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Abstract: Let G be a connected graph of order n with n > 25. A {P3, P4, Ps}-factor is a spanning
subgraph H of G such that every component of H is isomorphic to an element of { P3, P4, Ps}. Nikiforov
introduced the A,-matrix of G as A,(G) = aD(G) + (1 — @)A(G) [V. Nikiforov, Merging the A- and
Q-spectral theories, Appl. Anal. Discrete Math., 11 (2017), 81-107], where a € [0, 1], D(G) denotes
the diagonal matrix of vertex degrees of G and A(G) denotes the adjacency matrix of G. The largest
eigenvalue of A,(G), denoted by 4,(G), is called the A,-spectral radius of G. In this paper, it is proved
that G has a {P3, P4, Ps}-factor unless G = K; V (K., U K;) if 1,(G) > A,(K; V (K,_» U K})), where «
is a real number with 0 < a < %
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1. Introduction

We deal with finite undirected graphs without loops or multiple edges. Let G denote a graph with
vertex set V(G) and edge set E(G). For a vertex v € V(G), the neighborhood of v and the degree of v
in G are denoted by Ng(v) and dg(v), respectively. Let i(G) denote the number of isolated vertices in G.
For a subset S C V(G), let G[S] and G — S denote the subgraphs of G induced by S and V(G) - S,
respectively. For two vertex disjoint graphs G| and G, the union of G; and G, is denoted by G| U G,.
Let ¢G stand for the disjoint union of ¢ copies of G, where ¢ is a positive integer. The join G, V G, is the
graph obtained by joining each vertex of G, to each vertex of G,. We denote the path, the cycle, the
star and the complete graph of order n by P,, C,, K, ,-; and K,,, respectively. Let ¢ be a real number.
Recall that [ c] is the greatest integer with | c] < c.

Let H denote a set of connected graphs. Then a spanning subgraph H of G is called an H-
factor if every component of H is an element of H. If H = {Ps, P4, Ps}, then an H-factor is called
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a {Ps, P4, Ps}-factor. Write Ps; = {P;li > k}. If H = P, then an H-factor is called a Ps;-factor. If
‘H = {K», Cjli > 3}, then an H-factor is called a {K>, C;|i > 3}-factor. If H = {K, j|1 < j <k}, then an
H-factor is called a {K) j|1 < j < k}-factor.

Kano et al. [1] established a connection between the number of isolated vertices and {P3, P4, Ps}-
factors in graphs. Akiyama et al. [2] proved that a graph G contains a Ps,-factor if and only if i(G—S) <
2|S| for any subset S € V(G). Kaneko [3] provided a characterization of a graph having a P3-factor.
Liu and Pan [4], Gao et al. [5], and Dai and Hu [6] obtained some sufficient conditions on the existence
of Ps,-factors and P3-factors in graphs. Tutte [7] got a criterion for a graph containing a {K5, C;|i > 3}-
factor. Klopp and Steffen [8] investigated the properties of {K; ;, K, C;|li > 3}-factors in graphs.
Amabhashi and Kano [9] posed a criterion for a graph with a {K; ;|1 < j < k}-factor, where k is an integer
with k > 2. Kano and Saito [10] showed a sufficient condition for a graph to contain a {K; |k < j < 2k}-
factor, where k is an integer with k > 2. For many other results on spanning subgraphs, we refer the
readers to [11-13].

Let A(G) and D(G) denote the adjacency matrix and the degree diagonal matrix of G, respectively.
We use A(G) to denote the adjacency spectral radius of G. Let Q(G) = D(G) + A(G) be the signless
Laplacian matrix of G. The signless Laplacian spectral radius of G is denoted by ¢(G). For any
a € [0, 1), Nikiforov [14] introduced the A,-matrix of G as

AL(G) = aD(G) + (1 — )A(G).

Notice that A,(G) = A(G) if @ = 0 and A,(G) = %Q(G) ifa = % The largest eigenvalue of A,(G),
denoted by 4,(G), is called the A,-spectral radius of G. Clearly, 1o(G) is the adjacency spectral radius
of G and 2/1%(G) is the signless Laplacian spectral radius of G. Thus, 4,(G) generalizes both the
adjacency spectral radius and the signless Laplacian spectral radius of G. In recent years, the A,-
matrix of G has attracted a great deal of attention. For details, we refer the readers to [15-17]. We refer
the readers to [18, 19] for relevant elementary background on the topic.

