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1. Introduction

[Se]

Letu(z) = Z a,z, be an analytic function in the Hardy space H'(D) consisting of analytic functions
n=0
u on the unit disc D such that

27
llull g = sup f lu(re’)|do < co. (1.1)
0

O<r<l1

Then the coefficients satisfy the well-known Hardy inequality [1, p. 48],

<C . 1.2

1 S Clulle (1.2)
n=0

Hardy’s inequality is one of the important inequalities in analysis, and comparable inequalities in the

setting of eigenfunction expansions have been studied by many authors. For eigenfunction expansions
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related to the Laplace-Beltrami operator on compact Riemannian manifolds, a Hardy-type inequality
was proved in [2], and different Hardy-type inequalities for the Hermite and Laguerre expansions were
studied in [3-9].

For the usual Fourier transform, Hardy’s inequality states [10, p. 128],

| Fenier-2ae < 1ty e, (13)
R

where H”(R), 0 < p < 1, denotes the real Hardy space consisting of the boundary values of real parts
of functions in the Hardy space on the unit disc in the plane. Then the study of holomorphic functions
of a single variable on the upper half-plane is the foundation of the theory of classical real Hardy
spaces on RY. We direct the reader to the original publications [11-13] for characterizations of the
classical Hardy spaces H”(R"), which have been then extended to spaces of homogeneous type (see,
e.g., [14,15]). Additional details may be found in [10] and its references.

Next we define the one-dimensional Hausdorff operator by

Hpu(€) = fo ) @u(gx-l)dx, (1.4)

where ¢ € L}OC(R). The boundedness of these operators has been studied in [16-18]. The interested
reader is directed to [19,20] for a thorough history and the latest advancements of Hausdorft operators.
Several authors have spared their studies for extending the one-dimensional Hausdorft operators to
multidimensional spaces. In this regard, some contributions are [21-23].

Since the Fourier transform of an integrable function is not always integrable, integrals that are
not completely convergent may be included in the inversion formula for this transform. To overcome
this challenge, appropriate summability techniques are presented. Specifically, the following Fourier

integral defines the Bochner-Riesz means [24] of order § of functions in R,

B
() (x) = L | R(l ‘”%”) WD de, (15)

where || - || = V-, ) is the usual norm on R". Such operators have been discussed by several authors,
see, for instance, [25—-27] and the references therein.

Given the notable advancements of harmonic analysis related to spherical mean operators and the
fact that the theory of Hardy spaces and Hardy inequalities has not yet been thoroughly studied, our
objective in this paper is to advance these topics in the context of the spherical mean and to provide
some applications.

There are several significant practical uses for the spherical mean operator, including acoustics and
image processing of synthetic aperture radar data [28,29]. Other applications of spherical means to the
theory of partial differential equations were covered in John’s seminal book [30].

The behavior of the spherical mean operator and its Fourier transform have been the subject of
many authors’ recent investigations, including uncertainty principles [31-33], Stockwell theory [34,
35], Weyl-type theorems [36], Gabor theory [37], localization operators [38], Fock spaces [39], wavelet
multipliers [40], Littlewood-Paley g-functions [41], wavelet theory [42,43], and so on.

To be more precise, let us fix some notation: We define the set

r=R"' U{ip.0) : (p.0) e R™' =R xR, o < loll].
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and I, the subset of I by

L. =R Ulip.0) : (0.0 €R¥', 0<p <lll).

We denote by LP(du), 1 < p < oo, the space of measurable functions on Q = {(a, £) e RNV .

satisfying,
1/p
utll o ay = (f u(a, O du(er, 6)) <eo, p2x1,
Q

and for p = oo,

llullz=ap) = ess sup |u(a,&)| < oo,
(@.6)eQ

where du(a, £) is the weight measure defined on Q by
du(a, &) = kya"da ® d¢,

with
~ 1
~ 2W=D2L((N + 1)/2)(2m)N/2"

Let Br, be the o-algebra defined on I'; by

ky

Br ={07'(B):  BeBuul),
where 6 is defined on the set I', by

0(p,0) = (Ve* +llelP. o)

The Fourier transform associated to the spherical mean operator is defined on L'(du) by

F(u)(p,0) = f u(a, E)pp (., H)du(a, §), (0,0) €T,
Q
where ¢, , is the spherical mean kernel defined by

0po(@. &) = jua (a2 + %) e P, (@, 9 €eQ.

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

In Section 3, we introduce the Hardy-type spaces H”(du) in the spherical mean setting and then

prove the following results:

Theorem 1. If f € H?(du), 0 < p < 1, then f belongs to LF(du), such that

1A 12y < Cllf e

Moreover, there exists a positive constant C, such that

@2N+1)(1/p-1)

Vp.0)eT..  |[F(Hp.0)| < Cllio.0)|

Consequently, for all s > 0,

y({e.o T 1o ™ P 1F (o0 = 5]) < C 57|70

(1] s

(1.14)

(1.15)

(1.16)
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where dy is the measure defined on Br, by
VACBr,  y(A)=u@lA)). (1.17)

Section 4 is devoted to prove some Hardy-type inequalities in the spherical mean setting. To do
so, we define, for s € R and p,q € [1, oo], the homogeneous spherical mean-Riesz potential spaces
ﬂ‘p‘(du), the generalized homogeneous Besov spaces B;,q(du), and the generalized Lorentz spaces
LP9(du). Then we obtain these Hardy-type inequalities:

Theorem 2.

