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Abstract: We used a new type of characteristics to solve a class of homogeneous linear multivariate
e
partial differential equations on C?. For x in R” and n in Z?, set 0} = H‘;’zl (8/0x j) '. Given square

matrices {N j} and {S,} in C*, set

p
Y(x) = exp{ xij} in C¢
=1

J

and T,(x) = Y(x) S, Y(=x) in C**. When {N j} commute, we show that the linear partial differential
equation

q
D" Tu(0) d1f (x) = 0, for f(x)in C°

n=0,

has solutions f(x) = f,(x, v) for each admissible n < sq and any v in C? such that d(v) = 0, where

p

d(v) = det D(v), D(v) = qu Su [ [ (it +N)"

n=0, j=1

The research aims to develop a new method, based on a novel type of characteristics, for solving a
broad class of multivariate homogeneous linear partial differential equations with matrix coeflicients
of a specific exponential-conjugate form, extending classical Cauchy characteristic techniques beyond
the univariate case and providing explicit basis solutions parameterized over complex surfaces.
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1. Introduction

The method of Cauchy characteristics is used to solve second-order univariate linear partial
differential equations on C? in terms of arbitrary constants. See, for example, Chapter 3 of Myint-
U [1] or Williams [2, page 328]. See also Goorjian [3], Menikoff [4], and Zeman [5]. Section 19 of
Treves [6] sketches its extension to univariate partial differential equations of any order and notes that
multivariate results are more difficult. This paper uses a different type of characteristic to solve a rich
class of multivariate partial differential equations.

Let R and C denote the real and complex numbers. Set Z = {0,1,2,...}. Let p and s be positive
integers. Forn < g € Z” and x € R”, set
P P _ P
¥ = [ 2 de=0/0x, 9= | (0/0x))", nt =] [ty (@ = a'/(g = n),
i=1 J=1

J J=1

and (¢), = 0 forn £ g. For n,m € Z?, set (;’1) = 5.’:1 (;’1’) Given g € ZP and matrix coeflicients
J
T,x): R" — C* forn € ZP, set

q P
L= ) T, m=lg =) (1.1)
n=0, =1
where 0, = (0,...,0) € ZP. So, m is the order of the linear differential operator L. In Chapter 18 [6],
Treves assumes that for n = (m,0,...,0), T,,(x) = I,. He considers the problem Lf(x) = fo(x) with
Cauchy conditions [6’;1 f(x)]x o= vi(x) for 0 < k < m, where fy, v, are given s X 1 functions. He
shows how to reduce the ordler m to m — 1 and so to 1, by increasing s. It then follows from the
Cauchy—Kovaleska theorem in Chapter 17 [6] that the problem has a unique solution. Chapter 19 [6]
then sketches how the method of Cauchy characteristics can often be used to find an actual solution
when s = 1.

We consider a special class of matrix coefficients 7,(x). We use a new type of characteristics to
solve the homogeneous linear equation

q
Lf@x) =) T falx) = 0, (1.2)
n=0,
where
)4
fn(x) = 0% f(x), Ty(x) = Y(x)S,Y(=x), Y(x) = exp [Z xij], (1.3)
j=1
for any matrices N;, S, € C** such that Ny, ..., N, commute.

We shall see in Section 35, that typically T,(x) is a mixture of polynomials in Z?zl x; and factors
exp {+A’x} for certain A € C”. For example, in Example 4.2, T,,(x) is linear in sin 26 and cos 26 where
0 has the form A’x.

In Section 2, we give our main results: Solutions to (1.2) in terms of a free parameter v that ranges
over a surface in C”. v can be used to satisfy boundary conditions. Corollary 2.2 gives s basis solutions
Ja(x,v) for each admissible n < sg; v is confined to a surface in C” depending on n determined by

d(v) = det D(v), (1.4)
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where
q P 0
D(v) = Z S, VI, +N)" € C™, (vl + N)" = ﬂ (vjls + Nj) " (1.5)

n=0, j=1

We call D(v) the characteristic matrix of the operator L of (1.1). Theorem 2.3 shows that for a given
n, these s basis solutions can be derived from each other. Section 3 gives examples. In Section 4,
we derive commuting N; when s = 2. For a discussion on commuting matrices, see https://en.
wikipedia.org/wiki/Commuting_matrices. These include circulants. Section 5 gives a way of
constructing commuting N; using the Jordan form.

The research aims to develop a novel method for solving a broad class of multivariate, linear,
homogeneous partial differential equations by introducing a new type of characteristic distinct from
the classical method of Cauchy characteristics. While earlier approaches (such as those outlined by
Treves and others) focus on univariate partial differential equations and often rely on order reduction
techniques or the Cauchy-Kovalevskaya theorem, this paper targets more complex multivariate systems
by considering differential operators with specially structured matrix coefficients. These coeflicients
are formed via similarity transformations involving exponential matrices generated by commuting
matrices N;. The key innovation is the construction of explicit solutions parameterized by a complex
vector v, constrained to lie on a characteristic surface defined by the determinant of a “characteristic
matrix” D(v). This method not only enables analytical solution construction for such systems but also
extends to practical applications and examples, including matrix types like circulants and those derived
via Jordan forms.

When p = 1, L is an ordinary differential operator, and was used in Withers and Nadarajah [7] to
solve an ordinary d.e. for perturbation of the planets. Seti = V-1.

2. Characteristic solutions to L f(x) = O,

Fix pe Z, s € Zand g € ZP. Take {Nj}, {Su, Th(x)}, Y(x), L of (1.1)-(1.2) and d(v), D(v) of (1.5).
Suppose that {N j} commute.

Theorem 2.1. Forv € C?, set
E(v) = D(v)a(v) € C°. 2.1
Choose v such that
d(v) = 0and a = a(v) € C*® such that E(v) = 0. 2.2)
Then for Yi(x), the jth column of Y = Y(x), a solution to L f(x) = Oy is

s

fev) = Y (x) a) = € )" a;(m)Y,(0). (2.3)

J=1

Proof. By Leibniz’ theorem,

ot (e Y(w) = (Z)An_mBm =" Y(x) (v, + N)",

m=0,
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where
App =0 e =", B, = 3" Y(x) = Y(x)N".
So, since Y(x)™' = Y(-x),
L e Y(x) = "*Y(x)D(v), L f(x,v) =€ *Y(X)E(v) =0
The proof is complete. O

We call Eq (2.3) a primary characteristic solution or p.c.s. of L. D = D(v) and d = d(v) are
polynomials of degree g and sg in v. The condition d(v) = 0 confines v to the primary characteristic
surface in CP.