Suil [20], Zhao et al. [21], and Zhou et al. [22] provided some spectral conditions for graphs to
contain {K,}-factors. Li and Miao [23] established a lower bound on the adjacency spectral radius for
a connected graph which ensures that this graph has a Ps,-factor. Zhou [24] showed an adjacency
spectral radius and a distance spectral radius condition for a bipartite graph to have a star-factor with
given properties, respectively. Miao and Li [25] determined a lower bound on the adjacency spectral
radius of a connected graph G to guarantee that G has a {K; ;|1 < j < k}-factor, and presented
an upper bound on the distance spectral radius of a connected graph G to ensure that G contains
a{K; |1 < j < k}-factor. Lv et al. [26] obtained two spectral sufficient conditions on the existence of
a {K;,,Cyy1 1 1 > 1}-factor in a graph. Lv et al. [27] established the A,-spectral radius for graphs to
have {P,, Cs, Ps, 7 (3)}-factors.

Motivated by [1, 20] directly, we investigate the existence of {Ps, P4, Ps}-factors in connected
graphs, and establish a relationship between the A,-spectral radius and {P3, P4, Ps}-factors in connected
graphs. Our main result is shown as follows.

Theorem 1.1. Let « be a real number with 0 < @ < % and let G be a connected graph of order n with
n > 25. If G satisfies
/l(I(G) = /la(Kl \4 (Kn—Z U Kl))»

then G has a {Ps, P4, Ps}-factor unless G = K; V (K,_, U K}).
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In fact, a {P3, P4, Ps}-factor is also a Ps3-factor. Then the following corollary holds.

Corollary 1.2. Let « be a real number with 0 < a < %, and let G be a connected graph of order n with
n > 25. If G satisfies

/la(G) = /la/(Kl \4 (Kn—Z U Kl))»

then G has a P.3-factor unless G = K; V (K,,_» U K}).
2. Some preliminaries

In 2010, Kano et al. [1] provided a sufficient condition for the existence of {Ps, P4, Ps}-factors
in graphs.
Lemma 2.1. [1] If a graph G satisfies

2
i(G—S)S§|S|

for any subset S C V(G), then G contains a {P3, P4, Ps}-factor.
Lemma 2.2. [14] For any « € [0, 1) and a complete graph K,,, we conclude

/la(Kn) =n-—1
Lemma 2.3. [14] If G is a connected graph, and H is a proper subgraph of G, then we have
A.(G) > A, (H),

where a € [0, 1).
Let M be a real symmetric matrix of order n whose columns and rows are indexed by

t

V= {1,2,...,n}, where V. = ViUV, U.---UV, |V| = n,and n = ), n;. Assume that M is a
i=1

matrix with the partitionz : V=V, UV, U--- UV, thatis,

Mll M12 Mlt
M21 M22 M2t
M= . R
Mtl Mzz Mtl

where M;; denotes the submatrix (block) of M formed by rows in V; and columns in V;. The average
row sum of M;; is denoted by m;;. Then the matrix M, = (m;;) is called the quotient matrix of M. In
particular, if the row sum of each block M;; is a constant, then the partition is called equitable.
Lemma 2.4. [28] Let M be a real matrix with an equitable partition &, and let M, be the corresponding
quotient matrix. Then every eigenvalue of M, is an eigenvalue of M. Furthermore, if M is a
nonnegative matrix, then the largest eigenvalue of M is equal to the largest eigenvalue of M,,.