1. If 21\2—“ <s< ZNZH, then there is a positive constant C such that, for every f € ﬂ;(d,u),

(@, &P

a6 < Al (1.18)

2. If0<s<2N—¢:1,1§q<oo,then

1-4 q
U leraay < ClI ]| g vyl 7112
©0.q

hs 9
qul]

(1.19)

(2N + 1)g
2N +1-gs
3. Ifse (O, 2]\; +1 ), q € [1, 00), then there exists a positive constant C such that, for every f € B;’q(d,u),

where p =

f (@, &) o
2N+1 , 120
e (@ Mg (120)
where 0 = 1 — 2N+]
4. Forall f € H(du), p € (0, 1], we have

IF(f)p, 0P
“Toom ¢ C , 121
fn (o, 0II* Y(p.0) < ”f”H/’(dm (1.21)

provided that

CN+1)2-p)<s<2N+1+ p(D(N,p)+1), D(N, p) =

{M _ 1|. (1.22)
P

In Section 5, we introduce the multivariate generalized Hausdorff operator Hy = Hy(P; M),

Hyf(a,€) = f O(s, 1) f (M(s, D)@, &) du(s, 1), (1.23)
Q
where ® is a Borel measurable function and M = diag(ay, ..., ay,1) is a nonsingular diagonal matrix.
Let
N+1
n(M(s,0) = lar(s, 01" | [ laj(s. ). (1.24)
j=2
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We show that the adjoint of Hy = Hy(D; M) is given by
Hy, = Hy (s, M) (1.25)

where Y(s,t) = ®(s,0)n (M‘l(s, t)) |det(M‘1(s, t)|. Moreover we introduce another version of
generalized Hardy spaces via the generalized transforms as

Hyeo, = {f € L'@w) © IRflpgn <. j=1....N+1}, (1.26)

where R; are generalized Riesz transforms associated with the spherical mean operator defined by

. (p0); .
FR;Np,0) = —i—=F ()p,0), j=1,....,N+1. (1.27)
lICo, O
We provide this space with the norm
N+1

Wy =1l + Y IR i, (1.28)

J=1

Then we study the boundedness of Hy on the spaces L/ (du), 1 < p < oo, and on Hp, .
we prove the following results:

Theorem 3. Let f € LP(du). If for some 1 < p < oo,

More precisely

fg s, 0l(n (M (s.0)) [det (M s,0)|) (s, 1) = K(p.N.Hy) <0, (129)
then

1HN Alerany < K(ps Ny HOI v - (1.30)

Moreover, if the condition (1.29) is satisfied for some 1 < p < oo, then the operator Hy, is bounded on
the conjugate space LP (du), such that

IHN AN @y < Ko Ny HOIAL - (1.31)
Furthermore:
1. If (1.29) is valid for p = 1, then
F (Hyf) = Hy (F(f) and  Hy(@)(R;f) = R(Hy(D)f), (1.32)

where 5(s, 1) = sgn (a(s, 1)) ©(s, 1), for (s,t) € Q.
2. If (1.29) is valid for p = oo, then

F (Hyf) = Hy (F(f) and  HyR;f) = RAH(®@)yf). (1.33)
3. The Hausdorff operator Hy is bounded on the Hardy-type space Hllziesz provided that
1Pz = f (e, Ol la(e, ) du(a, £) < oo, (1.34)
. Q

and there exists a positive constant C, such that

[Hfly < CIPlz Il - (1.35)
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In Section 6, we introduce the Bochner-Riesz mean operator o, ., t > 0, 7 > % on S.(RM*!) by

N,

t2

2\2 2\2
o )@ ) 1= f”@ )” (1—”(’3’9)” ) (1—@) @ BF WP, dyp.0),  (136)
oll<t

where S,(RV*!) is the Schwartz space of rapidly decreasing functions on RV*!, even with respect to
the first variable. Then the maximal operators ¢y, z > %, associated with the Bochner-Riesz mean
operators are defined by

&5 (u) == sup |05, ). (1.37)

The aim of this section is to study the boundedness of 0'2 , and g3, on the spaces LF(du) and H?(du).
Precisely we prove:

Theorem 4.

1. The operator oy, , is bounded from L¥(du), 1 < p < oo, onto itself.
2. The operator o5, is extended to a bounded operator from H?(du), 0 < p < 1, onto S,(R"™).

3. For Nﬁ“; <p < 1, the maximal Bochner-Riesz operator gy, is bounded from H” (du) onto LP(du),

provided that ¥ 7 <z< 3 + Z'
2. Preliminaries

In this section, we will recall all the properties of the spherical mean operator necessary for this
article. For further information, we refer the reader to [36,44,45].

Definition 1. The spherical mean operator [36] is defined on C,(RN*!) by

V(a, &) € Q, Ru)(a, &) = fN u(ap, & + ap)do(p, 0), (2.1)
s
where do is the normalized surface measure on the unit sphere
={(p.0) eR"*"' =R xR : p* + gl = 1}. (2.2)

Here C.(RM*!) is the space of continuous functions on R¥*!, even with respect to the first variable.
Then the spherical mean kernel ¢,,,, (0, 0) € CV*!, is the function given by

Poo(@,€) = R(cos(p )e @) (@,8) = jur (aNp? +0%) e ™0, (2,9 €, 2.3)
where Juz is the spherical Bessel function given by,

(-1’

5
JI(2j+1+ N)/Z)( /27 24)

Jov-ny2(d) = T(N + 1)/2)2

Proposition 1.

1. For every (a,&) € RV 7 = (p,0) € CV*!, and u € NN we have

DA pp o, €)] < (@, O exp Qll(e, )l [ITmz]]) (2.5)
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2. Forall (p,0) €T,

sup |@,p(@.6)| = 1, (2.6)
(a’g)ERNJrl
where
D o d 2.7)
=—————— an =+ + . .
© = G ol Il = o (
In the following, we denote by:
1. Br, the o-algebra defined on I', by
Br, ={07'(B): B e B}, (2.8)
where 6 is defined on the set I'; by
0(p,0) = (Ve* +llel. ). 2.9)
2. dy the measure defined on B, by
VYACBr,, v(A)=ubA)). (2.10)

3. LP(dy),1 < p < oo, the space of measurable functions defined on I';, such that

1/p
”Ijt”Lp(dy) = (f |il(l)7 Q)lpdy(p’ Q)) <00, pE [1700), (211)
ry
litllz~@y = ess sup li(p,0)| < oo, p=oco. (2.12)
(p,0)el'y

Definition 2. The Fourier transform associated with R is defined on L'(du) by

Fu)(p.0) = fg U, E)pp ol Odu(e &), (p0) €T 2.13)

In what follows, we recall some of its properties [45].
Properties 1.

