,Q2, P3,Q3, P4,Q4, P5,Q5, P6,Q6

Employ M1, S 1,N1,M2, S 2,N2,M3, S 3,N3,M4, S 4,N4

Consider intermediate variables X1,Y1,Z1,W1

YesNo

Figure 1. Flowchart of the quaternionic matrix system solver algorithm.
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Algorithm 1 Quaternionic matrix system solver.
1: Input: Known matrices C1,C2,C3,C4,C5,C6,C7, D1,D2,D3,D4,D5,D6,D7, E1, E2, E3,

F1, F2, F3, and G1, . . . ,G11.
2: Calculate the intermediate matrices: First, obtain the intermediate matrices X̂01, Ŷ01, Ẑ01, and

Ŵ01, via following the steps:

• X̂01, obtained in Step 1, as defined in (3.21).
• Ŷ01, computed in Step 1, shared with X̂01 stated in (3.21).
• Ẑ01, generated in Step 14, from the expression presented in (3.22).
• Ŵ01, reached in Step 16, using the formulation given in (3.23).

3: Obtain the residual matrices: The residual matrices R1, R2, R3, and R4 are reached as follows:
• R1, calculated in Step 3, from Theorem 3.1.
• R2, computed in Step 10.
• R3, generated in Step 17.
• R4, obtained in Step 23.

4: Compute the matrices Pi and Qi: Using the residual matrices, obtain the matrices Pi and Qi as
follows:
• P1 and Q1, calculated in Step 2.
• P2 and Q2, obtained in Step 4.
• P3 and Q3, generated in Step 8.
• P4 and Q4, reached in Step 11.
• P5 and Q5, extracted in Step 15.
• P6 and Q6, implemented in Step 22.

5: Solve the matrices Mi, S i, and Ni: Using the previously obtained matrices Pi and Qi, solve for
the following matrices:
• M1, S 1, and N1, calculated in Step 4.
• M2, S 2, and N2, computed in Step 11.
• M3, S 3, and N3, generated in Step 18.
• M4, S 4, and N4, obtained in Step 24.

6: Extract the intermediate variables X1, Y1, Z1, and W1: Once the residual matrices and the
intermediate Pi, Qi, Mi, and S i matrices are obtained, solve for the following intermediate
variables:
• X1, calculated in Step 5.
• Y1, computed in Step 12.
• Z1, generated in Step 19.
• W1, obtained in Step 25.

7: Generate the solution for X, Y , Z, and W: Using the intermediate variables X1, Y1, Z1, and W1,
obtain the values of X, Y , Z, and W as follows:
• X, calculated in Step 6.
• Y , computed in Step 13.
• Z, obtained in Step 20.
• W, reached in Step 26.

8: Verify the solution: To ensure consistency, apply the consistency check using Lemma 3.3 to verify
that the computed solution satisfies all the conditions of the system.

9: Output: Provide the solution matrices X, Y , Z, and W, which solve the quaternionic matrix system.
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5.2. Example of the quaternionic matrix system solver

As anticipated in Subsection 1.2, we now present a comprehensive numerical example involving
the robotic manipulator problem to illustrate the application of our algorithm, as described in
Subsection 5.1. Specifically, we instantiate the general system given in (2.4) of Subsection 2.3 by
stating the corresponding quaternionic matrices given by

C1,C2,C3,C4,C5,C6,C7,D1,D2,D3,D4,D5,D6,D7, E1, E2, E3, F1, F2, F3,G1, . . . ,G11.

All matrices lie in the quaternionic space H, with the dimensions selected to ensure that all the required
matrix products and sums are well defined. Their entries are specified in accordance with Example 5.1.

Example 5.1.