Lemma 2.5. [29] Let M be a Hermitian matrix of order s, and let N be a principal submatrix of M of
ordert. If 4y > A, > --- > A, are the eigenvalues of M and y; > u, > - - - > y, are the eigenvalues of N,
then A; > u; > A, for1 <i<t.
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3. The proof of Theorem 1.1

Proof of Theorem 1.1. Suppose, to the contrary, that G contains no {P3, P4, Ps}-factor. Then it follows
from Lemma 2.1 that i(G-S) > %lSl for some nonempty subset S C V(G). Let|S| = sand i(G-S) = i.
According to the integrity of i(G — ), we geti > L%sJ + 1. From the above discussion, we easily see
that G is a spanning subgraph of G; = KV (Kn_L%SJ_1 U (L%sJ + 1)K;). Combining this with Lemma 2.3,
we deduce

A(G) < A,(G), (3.1)

with equality holding if and only if G = G;. The following proof will be divided into three cases by
the value of n.
Case1.n > |3s] +3.

Recall that G| = K, V (Kn_L% 51 Y (I_%sj + 1)K;). The quotient matrix of A,(G;) by the partition
V(G,)) = V(K,) U V(Kn_L%SJ_l) U V((l_%sj + 1)K) can be written as

an—as+s—1 (l—a)(n—l_gsj— 1) (1—0)(|_%SJ+ 1)
B, = (1-a)s n+as—L§sJ—2 0
(1 -a)s 0 as

By a direct calculation, the characteristic polynomial of B; is

@5, (x) =x" - (cm +n+as-— L%sJ - 3)x2

+ (an2 +a’sn+ asn — cm[%sJ —-2an—n-— s[%sJ —2as— s+ [%sJ + 2)x

—a*sn® + 2a2snL§sJ - 2asn{§sJ +3a%sn — asn + sngsJ + sn
- 204252[§SJ - azslgsr + 3as2[§sJ + 2as[§sJ2 - szlgsJ — s[%st — 207 5?
- 3azs[§sJ +3as® + Sa/sESJ -5 - 3s§sJ — 2075 + 2as — 2. 3.2)

Notice that the partition V(G,) = V(Kj) U V(Kn_Lg s-1) Y V((L%sJ + 1)K;) is equitable. By virtue of
Lemma 2.4, 1,(G,) is the largest root of ¢, (x) = 0, thatis, g, (1,(G1)) = 0. Let 8, = 2,(G1) > 6, > 65
be the three roots of ¢, (x) = 0 and Q = diag(s,n — L%sj -1, L%sj + 1). We easily see that

an—as+s—1 (1-a)s*(n—3s]- 1) (1-a)s2(2s]+ 1)z
Q%BlQ_% = (1—oz)s%(n—|_§sj— 1)% n+as—L§sJ—2 0
(1-a)s3(12s] + 1)z 0 as

1s symmetric, and

n+as—|_§sj—2 0
0 as
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is a submatrix of Q%BlQ‘%. Since Q%BIQ‘% and B; have the same eigenvalues, Lemma 2.5 (the
Cauchy interlacing theorem) leads to

5 n—4, if s =0 (mod 3);
023n+01s—[§sJ—2< n—2, if s =1 (mod 3); (3.3)
n—3, ifs=2(mod3).

For the graph G, = K; V (K,» U K)), its adjacency matrix A(G,) admits the quotient matrix B,
which is derived by replacing s with 1 in By, and B, admits the characteristic polynomial ¢ (x) which
is derived by replacing s with 1 in ¢, (x). Hence, we have

@B, (x) = —(an+n+a-3)>+@*+a*n—an—-n-2a+ x

—a’n® +3d*n - an+n - 4a* + 5a - 3.

In view of Lemma 2.4, 1,(G.) is the largest root of ¢p (x) = 0, that is, pp (1,(G.)) = 0. If s = 1,
then G| = G., and s0 4,(G1) = 4,(G.) = 1,(K; V (K,—» U K})). Combining this with (3.1), we deduce
A(G) < A,(K; V (K,—» U K})), where the equality holds if and only if G = K; V (K,,_, U K;). This
contradicts the assumption that G is not the indicated graph. Next, we consider s > 2.