1. For all u € L'(du), we have

Vp.0€el,  Fup,0 =Fu)obp,o), (2.14)
where
Ve T = [ ua e Odu.s) @.15)
2. Forall u € L' (du),
IF )y < Ml - (2.16)

3. Inversion Formula: For u € L'(du) such that ¥ (u) € L'(dy),

wa, &) = fr F ()0, 0)¢pp (@, E)dy(p, 0), ae. (a,6) €. (2.17)

AIMS Mathematics Volume 10, Issue 7, 15264-15293.
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4. Plancherel-type formula: For all u in S.(RN*1),

fr T ), 02y, 0) = fg (e, )P du(a, ©). 2.18)

5. The Fourier transform ¥ can be extended to an isometric isomorphism from L*(du) onto L*(dy).

Definition 3. For (o, &) € Q, we define the generalized translation operator T ¢ by

régyhH

(N2 s u ( Va? + s2 + 2sacos 6,y + é-“) (sin 9)V~'de, (2.19)

T((x,f)(u)(s’ y) =

and then, we define the generalized convolution product by
V(2,8 €, uxv(é) = f u(s, Y)Tpv(s, =y)du(s, y), u, v € DR, (2.20)
Q

Here D.(RV*1) is the space of C*-functions on RV*! which are of compact support and even with
respect to the first variable.

Proposition 2. The translation operator is bounded from LP(du) into itself, such that

The convolution is associative and commutative, and fulfills the following results [43].

T(a,g)'fl”L,,(dm < lullzr g p €[1,00]. (2.21)

Properties 2.

1. Foru € L'(du) and v € L'(du) U L*(du),

Fu=v)=FWwF ). (2.22)
2. Let p,q,r € [1,c0] such that é + é - % = 1.Ifu € LP(du) and v € L(du), then u*v € L' (du), such
that
|17 VHL’(d,u) < ||M||Ln(d#) ”v”Lq(d,u) . (2.23)
Definition 4.

1. The tempered distribution associated with u € LP(du) is defined by
Ve S, (RM, (Tuw) = f u(a, O)p(a, )du(a, &) = u, ) 12w - (2.24)
Q

2. The spherical mean transform F (D) of a distribution D € S.(RN*") is defined by
Ve SR, (F(D), ¢y = (D, F(¢)). (2.25)
3. The generalized convolution product of D € S.(R¥*!) and ¢ € S,(RN*!) is defined by

D % 9(@, €) = (D, Ty @@, ). (2.26)
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Then we have the following properties.
Properties 3.

1. Foru € LP(du), we have for every ¢ € S,(RV*!),

(F W), @) = {F(T), ) =T F (@) = 0, T~ (@) 120 (2.27)

2. The transformation F is a topological isomorphism from S.(RN*!) onto S (RV*1).
3. For p € [1,00], ifu € LP(du) and ¢ € S,(RN*™Y), then T, = ¢ is a distribution belonging to LP(du),
and is given by the function u * .
4. For every ¢ € S,(RN*!),
(To* @, ) = (il D), (2.28)

and

F(Tux@)=F(THF (9), (2.29)
where 5‘(04, &) = Ha, =€).

Let Ay be the generalized Laplace operator given by

# NI <
Ay =—|— +—— — . 2.
N 0a2+a0a+z (2.30)

Then for each u € S’ (RV*!), we define the distribution Ayu by
(Anu, ¥) = (u, Any). (2.31)
It satisfies the following property:

F(Avu) = — (o + 2loll?) F (). (2.32)

In the following we denote 7, given by (2.24) by u for simplicity, and throughout this paper, C will
be a positive constant, which can change from line to line.

3. Hardy-type spaces

We start this section with the following definition.
Definition 5. Let 0 < p < 1. A Lebesgue measurable function a on Q is a (p, N)-atom if it satisfies:

1. There exists t > 0 for which
supp(a) C By.+1(0,1) :={x € Q : |[(a, Ol < 1}. (3.1)

2. We have

_(2N+D)

lallzo@y <t 7. (3.2)
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3. For |u| < D(N, p),
fg(s, EYV'a(s, §)du(s, &) < oo, (3.3)

where D(N, p) = [% - lJ is the largest integer less than or equal to —(2]\; D _ .

The generalized Hardy space H?(du), 0 < p < 1, is the subspace of distributions that can be
expressed as

f= ta (34)
i=0
where for any i € N, g; is a (p, N)-atom, the sequence {¢;};,cn belongs to C such that Z |t;]? < oo, and
i=0
the series in (3.4) is convergent in S.(RV*).
Let || - ||zr(4y) be the norm on H”(du) given by:

1
1 e :inf(Zw) : (3.5)
i=0

where (3.5) is calculated over all complex numbers {¢,;} satisfying (3.4).
For the space H”(du), we prove the following embedding result.

Proposition 3. If f € H?(du), 0 < p < 1, then f belongs to L’ (du), such that

WAller@ < CADIflar @ (3.6)

where C(N) = (u(By+1(0,1)))".

Proof. Letabe a (p, N)-atom, 0 < p < 1. From Definition 5, there exists ¢ > 0 such that

_(@N+D)

a(a, &) =0, if [|(a, )l > 1, lallpo@w <t 7. 3.7
Then 1

[ :( fg Ia(a,f)l”du(a,f))p < Nl (#(By10,0))” < (u(Byia(0,1))". (3.8)

If f € HP(dp), then f = ¥%2,t;a;. Thus f € LP(dp) such that

WA ller@n < CN) Z I£j1. (3.9)
=0

(o) (o) %
Since Z |tj] < (Z It,-l”) , then the result follows. |

=0 i=0

Theorem S. If f € H?(du), 0 < p < 1, then there exists a constant C > 0, such that
V(0,0 €Ts, 1T (NP0 < Clie. ™ PVl fllarayo. (3.10)
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Proof. We have f = Z tia;. Then F(f) = Z t;¥ (a;). Hence