Theorem 2.2. For a = a(v) of (1.3)—(2.2), and n,m € Z?, set

p
(x+9,)" = n X+ (9 , an(v) =0)a®),
=1

20 = 2(xy) = (x+8,)" a(v) = n; (;)xn—ma.mw), (2.4)
Fo= Fi06) = €7V () 243, v) = €7 D 20,16, Y (0. (2.5)
Jj=1

Then
L fu(x,v) = 7Y (2) (x+0,)" E(),
where E ,,(v) = 07'E(v). So, f,(x,Vv) is a solution to Lf(x) = O, if d(v) = 0 and
E,(v) =0, for0, <m<n. (2.6)

Proof. By Leibniz’ rule,

o

7 ("Yz,) = Z (;)ewY vl + N 0'z,,

m=0,

Lf, = ¢"*YG,,

where

q o
G, = Z s, Vol + N0 (x+0,)" a= Z "W "D,
0=0 m=0 m ! m r

m,r

Transform from m to ¢ = m + r. Then (::l)(n—rm

~—~—
Il
—
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where

C
H.= Z (r)D.C—ra.r = a‘C,E(V) =0y,

r

by (2.6). The proof is complete. m|

So, fo,(x,v) is the p.c.s. (2.3). We call the other f,(x, v) of (2.5), secondary characteristic solutions.
We call n admissible if (2.6) holds for some v. For m, 0 € Z7?,

m q
En() = )" Dy o), Do(v) = Y (1),8, (v, + NY'™.

0=0, n=0,
Corollary 2.1. Consider the exceptional case when D(v) = Og. Suppose that
D, (v) = Ogxs for 0, <m < n.
Then for any a € C*, a characteristic solution is
fu(x,v) = X'e" Y (%) a.

We can expand D(v) and d(v) as

k=0, k=0,
where
Dy = Zq: (n)SnN”"‘, Dy, =D(0,), D, = S,,
n=k k
do, = det D(0,), d,, = det S,,.
So,

sq 5q
Dy(v) = ) ("D, dn() = > ()9 "d,. 2.7)
k=m k=m

We now transfer the condition (2.6) from E(v) to d(v). Let M be the adjoint of D: (—1)j+"ka,- is the
determinant of D with its jth row and kth column deleted. If d # 0, then M = dD~".

Corollary 2.2. Let ey, ..., e,  be any basis for R°. For D and d of (1.5) and (1.4), set a¢j, = Mej,
Ey = Dagj = de;,. So form € Z?, Ej,u = dmejs. Choose v so that d(v) = 0. Given 1 < j < s and
a = agy, fnj(x) = fu(x,v) of (2.4), (2.5) is a characteristic solution if

dn(v)=0for0, <m< n. (2.8)
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We can say that (2.8) confines v to the characteristic surface of order nin C?. By (2.7), (2.8) does

not extend to n = sq if dy; # 0.

We now take e as the jth unit vector in R°. So for 1 < j < s, a(j is the jth column of M. For
I <k <5, its kth element is a(jx = My ; = a;i. Corollary 2.2 breaks the solution f,(x,v) into s basis

solutions f, j(x),1 < j < s. For example, if s = 2, then

D -D
d= D],IDZ,Z — D1,2D2,], M = ( 2,2 1’2) ,

-Dy; Dy,
e1n =(1,0), exn = (0,1),

implying

aay = (D22, —Da1) 5 ap) = (=D12,D11), d = (D22, D12)aqy = (D1, Da22) ag).

If s = 3, then
e13=(1,0,0), e;3 =(0,1,0), e35 =(0,0,1),
implying
acy = (D22D33 — Da3Dsp,Dy3D5 1 — Dy 1D33, Dy D3n — DyaDsy)
aay = (D13D32 — D12D33,D11D33 — D13D3 1, D1,D3y — Dy1D33)
azy = (D12D23 — D13D22,D13Dyy — D11Da3,D11D25 — D12Day)
and

d= (Dl,l,Dl,z,Dm) aan = (Dz,l,Dz,z,D2,3) apy = (D3,1,D3,2,D3,3) agay.

(2.9)

(2.10)

Theorem 2.3 shows that for 1 < j < s and each n, f, ;(x) is a linear combination of {f,,;(x) : m < n}.

So, fo,.j(x) « fo,.1(x). Its proofs needs a lemma.

Lemma 2.1. Fora =a(v), b = b(v) € C,

n

(x+8,)'ab=y (Z)a_k (x+8,)"*b.

k=0,

Proof. The left-hand side of (2.11) is equal to

5 (erwitsa= 35 (7o 5 (s = St

m=0, m=0, k=0, k=0,

where

A=y (;)(Z)x"‘mb_m_k - (Z) (x+8,)"“b.

The proof is complete.

2.11)

O
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Theorem 2.3. Suppose that for some k, a,, = My, # 0. Then

agj) = CjkAk)

where
Cik = avjlavg = Mj /My, (2.12)
and
mm:iC%mmm. 2.13)
1=0,
So,
Jo,.(0) = ¢jxfo,x(X). (2.14)

Proof. For s = 2,3, agj) = cjraw can be verified directly from (2.9) and (2.10). For example, if s = 2,
then (2.12)—(2.14) hold for (j, k) = (1,2) if D;, # 0, and for (j, k) = (2, 1) if D,, # 0. More generally,
for1 <k <s, MD = dI, has kth column

Z Dj,ka(j) = dek,s = 0.

=1
These s equations imply that a;, = c;rag). Multiplying by (x + 9,)" gives

n C n
Znj(X) =(x+0,)" a; = Z ( Z)C k=120 (X)),
1=0,
by Lemma 2.1. Now, multiply by e”*Y(x). O
Note that, since DM = dI,, det M = d*~".

Equation (2.6) or (2.8) confines v to a surface S, say. So, for u(.) a measure on S,

Ja(x) = fs Ja(x,v)dp(v)

is also a solution when well-defined. This can be used to satisfy boundary conditions, as in Chapter 6
of [8]. For example, f, (Op) = fo some given value in C*, if

‘fwwww=m

Sn
since f, (Op, v) = a,(v).

AIMS Mathematics Volume 10, Issue 7, 15588—-15618.
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3. Examples

In the examples in this section, we explore the structure and solutions of a system of linear partial
differential equations involving a differential operator L, matrices §,, and matrices N; that are scalar
multiples of the identity or a matrix M. The operator L acts on vector-valued functions and includes
derivatives up to a multi-index g, with coefficients §,,. When N; = A;I,, the matrix exponential ¥ (x)
simplifies to a scalar exponential times the identity, and the resulting differential equation Lf(x) =
0 becomes ordinary. The transformed variables v = v + A, and the characteristic polynomial d(v),
involve powers of ¥ and determinants of matrices S,. When the operator takes a particularly simple
form with only the highest-order derivative and a matrix S, the characteristic surfaces are defined by
v! = 6, where 0y are eigenvalues of —S. These surfaces determine where the characteristic solutions
exist, and the solutions themselves can be expressed in terms of exponential-polynomial functions
whose coeflicients and structure are governed by these eigenvalues and the structure of S. In further
examples, transformations using an invertible matrix P simplify the partial differential equation into a
form where the transformed operator acts diagonally via eigenvalues of M, and solutions can again be
constructed using exponential and polynomial terms, guided by transformed versions of the original
coeflicients. The case for s = 2 is treated in detail, showing how the determinant and eigenstructure of
the transformed operator influence the construction and independence of characteristic solutions.