Since K),_; is a proper subgraph of G, = K; V (K,—; U K), it follows from (3.3) and Lemmas 2.2
and 2.3 that

A (K V (K2 U KY)) > Ao(Ky) =n =2 > 6. (3.4)

We shall consider three subcases by the value of s.
Subcase 1.1. s = 0 (mod 3).
In this subcase, s > 3, L%sj = %s and n > L%sJ +3= %s + 3. According to (3.2), we admit

2
©p, (x) =x° — (cm +n+as-— 35 3)x2

1
+ (om2 +a’sn + ga/sn —2an—n-— gsz - 2as — §s + 2)x

— s’ + A—la/2s2n - iaszn +3a%sn — asn + %szn + sn — 1—6a/zs3
3 3 3 9
26 10 19
+ ?as3 - 3s3 — 40’5 + ?as2 — 357 = 2a%s + 2as — 2s.

Let G, = K5 V (K,—¢ U 3K;). Then its adjacency matrix A(G,) has the quotient matrix B, which is
derived by replacing s with 3 in B;, and B, has the characteristic polynomial ¢g,(x) which is obtained
by replacing s with 3 in ¢, (x). Therefore, we obtain

g, (x) =x’ — (an+n+ 3@ - 5)x* + (an® + 3a*n —an —n — 6a — 5)x
—3a’n* + 21a’n — 15an + 9n - 90a” + 141a — 63.

Using Lemma 2.4, 4,(G>) is the largest root of ¢p,(x) = 0, that is, ¢p,(1,(G2)) = 0. We are to verify
A2(G1) < 2(G).
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Since K,,_3 is a proper subgraph of G, = K3 V (K,_¢ U 3K)), it follows from (3.3) and Lemmas 2.2
and 2.3 that

(K3 V (Kj—6 U 3K1)) > Ao(Ky—3) =n—4> 6,. (3.5)

Write 8 = 4,(K3 V (K,—¢ U 3K)). Notice that ¢g,(5) = 0. By a direct computation, we get

1
0, (B) = ¢p,(B) — ¢5,(B) = §(S - 3)/(B), (3.6)

where f,(8) = (6 — 9a)B* + (9a*n + 3an — 65 — 18a — 21)8 — 9a°n? + 3a*n(4s + 21) — 3an(4s + 15) +
3n(2s +9) — 2a%(8s% + 425 + 135) + a(26s> + 1355 + 423) — 105> — 575 — 189. Notice that

9a%n + 3an — 65 — 18a — 21

-4 3.7
2(6 — 9a) <n-4<p S
by (3.5), s > 6, and n > 35 + 3. Since the symmetry axis of f;(B) is B = —9“2”+3g(’g‘_69sa‘)18"‘21, it follows
from (3.7) that
fiB) >filn—4)
=(6 — 6a)n* + (12a%s — 12as + 27a% = 3 — 42)n
—20%(8s% + 425 + 135) + (265 + 1355 + 351) — 10s* — 335 — 9. (3.8)

Let f>(n) = (6 — 6a)n® + (12a%s — 12as + 27a% — 3a — 42)n — 2a*(8s + 425 + 135) + (265> + 1355 +
351) — 10s> — 335 — 9. Note that
12a%s — 12as +27a* - 3a—-42 5

— <
26— 6a) <3s+3_n

by s>15and 0 <a < % Thus, we deduce

fin) 2 (35 +3)

1
:5((12s2 — 95— 567)a” + (=325 + 102s + 864)ar + 20s* — 1295 — 243)

1,4 2
>§(§(12s2 — 95— 567) + §(—32s2 + 1025 + 864) + 205> — 1295 — 243)

:é(IZSZ — 1955 + 243)
>0, (3.9)

3252—1025—864

where the last two inequalities hold from 2(122—05-367)

If s € {6,9, 12}, then

>2>a>0and s > 15, respectively.

_22,2 .
14+250-33« if s = 6,

12a%s — 12as + 270 — 3a — 42 s S
_ = W’ lf S = 9,
2(6 - 6a) 14+449_(1;57a2’ if s =12,
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<25<n
byO<a< % Thus, we obtain

) >£(25)
=(—165% + 2165 + 405)a” + (265> — 165s — 3474)a — 10s* — 335 + 2691

11250 — 3528 + 2133, if s = 6,
={ 1053a% — 2853 + 1584, if s =9,
693a% — 1710« + 855, if s =12,

>0 (3.10)

by <a< %
From (3.9) and (3.10), we infer f,(n) > 0 for s > 6 and s = 0 (mod 3). Combining this with (3.6)
and (3.8), we conclude