Moreover, as

we derive that

For j € N, we have

7 (a)(p,0)l

J=0 Jj=0

(10,01 < Y IF@)(p.0)] < supIF(@)(p. 0l ) I

j=0 J j=0

(o) (o) %
PN E ( |r,~|f’) ,
j=0

J=0

1

IF (.0l < sup |F(@))(p, @)l( >, |r,-|f’)p.
JEN

JEN

f aj<s,y>¢p,g<s,y>du<s,y>‘
Bn+1(0,0)

f (©p0(5:) = K (5, 33 5 0))atj(s, y)du(s, y)‘
Bn+1(0.0)

fI;NH 0,

IA

8pol5:3) = Ko p(5,3: 0, laj(s, »IduCs, ),

where
D(N,p) .;
I’ , .
7<‘D(N,P)(S, Y0, Q) = Z 2_.]‘R (((S, )’), (a,’ §)>j + <(_S’ )’), (a’ ér))j) .
Jj=0 ’

Therefore

|90p,g(s, ¥) = Kpw,p) (s, ¥ p, Q)| < Cli(o, NPNP (s, p|PAP*L
Thus

[F (a;)(p,0)l < Cli(o,0)||PNP*! f (s, WIPNPH a (s, yldp(s, y)
Bn+1(0,0)
< Cll(p,Q)llD(N”’)”IIajllLM(dmf ICs, WP+ dpa(s, y)
Bn+1(0,0)
< CliG, QIIPNPHENEPND g 1 o g
As
_(2N+1)
lajllio@y <t 7,

we obtain

IF (a,)(p, 0] < Cll(p, @)I|PVPH VA= DNp L o) e T,
On the other hand

IF (a))p,0)| < f la;(s, yldu(s,y)
Bn+1(0,0)

AIMS Mathematics
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< C(N)”aj”L“’(dy)tZNH
< N3, (3.15)
We claim that 1
[F (a;)(p, 0)| < Cli(e, )" NP0 v (p,0) €T, (3.16)

Indeed, if ||(p, 0)|| < t! and as 2N + 1)(1 — i) + D(N, p) + 1 > 0, we obtain
(o, Q)”D(N,p)+1t(2N+1)(1—;)+D(N,p)+1 < C”(p,Q)”_(ZNH)(]_%).

Thus (3.14) implies (3.16).
Moreover, if ||(p, 0)|| > ¢!, then since (2N + 1)(1 — é) < 0, we have

_1 _ _1
t(2N+1)(1 p) S C”(p,Q)” (2N+1)(1 p)‘

Hence (3.15) implies (3.16). Now by (3.13), we have

1

F(H)p: 0l < Clip, @I ¥+ [Z |tj|”J
j=0

as desired. m|

Corollary 1. If f € H?(du), 0 < p < 1, then there is a constant C > 0 such that

Y({(e.0 €Tu s M. P IF .0 2 5)) < CsT Ny 5> 0. (3.17)

Proof. According to Theorem 5,

7({(”’@Enr ||(P’Q)ll(ZN”)“‘fz")lT(f)(p,Q)IZS}) < u(B(o,(cs-lnanp(dm)”p“))
Cs Al

HP(du)’

IA

as desired. m|
4. Hardy-type inequalities

We denote by C the ring of center O of small radius % and great radius 2. There exist two radial
functions ¢ and ¥ belonging to D, (RV*!), with values in [0, 1] and satisfying:

1. supp¢ C C, suppy¥ C By,1(0, 1).
2. ¥(p,0) € RM*!, we have y(p,0) + > ¢(2/(p,0)) = 1.
720
3. ¥(p,0) € C, we have Y ¢(27/(p,0)) = 1.
JEZ

4. If |n — m| > 2, then supp ¢(27" -) N supp p(27" -) = 0.
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5.Vj>1,suppy Nsuppp(2~/ -) = 0.

Let
_ (0, 0) :
Au=F 1(¢( 5 |Tw).  Su= ZlAnu, Vjez, (4.1)
n<j—
and let S;L*(RN *1) be the subspace of tempered distribution satisfying:
lim Su=0 in S.®R"). (4.2)
Jj—o—00

1

In the remainder of this paper, we establish the convention that the notation {Z a;] represents

q
sup, a4, when r = oo for all positive sequences {d,}yez.

For p, g € [1, oo], we define the generalized homogeneous Besov space Bj,, ,(dp), s € R, as the space
of distribution in S;, ,(R"*') such that

1
1fllgs, = (Z (Zsj”Ajfllu’(dy))q) < oo, 4.3)
JEZ
This definition is independent of the pair (¢, ¥).
We define the operator R}, s € R, from S;,*(RN 1) onto itself by:

R(f) = F - I'F(F). (4.4)

These will be called spherical mean-Riesz potentials.
For p € [1, 0] and s € R, the homogeneous spherical mean-Riesz potential space H,(du) is given
by R (LP(dw)), such that

1l = IRV Pl (4.5)
Theorem 6. Let ZAZ‘“ <s§s< 2Nz+1. Then there is a constant C > 0 such that, for every f € 7;(25(d,u),
[f(@, &) 2
———du(a, &) < C|Ifll, , .- 4.6

For the proof of this theorem, we need the following lemma.
Lemma 1. Let s be in (O, N + %). Then the function (a, &) & ||(a, &)||7% is in B%ﬁf:l‘zs.

Proof. We write
(@, O = uy + uy,

where
up = 0@, O and  up = (1 - O)l(a, &I 4.7)

Here 6 € D.(R*!) is identically equal to 1 near the unit ball By, (0, 1). Using the homogeneity of the
function ||(a, &)||7>, we derive that