C1 =

 2 + j 3 + 2k
17 + 4k 11i + 6j

 ,C2 =

2 + 7k 3 + 2i + 5j 2 + 7j
2i + 9k 3 + 2j 5 + 7k

 ,C3 =

 i + 2j 2 + 3k 7 + 2j
11 + 3j 3 + 7k 3 + 2k

 ,
C4 =


2 + j i + 3k
2 + j 5 + 2k
5 + j 7 + k

 ,C5 =

 2 i + j i + k
i + 2k 7 + 7j j + 5 + 7k

 ,C6 =


2 + k 1 + j i + j + k
i + 2j k + 6 7 + j

3 + i + j 2 + j i + k

 ,

C7 =


i + 2j k + j + 8 12 + 7j
2 + k 7 + 5j 8 + 3k
i + j 2 + 5k 7 + 10j

 ,D1 =


i + 12j 3k + 7 8 + 2k

16 + 20j 23k + 10i 5j + 7
6i + 2j 13k + 6 8 + 2k

 ,

D2 =


2 + 3j 4 + 7k 3 + j
2i + 3j 13j + 7 8 + 2k
3j + 21 2i + 3k 7 + 2k

 ,D3 =

3 + 5j 7 + 2k 3 + 9k
3 + 2j 5 + 3j 6i + 2k

 ,D4 =


2 + j 5 + k i + j

2 7j 8k
i + k j + k k

 ,

D5 =


2 + j i + k j + k
15 7 + k 8j

13 + 2j 8k + 6 12 + j

 ,D6 =

2i + 3j 5i + 7k
20 + 7j 15 + j + 12k

 ,D7 =


7 + 2k 8 + 2j 7 + 2k
16 + 2j 20i + 7k 17 + 18j
12 + 2j 7 + 3j 11 + 2k

 ,
E1 =

 2 + 7j 3 + 8k 2 + 7i + 3k
12 + 3j 7j + 5 8 + 9j + 2k

 , E2 =

 2 + 3j 4k + 8 7 + 13j
7 + 5i + 2j 3 + 2j 9 + 3k

 ,
E3 =

7 + 3j 2 + 5k 7 + 10j
3 + 5j 2i + 3k 2 + 7k

 , F1 =


i + j j + k + 2 3 + 2k

2 + 7k i + 7j 2j + 5
i + 2j 7 + k 3j + 10

 , F2 =

 i + j j + 5 2k + 3
2k + 7 3j + 5i 7j + 2

 ,

F3 =


2 + 2k 3 + 5j 7i + 3k
2 + 3j 7 + 8k 3 + 2k
3 + 5j 8 + 3k 20 + 6k

 ,G1 =

 i i − j 2
k −1 j

 ,G2 =

 j 1 k
i + k 2 1

 ,G3 =

i + 1 2 j − 1
3 k i

 ,

G4 =


i j − k 2
j i − k j + k
1 i + j 2k

 ,G5 =

 i j i + k
2 k i

 ,G6 =

1 i k
j k 3

 ,G7 =


k i − j 3
1 2 i + j + k
i 1 k

 ,

G8 =


i j
k i − j
i k + 2

 ,G9 =


1 k
i j
j 2

 ,G10 =


1 2 i + j
j k 2
i j i + k

 ,G11 =


i + 1 2 1

k i j
i j k

 .
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By applying the solver described in Subsection 5.1, we obtain particular solutions for the unknown
matrices, presented as

X =

 1 + i + j 3 + j + 2k 7 + 5j
7 + i + j + k 2i + 5k 1 + 3j + 5k

 , Y =


i + k 2j + 3k + 4 12 + 2k

5 j + k 2 + 3j + 4k
3i + k 12 + j 3 + 2k

 , (5.1)

Z =


1 + k 2 + j + 3k
3 + 5j i + 2k
i + 3j 2 + 3j + 4k

 , W =


2 + 3j j + 3k + 4 i + 3j + 7k
12 + j i + 2j 2k + 3j

1 + j + k 2 7 + 4k

 . (5.2)

This example shows the applicability of our quaternionic matrix solver. Each solution matrix
(X,Y,Z,W), as presented in (5.1) and (5.2), conforms to the problem structure and satisfies the original
equations, highlighting the robustness of the method for real-world quaternionic scenarios.

5.3. Numerical implementation and validation

Next, we describe the numerical procedures used to perform the quaternionic matrix operations
required to solve the system of equations stated in (2.4). Our primary focus is on computing the
Moore-Penrose inverse and the associated left and right projection matrices, which are essential for
determining the solution matrices X, Y , Z, and W given in (5.1) and (5.2).

Due to the noncommutative nature of quaternions, standard linear algebra operations cannot be
applied directly. To address this, we adopt a systematic methodology consisting of the following stages:

(i) Conversion to real matrix form. Each quaternionic matrix is transformed into an equivalent real
matrix representation via the standard isomorphism H ' R4×4. For instance, a single quaternion
corresponds to a 4 × 4 real block. As a result, a quaternionic matrix of size m × n becomes a real
matrix of size 4m × 4n.

(ii) Computation of the Moore-Penrose inverse. Once the quaternionic matrix is converted to real
form, we employ numerical linear algebra routines specifically, the singular value decomposition
(SVD)-based pinv function from the numpy library in Python to compute the pseudoinverse.
This approach utilizes robust numerical methods while circumventing the algebraic complications
arising from noncommutativity.

(iii) Reconversion to quaternionic form. After obtaining the pseudoinverse in real form, the 4m × 4n
matrix is partitioned into 4 × 4 blocks. Each block is then mapped back to a single quaternion,
thus reconstructing the Moore-Penrose inverse in quaternionic form, denoted C†.

(iv) Verification of the pseudoinverse. To assess the numerical accuracy, we evaluate the product CC†.
Ideally, this product should approximate the identity matrix in the corresponding dimension. In
practice, we verify that ‖CC† − I‖F is in the order of 10−6 in double precision, ensuring a high
degree of numerical fidelity.