1 1 1
¢5,(B) = 5(s = 3N(B) 2 5ls = Ifiln —4) = 5(s = 3)/a(n) 2 0 (3.11)

for s > 3 and s = 0 (mod 3). Recall that 1,(G,) is the largest root of g, (x) = 0. Asb, <n -4 <
(K3 V (K,—¢ U 3K;)) = B (see (3.5)), we deduce

A(G1) £ B = Aa(K3 V (K U 3K})) = 44(G2) (3.12)

by (3.11).
In what follows, we are to show 4,(G,) < n — 2. By a direct calculation, we get

@p,(n—2) =(n—2)> - (an +n+3a - 5)(n-2)*
+(an?+3n—an—n—-6a—-75)n-2)
—3a’n* + 21a%n — 15an + 9n — 90a” + 141a — 63
=2 = 2a)n* + (150% — 11a — 6)n — 900> + 141a — 41
>(2 - 2a)(25)* + 25(150° — 11a — 6) — 90a? + 141a — 41
=285a” — 1384 + 1059
>0,

: s 1502-11a—6 1384 2 :
where the l?st two inequalities hold from — G < 25 < nand 555 > 5 > @ > 0, respectively.
Hence, we infer

A (Gy) <n—2. (3.13)
According to (3.1), (3.4), (3.12), and (3.13), we have
A(G) £ 2,(G1) £ A(Gr) <n =2 < A (K V (K2 U KY)),

which contradicts A,(G) > 1,(K; V (K,-» U K))).
Subcase 1.2. s = 1 (mod 3).
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In this subcase, s > 4, L%s] = 2‘;_2 and n > L%sj +3 = % In view of (3.2), we obtain

op, (x) =x° — (an +n+as-— %s - ;)x2
+ (an2 +a’sn + %a/sn - gan -n- %sz —2as + %s + %)x
—a?sn® + §a2s2n - gaszn + gazsn + %asn + %szn + %sn - 19—6&2s3
+ %aﬁ - %f - 19—6a2s2 + ?as2 - gsz - gazs - gas - gs.

Write y = A,(K; V (K,—» U K)). Notice that ¢ (y) = 0. A simple calculation yields that

1
©B,(¥) = ¢, (¥) — B, (y) = §(s - Dgi(y), (3.14)

where g,(y) = (6 — 9a)y? + (9a*n + 3an — 65 — 18a — 3)y — 9a*n* + 3a’n(4s + 9) — 3an(4s + 3) +
3n(2s + 3) — 4a%(4s + 85 + 9) + @(265% + 495 + 45) — 10s*> — 235 — 27. Note that

_9a2n +3an—-6s—18a -3
2(6 — 9a)

<n-2<y

by (3.4), s >4 andn > % Thus, we have

g1(y) >g1(n—2)
=(6 — 6a)n* + (12a°s — 12as + 9a* + 3a — 18)n
—40°(45% + 85+ 9) + (265 + 495 + 45) — 105> — 115 + 3. (3.15)

Let g,(n) = (6 — 6a)n® + (12a%s — 12as + 9a* + 3a — 18)n — 4a*(4s* + 85 + 9) + (265> + 495 + 45) —
10s? — 11s + 3. It follows from s > 4 and 0 < @ <  that

12a%s — 12as +9a*> +3a— 18  5S5s5s+7
- < <n,
2(6 — 6a) 3

and so

Ss+7
S3 )

1
:g((12s2 + 335 — 45)a’ — (325 + 625 — 58)a + 205 + 175 — 19)

£(n) 2o

1,4 2
>§(§(12s2 + 335 —45) - §(32s2 + 625 — 58) + 205> + 175 — 19)

1
:6(12s2 - 29s—-1)
>0, (3.16)

3252462558

2 .
T2vesseas >3 @2 0 and s > 4, respectively.

where the last two inequalities hold from

AIMS Mathematics Volume 10, Issue 7, 15497-15511.
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By virtue of (3.14)—(3.16), we obtain

