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Abstract: Constant dimension codes (CDCs) have garnered significant attention in recent years,
primarily owing to their crucial applications in random network coding. A central problem in the
study of CDCs involves determining the maximum achievable cardinality, denoted as A,(n, 20, k) for
given parameters. In this paper, we propose a new approach to constructing CDCs based on the equal-
division method, which we subsequently combine with existing optimal codes from prior literature.
The resulting codes yield improved lower bounds for A,(n, 206, k) compared to previously established
results across certain parameters. Furthermore, we extend our approach by incorporating multiple
constructions based on distinct ways of equal division. The newly constructed CDCs have larger
cardinality under some parameters.
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1. Introduction

As a special type of subspace code, CDCs have attracted widespread attention because of their
utilization in random network coding [1]. In CDCs, one of the main challenges is to pinpoint the
maximum probable size of A,(n, 26, k) with given parameters. Let F, be the finite field of order ¢,
and let ) be the set of all vectors of length n over F,. For a nonnegative integer k < n, the set
of all k-dimensional subspaces of F; is called the Grassmannian G,(n,k). For any two subspaces
U,V € G,(n, k), their subspace distance is defined by

ds(U,V)=dimU +dimV - 2dim(U N V) > 26. (1.1

A nonempty subset C of C G,(n, k) with ds is called a CDC. The subspace distance of C is defined
as:
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ds(C) =min{ds (U, V) | U,V € C,U # V}. (1.2)

C is called an (n, M, 26, k), code, if |C| = M and ds(C) = 20.

Regarding the construction of CDCs, there are primarily two research directions. One direction
employs linear polynomials and Sidon spaces within cyclic subspaces (relevant literature can be found
in [2—-4]), while the other relies on conventional construction techniques, as discussed below.

Several specialists have made significant contributions to the study of CDCs. There is an extensive
literature on CDCs (see [5—7]). Gluesing-Luerssen and Troha in [8] introduced a novel CDC termed the
“linkage construction”, achieved by linking two smaller CDCs, yielding an improved lower bound. Xu
and Chen in [9] proposed the “parallel construction”, establishing a new lower bound for A,(n, 26, k),
where k > 2. Additionally, Chen et al. [10] enhanced the linkage construction, introducing the “parallel
linkage construction”, resulting in various new lower bounds for A,(n,26,k). Li in [11] introduced
a notable improvement to linkage construction termed the “multilevel linkage construction”, which
combined with the multilevel construction, yielded new lower bounds for small-parameter CDCs. On
this basis, Lao [12] obtained some relatively good parameters through further optimization of the
multilevel linkage construction, thereby enhancing the lower bounds of some CDCs. He [13] and
Hong [14] adopted the parallel subcode construction method, achieving excellent results. Niu et al.
in [15, 16] proposed a construction method for CDCs by employing the lifted insertion construction,
which also improved the lower bounds of some codewords. Liu et al. in [17] and [18] integrated
parallel and multilevel constructions to produce numerous CDCs surpassing previously known codes.

Inspired by the results in [17] and [18], we develop a new construction method based on equal-
division. When combined with the existing construction in [17], it yields some CDCs with improved
parameters. The structure of this paper is delineated as follows: In Section 2, we elaborate on the
existing construction methods for CDCs. We also provide related definitions and lemmas, laying a
solid foundation for our subsequent construction and computation of CDCs. In Section 3, we present a
new construction method and derive theorems from it. Furthermore, we provide some simple examples
to substantiate our idea. In Section 4, we expand our idea and make a conjecture. Ultimately, we
encapsulate the article’s contents through a comprehensive summary.

2. Preliminaries

In this section, we will review some basic results. Some parts consist of necessary theoretical
background knowledge, and others are key lemmas required for our construction.