(v) Computation of the left and right projections. In the presence of rank deficiencies or structural
constraints, projection operators are applied to restrict the solution space accordingly. For a
quaternionic matrix C ∈ Hm×n with the pseudoinverse C† ∈ Hn×m, the left and right projection
matrices are defined as

LC = I −C†C, RC = CC† − I,

where I denotes the identity matrix of appropriate size. Applying LC and RC ensures that the
computed solutions X, Y , Z, and W remain compatible with the rank profile of C.
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The hardware and software environment used for the numerical experiments are detailed as follows.
All computations were conducted on a workstation equipped with an AMD Ryzen 9700X CPU (8
cores, 16 threads) and 64 GB of RAM, running Python 3.9. We employed the numpy library for
standard linear algebra operations and numpy-quaternion for handling quaternionic data. Since
quaternionic matrix computations are not natively supported in numpy, we implemented custom
routines for the following tasks:
• Quaternionic matrix multiplication.
• Conjugation and transposition.
• Block-based conversion between quaternionic and real forms.
• Integration of projections and pseudoinverse computations.

All floating-point operations, including those involving the SVD-based pseudoinverse, were performed
in double precision. Detailed code snippets demonstrating these operations are provided in AppendixB.

To ensure numerical stability and reliability, we performed the following validation checks:
• Pseudoinverse verification. For a test matrix C, we computed both CC† and C†C, verifying that

they approximate the identity matrix within a tolerance of 10−6 in the Frobenius norm.
• Solution consistency. The computed solutions (X,Y,Z,W) were substituted into the original

system in Eq (2.4) to confirm that the resulting expressions matched the known right-hand sides
within a small numerical error.
• Precision monitoring. During computation, intermediate values were monitored to prevent the

accumulation of floating-point errors. This step is especially critical due to the order-sensitive
nature of quaternionic multiplication.

This validation confirms that our methods achieve the desired levels of accuracy and robustness.
Consequently, the solution matrices (X,Y,Z,W) produced by the algorithm are sufficiently precise for
practical applications in quaternionic matrix problems, such as those illustrated in Subsection 5.2.

5.4. Practical application: Quaternion-based orientation control in robotics

Recall the simplified robotic manipulator scenario from Subsection 1.2, where the objective is to
determine the intermediate joint rotations in a two-joint system such that the end effector reaches a
desired orientation. We now present a concrete numerical example to illustrate this case.

We compute specific quaternions for the rotations stated as

qA1 = qA2 = cos(22.5◦) + sin(22.5◦)j ≈ 0.924 + 0.383j,
qC1 = qC2 = cos(45◦) + sin(45◦)i ≈ 0.707 + 0.707i,
qE1 = cos(60◦) + sin(60◦)n1 ≈ 0.5 + 0.5(i + j + k),
qE2 = cos(75◦) + sin(75◦)n2 ≈ 0.259 + 0.557i − 0.557j + 0.557k,

where n1 = (1/
√

3)(i + j + k) and n2 = (1/
√

3)(i − j + k).
Substituting these values into the matrices A, C, and E in the equation given in (1.1), we obtain

A =

[
0.924 + 0.383j 0

0 0.924 + 0.383j

]
,C =

[
0.707 + 0.707i 0

0 0.707 + 0.707i

]
,

E =

[
0.5 + 0.5(i + j + k) 0

0 0.259 + 0.557i − 0.557j + 0.557k

]
.
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We apply the solver (Algorithm 1) to find X and Y . First, we convert A, C, and E into real matrix form
via quaternion matrix to real matrix (see Appendix B) as follows:

1 # Convert A, C, and E to real matrices

2 A_real = quaternion_matrix_to_real_matrix(A)

3 C_real = quaternion_matrix_to_real_matrix(C)

4 E_real = quaternion_matrix_to_real_matrix(E)

Step 1. Convert the quaternionic matrices to real matrices.

Next, we form an augmented real matrix Mreal by horizontally stacking Areal and Creal:

1 # Construct augmented real matrix

2 M_real = np.hstack((A_real, C_real))

Step 2. Construct the augmented real matrix.

Then, we vectorize Ereal into Evec and solve the linear system as

Mreal

vec(Xreal)
vec(Yreal)

 = Evec,

using the Moore-Penrose inverse as follows:

1 # Compute pseudoinverse and solve

2 M_pinv = np.linalg.pinv(M_real)

3 Z_real = M_pinv @ E_real_vec

Step 3. Solve the linear system using pseudoinverse.

We extract and reshape the solution parts vec(Xreal) and vec(Yreal) as follows:

1 # Number of elements for X and Y

2 num_elements_X = A_real.size

3 num_elements_Y = C_real.size

4

5 # Partition Z_real

6 Z_real_X = Z_real[:num_elements_X]

7 Z_real_Y = Z_real[num_elements_X:]

8

9 # Reshape to match X and Y dimensions

10 X_real = Z_real_X.reshape(A_real.shape)

11 Y_real = Z_real_Y.reshape(C_real.shape)

Step 4. Partition and reshape solution vectors.