1 1 1
08,(7) = 55 = Dg1(y) > 5(s = Dgi(n = 2) = 5(s = Dga(n) > 0 (3.17)

for s > 4 and s = 1 (mod 3). Notice that 1,(G)) is the largest root of ¢p (x) = 0. As6, <n-2 <
(K1 V (K2 U K7)) =7y (see (3.4)), we conclude

/la(Gl) <vy= /la(Kl \4 (Kn—2 ) Kl))
by (3.17). Combining this with (3.1), we have
22(G) £ A(G1) < (K V (Ky2 U K1),

which is a contradiction to 4,(G) > A,(K; V (K,_» U K})).
Subcase 1.3. s = 2 (mod 3).
In this subcase, s > 2, [ #s] = 2~ and n > |3s] + 3 = 2. Using (3.2), we possess
2 8
)

©p, (x) =x3—(cm+n+as—§s—§

+(cm +a sn+§asn——an—n——s —2as+—)x

3 3 3
4 4 7 1 2 2 16
- a’zsnz + §G2S2n - ga’szn + ga’zsn — ga’sn + gszn + §Sn - 3&26‘3
26 10 26 40 20 10 5 10
+ ?(XS3 - ?S3 - ?azsz + 3&’3’2 - ?SZ - ?(XZS + §CL’S - ?S.

Let G = K; V (K,-4 U 2K;). Then its adjacency matrix A(G3) has the quotient matrix B; which is
obtained by replacing s with 2 in B;, and B3 admits the characteristic polynomial ¢g,(x) which is
derived by replacing s with 2 in g, (x). Hence, we get

B, (x) =x> —(an+n+2a—-4Hx*+ (@n*+2°n—an—-n—-4a - 1)x
—2a°n* + 10a’n — 6an + 4n — 28a* + 42a — 20.

In terms of Lemma 2.4, 1,(G3) is the largest root of ¢p,(x) = 0, that is, ¢p,(1,(G3)) = 0. We are to
verify 4,(G1) < 4,(G3).

Note that K,,_, is a proper subgraph of G3 = K, V (K,,_4 U 2K;). By means of (3.3) and Lemmas 2.2
and 2.3, we conclude

Ao(Ky V (Kyes U2K1)) > A (Kys) =1 — 3 > 65. (3.18)

Write n = 4,(K, V (K4 U 2K})). Note that g, (17) = 0. By a direct computation, we possess

1
e, (M) = @B, (1) — @, (1) = §(s - 2)hi(n), (3.19)

where h,(17) = (6 — 9a)n* + (9a’n + 3an — 65 — 18a — 12) — 9a*n® + 3a’n(4s + 15) — 3an(4s + 9) +
6n(s + 3) — 2a*(8s + 295 + 63) + (265 + 925 + 189) — 105> — 40s — 90. According to (3.18), s > 5,
and n > %, we deduce

9a%n + 3an — 65 — 18a — 12
2(6 — 9a)

<n-3<n,
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and so

hi(m) >hi(n - 3)
=(6 — 6a)n* + (12a%s — 12as + 18a* — 30)n
—20*(85% + 295 + 63) + (265> + 925 + 162) — 105> — 22s. (3.20)

Let hy(n) = (6—-6a)n*+(12a°s—12as+18a>—-30)n—2a> (85> +295+63)+(265>+925+162)—105>—22s.
It follows from s > 11 and 0 < @ < 2 that

12a%s — 12as + 18> - 30 5s5s+8
_ < <n,
2(6 — 6a) 3

and so

hz(n) 2h2(5s + 8)

:%((12s2 + 125 — 234)a” + (—=325% + 205 + 358)r + 205* — 565 — 112)

>%(g(12s2 + 125 —234) + %(—32s2 +20s + 358) + 205 — 565 — 112)

:é(lzs2 — 1125 + 68)

>0, (3.21)

3252-205-358

where the last two inequalities hold from 1274125238

If s € {5, 8}, then

>2>a>0and s > 11, respectively.