Example 3.1. Take A; € C and N; = A;l,. Then

q
Y()C) = e/l,xlsa Tn(x) =S8, L= Z Vnsnaz»

n=0,
so that Lf(x) = O is an ordinary d.e. Also

I+ N)Y' =V, v=v+21eCPl,

q 5q
D= ) ¥'S,, dv)= ) V'dy, do, = det Sy,, dyy = det S,
n=0, n=0,

sq

()= ) (07" "d,,

n=0,

and characteristic solutions are given by Corollary 2.2.
Now take S, = Oy except for S, = Iy and S = S,. Then

L f(x) = f4(x) + S f(x), D(v) = § + 0,

where 0 = V. Suppose that d = 0 and Da = 0,. Then Sa = —6a. So 0 is any eigenvalue of
=S, say 6, (but otherwise v is arbitrary), and a is its eigenvector. So, v in C? lies in one of the s
characteristic surfaces V! = 0, k = 1,...,s. As we illustrate in Example 3.2, a(v) and E(v) of (2.1)
can be expanded as

s—1

a(v) = Zaﬂj, E(v) = ZS:EJ-Hj.

J=0 J=0

AIMS Mathematics Volume 10, Issue 7, 15588—-15618.
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So,
En() = > E;j @) (¢) =iy (3.1)
Jj=0

Example 3.2. Consider Example 3.1 with s = 2. So,

(511+9)Cll Slzaz )
E=E(W)=Da = . | >
( ) ( Sz’lal (52,2 + 9)02

d(V) = (Sl,l + 9) (Sz’z + 9) - 51’252’1 = ds + 150 + 92,
where ds = det S and 15 = trace S = Sy + Sao. Take v such that 6 = ~ts/2 + (2 /4~ ds)"". So
d(v) = 0and (2.2) holds.
First choose a = a(v) = ay = (S22 +0,-S121), where 6 = V. So, E(v) = (1,0)d(v), and for this
choice of a(v), a p.c.s. is

ﬁ])(x, V) = EV,X (52’2 + 9, —Sz’l)’ .

Form € ZP and m # 0,

dn(v) = ts O, +(67) , (x+0,)"1 =" (3.2)
Set
- n
Oy = (x+8,)" 6 = T 3.3
(x+8,) 2%@% (@ (3.3)

The case ts # 0. Take 0 < n < g, n # 0,,q. Ifds = 0, then = 0 or —t5, 0 = d, =

VI [ts(@)n + 2q) V). So either v™" = 0,0 =0, ds = 0, or 8 = —t5(q),/(2q),. If this last condition

holds for n = e;,, then 6 = —ts/2. But this rules out it holding for any other n. Now suppose that

Vi = 0. This holds if we choose v such that v; = 0 for one or more jin 1,...,p such that n; # q;.

For example, if g — n = (1, 1), we can choose vy = 0 and arbitrary v,, or vice versa. Then, (2.8) holds

by (3.2) and (3.1). By (3.3), 6,,, = 0, giving
Zn(x,v) = X" (52,2, —52,1), , fu(x,v) = x'e v (Szz, =S5 1)

This does not extend ton = q as d ,(v) = tsq! # 0. This gives o(q) — 2 solutions where

p
o(q) = n q;+ 1 is the number of n such that 0, < n < q.
=1

Now choose a = apy = (=S 12,511 +0). Then, E(v) = (0,1)d(v), a p.c.s. is

Jo(x,v) = e’ (=S 12,511 +6),

and another o(q) — 2 solutions are
w6 ) = X (=512,511) s fulr,v) = X"€" (=S 12,5 11)
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forn #0,. But by (2.13), these are linearly dependent on the first choice.

The case ts = 0. Take 0, < n < 2q, n # 0,,2q. Suppose that V™" = 0. This holds if we
choose v such that v; = 0 for one or more jin 1,...,p such that nj # 2q;. Then (2.6) holds by (3.2)
and (3.1). The choice a = aq gives o(2q) — 2 solutions, f,(x,v) = € *z,(x,v), where 7,(x,v) =

X" (S22,-821)+(1,0)0,,. Avariety of 0, are possible. If p = 2 and g, = 0, thenn, = 0, 1 < n; < 2q,

0= 1—/2q—n _ V%ql—nl implying v =0,0= Qn’x =0.

Ifp=2 =14 >1,n=(0,1), thenv, = 0 implying 6, = 0, but v, = 0 implying 6, , = q;V!".
Ifp=2,q >1,v, =0, then

q2
— q2—ny —4q2—mz,
Qq,x - 41' Z x2 (Q2)m2 Vz )

mp=0

for example, if v, = 0, then 6, = q'.
The choice a = a) gives another 0(2q) — 2 solutions,

fu(x,v) = €2, (x, v),

where

22(x%,v) = X" (=S12,81.1)" +(0,1)'6,..

But by (2.13), these are linearly dependent on the first choice.

In the next example, we transform to
L=P'L, gx)=P'f(x), b=P'a, E=P'E, D=P'DP, M = P"'MP,
for a certain P € C*, as this puts the partial differential equation in a simpler form.

Example 3.3. Suppose that L f(x) = f,(x) + S f(x) and N; = ;M for A; € C, M = PAP™', A = diag
(Tl, . ,Tp). Set

Hj,k =v;+ /lek, Kj = VJ'IS + /lJA = diag(ijl, . .,ijs), O, = l—leqj
Then, v;I, + N; = PA;P~" and
—q -4 2 4
I, + Ny = PA'P, X' = [ | A = diag(@),....6,).
j=1
Set

p
we=Ax= Y Ax;, S =P'SP

J=1

AIMS Mathematics Volume 10, Issue 7, 15588—-15618.
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Then
P
D UxN; = Ax M, Y(x) = exp (X'x M) = Pexp(w,A) P,
=1
T(x) = Pexp (w A) S exp (—w,A) P~
Set g(x) = P~ f(x), b(v) = P"'a(v). Then,
PT'LE(x) = g.4(x) + exp (w,A) S exp (—w,A) g(x) = Lg(x) say, (3.4)
and Lf(x) = Zg(x) = 0, has solution
g (x,v) = P f(x,v) = €% (x + 8,)" b(v) (3.5)

at v such that d = det D = 0 and (2.6) hol_ds with E replac_ed by E :_Bb, where D = P"'DP =S + A’
b=b() = Pla(v). Also, 0, = P~'Da = Db ifand only if Sb(v) = —A"b(v), so that —1 is an eigenvalue
of A S forv such that [1;_, 6« # 0.
Suppose that s = 2. Then
d(V) = det 5 = det § + 91§2’2 + 92§1’1 + 0,0,,

where
p

o= |o%
j=1
First, choose b(v) = (52,2, —52,1), = by say. If d(v) = 0, then E = (1,0Yd(v) and a p.c.s. of (3.4)

is (3.5) with n = 0,. Now, choose b(v) = (—51,2,51,1)/ = bw). Ifd(v) = 0, then E = (0,1Yd(v) and a
second p.c.s. is (3.5) with n = 0,. These two p.c.s. are proportional to each other by (2.14) with D,
agjy fnjreplaced by D, b, g, = P f, ;.
Now take 0 <n < gq, n+0,,q. Then
p
d(v) = 01, (02 +522) + 02 (01 +511), O = (@ | [ 65"
j=1
So, vj = —A;ti if and only if 6;;, = 0. Further,

g = g =
Jis1 J2,2

implies
el.n = 92.n = O,
which implies
da(v) =0, (3.6)
so that applying Corollary 2.2 to the transformed problem, g, ; and f, ; are characteristic solutions.
For example, (3.6) holds if 6,1 = 0, g1 > 2 and 6;, = 0 for some j # 1 such that q; > 1, or if 8,5, = 0,
q» > 2and 6;; = 0 for some j # 2 such that q; > 1, orif 0;,, = 6,,, = 0O where q;, > 1, q;, > 1,