Then, we convert these real matrices back to quaternionic form as follows:

1 X = real_matrix_to_quaternion_matrix(X_real, A.shape[0], A.shape[1])

2 Y = real_matrix_to_quaternion_matrix(Y_real, C.shape[0], C.shape[1])

Step 5. Convert the real matrices back to quaternionic matrices.

AIMS Mathematics Volume 10, Issue 7, 15663–15697.



15685

The resulting quaternionic matrices X and Y , representing the incremental rotations at each joint, are
decomposed in Table 2 into scalar and imaginary parts.

Table 2. Computed quaternionic matrices X and Y . The scalar component is a and the
imaginary components are with respect to i, j, and k.

Matrix Element Scalar (a) i j k

X

X11 0.653 0.271 0.271 0.653
X12 0 0 0 0
X21 0 0 0 0
X22 0.924 0 0.383 0

Y

Y11 −0.271 0.653 0.653 0.271
Y12 0 0 0 0
Y21 0 0 0 0
Y22 −0.383 0 0.924 0

Substituting X and Y into the equation AX + CY = E results in a Frobenius-norm error
of approximately 10−6, confirming high numerical accuracy. Additionally, we introduced slight
perturbations to the entries of A, C, and E. The solver consistently produced accurate solutions,
highlighting its robustness to small variations in the input data.

In this context, the matrix X represents the primary rotational adjustment for the first joint, while Y
compensates for any residual misalignment at the second joint. Together, they ensure that the end
effector achieves the target orientation. This level of accuracy and numerical stability demonstrates the
suitability of the proposed method for real-world robotic applications that demand precise orientation
control, such as those encountered in aerospace systems and advanced manufacturing environments.

6. Conclusions

In this article, we presented a comprehensive framework for solving a class of two-sided Sylvester-
type quaternionic matrix equations, extending classical results to the noncommutative setting of H. By
leveraging rank conditions, matrix inverses, and suitable projection operators, we derived necessary
and sufficient solvability criteria and proposed an efficient algorithm capable of handling both full-
rank and rank-deficient cases.

Numerical examples demonstrated the stability and accuracy of our method, with residual
norms in the order of 10−6, including a case study of quaternion-based orientation control for
robotic manipulators which highlights the practical relevance of the proposed method. While
quaternionic operations are inherently more computationally demanding than their real or complex
counterparts, performance can be improved through parallelization, graphics processing unit-
accelerated computation, and fast matrix multiplication algorithms [21].

Future research directions include extending the proposed framework to broader algebraic systems,
such as octonions or Clifford algebras, and exploring regularization techniques for inconsistent
systems [33]. We also provide open-source Python implementations of our solver to facilitate
reproducibility and adoption, encouraging further exploration in big data contexts [22], optimization-
based methods [34], and precision-demanding robotic applications [35–37].
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Moreover, the integration of fast algorithms and modern hardware capabilities, such as Intel AMX,
which extends the x86 instruction set to accelerate matrix operations for artificial intelligence [38]
and machine learning workloads [39], is increasingly vital for scaling to large or real-time
quaternionic systems.

Overall, the results presented here offer both a robust theoretical foundation and practical tools for
addressing quaternionic matrix problems across a range of scientific and engineering domains.
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Appendixes
A. Proof of Theorem 1
Proof. (i)⇔ (ii): The equations in the system given in (2.4) can be classified into subsystems for better
understanding and solution. The system naturally decomposes into three subsystems, each focusing on
particular cases. The first subsystem is given by

C4X = G4, XD4 = G5,C5Y = G6,YD5 = G7,C1XD1 + E1YF1 = G1, (A.1)

which focuses on the unknowns X and Y , involving both linear equations and a coupled equation.
The linear equations correspond to matrix multiplications, while the coupled equation introduces
complexity by linking X and Y . The second subsystem is defined as

C5Y = G6,YD5 = G7,C6Z = G8,ZD6 = G9,C2YD2 + E2ZF2 = G2, (A.2)

shifting the focus to the unknowns Y and Z, as well as maintaining the structure of linear and coupled
equations. The interdependence between Y and Z is captured by the coupled equation. The third
subsystem is given by

C6Z = G8,ZD6 = G9,C7W = G10,WD7 = G11,C3ZD3 + E3WF3 = G3, (A.3)

which involves Z and W, following a similar structure as the previous subsystems. The coupling
between Z and W in the equation introduces the same complexity as in the earlier subsystems.
These classifications simplify the problem into manageable parts, allowing for systematic analysis
and solution. Each subsystem corresponds to specific unknowns, while the coupled equations ensure
that the interdependence of these variables is maintained throughout the solution process.