5+160-1902  if o _
T o fs=8,

<25<n

12075 — 1205+ 1802 =30 _ | Ml0ebe oo 5,
2(6 - 60) -

by 0 < a < 2. Hence, we infer

hz(l’l) 2h2(25)
=(—16s% + 2425 + 324)a” + (265* — 208s — 3588)a — 10s* — 225 + 3000

[ 1134a% - 3978a + 2640, if s =35,
| 1236a% —3588a + 2184, if s =8,

>0 (3.22)

by <a< %
According to (3.21) and (3.22), we conclude h,(n) > O for s > 5 and s = 2 (mod 3). Together
with (3.19) and (3.20), we get

1 1 1
¢ (1) = 5(s = D) 2 5(s = Dh(n = 3) = 5(s = Dha(m) 2 0 (3.23)
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for s > 2 and s = 2 (mod 3). Recall that 4,(G,) is the largest root of ¢p,(x) = 0. As 6, <n -3 <
A (Ky V (K,—4 U 2K7)) = 1 (see (3.18)), we obtain

A(G1) £ = Aa(Kz V (K4 U 2K))) = 4(G3) (3.24)

by (3.23).
Next, we prove 4,(G3) < n — 2. A direct computation yields that

op,(n—2) =(n—2)° — (an +n +2a — 4)(n — 2)
+(@n?+2’n—an—-n—-4a-Dn-2)
—2a°n* + 10a%n — 6an + 4n — 28a* + 42a — 20
=(1 — a)n® + (60 — 4a — 3)n — 28a” + 42a — 10
>(1 — @)(25)* + 25(6a” — 4a — 3) — 28a* + 422 — 10
=1220” — 683 + 540
>0,

where the last two inequalities hold from —6“22(Ifg)_3 <25 < nand 22?32 > % > a > 0, respectively.
Consequently, we deduce

A(G3) <n-=2. (3.25)
It follows from (3.1), (3.4), (3.24), and (3.25) that
A(G) £ Ao(G1) £ A(G3) <n =2 < (K V (K2 U Ky)),

which contradicts 4,(G) > 4,(K; V (K,_» U Ky)).
Case2.n =|3s] +2.

In this case, G; = K, V (L%sJ + 2)K;. The quotient matrix of A(G,) with respect to the partition
V(G,)) = V(K,) U V((L%sj + 2)K,) equals

B, = an—as+s—1 (1-a)3s]+2) )

(1-a)s as
for which we calculate the characteristic polynomial
2
e, (x) = X - (an+s—1x+ a’sn—a’s® +as® — (1- a/)zslgsJ —2a%s + 3as — 2s.

Since the partition V(G;) = V(K;) U V((L%sJ + 2)K,) is equitable, it follows from Lemma 2.4 that
A.(G)) 1s the largest root of ¢p,(x) = 0. Hence, we conclude

,(G1) = M, (3.26)

an+s—1+ \/((m+s— 1)2-4(a2sn—a?s2+as?—(1 —a)zsL%sJ—Za2 s+3as-2s)
2

where M =
According to n = L%sj + 2, we have

. We are to prove 4,(Gy) < n — 2.

2
Qn-2)—an—s+ 1> —(an+s—1* +4@*sn—a*s* +as® — (1 — a)zslgsJ — 2075 + 3as — 25)
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2
=4 — da)n® + (4a’s — 4s + 8a — 12)n — 4a’s® + das® — 4(1 — a)%st —8a%s + 12as + 8

3((4 - 4a)s” — Ba + 3)s), if s = 0 (mod 3);
={ 3((4-4a)s* + (Sa - 11)s + 8a —2), if s =1 (mod 3); (3.27)
(4 —-4a)s + (@—-T)s+5a—2), if s=2(mod3).

Subcase 2.1. s = 0 (mod 3).
Obviously, n = %s +2 > 25. Then s > 15. Let ¢,(s) = (4 — 4a)s*> — Ba + 3)s. Note that

3a+3
sihd < 15 < s. Hence, we deduce

¥1(s) 2 ¢ (15) = 995 — 105a) > 0. (3.28)

Subcase 2.2. s = 1 (mod 3).
It is obvious that n = 3% > 25. Then s > 16. Let y(s) = (4 — 4a)s* + (5a — 11)s + 8a — 2.