A Nl 1>
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It is clear that u; € L'(du). Therefore Agu; € L'(du). On the other hand by (2.32),
1ol < Ci (=Y wal|1 ) < 00, (4.9)

provided that j > N + % — 5. Thus we obtain

-2s o n(2N+1-2s) -2s
e 17| g == j 21 A s 17| s oy < 2 (4.10)
a desired. O
Proof of Theorem 6. Let us define
[f(a, &) 25 g2
I(f) = | o——-du(a,&) = (Il 1, f7). (4.11)
D= g @& = {1777
Since f* € S ,(R"*"), then
L = ) (A7, M)
|n—m|<2
< € Y (2CEIA 17,27 IA ().
|[n—m|<2
S 2NHL o ..
Lemma 1 claims that || - ||~>* belongs to Bz’; > . Moreover, it is easy to see that
2 2
17l < Ol (4.12)
2
Thus 1,(f) < CllfI,,,, o
Let u be a function defined on Q. Then its distribution is given by
dun(0) = p(lul 2 1)), (4.13)
and its rearrangement is given by
uy(s) :=inf{r : d,n(t) < s}. (4.14)
For g € [1,00] and p € [1, 00), let
00 d 1
L, n\adas\? .
(f (San(s)) ?) , 1If g < oo,
WA llracy = 0 (4.15)

sup,.o 57 £1(5), if g=oo.
The set of all measurable functions f such that ||f]|zreqy < oo is known as the generalized
Lorentz space LP(du). Notice that L”P(du) = LP(du). Moreover, by real interpolation methods,

any space LP%(du) can be obtained from LP(du). Particularly, for p € (1, 00), we have L7I(du) =
[Ll(du), L°°(d,u)]Kq, such that p~! = 1 —«.
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2N+1

Theorem 7. Let s be a real number such that 0 < s < ===, where 1 < g < co. Then

”f”Ll"i(d/,t) < C”f” B (2N+1)/q Hf”Bs s

(2N + 1)g
2N +1-gs

Proof. If f € S,(RV*1), then

where p =

® Ldt
A o = f (dp(n)" =
0
For A > 0, we put f = fi4 + fo.4 with

fia =AY A« f, =AM HA) S

We proceed as [47] to prove that

2N-2
[ A Al g 8 < U
0 B

0,q

and

1
f AT fo Al A < CIFIE,
0 q.9

For all ¢t > 0, we have

{Ifl =ty c{lfial =1/2} U{lfonl = 1/2}.

1
We have that = #(A) such that || fi 4llze) = 7 Then dyn(1) < dp, , n(2/2).
From the Bienaymene-Tchebytchev relation, one has

dsz N(t/z) < 211 q”fZAt”Lq(dﬂ)

Moreover
« 2 dt
”f”qu(d#) = Pf(; tq(df,N(t)) 7
00 4q
< p f (A (A)(dy,, w(1/2)) dA.
0
We deduce that
(2N+1)q A- d 2 +dA
Il < €| ) T A A  fliigo(dian(@/D) =
+ fo ANy (A ) f||Lm(dy)||®<A-)*f||Lw<dﬂ)(dfz,A,,N<@/2))"dA)
= I] +12,
where

O(A(a,8)) = (VniY(A(@, §), (@, 6)) .

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

4.21)
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Applying Holder’s inequality, we obtain

1-4 A
dA\ P dA\’
s—(2N+1) qs
c( f ATV F ) A% foal]
L) A 2AlLIdw ™7~
0 WA 0 i
g q
)4
_2N+1 .
q
©0.q

4 1-
C(Ilfllf’-x A
9.4 B

1

IA

IA

As for I;, we have

49
dA\®
L < c( f ACND DA 5 f||Lm(dﬂ)||®<A~>*f||Lm<d,q)
0

q
- A\
« ( fo A foalll A)

By simple calculations, we have

q
L < (Ilfllgv i1 2N+1) :

Combining our estimates for /; and I, we obtain (4.16). O

Corollary 2. Let s € (0, %) and let q € [1,00). Then there exists a constant C > 0 such that, for
every f € Bf]’q(d,u), the following inequality holds:

f (@, )l ‘ o
(fg @ o 4 f)) < Wl WAL (422)

where 0 = 1 —

2N+1
Lemma 2. Let gy, q>, p1, p2 € [1,00]. If f € LP"(du) and g € LP>?(du), then

fgllzracan < Cllfllzrra @ollgllzr @ (4.23)
wherel =L + Lgpgl =14 L
p p1 P2 q q1 q2
Proof. The proof of this lemma is similar to that of the Euclidean setting [44] and the Dunkl
setting [46]. O
Proof of Corollary 2. Let 1 < p < coand s € (0, 22) with 1 = 1 — o We take g(e,£) = =5 and
apply (4.23) in the following form: '
S &llzaaawy < Cllfllraawllgllrsauw
where k = 2L and p = gfﬁtys' As g € L**(du), we have
f(@.H)p );,
———dp(@,&)| < Cllfllracaw-
( o i@ o D) = AWl
Combining this with (4.16), we obtain (4.22). O
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Theorem 8. For all f € H?(du), p € (0, 1],

|F (f)p, 0
oo ¢ <C : 4.24
r, ”(p, Q)”g 7(/) Q) ||f||Hp(d#) ( )
provided that
Q2N+ 1)2-p)<s<2N+1+ p(D(N, p)+1). (4.25)

Proof. We have [ = tia;. Then F(f) = t;¥ (a;). Therefore
J¥ J J

Jj=0 j=0
F.0l F a0l
— —d p ———dy(p,0). 4.26
fn .o )‘Z"' L ol e (4.26)
Thus it is enough to estimate
F a0l
————dvy(p,0).
S TP TRA G
If R > 0, then
F(a)p. 0P f Fa)p.0l f Fa)p.0)l
—— dvy(p, = ——dv(p, ——— dvy(p,
L o e on Tl O | o o 7o
= L+ DL

From (3.14) and (4.25), we have

D(N.p)+1
I, < CP@N«2+DW.p)-CN+D) f (o, @)||PPN-P+D 0.0)
B(O.R) (o, 0)II°

< Ctp(2N+2+D(N,p))—(2N+1)))R(2N+ 1+p(D(N,p)+1)—s

Now by (2.18) and (4.25), we have

» 2p
2 2 2
nos ([ rawotawo) | [ o)
T, \B(O,R)
M_s
S C”a]”LZ(d#) ’ :
Moreover, we have QN+1Q2-p)
_ LN+ D(E=p)
IIaJIILz(dm <Cr >
Thus _eN+h@-p) | N+D@-p) _
L < Ct P _ 4.27)

We have two cases:

In the case when s = (2N + 1)(2 — p), we choose R = %, and then we get [; < C and I, < C.