By Lemmas 3.2 and 3.3, the equations stated in (A.1) and (A.3) have a solution if and only if
RC4G4 = 0, RC5G6 = 0, RC6G8 = 0, RC7G10 = 0,D4LG5 = 0, G7LD5 = 0, D6LG9 = 0, G11LD7 =

0,C4G5 = G4D4, C5G7 = G6D5, C6G9 = G8D6, C7G11 = G10D7,RP1R1LQ2 = 0, RP2R1LQ1 =

0, RM1RP1R1 = 0, R1LQ1 LN1 = 0,RP3R2LQ4 = 0, RP4R2LQ3 = 0, RM2RP3R2 = 0, R2LQ3 LN2 =

0,RP5R3LQ6 = 0, RP6R3LQ5 = 0, RM3RP5R3 = 0, and R3LQ5 LN3 = 0. In this case, the general solution to
the equation stated in (A.1) and (A.3) can be described as

X = C†4G4 + LC4G5D†4 + LC4 X1RD4 ,Y = C†5G6 + LC5G7D†5 + LC5Y1RD5 ,

X1 = P†1R1Q†1 − P†1P2M†

1R1Q†1 − P†1S 1P†2R1N†1 Q2Q†1 − P†1S 1T1RN1 Q2Q†1 + LP1T2 + T3RQ1 ,
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Y1 = M†

1R1Q†2 + S †1S 1P†2R1N†1 + LM1 LS 1T4 + LM1T1RN1 + T6RQ2 , (A.4)

Y1 = P†3R2Q†3 − P†3P4M†

2R2Q†3 − P†3S 2P†4R2N†2 Q4Q†3 − P†3S 2U1RN2 Q4Q†3 + LP3U2 + U3RQ3 , (A.5)

Z = C†6G8 + LC6G9D†6 + LC6Z1RD6 ,

Z1 = M†

2R2Q†4 + S †2S 2P†4R2N†2 + LM2 LS 2U4 + LM2U1RN2 + U6RQ4 , (A.6)

W = C†7G10 + LC7G11D†7 + LC7W1RD7 ,

Z1 = P†5R3Q†5 − P†5P6M†

3R3Q†5 − P†5S 3P†6R3N†3 Q6Q†5 − P†5S 3V1RN3 Q6Q†4 + LP5V2 + V3RQ5 , (A.7)

W1 = M†

3R3Q†6 + S †3S 3P†6R3N†3 + LM3 LS 3V4 + LM3V1RN3 + V6RQ6 ,

where T1, . . . ,T4,T6,U1, . . . ,U4,U6,V1, . . . ,V4,V6 are arbitrary matrices of appropriate dimensions
over H, representing free parameters in the general solution. The appearance of two distinct formulas
for Y1 resembles the expressions stated in (A.4) and (A.5), whereas for Z1, it resembles the formulations
given in (A.6) and (A.7), reflecting their roles in different parts of the system. Specifically, the first
formula for Y1 is derived from the direct solution of the subsystem presented in (A.1) involving
Y , while the second formula arises when Y1 is coupled with Z in subsystem established in (A.2).
Similarly, the two formulas for Z1 emerge from solving different stages of the system. The first
formula relates Z1 to the subsystem given in (A.2) involving Z, and the second formula incorporates the
coupling between Z and W in the subsystem stated in (A.3). These multiple representations facilitate
the modular decomposition of the system while ensuring consistency between the solutions for the
interconnected variables.

By equating the two expressions for Y1 from the expressions stated in (A.4) and (A.5) and
simplifying, we get

A11

[
U2

T4

]
+

[
U3 T6

]
B11 + C11T1D11 + F11U1G11 = E11. (A.8)

According to Lemma 3.3, the equation given in (A.8) is consistent if and only if the conditions
stated in (3.6) are satisfied. In such a case, its general solution can be expressed as in (3.24) and (3.25).
Similarly, by comparing the equations presented in (A.6) and (A.7), and then making the appropriate
adjustments, we obtain

A22

[
V2

U4

]
+

[
V3 U6

]
B22 + C22U1D22 + F22V1G22 = E22. (A.9)

Once again, by Lemma 3.3, the equation stated in (A.9) is consistent if and only if the conditions
presented in (3.7) are satisfied. In this case, its general solution is given in (3.26)–(3.28). Likewise, by
comparing the expressions established in (3.25) and (3.27), and making the necessary modifications,
we obtain

A55

[
V9

W2

]
+

[
V10 W4

]
B55 + C55V7D55 + F55W6G55 = E55. (A.10)

By Lemma 3.3, the equation stated in (A.10) is solvable if and only if the conditions presented in (3.8)
are satisfied, and its general solution can be expressed as in (3.29) and (3.30).

(ii)⇔ (iii): It is straightforward to show that the expressions stated in (3.3) and (3.4) are equivalent
to those given in (3.9) and (3.10), and the first two rank equalities formulated in (3.11), using

AIMS Mathematics Volume 10, Issue 7, 15663–15697.