1< #p<p _
We can extend this to s > 2 by applying Corollary 2.2 with L and f replaced by L and g.
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Example 3.4. Take N; = PA;P™', where A; = diag (/ll,j, - /lw-). So,

p )4
Z XN; = PAOP™, Y(x) = PeNOPT! M0 = diag (e, ..., &%), Ajx = Z A X,
=1 ‘

where

Xi\;

JoR

Alx) =

)4
=1

Set L =Y(-x)L, g(x) = P"' f(x)and S, = S,P or P"'S ,P. Then

Lf(x)=0
if and only if
Lf(x) =0,
if and only if
q p—
D S g(x) = 0,,
n=0,
if and only if

q
Z S ke W gn(x) =0, for j=1,...,s

A characteristic solution is
P f(x,v) = gu(x,v) = € VP 'z, (x, ),
if (2.4) and (2.6) hold, where
q q
D)= > SuP I+ A P, Dyy(v) = > (m)S P vl + A" P,
n=0, n=0,
Wl + A =diag (..., 4), A= | |4 A= v+ A
j=1

Example 3.5. Take N; = A;N, for A; a scalar. Then D(v) is given by (1.5) with

P
WL+ NY' = | [ (vils + 4No)”" = L, + ANo)".
j=1

AIMS Mathematics Volume 10, Issue 7, 15588—-15618.
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Also,
p —
x;N; =Ax Ny, Y(x) =exp(A'x Ny), T, = Y(0)S,Y(-x), L =Y(x)L,
=1
for
_ q
L=) S,Y(-x)d!
n=0,
and

Flx,v) =" e'™ a(v)
is the p.c.s. if (2.2) holds. An alternative solution is
£x) = Y(0)£(0,),

if F (A, No) = Oy, where

q p
F,No) = D SNy, nl = )" ;. 3.7)
n=0 j

j=1

For, fu(x) = A'NJ'f(x), L f(x) = F(4,No) f(0,). Since D(0,) = F (1, No), this is an example of
Corollary 2.1 with v = 0,.

Example 3.6. Suppose that p = 2, S and N, are any matrices in C*, Y = e®™ T (x,) = YSY~' and
Lf(x) = L f4,00%) + T (x2) fo0,4,(%).
Then,
D=vI'"+S (vo+ Np*,

so that v?‘ is any eigenvalue of —S (v, + Ny)*. In this case, Ny = Q4 and N, = N.
4. Commuting {N j} when s =2

Here, we derive sets of commuting {N j} when s = 2. In Example 4.1, Lf = Lof + cosh2w L, f +
sinh 2w L, f, where L; are linear differential operators with constant coeflicients, and w is linear in x, y.
The same is true of Example 4.1, except that cosh 2w and sinh 2w is replaced by cos 2w and sin 2w.

We begin by computing (v, + N)" and eV when p = 1 for a special N and then for general N.
From Withers and Nadarajah [7], we have
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0 -1

Theorem 4.1. Take s =2, x€ C, N = (1 0

). Then

cosx —sinx

. s I "= n niV,
Sin x COS)C) (VZ+N) 8 + haN.

eN =1, cosx+Nsinx:(

where

g =g =) (znj)(—l)jv”‘zf = Real(v + )",

J

hy, = h,(v) = Z (21"1 1)(—1)J‘v"-2f—l = Imag(v + i)".
Jj

ForS € C¥?, setT(x,S) =eNSe™N. Then
—2T(x,S) = B(S) + C(S) cos2x + G(S) sin2x = B(S) + G(S)Ne**V,

where

_(Bi B A (¢ ¢
B(S)_(B2 Bl),C(S)—(_CZ _Cl)—G(S)N, G(S)_(C1 —Cz)’

B =811+822,B=812-821,Ci =811 —822, Co =812+ 821
Also, exp (yT(x,S)} =T (x, eys)fory eC.
Theorem 4.2. Take x € C. Consider the general 2 X 2 matrix
a b
V-
Then,

Cy+ Vs bs
e =e"[(c, —us) b, + s,N] = e"“( * * * ),

CSy Cy — VS,
where

u=(@+d)/2, v=(a-d)/2, t=(a@-pB)/2 =+ [-det(N — ul,)]"?,
¢, = coshtx, s, = ¢! sinh tx fort # 0,

and a, 3 are the eigenvalues of N. Also for m € Z,

m NN e [an(V) by
N ‘Z(n)” F"‘(cm am<—v>)’

n=0

where

Fa, = "Ly, Fpuy = " (N — ul),

4.1

(4.2)
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m

m
m—n -1
am(v) = Z (n)u 11 = Smo + vt S, 1

n=0
m m
bmb:m = m_nn :t_lm’
/ Cm/C nzz(;(”)u 1.2 Sm,1
where
Fopig =17, Faperng = I, Fon1n =0, Faui10 = 1,
28mo =+ )"+ (w—-0", 281 =+ 0" —(u-0".
Further,
n - Clm(V) bm a, (V) E
L +N)" = o =" ), 43
O+ ) Zm: (m)v ( en am(—v)) ( A (*3)
where

2a,(v) = (1 + vt_l) +1)" + (1 - vr-l) G-0",V=v+u,

2b,/b=2C,/c=t" [+ - -D"].

Ift = 0, then replace s, by x and t™'s,,; by mu™!, so that

e"Nzex“[12+x(V b)], N’"=u’”+mum_1(v b)
c c

-V
and (4.3) holds with
@) =V + v b, /b =Ty e = nv".
Now, suppose that d = a. Then fort = (bc)'"*> # 0and x € C, v = 0,

W  ac [ coshtx  btlsinhtx\ . (4, bn
= ) , = , 4.4
¢ ¢ (ct‘1 sinhtx  coshtx N @4

where
2a,, = (a+ )" +(a-1", 2b,/b =2c,/c=[(a+t)" —(a—1)"]/t, 4.5)

and (4.3) holds with 2a,(0) = v+ 1)" + (v —1)".
Ifd = aand bc = 0 so that t = 0, then
exN — exu( 1 bX) ,

cx 1

N™ is given by (4.4) with a,, = a", b,,/b = c,/c = ma™ " and (4.3) holds with a,(0) = V"