In the case when 2N + 1)(2 — p) < s < 2N + 1 + p(D(N, p) + 1), we will discuss the two cases
O<t<landr>1.
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For 0 < t < 1, we derive from the condition
CN+1D)R2-p)<s<2N+ 1+ p(D(N,p)+1)

that there exists R > 0 satisfying

@N+DQ2-p) __ @N+1)2-p)
_ ) R ) _

l_p(2N+2+D(N,p))7(2N+1)))R(2N+l+p(D(N,p)+1)7s < C, and 7

f<C

Thus we derive I < Cand I, < C.

2N+1-p(D(N,p)+2+2N)

If t > 1, then we choose R = ¢ 2v+=@wp»+D=s | [t follows that I; < C and I, < C, which completes the
proof. O

5. Hausdorff operator

We define the multivariate generalized Hausdorft operator Hy = Hy(P, M) as

f:Q - Hyf(@f):= f‘l)(s, 1) fMC(s, D), £))du(s, 1), (5.1)
Q
where @ is a Borel measurable function, and M is a nonsingular diagonal matrix such that M(Q) c Q.
In this section M = diag(ay, ..., ay+1) Will be a nonsingular diagonal matrix. Let
N+1
n(M(s, 1) = lay(s, D" l_[ la;(s, )l (5.2)
=2

In this section, we will define the adjoint of Hy, and study the boundedness of the multivariate
generalized Hausdorft operator on L”(du), and then in generalized Hardy spaces.

Theorem 9. Let f € LP(dw). If for some 1 < p < oo,

f [D(s, O] (M (5,1)) |det(M'(s, t))|)” " du(s, 1) := K(p, N, Hy) < oo, (5.3)
Q

then
HN o < Koy Ny HON 2w - (5.4)

Notice that K(p, N, Hy) does not depend on f, but depends only on p, N, Hy, ® and M.

Proof. Let p € (1,0). Then by Minkowski’s inequality, we have

il

1/p
fg ( fg ICD(s,t)f(M(s,t)(a,f))l”dﬂ(a,f)) dyu(s, 1

det (M (s. )| v
fg (s, 1) fg Fl ) k)| duts.

lai (s, DIV TT;25 laj(s, Dl
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-1 -1 l/p
= Nl fg (s, )] (M (s, ) [detM™ (s, 1)) dpa(s., )
= K(p’N97-(N)||f”LP(d/1)»

which proves (5.4).
The case p = oo is obvious, and if p = 1, then we proceed as above, without the need of Minkowski’s
inequality. O

Example 1. By choosing ®(si, $2) = x(0,112(51, 52) and M(sy, s2) = diag(s,, s2) we obtain the following

bivariate Cesaro-type operator:
1 pl
fff(slfl,szfz)dﬂ(sbsz)
o Jo

1 1 (62
% \f f f(tl’ t2)d/.l(t1, fz), flfz + 0. (55)

Theorem 10. We assume that the condition (5.3) is satisfied for some 1 < p < oo. Let Y(s,t) =
D(s, (M_l(s, t)) |det(/\/[“(s, t)|. Then the operator Hy, = Hy (w(s, t);/\/(_l) is bounded on the

conjugate space LP (du). Moreover, we have

Caf(é1,62)

IHN AN @y < Ky Ny HOIAL - (5.6)

Before proving this theorem, we need the following lemmas.

Lemma 3. We assume that the condition (5.3) is satisfied for some 1 < p < co. The operator Hy, is
the adjoint of Hy, that is, for any f € LP(du) and g € L” (du),

fg 8, EYHy f(a, H)dp(a, &) = fg fla, O Hyg(a, Hdp(a, §). (5.7)

Proof. From Theorem 9, both integrals in (5.7) exist. Thus, we involve Fubini’s Theorem twice as
follows:

fg 8(a, EYHy f (e, H)dp(a, &)

fg fg (s, 1)f (Ms, (@ ) dua(s, Dg(er, )l £)

j; (s, 1) fg f (M(S,t)(a,f))g(a,f)d/l(s,l‘))d#(mf)
|det M (s, 1)

N+1
lai (s, OV T35 laj(s, D)l

f (s, 1) fg £ DM (5, D3, k) du(y,k))du(s, h

Q
f0.5) fg O (s, ) (M (s,1))) Idet M (5, )M (5, (3, k)d(s, r)) du(y, k)

Q

L JFO Hyg W, k)du(y, k),

which shows (5.7). i
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Lemma 4. We assume that, for some 1 < p < oo, the condition (5.3) is satisfied. Then
K(p',N,Hy) = K(p,N,Hy). (5.8)

Proof. Let 1 < p < co. By Theorem 9, the operator Hy is bounded on L?(du).
For y/(s, 1) = (s, (M- (s, t))‘det(M‘l (s, t)', we have

K(p'.N.Hy) = f (D Cs, DM (5. 1)) |detOM (s, )| (M (s, D) [detMCs, DD dpa(s, 1)
Q

= fg s, D] (rM” (5. 1)) [det M (5,0)]) " da(s. 1)

= K(p,N,Hy).
This implies the result in the case when 1 < p < co. The case when p = 1 is trivial. |
Proof of Theorem 10. Involving (5.7), Theorem 9, and (5.8), we derive the result. m|

Corollary 3. We assume that, for some 1 < p < oo, the condition (5.3) is satisfied. Then
IHN, = 1HWlp- (5.9)

Example 2. The adjoint of the generalized Cesaro operator C,, defined in (5.5), is given by

00 00 1
Cg(ti, ) = f f ——8(x1, x2)du(xy, x2), tity # 0. (5.10)
151 %)

X%Xz

In the remainder of this section, we will assume that the matrix satisfies: M = a(s, 1)Iy.1, with
a(s,t) # 0 for almost everywhere (s, 1) € Q.