2.1. Lifted MRD code

Let F7™" denote the vector space of all m X n matrices over the finite field F;, and consider a matrix
A€ P;”X". The rank of A, denoted by R(A), induces a natural metric on this vector space known as the
rank distance. Formally, for any two matrices A, B € IFZW’, the rank distance between them is defined
as

dr(A, B) = R(A — B).

An [m X n, k, 2], linear rank-metric code C is a k-dimensional linear subspace of Fi"™" equipped with
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the rank metric, where |C| = ¢* and the minimum rank distance is 26. When the cardinality of code
C attains the upper bound gmaimnix(mintmnl=26+1) "> j5 said to be a maximum rank-distance (MRD)
code [19,20].

Lemma 2.1. (Lifted MRD code) Let n > 2k. The lifted MRD code
C = {rowspace([;|A) : A € D}

is an (n, g P+ 26, k)4-CDC, where D is an MRD [k X (n — k), 0], code.

2.2. Ferrers diagram rank-metric codes

Let X be a subspace of dimension k of F”, which can be represented by a generator matrix. The basis
of X is composed of the k rows of this matrix. Applying the Gaussian elimination algorithm to this

generator matrix yields a unique result—a matrix in reduced row echelon form, which we designate as
E(X).

Definition 2.1. (Identifying vectors) [16] For each k-dimensional F,-subspace X of Fy, let E(X) be
the reduced row echelon form of X. A binary row vector v(X) of length n and weight k is called the
identifying vector of X, where the ones in v(X) are in the positions of columns where E(X) has the
leading ones of the rows.

Remove the zeroes from each row of E(X) to the left of the pivot, and after that remove the columns
that contain the pivots. All the remaining entries are shifted to the right. Then we obtain the Ferrers
tableaux form of a subspace X, denoted by ¥ (X). The Ferrers diagram of X, denoted by FY, is obtained
from ¥ (X) by replacing the entries of ¥ (X) with dots.

Given an identifying vector, the corresponding subspaces can be constructed easily. All k-
dimensional subspaces of F) with the same identifying vector have the same corresponding Ferrers
diagram.

Example 2.1. Let X be a 3-dimensional subspace of F} with the following generator matrix in reduced
row echelon form:

1 0007110
EX)={0 1 001 01|
0001O0T1]71

Then the identifying vector of X is v(X) = (1101000). The Ferrers tableaux form ¥ (X) of X is

011
010
0 1

The corresponding Ferrers diagram F of X is
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Definition 2.2. [2]] Let F be a Ferrers diagram and Cy the corresponding [, p, 8] Ferrers diagram
rank-metric code. Then p < m[iar]l v;, where v; is the number of dots in ¥ which are not contained in the
1€

first i rows and the rightmost 6 — 1 — i columns(0 < i < 6 — 1), codes that attain this bound are called
optimal.

2.3. Rank-metric code with given ranks and multilevel construction

Definition 2.3. (Rank-metric code with given ranks (GRMC)) Let K C {0, 1,...,n} and 6 be a positive
integer. A set D C F™" is called an (m X n, 6, K),-rank-metric code with given ranks if it satisfies the
following two conditions:

(i) For any D € D, rank(D) € K;
(ii) For any Dy, D, € D with Dy # D,, the rank distance dg(D1, D,) = rank(D| — D;) > 6.
If|D| = M, we denote it as an (m X n, M, 6, K),-GRMC for simplicity.

The following lemmas are crucial to present the multilevel construction. We use #,(n) to denote
the set of all subspaces of .

Lemma 2.2. [2]] For X,Y € P (n), then
ds(X,Y) = du(v(X), v(Y)),

where dy is the Hamming metric.

Lemma 2.3. [2]] For X,Y € P,(n). If v(X) = v(Y), then

dS (X7 Y) = 2dR(CX7 CY)a
where Cyx and Cy denote the submatrices of X and Y without the columns of their pivots, respectively.