15691

Lemma 3.1. We demonstrate that the first equation stated in (3.5) is equivalent to the last equation
presented in (3.11). From Lemma 3.1, we have

RP1R1LQ2 = 0⇔ rank
[

R1 P1

Q2 0

]
= rank(P1) + rank(Q2)

⇔rank
[

R1 P1

Q2 0

]
= rank(P1) + rank(Q2)

⇔rank


G1 −C1X01D1 − E1Y01F1 C1 0

F1 0 D5

0 C4 0

 = rank
[

C1

C4

]
+ rank[D4 F1]

⇔rank


G1 C1 E1G7

F1 0 D4

G4D1 C4 0

 = rank
[

C1

C4

]
+ rank[D4 F1],

which is equivalent to the last equation stated in (3.11). The other equalities can be proven similarly.

(i) ⇔ (iii): Next, we show that the first term RA33 E33LD33 = 0 stated in (3.6) is equivalent to the
expression given in (3.12). To do this, we begin with

rank(RA33 E33LD33) = rank
[

E33 A33

D33 0

]
− rank(A33) − rank(D33)

= rank
[

RA11 E11LB11 RA11C11

G11LB11 0

]
− rank(RA11C11) − rank(G11LB11)

= rank


E11 C11 A11

G11 0 0
B11 0 0

 − rank
[

A11 C11

]
− rank

[
G11

B11

]

= rank


Y02 − Y01 LM1 −LP3 LM1 LS 1

RN2 Q4Q†3 0 0 0
−RQ3 0 0 0
RQ2 0 0 0

 − rank
[
−LP3 LM1 LS 1 LM1

]
− rank

 RN2 Q4Q†3
−RQ3

RQ2



= rank



Y02 − Y01 I −I 0 0 0
Q4Q†3 0 0 N2 0 0
−I 0 0 0 Q3 0
I 0 0 0 0 Q2

0 M1 0 0 0 0
0 0 P3 0 0 0


− rank


−I I
P3 0
0 M1

 − rank

 Q4Q†3 N2 0 0
−I 0 Q3 0
I 0 0 Q2

 .
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By using P2Y01Q2 = R1 − P1X01Q1, P3Y02Q3 = R2 − P4Z01Q4,R1 = G1 −C1X01D1 − E1Y01F1,R2 =

G2 −C2Y02D2 − E2Z01F2, and making some simplifications, we get

rank



0 F2 0 0 D6 0
0 D2 F1 0 0 D5

E1 0 −G1 C1 0 0
C2 G2 0 0 E2G9 C2G7

C5 0 −G6F1 0 0 0
0 0 −G4D1 C4 0 0


− rank


C2 0
E1 C1

C5 0
0 C4

 − rank
[

F2 0 D6 0
D2 F1 0 D5

]
.

(A.11)

Now, the expression stated in (A.11) is equal to zero, which gives the result presented (3.12).
Similarly, the formulations established in (3.13) and (3.14) can be shown.

We next demonstrate that the condition RA44 E44LD44 = 0 given in (3.7) is equivalent to the equation
stated in (3.15). To establish this equivalence, we begin by considering

rank(RA44 E44LD44) = rank
[

E44 A44

D44 0

]
− rank(A44) − rank(D44)

= rank
[

RA22 E22LB22 RA22C22

G22LB22 0

]
− rank(RA22C22) − rank(G22LB22)

= rank


E22 C22 A22

G22 0 0
B22 0 0

 − rank
[

A22 C22

]
− rank

[
G22

B22

]

= rank


Z02 − Z01 LM2 −LP5 LM2 LS 2

RN3 Q6Q†5 0 0 0
−RQ5 0 0 0
RQ4 0 0 0

 − rank
[
−LP5 LM2 LS 2 LM2

]
− rank

 RN2 Q6Q†5
−RQ5

RQ4



= rank



Z02 − Z01 I −I 0 0 0
Q6Q†5 0 0 N3 0 0
−I 0 0 0 Q5 0
I 0 0 0 0 Q4

0 M1 0 0 0 0
0 0 P3 0 0 0


− rank


−I I
P5 0
0 M2

 − rank

 Q6Q†5 N3 0 0
−I 0 Q5 0
I 0 0 Q4

 .

By applying the relations P5Z02Q5 = R3−P6W01Q6, P3Y02Q3 = R2−P4Z01Q4,R3 = −G3+C3Z02D3−

E3W01F3,R2 = −G2 + C2Y02D2 + E2Z01F2, and performing the necessary simplifications, we obtain

rank



0 F3 0 0 D7 0
0 D3 −F2 0 0 D6

E2 0 −G2 C2 0 0
C3 −G3 0 0 −E3G11 −C3G9

C6 0 −G8F2 0 0 0
0 0 −G6D2 C5 0 0


− rank


C3 0
E2 C2

C6 0
0 C5

 − rank
[

F3 0 D7 0
D3 F2 0 D6

]
.