Proof. Equation (4.1) is given by https://en.wikipedia.org/wiki/Matrix_exponential.
Expanding and taking the power of x™ gives (4.2). The rest follows. O
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When p = 2, we replace x by (x,y), n by (m,n), Ny, N, by M, N and set Y = Y(x,y), Y = Y(—x,-y),
and N;, N, by M, N. We construct 2 X 2 commuting matrices in the following examples. The examples
describe a family of matrix-valued differential operators and their characteristic solutions under various
algebraic constraints. The setup involves two 2X2 matrices M and N, where N is related to the complex
conjugate of M’s entries and constructed so that MN = NM under a specific condition involving a
parameter g. When M and N are in a special form (with equal diagonal elements and off-diagonal
elements related by conjugation and scaling), they generate commuting exponentials ¢ and ¢, and
these are used to build matrix functions like ¥ = "™V Through substitutions and simplifications
(for example, using b = —c to create trigonometric forms), the matrix exponentials take the form of
rotation or hyperbolic rotation matrices. These lead to compact representations of solutions to a partial
differential equation Lf = 0, where L is constructed via bilinear forms involving matrices M,, and
N, raised to powers and parameterized by spectral variables. The characteristic solutions are then
expressed as exponential-scaled rotations (or hyperbolic rotations) acting on vector-valued functions,
illustrating an elegant algebraic structure underpinning solutions to such operator equations.

b
d

), N = (“ g). Then, MN = NM if

Example 4.1. Take M = (i —
c

b/b=¢/c=(a-d)/a-d) =g

that is,

_(a gb
N_(gc 5+g(d—a))'

So, for a given M, N has two free parameters, a and g.
- _ b a gb
Now suppose thatd = a and d = a. So, M = (? a)’ N = (gac gﬁ) We give the partial differential
equation Lf = 0, and its characteristic solutions.

Replacing M, m, a, b, c, x,t = (bc)"/? in Theorem 4.2 by N, n, a, b = gb, ¢ = gc, y, gt gives

a, b Z h ~!sinh
Nn — c_ln én , eyN — eay S]OS gty bt sin gty , (46)
Ch ay ct” sinh gty  coshgty

where 2a, = (a + gt)" + (a— gt)" and 2b,/b = 2¢,/c = [(a + gt)" — (a — gt)"] /gt. Set

w = t(x + gy), u =coshw, v =sinhw, “4.7)
u br'lv\ = » u —bt'ly
Z(w) = (ct‘]v 4 ), Zw) =Z(w) " = (—Cl‘_lv y ) 4.8)
Then,
Y = eMON = pxatiiz () Y = o MON = pmxanig () 4.9)

Sett=b/c. Form,n€ Z, andany S =S, € Cc>?, by (1.3),

Tm,n(x» y) = Q (W’ Sm,n) s
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where
Ow,S) =Su?> + ' PE((S)uv + T E,(S WV,
=Si12+7182 —7(511—522))
E(S) = : ’ ’ ’
15) (51,1—52,2 S12—7821
TSQQ TZSZI)
ExS)=-|." .
25) (51,2 TS 11
So,
20w, S) =S (cosh2w + 1) + 77 2E(S) sinh 2w + 7' E»(S ) (cosh 2w — 1) .
Set

Vi=vi+a, va=va+a, B=Vi+t, B=Vi—t, Y=V +gt, ¥y =V, — gt
For D(v), we need
M, = (vilLb+ M)", N, = (v, + N)". (4.10)
The elements of M,, are given by
2Mp11 = 2My20 = B" + B, 2My12/b = 2Mpp1/c = B" =B,
N is M with a, b, c, t replaced by a, gb, gc, gt. So,

2Nu11 =2Np22 =Y +7%", 2Ny12/8b = 2Nyai/gc =" =7,

q1 q2

DOY= D" > SnnOn, (4.11)

m=0 n=0

where O,,, = M,,N,. For example,

Ooo = D,
v, —bg’t
Oy, = ( 22 08 ),
cg’'t
Vi bt Vivy + beg’t b(g*vi + )
01,0 = bl B 01,1 - 2— — [ — 2 .
ct " c(g v + vz) ViVy + begt

Note that

q1 92

Lfey) =D D 000 Sma) fun(x,)

m=0 n=0

is linear in cosh 2w and sinh2w. By (4.9), for v and a(v) € C? such that d(v) = 0 and (2.6) holds, a
characteristic solution of L f(x,y) = 0, is

fn(-x’ Y, V) = exp {1_/1)6' + 1_/2)’} Z(W) Zn(x7 Y, V)
for Z(w) of (4.7)-(4.8) and z,, of (2.4).
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Taking b = —c and setting 8 = —iw gives u = cosd, v = —isinf.

Example 4.2. Take

M:(a —c), N:(a —c_;gc)’ 0 =c(x+gy).

Then

oM _ gra [COSCX = sincx N = 2 [COS8Y sin gcy
sincx coscx /|’ singy cosgy |’

M™ and N" are given by (4.5) and (4.6) with

a, = Real(a + ic)", —b,/c = ¢,,/c = Imag(a + ic)",
a, = Real (a + igc)", —b,/gc = ¢,/gc = Imag (a + igc)”,

where the real and imaginary parts are calculated as if a, c, a, gc were real.
D(v) is given by (4.11) in terms of

Opnir = |1+ ) (B"Y' -B'7")+ (1 -2 (8"Y' -B v")| /4,

where 8 =V, +ic, B =V —ic, y = v, + igc, and y = v, — igc.
For example, if a = v\v, + g°c%, b = ic? (172 + g2171) then

% —ig%c? R o a -b
Ooo = I, 00,1=( g s ),01,():( 12 7, ),01,1=( ),

ig*c? V) ic b a
Tm,n(-x, }’) = Q (9’ Sm,n) ’
q1 q2
LEGy) = > D Q0:Sns) fun(x.3), (4.12)
m=0 n=0
where
0(6,S) =S cos’0+ E|(S) cosOsinf + E»(S) sin’ 6, (4.13)
200,5) =S (cos20+ 1)+ E1(S) sin26 + Ex(S) (1 —cos?20), (4.14)
and

=Si12=-821 =Sii1+82 Sa2 =Sai
E(S) = ’ ’ ’ “, ExS) = ’ .
1(5) (51,1—52,2 S1,2+Sz,1) 2(5) (—51,2 51,1)

Y and Y are given by (4.9) with

cosf —sinf\ = cosf sind
20) = (siné) cos @ )’ 20) = (— sinf cos 9)' 4.15)

So, for v and a(v) € C? such that d(v) = 0 and (2.6) holds, a characteristic solution of L f(x,y) = 0, is
ﬁl(x’ Yy, V) = eXp {)ﬂ_/] + )"_’2} Z(H) Zn(-x, Y, V)
for z, of (2.4). L f(x,y) is linear in cos 26 and sin 26.
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Takinga=c=g=1,a=0,t =1, gives

Example 4.3. Take s = ( - ) =L+N,N = ((1) _01) Then,

eM = e Z(x), &N = Z(y),

where Y(x,y) = e*Z(0), 0 = x +y for Z(0) of (4.15). T, .(x,y) and L are given by (4.13) and (4.14).
The elements of M,, and N,, of (4.10) are given by

DMy = 2Mp22 =" + B —2My12 = 2My01 =" =

2Nu11 =2N,00 =Y +5", =2Nyi2 = 2N, =Y' =7,

B=vi+iL, B=Vi—-iL,Vi=vi+L,y=w+i,y=v,—i

D(v) is now given by (4.11), where

Ot = Omnza = (B"Y' +B V") /2. Opnzt = =Onniz = ("Y' =B 7') /2

For example,

_ v -1 _ viva+1  —i(vi+n)
01’0‘(' vl)’ O _(i(T/] +%) v+ 1 )
Set

q1 92

Lfxy) =) Tuax,y) fun(xy) € C*.
m=0 n=0

Ifd(v) = 0 and (2.6) holds, a characteristic solution of L f(x,y) = 0, is
Ja(x,y,v) = exp{(vi + 1) x + vay} Z(6) za(x, y, v),

for Z(0) of (4.15) and z,, of (2.4). Also, T, ,(x,y) and L are given by (4.12) and (4.13). If instead we
choose M = I, then the only change is that 6 = y.