The following is an introduction to multilevel construction: Let A be a binary code of length n,
constant weight k, and minimum Hamming distance 26. For each codeword v € A, let EF(v) be
its echelon Ferrers form with corresponding Ferrers diagram ¥,. If for every v € A there exists
an [¥,,k,, 6], code D,, then the row spaces of the matrices in .4 D, form an (n, 26, k),-CDC, as
established by Lemmas 2.2 and 2.3.

Lemma 2.4. [17] Let D, be a (kx (n—k), M,,6,[0,k —06]),-GRMC, set C, = {rowspace(B | I) : B €
Dh}. If k > 26, then C, is an (n, My, 206, k),-CDC, where

k=6
My =) A +1,
i=0

and A;(0) denotes the number of codewords with rank i in an [m X n, 6],-MRD code.
Lemma 2.5. [I8] Let n > 2k + 6 and k > 26. Let q be any prime power and

k62

—k—0)(k—0+1
=g = (n—k=0)(k=5+1)

+q
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Then there exists an (n, M5, 206, k),-CDC constructed via the multilevel construction satisfying that

for any of its identifying vectors v, = ( v(zl) | v(22) ), it holds that the weight of v(21) is greater than or
S—— Y—

n—k k
equal to k, and this CDC contains a lifted MRD code (n, ¢"™P*=*Y 26, k),-CDC as a subset.

Lemma 2.6. [I7] Let n, k, and 6 be positive integers satisfying n = 2k + 6 and k > 20. Let C,
and C, be the codes defined in Lemmas 2.4 and 2.5, respectively. Then the code C, U C, forms an
(n, M15,20, k),-CDC, its cardinality is

—1 k152 k=6
—k)(k— 1)1 —qts! (n—k—=8)(k—=6+1)
My = g0 1_—q_62+q +ZA,-(5)+1.
i=o

3. Main results

In this section, we will show our constructions. Inspired by the constructions above, the core of
our methodology is equal division. Lemma 3.1 presents the foundational case of 2 equal divisions
with subsequent extension. Lemma 3.3 develops the 3 equal division technique. A subsequent remark
generalizes this to 5 equal divisions and 7 equal divisions. Next, we provide a detailed exposition of
the proposed methodology.

Lemma 3.1. Let n, k, and 6 be non-negative integers satisfying n > 2k + 6 and k > 26. There exists an
(n, M3,26,k),-CDC C.

Proof. We construct the set of identifying vectors of length n as follows:

Ay ={---1Llulul0---0):ue B,
k-25 n—k-26

where B, = {(B1.1, Br2, -, Bays,)} and

By =0---01---10---01---1}

2

[SIE%
[STS9
[NTE%
[SIE%

26

Bro=0---01---1,---,0---01--- 1)
26
By =(0---01---1,---,0---01---1).

)

o

o o
252 2 752 25

In B,, we divide the 26 in first u into 2-equal parts, 22-equal parts, ... , 2*2-equal parts (2/(1 < i < s)
is a factor of 8). Accordingly, there are 2, 22, ... , 2%2 groups, such that for any two of these vectors, the
Hamming distance of u is exactly 6. Similarly, this applies to the second u as well. By doing so, we
ensure that the Hamming distance between any two elements in set ‘A, is at least 26.

O
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Applying Lemmas 2.6 and 3.1, we can arrive at the following theorem.

Theorem 3.1. Let C, U C, and C3 be the codes defined in Lemmas 2.6 and 3.1, respectively. Then the
codeC=CiUCU C‘%forms an (n, M, 20, k),-CDC.

Proof. We need to prove that the minimum subspace distance is 26 for any two subspaces U,V € C,
U = rowspace(U) and V = rowspace(V).

(1) When U € Cy,V € C,. From Lemma 2.6, we can readily obtain ds (U, V) > 20.