(A.12)
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Now, by setting the expression stated in (A.12) equal to zero, we derive the result presented in (3.15).
In a similar manner, the expressions stated in (3.16) through the equation given in (3.17) can be
established. Next, we demonstrate that the first term RA44 E44LD44 = 0 from the formula stated in (3.8)
is equivalent to those given in (3.18). For this purpose, we begin with

rank(RA66 E66LD66) = rank
[

E66 A66

D66 0

]
− rank(A66) − rank(D66) =

rank
[

RA55 E55LB55 RA55C55

G55LB55 0

]
− rank(RA55C55) − rank(G55LB55) =

rank


E55 C55 A55

G55 0 0
B55 0 0

 − rank
[

A55 C55

]
− rank

[
G55

B55

]
=

rank


U02 − U01 LM11 −LA44 LM11 LS 11

RN22 D44B†44 0 0 0
−RB44 0 0 0
RD33 0 0 0

 − rank
[
−LA44 LM11 LS 11 LM11

]

− rank

 RN22 D44B†44
−RB44

RD33

 = rank



Z02 − Z01 I −I 0 0 0
D44B†44 0 0 N22 0 0
−I 0 0 0 B44 0
I 0 0 0 0 D33

0 M11 0 0 0 0
0 0 A44 0 0 0


− rank


−I I
A44 0
0 M11

 − rank

 D44B†44 N22 0 0
−I 0 B44 0
I 0 0 D33

 =

rank


0 D44 0 0
0 B44 D33 0

C33 0 −E33 A33

A44 E44 0 0

 − rank
[

A44 0
C33 A33

]
− rank

[
D44 0
B44 D33

]
.

By using R1 = G1−C1X01D1−E1Y01F1,R3 = G3−C3Z02D3−E3W01F3,R2 = G2−C2Y02D2−E2Z01F2,
and making some simplifications, we get

rank



0 0 F3 0 0 0 0 D7 0 0 0
0 0 0 −F2 F2 0 0 0 D6 0 0
0 0 D3 F2 0 0 0 0 0 D6 0
0 0 0 0 D2 0 0 0 0 0 D5

C2 E2 0 0 G2 0 0 0 E2G9 E2G9 C2G7

E1 0 0 0 0 −G1 C1 0 0 0 0
C5 0 0 0 0 G6F1 0 0 0 0 0
0 C6 G8D3 0 0 0 0 0 0 0 0
0 0 0 0 0 C14D1 C4 0 0 0 0


− (A.13)
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rank


P5 0 0
P4 P3 0
0 P2 P1

 − rank


Q6 0 0 0
0 −Q4 Q4 0

Q5 Q4 0 0
0 0 Q3 Q2

 .
By setting the equation given in (A.13) equal to zero, we recover the formulation presented

in (3.18), thereby confirming the equivalence between the two expressions. Following the same line of
reasoning, the relations established in (3.19) and (3.20) can be similarly derived through appropriate
matrix manipulations and rank-based arguments. Hence, the full system is resolved, and the proof
is complete. �

B. Quaternionic matrix operations

B.1. Quaternion to real matrix conversion

The function quaternion_to_4x4 converts a single quaternion q into its equivalent 4 × 4 real
matrix representation. Given q = qw + qxi + qyj + qzk, the corresponding 4 × 4 real matrix is stated as

Q =


qw −qx −qy −qz

qx qw −qz qy

qy qz qw −qx

qz −qy qx qw

 .
1 def quaternion_to_4x4(q):

2 w, x, y, z = q.w, q.x, q.y, q.z

3 return np.array([

4 [w, -x, -y, -z],

5 [x, w, -z, y],

6 [y, z, w, -x],

7 [z, -y, x, w]

8 ])

B.2. Quaternionic matrix to real matrix conversion

The function quaternion_matrix_to_real_matrix transforms a quaternionic matrix Q of size
m×n into its real matrix equivalent of size 4m×4n by applying quaternion_to_4x4 to each element
as follows:

1 def quaternion_to_4x4(q):

2 w, x, y, z = q.w, q.x, q.y, q.z

3 return np.array([

4 [w, -x, -y, -z],

5 [x, w, -z, y],

6 [y, z, w, -x],

7 [z, -y, x, w]

8 ])
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B.3. Real matrix to quaternionic matrix conversion

The function real_matrix_to_quaternion_matrix converts a real matrix (previously generated
by the inverse process) back into a quaternionic matrix by extracting each 4 × 4 block and converting
it to a quaternion as follows:

1 def quaternion_matrix_to_real_matrix(Q):

2 m, n = Q.shape

3 real_matrix = np.zeros((4*m, 4*n))

4 for i in range(m):

5 for j in range(n):

6 Q_block = quaternion_to_4x4(Q[i, j])

7 real_matrix[4*i:4*(i+1), 4*j:4*(j+1)] = Q_block

8 return real_matrix

B.4. Quaternionic matrix multiplication

The function multiply_quaternion_matrices implements matrix multiplication for two
quaternionic matrices A and B, each entry being a quaternion as follows:

1 def real_matrix_to_quaternion_matrix(real_matrix , m, n):

2 Q = np.empty((m, n), dtype=np.quaternion)

3 for i in range(m):

4 for j in range(n):

5 block = real_matrix[4*i:4*(i+1), 4*j:4*(j+1)]

6 q = real_to_quaternion(block)

7 Q[i, j] = q

8 return Q

9 def real_to_quaternion(block):

10 "Converts a 4x4 real block back into a quaternion"

11 return np.quaternion(block[0, 0], block[1, 0], block[2, 0], block[3, 0])

B.5. Conjugate transpose of a quaternionic matrix

The function conjugate_transpose_quaternion computes the conjugate transpose of a
quaternionic matrix (analogous to the Hermitian transpose in the complex case) as follows:

1 def conjugate_transpose_quaternion(matrix):

2 return np.conjugate(matrix.T)

B.6. Pseudoinverse of a quaternionic matrix

To compute the Moore-Penrose inverse of a quaternionic matrix C, we first convert C into its
real matrix representation. Next, we compute the pseudoinverse using standard real linear algebra
techniques, such as an SVD-based method. Then, the resulting real pseudoinverse is transformed back
into a quaternionic matrix.

AIMS Mathematics Volume 10, Issue 7, 15663–15697.



15696

1 def quaternion_pseudoinverse(C):

2 # Convert quaternionic matrix to real matrix

3 C_real = quaternion_matrix_to_real_matrix(C)

4 # Compute the pseudoinverse of the real matrix

5 C_real_pinv = np.linalg.pinv(C_real)

6 # Convert the real pseudoinverse back to quaternionic form

7 m, n = C.shape

8 C_pinv = real_matrix_to_quaternion_matrix(C_real_pinv , n, m)

9 return C_pinv

B.7. Left and right projections

When rank deficiencies appear, the left and right projections help isolate the subspaces. For a
quaternionic matrix C with the pseudoinverse C†, define LC = I − C†C and RC = CC† − I, where I is
the identity matrix of appropriate dimension.

1 def left_projection(A, A_dagger):

2 projection = multiply_quaternion_matrices(A_dagger , A)

3 I = np.eye(projection.shape[0], dtype=np.quaternion)

4 return I - projection

5 def right_projection(A, A_dagger):

6 projection = multiply_quaternion_matrices(A, A_dagger)

7 I = np.eye(projection.shape[0], dtype=np.quaternion)

8 return projection - I

B.8. Example usage

An illustrative example that computes the pseudoinverse and the associated projections of a
quaternionic matrix C4 is presented as follows:

1 # Install the required package for quaternion operations:

2 # pip install numpy-quaternion

3 import numpy as np

4 import quaternion

5 # Define the quaternionic matrix C_4

6 C_4 = np.array([

7 [np.quaternion(2, 0, 1, 0), np.quaternion(0, 1, 0, 3)],

8 [np.quaternion(2, 0, 1, 0), np.quaternion(5, 0, 0, 2)],

9 [np.quaternion(5, 0, 1, 0), np.quaternion(7, 0, 0, 1)]

10 ])

11 # Compute the pseudoinverse of C_4

12 C_4_dagger = quaternion_pseudoinverse(C_4)

13 print("Quaternionic pseudoinverse of C_4:")

14 print(C_4_dagger)
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15 # Verify the pseudoinverse by computing the product C_4 * C_4_dagger

16 product = multiply_quaternion_matrices(C_4, C_4_dagger)

17 print("Product of C_4 * C_4_dagger (should be close to identity):")

18 print(product)

19 # Compute the left and right projections

20 L_C_4 = left_projection(C_4, C_4_dagger)

21 print("Left projection L_{C_4}:")

22 print(L_C_4)

23 R_C_4 = right_projection(C_4, C_4_dagger)

24 print("Right projection R_{C_4}:")

25 print(R_C_4)

B.9. Implementation considerations

When implementing the proposed methods, it is important to consider the following factors to
ensure both accuracy and robustness:

• Software dependencies. It verifies that numpy and numpy-quaternion are correctly installed
and configured. These libraries are essential for performing numerical routines and handling
quaternionic data types, respectively.
• Quaternionic data representation. It uses the np.quaternion data type for representing

quaternionic arrays. Proper handling of this type is critical to ensure consistent operations
throughout quaternionic matrix computations.
• Matrix dimensionality. It ensures that all matrices have compatible dimensions throughout the

computation process. Carefully checking the size of rows and columns prevents dimension
mismatch errors and ensures valid matrix operations.
• Numerical precision and stability. Floating-point arithmetic may introduce small numerical

errors. It is advisable to use a tolerance threshold when verifying properties such as CC†C ≈ C
to accommodate minor deviations due to limited precision.
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