If {N j} commute, then so do the polynomials and power series in them. This can be used to construct
other examples.

For hj € C,and h = (hy, hy, .. .), the partial and complete exponential Bell polynomials By j(h) and
By (h), are defined in terms of B = 32| yt*/k! by

S k
BI/jt =" Bij(W¢/k!, Bih)= )" By(h), (4.16)
k=j =0
for j,k € Z. Also
= > Buh k!, 4.17)
k=0
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SO, Bk,()(h) = (51(’0, Bk’l(h) = hk, Bk’k(h) = hl]c’ Bo(h) = 1, and B](h) = h], Where 6/(’]' = 1 or O fOI'j = k or
J # k. Other By j(h) are shown in Comtet [9, pages 307-308]. Set

ae,...,p") =hi hf,’ (4.18)

Example 4.4. Suppose that for 1 < j < p, fi(t) = Yo fixt*/k! : C — C with an extension N; =
fi(Q) : C™5 — C and that Q has diagonal Jordan form Q = PAP™'. Then

P
Wl +NY' =PI+ FY' P (vl o+ FY = [ | (vil, + F))
j=1

q
Fi=fi(A), D=PDP"', D= ) S, (I, + F)', S, =P"'S,P.
n=0

Set
p )4 0
o= xifu H= ) x;Fj= Ak (4.19)
=1 =1 k=0
Then,
p —
ho = > xif(0), Y(x) = PY(x)P™,
=1
where

Y(x) = e = e Z Bu(h)AF/k!
k=0
for Bi(h) and By j(h) of (4.16). Also

Y(=x) = e 3" Bu(~)A! k!, By (=h) = (=1)/By j(h).

k=0
For example, take s = 2, Q = N of Example 4.3. Then Q = PAP~' for P,P~' of Example 5.1,
and A = diag(i,—i) so that N> = —I,. For Example 4.3, p = 2, fi(t) = 1 +t (or 1 if M = L),
f() =t hg = x1, by = x1 +x2 (or o if M = D), by = 0 for k > 2, By(h) = K-, Y(x) = e¥eh™,
MM = I, coshy + Asinhy, A? = —1,.
Example 4.5. Suppose in Example 4.4 that for some r € Z and Tt € C, A" = 1l,. So, each element of
the diagonal of A is an rth root of T1, e*™™w for w = V" and some integer n. Then for hy of (4.19),

H = i ATk = i t,A/al,
k=0 a=0

where

(59

tafal = ) () b/ (kr + a)!

k=0
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for0 <a<r. Then H = tyl; + Hy, where

(o8]

fo = Z s

k=0
and

[Se]

r—1 0 *®
Hy = thaA“/a! = thaA“/a!, Hi/k! = ZAaBa,k(t)/a!7 et = ZA“Bu(,)/a!,

a=k a=0

where t, = 0 fora > r. So,

r—1
et = siAK,
k=0
for
Sk = Z TBuri/ (ar + k),
a=0
where B, = B,(t). sy are interesting functions of ty, ..., t,_1 and T.

The case A? = 71, that is, r = 2.
Set w =y = wt,. Then

()

Iy = Z?’khzk/(zk)’, h = ZTkh2k+1/(2k+ 1)', HO = A[l, Bk = tlf,
k=0

k=0
YV — o ,Ho — S I Hy _ -1
Y =¢€%e™, 5o =coshy, s; =w  sinhy, e = I;coshy + Aw™ sinhvy.

So, if T = —1, then sy = cost; s; = sint, o =

The case A*® = 71, that is, r = 3.
Replacing h by t in (4.18),

I, cost; + Asint.

Hy=tA+0A%/2, By =()=t, By=2)+(1°) =t + £, By =3(12) + (1),
By =3(2)+6(172) + (1*), Bs = 15(12%) + 10(1%2) + (1°),

Bg =15(2%) +45(122%) + 15(1%2) + (1°).

B; = 105 (123) +105 (1322) +21 (152) + (17).

We now write e in terms of the Hermite polynomials, defined by
Y = 3" Her(xy' k!,
k=0

where u(x,y) = xy + y2/2. Fort, #0, set x = tlt;m. Then Hy = u (x, té/zA). So,

00 o0 2
= " Heyn) (12A) k= bak = D s,Ac,
k=0 k=0 a=0
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where

(09

by = Hey(0)12 [k!, s, = Z ™bitsa.

k=0
The case A* = —I,, that is, r = 4.
Replacing h by t in (4.18),
Hy=thA+8/2+ 68131, B = (1), By = (2) +(1?),
Bs = (3)+3(12) + (1°), By =4(13)+3(2%) + 6(172) + (1%),
Bs = 10(23) + 10(173) + 15(12%) + 10(172) + (1°),
Bg =10(3%) +60(123) + 15 (2°) + 20 (1°3) + 45 (122?) + 15(12) + (1°),
B; =70(13%) + 105 (2°3) + 210 (1723) + 105 (12%) + 35 (1#3) + 105 (1°2%) + 21 (1°2) + (17).

5. Use of the Jordan form

Example 4.1 solved N{N> = N,N; € C*. An easier method that gives a wide class of permuting
{N j}, follows from the Jordan form of a square matrix.

Suppose that N has Jordan form N = PJP~!', where J = diag(Jy,...,J,), J; = I, (/lj), Ja() =
AL, + U, and for m € Z, U, is the m x m matrix of zeros except for 1s on the first super-diagonal,
that is, (Uy)jx = Ok js1 for 1 < j < m. Jy,...,J, are the Jordan blocks of N. So, s = Z;zlmj and
for 0 < n < m, U}, is the m X m matrix of zeros except for ones on the nth super-diagonal, that is,
(U,’:,)j’k = O jin for 1 < j <m—n. Forn = m, U, = Opn.