(2) When U € C,,“V € C3. The construction of C3 involves dividing a specific identifying vector
from C, into equal parts. Therefore, we can similarly prove this by splitting it into two segments.
Firstly, let us examine the first n — k — § terms. By equally dividing (u 1W_1/) in C3 into 2% parts,

6 s
we can determine that the Hamming distance between C; and C% is k — 0 (where k — & > ). Next, we

repeat this procedure for the subsequent k + ¢ terms, obtaining another Hamming distance of k. This
allows us to derive ds (U, V) > (2k — ) > 26 by Lemmas 2.2 and 2.3.

(3)When U € C,,V € C%. It is easy to prove that ds (U, V) > 26 by Lemmas 2.2 and 2.3.

This completes the proof. m|

Next, we give the cardinality of Theorem 3.1 through a corollary.

Corollary 3.1. Let n = 2k + 6 with integers k > 26 > 0. Then the code C attains the maximum possible
cardinality, i.e.,

52
I 2 -1
Aq(n, 26,k) =M, + M, + qux(n k)-2x87(2+27)
I=1

Proof. The cardinality of C; U C, is in Lemma 2.6, here we determine the cardinality of C3. Since our
construction is based on the identifying vectors by equal division, we can determine our cardinality as
follow: First, we give the form of the codeword,

[0 7)

where F is k X (n — k) echelon Ferrers diagram, O is 26 X 26 echelon diagram, and ¥ contains many
small full Ferrers diagrams, so we secondly determine the total number of full Ferrers diagrams inside
is (k—=26)X (n—k)+(n—k—26)X 25+ =2— x (22*D — 1): next, the number of zeros in O is =2 x (262D +1).

22><32 22XS2
Therefore, according to Definition 2.2, there exists an optimal code [H, 6], (H is a Ferrers diagrams

with k X (n — k) ) whose dimension is the same as the number of points in H that do not contain the

first 6 — 1 rows. Here, we provide specific calculations: (k — 20) X (n — k) + (n — k — 26) X 26 + 22‘572),2 X

Q0D — 1) = L 5 Q0D 4 1) =k X (n— k) — 2 X 632 +277). O

22><32

Regarding the construction of Lemma 3.1, we examined the case where zeros precede ones in the
equal division. We observe that interchanging the positions of zeros and ones yields another codeword.
Below, we provide a detailed discussion of this case.

Lemma 3.2. Let n, k, and 6 be non-negative integers satisfying n > 2k + 6 and k > 26. There exists an
(n, M?,26,k),-CDC C?, where
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52

|M§,| _ Z q(k—6+1)X(n—2k+§)+5x(k—3j_ﬁ+])
I=1

Proof. We construct the set of identifying vectors of length n as follows:

ﬂz—{(l 1|u|u|0 -0) 1 u € By},
ey Py
where B, is as shown in Lemma 3.1 above, u denotes the binary inversion of u, obtained by
interchanging all zero and one positions. Since the proof technique and the cardinality determination
follow similar approaches to those in Lemma 3.1 and Corollary 3.1, we omit the detailed exposition
here.
m]

Theorem 3.2. Let C; U Cy, Cg and C%l be the codes defined in Lemmas 2.6, 3.1, and 3.2, respectively.
Then the code C = C; UCy U C% U C%’ forms an (n, M, 26, k),-CDC, where

s’

52
\M| =M, + M, + Z qk(n—k)—262(2+2") n Z q(k—6+l)(n—2k+2%)+6><(k—ﬁ—ﬁ+l)
=1 =1

Proof. From the proof of Theorem 3.1 and the construction of Lemma 3.2, it follows directly that C%’
can be merged with both C, and C,, while ensuring that the distance between any two of them remains
greater than or equal to 26. Next, we demonstrate that the distance between Cg' and C’% is also greater
than or equal to 26. For any two subspaces U,V € C, U = rowspace(U) and V = rowspace(V). To
visually demonstrate our proof, the partial identifying vectors of C3 and Cg/ are presented as follows:

26

vw)=(0---01--1,++,0---01---1),
26
va)=(1---10-+-0,-++ ,1---10---0).