Since0 < a < % and —25";“ < 16 < s, we obtain
(4—4a)

Ua(s) > Y (16) = 18(47 — 52a) > 0. (3.29)

Subcase 2.3. s = 2 (mod 3).
Clearly, n = 22 > 25. Then s > 14. Let ¢3(s) = (4 — 4a)s* + (@ = T)s + S — 2. Since 0 < @ < 3

a=7
and — 3 < 14 < s, we get

Y3(s) 2 ¥3(14) = 9(76 — 85a) > 0. (3.30)

According to (3.26)—(3.30), we conclude 4,(G;) < n — 2. Combining this with (3.1) and (3.4), we
have 4,(G) < 1,(G1) <n—-2 < A,(K; V (K,_» U K})), which contradicts 4,(G) > A,(K; V (K,_, U K})).
Case3.n =[3s]+1.

In this case, G; = K, V (L3s] + 1)K;. Consider the partition V(G) = V(K,) U V((L3s] + DK,). The
corresponding quotient matrix of A(G) equals

B. = an—as+s—1 (I-a)3s]+1) )

(1-a)s as
Then, the characteristic polynomial of Bs is
2
@, (x) = X —(an+s—-Dx+a’sn—a*s* +as’ — (1 - a)zslgsJ —*s+as—s.

Since the partition V(G;) = V(K;)U V((l_%sj +1)K)) is equitable, 1,(G) 1s the largest root of ¢p (x) = 0
by Lemma 2.4. Thus, we obtain

A.(G1) =N, (3.31)

an+s—1+ \/(an+s—l)2 —4(a?sn—a?s2+as?—(1-a)?s| % s|-a?s+as—s)

where N = 5

of n = L%sj + 1, we get

. We are to show 1,(G;) < n — 2. In terms

2
QCn-2)—an—s+ 1> —(an+s— 1 +4@*sn - a*s* +as®> — (1 - a)zslgsJ —a*s+as— )
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2
=(4 — 4a)n® + (da’s — 4s + 8a — 12)n — 4a?s* + das® — 4(1 — a)zslgsJ
—4a’s + das + 45+ 8
g((4 —4a)s> + 9a — 15)s + %), if s = 0 (mod 3);

= g((4 —4a)s* + (17a — 23)s + 5a + 10), if s = 1 (mod 3); (3.32)
%((4 — 4a)s* + (13a — 19)s + 8a + 4), if s =2 (mod 3).

Subcase 3.1. s = 0 (mod 3).
We easily see n = %s +1 > 25 and so s > 15. Write ®,(s) = (4 — 4a)s> + Oa — 15)s + 9a.

. 2 9a—15
Since 0 < @ < 3 and aan < 15 < s, we possess

D(s) = D(15) =9(75 - 84a) > 0. (3.33)

Subcase 3.2. s = 1 (mod 3).
Obviously, n = % > 25, and so s > 16. Let ®y(s) = (4 — 4a)s* + (17a — 23)s + Sa + 10.

Since 0 < @ < % and —12=3 < 16 < s, we infer
3 2(4-4a)

D,(s) > D,(16) = 9(74 - 83a) > 0. (3.34)

Subcase 3.3. s = 2 (mod 3).
Clearly, n = 32 > 25, and so s > 17. Let @5(s) = (4—4a)s* +(130—19)s+8a+4. Since 0 < @ < 2

13a-19
and —3ada) < 17 < s, we deduce

D3(s) > P3(17) = 9(93 - 103a) > 0. (3.35)

It follows from (3.31)—(3.35) that 1,(G;) < n — 2. Together with (3.1) and (3.4), we conclude
A(G) € 2,(G) <n—-2 < A,(K; V (K,_, UK))), which contradicts 4,(G) > 1,(K; V (K,_, U K;)). This
completes the proof of Theorem 1.1. O

4. Conclusions

In this paper, we establish a relationship between the A,-spectral radius and {P3, P4, Ps}-factors in
connected graphs and provide a tight A,-spectral radius condition for the existence of {Ps, Py, Ps}-
factors in connected graphs. Inspired by the work above, it is natural to ask whether there are other
types of factors that can be considered by using the A,-spectral radius. On the other hand, there are
very few results on {P3, P4, Ps}-factors of graphs. Hence, it is natural to establish some new sufficient
conditions to ensure that a graph contains a {P3, P4, Ps}-factor.
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