For f(z) : C — C a function with finite derivatives of order m € Z at A,

m—1
FUnD) = ). FDUL K,
k=0

where U,?1 = I,,, as noted in https://en.wikipedia.org/wiki/Jordan_matrix. In particular, for
m>1landn >0,

min(n,m—1) m—1
Jn()" = (Z)/l”‘kan, exp {tJ, (D)} = "V, (1), V(1) = Z FUR k!, te C. (5.1)
k=0 k=0

So, V,,(t) has zeros on its subdiagonals, and for n > 0, the elements of its nth superdiagonal are all
£"/n). That is, V,,(£) jun = "/n! for 1 < j < m - n. Note that J,, (4,) commute

where
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)4
k=

Zp:tfsj: [ A+, 5= a -
=0

1

summed over all (?) combinations ki, ...,k;of 1,2,..., p. Similarly, for n € Z” and

T = ﬁ[ In(4;)”
we note .
In()" = $ Sna(DU,,,
=0
where
iosn,a(ﬂ)r“ = ]%1[(4, +1)”,
-

for |k| of (3.7). For example, 5,0 = A" and if A; --- 4, # 0, then
4 Sy 5 -1
-n -1 -n -
A Sp1 = an/lj , A Spo = Z (zj)/l] + Z n;n;, (/ljl/ljz) .
J=1 J=1 J1#)2

For m € Z”, the mth derivative of the last expression in (5.2) is

00 p )

D snamt = [ [0, (48] = 0 D swema D,

a=0 j=1 a=0

SO

Sn,a.m(/l) = (n)msn—m,a(/l)~
We now give a simpler form for s, , using Bell polynomials.
Theorem 5.1. For [1°_, A, # 0, set

p

= ana;.k, ve = (=D (k= 1) .
=1

Then (5.2) holds with 17"s,,(1) = B,(v)/al.
Proof. Sett; =t/4;,A =1nA". Then

In

~. :
Il =

()" = n (4 +1)=A+B
j=1

J

(5.2)

(5.3)
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where

B = Zplnjln 1+t katk/k!.

j=1 k=1

This implies

p
l—[ /l +t AeB.
J=1

Sna is the coefficient of # in A"e® given by (4.17) with iy = vy.
Jm(A) only commutes with A, = diag (4,,...,4,,) if 4; = A;. By (5.1),

P P
exXp {Z Xij } l_[e/lj)ﬂv Xj = efl xvm(x)
J=

j=1
where
P
Voa(x) = 1_[ Z x”U'"'/n' Z (x0)"™ U [ng! =V, (x0), X0 =
J=1 [nl<m no=0

Now suppose that for 1 < j < p, N; € C** has Jordan form

Nj = P diag(Jyj,.... Jej) P Jij = Ju () 5 = Z s

k=1
Then Ny, ..., N, commute, as their Jordan blocks commute,
N"=N}"---N,” = Pdiag(J},...,J) P,

where

J = ]—[ 1. I+ NY' = Pdiag(Jy,....7;) P7",
where

T, = ]—[ T,

and

Vij = Vi + Ay Tej = Vilm + Jij = Viojhne + Un, = I, (V)

since (vjls + Nj)nj = P diag (7’117]., A ) P!, Also,

> r]

D(v) = D*0V)P™",D*(v) = Zq: S, P diag(7y.....7}).

n=0,

J

p
j=1

Xj.

(5.4)

(5.5)

(5.6)
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and for m € Z°,

D)= 5, Paiag((7)) ....(77). )P,

n=0,
where, by (5.3),

m—1

(), = S 5 U2
a=0

Ji and 7Z are given by (5.2) withm = my, A; = A jand A; = v ;.
The partial differential Eq (1.2).

x;N; = PM(x)P™",

p

j=1
where

P

M(x) = diag (M ..., M), My = ) Xy

j=1

J

For V,(2) of (5.1), xo of (5.4), and A ; of (5.5), set

)4
A = (/lk,l’ e ,ﬂk,p) , X = Z Akj xj, Fr(x) = exp (M) = eV, (x0), g(x) = P F(x).

J=1

Then,
Y(x) = PY(x), T,(x)=PT,(x), L=PL,
where
Y(x) = F(x) P!, F(x) = diag (F\(x),.. ., F,(x)), (5.7)
Tu(x) =Y(x) S, Y(~x) = F)Q,F(-x)P™', Q, = P"'S,P, (5.8)
L:ZEm%iﬂwziFm@nﬁmmy

So, T,(x) is a mixture of polynomials in xo and factors exp{(d. — 44)" x}. Partition N;, P, P~' as
m, X my blocks,

Nj=(Njap). P=(Pay). P =(P*),

for 1 < a,b < r. Partition Y(x) and 7,(x) similarly. Then

(N")jao = Y PiadiP%, Y ()30 = D PioFo(x)P,

a=1 c=1
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Tu(0jx = Y PicF 05, Fa(=x)P™, 05, = > PS,0,Pya. (5.9)

c,d=1 a,b=1

Write f(x) € C* as (fi(x),..., f-(x)") with fi(x) € C™. Then the partial differential equation Lf(x) =
0, for L of (1.2) can be written

r

q
D T fial) =0 1< <0

n=0, k=1

Consider the two extremes when N; has 1 or s Jordan blocks.

One Jordan block: N; = PJ (/lj) P'. Then r = 1, m; = s, P is scalar, say 1. Take s,,(1) of
Theorem 4.1, xo of (5.4), and v; = v; + A;. Then

p
Y(x) = Fi(x) = exp [Z ﬂjxj] Vi (x0) s To(x) = Vi (%0) § Vs (=X0) , (5.10)
j=1
and
s k )
T = > > [x57 /@ = )| Snas (=x0) 1Ge= b)), (5.11)
a=j b=1
' s—1 s—1 q
WL+ N = > 500 UL, DO) = > DaU, Dy= ) 500 S (5.12)
a=0 a=0 n=0,

Column jof D,U¢ is O, for 1 < j < a,andiscolumn j—aof D,if j >a+ 1.
So form,n € Z?, D ,,(v) needed for the characteristic solution of Theorem 2.2, is given in terms of
Sn.a.m ()_/) = (n)msn—m,a (‘_/) by (53)

Diagonal Jordan form: N; = P diag (/11,.,-, e, /ls,j) P~'. Thenr = s, m;=1,J. =4, and forn,m € Z?,
and Q;,n of (5.9),

VJ'IS +Nj = Pdiag(vl,j,. --’Vs,j)’ Vij =V +/1k,j’

(vl + NY' = Pdiag (01 - 05) P, Ok = | [V = Ty

q
Dm(V) = Z SnPdlag (gl,n.ma ey es,n.m) P_la Hk,n.m = (n)mgk,n—ma

n=0,

Y(x) = PF(.X)P_I’ F(_x) = dlag (e/lax’ . .’e/l;x)’

Tn(x)j,k = Z e(ﬂc_ld),xpj,cQZ,nPd’k, (5.13)

c,d=1

with all components scalar. For example, if P = I, then T,,(x)x = (=) xg njk- In the examples of
Section 3, N; have Jordan form with the same P.
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In Example 5.1, matrix functions like 7',(x), T,(x), and Y(x) are constructed using a diagonalization
of skew-symmetric matrices N; via a unitary matrix P, where solutions are expressed in terms
of exponentials involving differences of eigenvalues, trigonometric functions of 6 = > 6,x;, and
combinations of structure matrices Q, and S ,,.