Definition 6. The generalized Riesz transforms associated with the spherical mean operator are
defined on L*(du) by

R, .
TR0 ==

We extend the definition of these generalized Riesz transforms on L'(du) and we introduce another
version of the generalized Hardy spaces via the generalized transforms as

F(Hp,0), j=1,...,N+1. (5.11)

Hyeo = {f € L' @) ¢ IR fllpgy < oo, j=1.....N+1}.
We provide this space by the following norm:

N+1

Uy o= vy + ) IR 1l (5.12)

J=1
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Theorem 11.
1. If (5.3) is valid for p = 1, then

F (Hy ), 0) = Hy(F ()P, 0). (5.13)
2. If (5.3) is valid for p = oo, then

F(Hy ), 0) = Hy(F (N))p, o). (5.14)

Proof. Involving (2.13) and (5.3), we obtain

F(Hy . )p,0)

fg Hy f (@, €)oo, E)dpa(t, £)

fg ( fg (s, 1) fOM(s, 1)@, ©)ducs, r)) 6pola, (@, &)

L (s, 1) fg JM(s, (@, ) ppola, E)du(a, £)du(s, 1)
1

- Jk
L O(s, 1) ( fQ FG.0)laCs, t)l”“) <pp,g(y—)dﬂ(y,k))dﬂ(s, 1)

a(s,t)

fg (s, 1) (Ja(s, )~ ( fg f@,k)¢%@ak)dﬂ(y,k))dM(S, 1)

fg O (s, O (M (5, 8)) |det((M" (5, 0)| F(F) (M7 (5, (0, 0)) dpa(s, 1)
Hy(F(D)p: ).

As for (5.13), the proof of (5.14) is analogous. |

Corollary 4.
1. If (5.3) is valid for p = 1, then

Hy(@)(R;f) = R (Hy(D)f), (5.15)

where (~D(s, 1) = sgn(a(s, 1)) ©(s, 1), for all (s,t) € Q.
2. If (5.3) is valid for p = oo, then

HyRf) = R(H@)N. (5.16)
Theorem 12. The Hausdor{f operator Hy is bounded on the Hardy space Hfziesz provided that
1Pll2 o= fg (. Il la(a, &)1 du(a, &) < o, (5.17)
and there exists a positive constant C such that
[Hy Ay, < CIPlz 1flly (5.18)
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Proof. First, we note that |(I~)(s, )| = |D(s, t)|. Involving (5.15) and (5.4), we have

N+1

Hy Al + . IRH@ 10
j=1
N+1

I+ ), [ IRH@) )] duter )
=1

Iyl
18872

N+1
< 1l + Y, [ 86.01] [ RFOMG: 0. Oduter &) duts.n
j=1
] N+1
< Ao+ [ 10601 Y[R FOMG. 061 i)
=1
< C fg ICI)(s,t)|||f(M(s,t)(a,f))”Héieszdu(s,t). (5.19)

By substitution, the result is derived.

6. Maximal Bochner-Riesz operators on H”(du)

Fort > 0and z > %, we define the Bochner-Riesz mean operator oy, by: for all u € S.(RN*),

2\2 2\%
(1 B ”(p}f)“ ) (1 B %) 2@ OF W(p.0)dy(p.0).  (6.1)

o, ()@, ) = f

Bn+1(0,1)

The maximal operators g3, z > %, associated with the Bochner-Riesz mean operators oy, ,, t > 0, are
defined by

sy(w) == stu(l):) oy @) (6.2)
Lemma 5. Ifz > &, then
sy(u) = su([)) |(D5v,z * U, (6.3)
>
where
oy (@, &) := C(N, Z)tZN“j%ﬂ(m)jgﬂ(tllfll), (6.4)
and . e
C(N,2) = Tz + 1) 6.5)

2N TOTAEDT(A22 + )T (M2 + 7))

Proof. Let z > % and r > 0. Since

(@,8) = @ T jua (@), (D and s (@) iy, () (6.6)

are bounded functions on 2, then
||(I)5v’[||L](dﬂ) < 0.
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On the other hand, from [48], for z > K — 1 we have

T (z + 1) —) X0 (YD) (6.7)

<. . _ 22K7IP(K + z+ DI(K) Iy?
fo ]K+z(tS)JK—l(SY)SZK lds = (1 — };2

Then by (6.4) and the Hecke identity, we derive that

F(Dy )P, 0)

knC(N, 2! ( f Jg () jz (@ Vp? + lllP) aNda) ( f ) J'¥+z(f||§||)e"'<f’g>d§)
0 R

kvC(N, ™! ( f Jostaclt@)joss (@2 + llelP) a”da) ( f jg+z<ts>jg-1(sngn)sN—lds).
0 0

Applying the identity (6.7), we obtain

2\2 2
@, )0.0) = (1 .0l ) (1 el

Z
2 t_z) XBy100 (0 0); (6.8)

where xp,, 0, 18 the characteristic function of the ball By,;(0,7). Involving the inversion
formula (2.17) and (6.8), we derive that

OF, * fle.€) = f (1 -
’ B+1(0,0)

Thus, by (6.1), we deduce the result. O

2\% 2\2
”(p}f - ) (1 - %) 0@ OF (Np.0)dy(p,0).  (69)

Theorem 13. Letz > 3.

1. The operator oy, is bounded from LP(du), 1 < p < oo, onto itself.
2. The operator oy, is extended to a bounded operator from H?(dw), 0 < p < 1, onto S/ (RNV+),

Proof. Let z > % Then from Lemma 5 and (2.23), we obtain
lloy  @lLr@awy < NPy Mol Lo - (6.10)

On the other hand, by (3.10), if u € H”(dy), then o}, belongs to S,(R"*") and is given by:

2\2 2\2
(o, (), §) = f (1 - ”(pf)” ) (1 - @) F (), 0)F (m)(p,0)dy(p,0). (6.11)
Bn+1(0,)
Moreover
oy, (), §)| < C||”||Hp<dmf 1o, DNIPVDUP=DIF (), 0)ldy (o, 0). (6.12)
RNH
Hence, ofw is bounded from H”(du) onto S’ (RV*1). O

Theorem 14. Let #;13 < p < 1. Then, the maximal Bochner-Riesz operator ¢y, is bounded from
2

HP(du) onto LP(du), provided that % <z< % + }‘.
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To prove this theorem, we need the following lemma.
Lemma 6. Lerz > J.
1. For (s,y),(a,€) € Q,
1 (& | N
@i, (5. =9)| < CA2 4l = I e — s E D, (6.13)
2. ForO < |yl < €], 0 < s < @,
[to @, (5, ~y) = @i (@, )] < CA2F2 (bl + )N = 1D F (@ - 97 FHD. (6.14)

Proof. Involving (2.19) and (6.4), we get

r N+1
T @5, (s, —y) = I/ZE*(N/Z) f \/a/2 + 52 + 2sacos 6, & — y) (sin6)V1d6
r (N+1)
= C(N,z )Wtw+1 fo Jusy, (t\/a2+s2 +2sacos 6) jy.,, (t€ - yl) (sin )V~ db.