5
2%2

0

0
252 252

0
2%2

From the identifying vectors above, since the zeros and ones in the two vectors are misaligned, each
pair of u’s has a Hamming distance of 5. As we have two such u distances, it is easy to prove that
ds(U,V) > dy(U,V) > 26 by Lemmas 2.2 and 2.3.

O

Following the 2-equal division analysis, we consider its natural generalization to 3-equal division,
with the following lemma:

Lemma 3.3. Let n, k, and 6 be non-negative integers satisfying n > 2k + 6 and k > 26. Then there
exists an (n, M3, 26, k),-CDC, denoted by C3.

Proof. We construct the set of identifying vectors of length n as follows:

&7(3—{(1 1|u|u|0 -0) 1 u € Bs},

k—26 n— k 26
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where B3 = {(B51, 832, , B3,,)} and

26

By, =0---01---1,---,0---01---1),
From two u above, we respectively derive ¢, which yields ds (U, V) > 26. O

Similar to Theorem 3.1, the 3 equal divisions construction may replace the 2 equal divisions in
combination with C; U C, above; next, we give its relevant theorem.

Theorem 3.3. Let C; U C, and Cg be the codes defined in Lemmas 2.6 and 3.3, respectively. Then the
codeC=CiUCU Cg forms an (n, M, 26, k),-CDC, where

Ag(1,26,5) =My + My + ) gD 2e@sh,
=1

The proof is similar to that of 2 equal division; we omit the detailed exposition here. Next, we give
some examples.

Example 3.1. Let n = 15, 6 = 3, k = 6. According to Theorem 3.3, we can derive:

Ay(n,26,k) > ¢*° x % +¢*+@@P -1 g + 1 + g'%. In this context, we can set g = 3. By doing so, we
obtain: A5(15,6,6) > 150102543991378q192, which exceeds the known bound 150102543990846750
in[l7].

Example 3.2. Let n = 17, 6 = 3, k = 7. According to Theorem 3.3, we can derive:

A, (n,26,k) > ¢°° x % +g¥ +(q"0-1) ; +1+¢?. In this context, we can set ¢ = 3. By doing

q

so, we obtain: Asz(17,6,7) > 717934513968483599669410, which exceeds the known bound
717934513945606807214448 in [17].

Moreover, for g € {4,5,7, 8,9}, the proposed bounds improve upon all previously known results.
These improvements are explicitly demonstrated in Table 1.
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Table 1. Constant dimension codes from Theorem 3.3 and [17] lower bounds for A,(n, 26, k).

A,(n,206,k) Theorem 3.3 [17]
A3(15,6,6) 150102543991378192 150102543990846750
A4(15,6,6) 4722384795619125200909 4722384778841908199452
As(15.6.6) 14551922982702793745018 14551922738557090682988
646 320
A(15.6.6) 265173105017647102461563 265173091176359901081761
4220748 6918746
324519243275768093452320 324518556081000753445053
Ag(15,6,6)
73287057 205203320
22528402427464042897808 2252839960316867802912
Ay(15,6,6)
9100290010744 9780303636252
A5(17.6.7) 717934513968483599669 717934513945606807214
410 448
A,(17.6.7) 12676555091963125378426 12676554371387149999147
40333617 22735680
888215890042448787423854 88817887447688543293166
As(17,6,7)
508575432501 694301204500
A,(17.6.7) 17989258789030949031670 17984650872154326107712
R 55097437024917954049 86951668456912186048
A5(17.6.7) 14272670461529383383840 1427247703339824504317
81605500322111797823617 286302786023739979637248
A5(17.6.7) 515379000150747565522326 515377522062293302837556

862058741306517240108301

974561316380272313825860

Remark 3.1. Similarly, we can extend the above construction method to p equal divisions (where p is
a prime number). Analogous to Lemmas 3.1 and 3.3, we can obtain the codes C; and C; constructed
from 5 equal divisions and 7 equal divisions. The relevant construction forms are shown below:

Bsi=(1---10---0,---,1---10---0),
¢ ¢
Bry=(1--ee- 10------ 01------ 10------ 0)

For the 5 equal divisions, we obtain by interchanging the positions of zeros and ones, such that
ones precede zeros. For the 7 equal divisions, we establish a special construction form to facilitate
subsequent constructions.
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4. m equal-division construction

4.1. Specific construction

Building upon the previous constructions, we further investigate whether multiple equal divisions
schemes can be effectively combined. Specifically, we integrate C’; corresponding to the above cases
of p equal divisions with C; U C; in Lemma 2.6.

Theorem 4.1. Let n = 2k + 6 with k > 26. Consider the code Cpy = C; U C, U Cg U Cg U Cg uCl,
where Cy U C, is from Lemma 2.6, while C’, corresponds to the above cases of p equal divisions with
p €12,3,5, 7} and s, = s3 = s5 = 57 = 1. Then Cp forms an (n, M, 26, k),-CDC, where

M| =M+ My + > MY,
pe(2,3,5,7)

where MY denotes the cardinality corresponding to the equal-divisions above.

Proof. The minimum distances among C;, C;, and each equal-division construction have been
established previously. Here we focus on proving the minimum distances between different equal
divisions constructions themselves.

When U € C3,V € C3. Based on the above construction, we can extract § and £ respectively
from the two sets of ¢ elements within the first k elements in identifying vectors, which means the
Hamming distance of the first k elements is 6. Similarly, we can prove that the Hamming distance
of the remaining n — k elements is also . According to Lemmas 2.2 and 2.3, we can conclude that
ds(U,V) > 20.

Following the same method, we can also demonstrate that the Hamming distance between C3 and
Cg, as well as between C‘g and Cg, is also 26. Since 7 equal divisions is a special form that we set up,
we will prove it separately from the other equal divisions:

We first determine the distance between Cg and C; in the construction we can take out the distance
of % from the first k elements; the subsequent n — k items are the same. So the total distance is greater
than 26. Similarly, we can calculate that the distance between Cg and C g is %5 , and the distance between
Cg and C; 18 @. In summary, the distances between the various equal divisions discussed above are
all greater than or equal to 20; therefore, they can be combined to form a CDC. Proof complete. O

4.2. General construction

Following the same methodology, we can make a conjecture: according to the fundamental theorem
of arithmetic [22], we can get 6 = pi'p5’--- p*(py is a prime number,] < h < k). By rationally
arranging the positions of zeros and ones, so that for any i, j, (i € {p1,p2,-- . pc}, 1 < J < 8p)
the elements in C} are pairwise disjoint, and their Hamming distance dy(v,,v,) > 26 (v, and v, are
any two arbitrary identifying vectors from the codes mentioned above). Let the CDCs from different
equal divisions be denoted as U C;. Regarding the above idea, we can summarize it into the

i€{p1.p2, .k}
following conjecture:
Conjecture 4.1. Let n, k, and 6 be non-negative integers satisfying n = 2k + 6 and k > 26. Then the

code C1 U C, U C’g is an (n, M, 26, k),-CDC, where the maximal possible cardinality is given
i€{p1,p2, Pk}
by:
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5. Conclusions

In this paper, we present a new construction of CDCs based on the equal-division method. This
method can improve the lower bound of CDCs on some parameters. However, it is still an open and
difficult problem whether different equal-division methods will lead to good or bad results. We find
that through strategic distribution of zeros and ones in the identifying vectors across different equal-
division constructions, these equal-division constructions admit effective combinations that enhance
code cardinality. In this article, we have focused on several fundamental prime cases but conjecture
that additional primes may satisfy the construction requirements. These conjectures are derived from
our analytical results.
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