Example 5.1. Take s = 2. Then for Oy, of (5.9),

2 2
_ (Ae=A2) x c k _ c c.k o' x 1 2.k —0'x 2 1,k
T”('x)j,k - E e’ Pj,L'Qd,nPd - Z Pj,CQc,nP te Pj,l QZ,nP +e Pj,ZQl,nP ’
c,d=1 c=1

where 6 = A1 — Ay. Also
T.(x)=H(6'x,0,) P!,

where

| Ouia € Onin
H(.0) = (e_th,Z,l On22 ) (5.14)

Take

Set 6 = Z?zl 0;x;. Then
— P -1
N; = P diag (. 42,;) P,

where /ll,j = _/12,]' = lgj and

P:(l. 1)/\/5 det P =i, P‘I:P*:(l ’,)/\E, (5.15)
and Y(x) is given by (5.7) with

Fi(x) = &%, Fa) = e, ¥(x) = (COS 0 —sin 9)’

sinf cosé

and T(x) is given by (5.8) and (5.14) with

2Q _ Sl’l—l’Sl’2+l‘Sz,1+S2’2 Sl’l+l'SI!2+l'S2’1—S2’2
PSS-S =S S +iSi12—iSa + S0

atS = S,. D(v) is given by (5.6) with
P 2 "
Ti=110i+io)" . To=]](vi-i05)".
j=1

J=1
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An easy way to create commuting N; is to find an N whose P does not have one of its parameters,
and then to vary that parameter. The next examples illustrate this. Example 5.2 describes a complex
matrix M with complex conjugate eigenvalues and corresponding eigenvectors, and shows how it can
be diagonalized using a similarity transformation M = PJP~!, extended to a family of commuting
matrices N;, leading to explicit forms for matrix exponentials and powers, and ultimately yielding
characteristic solutions involving products of diagonal Jordan form components. Example 5.3 presents
a matrix M with eigenvalues a + 7b and corresponding eigenvectors, showing it can be diagonalized
as M = PJP!, extended to a family of commuting matrices N;, and leading to expressions for
matrix functions and characteristic solutions as in Example 5.2 with modified spectral parameters.
Example 5.4 considers a matrix M with eigenvalues a + gbc and eigenvectors depending on b and c,
showing that M can be diagonalized via M = PJP~!, extended to a family of commuting matrices
Nj, and used in expressions for matrix functions and characteristic solutions as in Example 5.2 with
modified parameters involving b, ¢ and g;. In Example 5.5, a specific matrix P is used to diagonalize
the Jordan block J, (/l J-) into a matrix N;, and the characteristic solutions and related functions Y(x),
T,.(x), vl + N)" and D(v) are expressed through structured sums involving matrices S ,,, shift operators
U,, and coefficients S, , (V).

Example 5.2. Consider

of Example 4.2. Its eigenvalues are 1, = a + ic and 1, = a — ic, with eigenvectors p; = (1,—i) and
p2 = (1,i). So, M has diagonal Jordan form PJP~' for P and P~' of (5.15), and J = diag (A, A»). So,
a choice of commuting N is

NJ:(a] _C]):PJJP_I, JJ:dlag(aj+le,aj_lcj)-

¢j 4aj
Also,
p
Z Xij = M,
=1
with
p p
a= Zx‘,-aj, c= ZX’CJ
j=1 j=1
Also
Y _ J p-1 n o_ . = " -1
(x) = Pe’P™', (vI, + N)" = P diag (7}, J;) P,
where

p
. —=n —n;  — . — .
e’ :dlag(eﬁ‘,eﬂz), Jy = | |v’. Vij=Vvjta;+icj, vy;=vj+a;—ic;.
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D(v) is given by (5.6) with r = 2, and T,(x) by (5.13) with s = 2. Characteristic solutions are given by
Example 3.1 in terms of

form € ZP, where (72) = (n)mjz_m.

.m

Example 5.3. Write M of Example 4.1 with d = a as

a b
M= (T2b a)'
Its eigenvalues are A1 = a + b and 1, = a — tb, with eigenvectors p; = (1,7) and p, = (1,-71)". So,
M has diagonal Jordan form PJP~', where

(11 Al T L
P—(T _T),P =2 (1 _T_l),.l—dlag(/ll,/lz).

So, a choice of commuting N; is

a;, b; B i
Nj:(rzl])j a;):PJJP ', J; = diag (a; + tbj, a; - b))

and
P )4 )4

XjN,' = M, a = Z x.,-a.,-, b= Z )Cjbj.
=1 =1 =1

J J

J
Also, Y(x), wl, + N)", D(v), T,(x), and characteristic solutions are given by Example 5.2, where now
Vl,j =Vj + aj; + Tbj, 1_/2,j =V + a;— Tbj.
Example 5.4. For a variation of this, consider
2
gc” a
Its eigenvalues are 11 = a + gbc and A, = a — gbc, with eigenvectors p; = (bz, c)/ and p, = (bz, —c),.
So, M has diagonal Jordan form PJP~', where
b b’ " b2 ! )
P = (c —c)’ pPl= (b2 o /2, J = diag(d;, ).
So, a choice of commuting N; is

N-:(aj gjbz):PJ-P_] ]~:diag(a-+g-bca-—g-bc)
J gjcz aj J > ) J JZ J ’
P

x;N; =M witha =
-1

J

xjaj, g = Z)ngj.

J

)4
J =1

p
=1

Y(x), vl + N)", D(v), T,,(x) and characteristic solutions are given by Example 5.2, where now v, ; =
vitaj+gibc, v j=v;+a;—g;bc.
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Example 5.5. Take s = 2,

and

Nj=PJ2(/lJ-)P_1 :(/lj+1/2 g 1/2 )

—g/2  A;—1)2

Then, Y(x), T,(x), vl, + N)", D(v) are given by (5.10)—(5.12). Characteristic solutions are given by
Example 3.1 in terms of

1 1
Dy = Zq} D 50a @ (SaUS) 55 Dyjgom = Zq] D WSuema @ (S2US) 4

n=0, a=0 n=0, a=0
form e ZP. If S, is the first column of S ,, then S, U = (0, S 1)

N; and N, commute if they have Jordan forms with the same P and matching Jordan blocks, but
different eigenvalues. We now weaken this condition. Suppose that J = diag (Jy,...,J,) and L = diag
(Ly,...,L,), where J, = A1, or J,, (1), and L, = v I, or J,, (v;). Then LK = KL and MN = NM for
M = PLP', N = PKP'. For m > 1, 4,1, is not a Jordan block, but is composed of m scalar Jordan
blocks, Ay.

6. Conclusions

This paper extends the classical method of characteristics to a novel framework capable of solving
a wide class of multivariate, linear, homogeneous partial differential equations with structured matrix
coeflicients. By leveraging exponential similarity transformations involving commuting matrices and
introducing a new type of characteristic parameterized by a complex vector v, the method provides
explicit basis solutions that are both analytically tractable and adaptable to boundary conditions. The
approach overcomes limitations of existing techniques that are primarily suited for univariate cases or
depend heavily on order reduction, and it opens new avenues for tackling complex systems involving
matrix operators-offering not only theoretical insights but also practical tools applicable to structured
matrices like circulants and those derived via Jordan forms.

Future work will aim to: 1) add numerical analysis and stability considerations making the methods
more practical to implement, ii) analyze what happens in near-commuting cases, iii) expand on how
boundary value problems are handled.
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