Using the fact E’lat the function k +» k**3 Ju(k) is bounded on R, we derive that there exists a positive
constant C := C(N, z) such that

N+2 +2)

i —-(5= N+
|T(a,§)(1>f\,’t(s, —y)| <V E f (\/af2 + 52 + 2sa cos 0) (€ - y||)_Tl_Z (sinO)N1deo.

0

Finally, using the fact

1€ =yl = €l = vl and |a — s| < Va? + s + 2sacos6, 6 € [0,n],

we get
" _ 5,1 (N2 —(Nl
|70 @5, (5. —y)| < C( f (sin6)" 1d9) 2 - g9 ) — i),
0

On the other hand, we have

T 0% (5, =y) = B, (@, &) = Cy fo (@3, (Va2 + 82 + 25 cos 6, - y) — @5, (@, £)) (sin 6)" ' df,

where Cy = SU*D/2) Using the mean value theorem in several variables and a similar argument as
rl2T(N/2)

was used in the proof of (6.13), we get for 0 < [|y|| < ||¢]land 0 < s < «,

[t @iy, (5, =) = iy (@, )] < =42yl + )N = 1IN~ CF (@ — 5y~ (3=,
Thus the result is proved. O

Proof of Theorem 14. For a (p, N)-atom a, we assume that
a(@,&) =0, (@, € Q\Q0,k) and |lall s < k277, (6.15)
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where
Q0,k) :={(,6) e Q : €|l <k and a <k}.

We choose [ € Z such that 2! < k < 2!, and we write

f loy (@)@, O du(a, &) < 1) + I,
Q\Q(0,4k)
where .
h= Z f sup oy, (@) (@, &) du(a, )
=7 JQ0.+22)\Q(0.G+1)2!) 126
and

I= Z] fQ suplos, (@)@, &) dyu(a, &)

(0,(i+2)2)\Q(0,(i+1)2))  1<6;

such that §; = 27!/i®, where we will provide b later.
From the previous lemma, if

(@,8) € Q0,(i+2)2)\QO, (i + )2, i=1,2,...,

then

o (a)(a, )

IA

f a5, ) T B3, (5. )
Q(0,k)

IA

CN-2 3 2N f I = IV E 42 — oG+ Ddp(s, )
Q0,24
(2lt)N—21—1/2

l'N+22+3/2k2N+1)/p'

Then, using the fact that 2/~! < k < 2/, we obtain

—2z—1/221{1v—2z—1 /2—-(2N+1)/p}

) 5N p

I < CZ i i2N21(2N+1)’
— N+2z+3
1=

1

and hence we conclude that

I, < CZ izN—{N+2z+§+(N—2z—1 /2)bip
i=1

The series in (6.22) converges provided that: b < (N + 2z + %)p —-2N-1)/(p2z— N + 1/2)).

However, since f adu = 0, then from the previous lemma,
0

oy (@)@, )|

f la(s, V)| [Te @5, (5, —y) — @ (@, &)| duls, y)
Q.

IA

< PV ER N f (Uil + ) Il = D™ (@ = )75 Vdu(s, )
Q0.2

AIMS Mathematics Volume 10, Issue 7, 15264—

(6.16)
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(6.19)
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(6.21)
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(ZII)N_2Z+1/2

iN+2z+3/Za,2N+l/p :

Therefore, for (a, &) € Q \ Q(0, 4k), we obtain

oo N—21+1/221{N—2z+1/2—(2N+1)/P} p
L<C), ( ’ ; PN, (623)
. iN+22+5
i=1
and thus
L<C Z [AN=(N+25+3+(N=22+1/2)b)lp. (6.24)

i=1
The series in (6.24) converges if b > 2N + 1 - (N + 2z +3/2)p)/(p(N — 2z + 1/2)).

The real number b can be calculated provided that the two series in (6.22) and (6.24) converge if

: 2N+1
and only if p > Nezrl

From (6.22) and (6.24), we deduce that there is a constant C > 0, such that

f 63 (@)@ O duu(a, ) < C, 6.25)
O\Q(0,4k)

where C does not depend on a. It follows by Theorem 13, (1), and (6.25) that

f lsh (@) (@, O du(a, &) + f lsy (@)@, )P du(a, &)
Q(0,4%) O\B(0,4k)

C(”a”i“(dy)f du(a, &) + 1) <C.
Q(0,4k)

That is, for every (p, N)-atom a,

I3 @I s

IA

lsyllzr@w < C. (6.26)

Suppose that f is now in H?(du). For each j € N, a; will be a (p, N)-atom and let ¢; € C be such

that Z |tj]” < co. Assume that f = Z t,a;, where the series converges in S,(RV*!).
=0 j=0
From Theorem 13 (2), for 0 < p < 1, we can write

sv(N@, &) = i tjo(a;) e, &). (6.27)
=0
Hence, from (6.26), it follows that
IS5 @I g < € i 117 (6.28)
=0
Thus, we conclude the desired result. |
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7. Conclusions

In this paper, we investigated the notion of Hardy spaces in the spherical mean setting. We proved
Hardy-type inequalities on some functional spaces associated with spherical mean operators. We
studied the boundedness of generalized Hausdorft operators associated with spherical mean operators.
Finally, we introduced maximal Bochner-Riesz-type operators on generalized Hardy-type spaces.

In further work, our aim is to extend the notion of bounded mean oscillation spaces in the spherical
mean setting. We will next seek to prove the duality between these spaces and Hardy-type spaces
H'(du), and to study the boundedness of Hausdorff-type operators on these bounded mean oscillation
spaces.
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