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1. Introduction

Constacyclic codes over finite non-chain rings exhibit lower encoding and decoding complexity
compared to general linear codes due to their well-defined algebraic structures. Additionally, they
possess unique properties absent in linear codes and encompass numerous optimal codes. Gao
and Wang [1] studied self-dual constacyclic codes over the finite non-chain ring F,[v]/{v" — v) and
constructed some good self-dual codes. Tian et al. [2] studied hulls of constacyclic codes over finite
non-chain rings and constructed some new quantum codes with good parameters. Castillo-Guillén
et al. [3] studied constacyclic codes over finite local Frobenius non-chain rings with nilpotency index 3.
Shi et al. [4] studied the Z,Z «-additive codes and their duality. Shi et al. [5] studied two new infinite
families of two-weight codes over the ring F, + uF,, with «> = u. The concept of equivalence for
constacyclic codes has been recognized and studied extensively for many years. Shi et al. [6] studied
the equivalence and duality of polycyclic codes associated with trinomials over finite fields. Chen
et al. [7] investigated the equivalence of constacyclic codes over finite fields and classified such codes
by introducing an equivalence relation termed isometry. Chen et al. [8] introduced an equivalence
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relation termed n-equivalence and established a classification of constacyclic codes of length n over
finite fields. Chibloun et al. [9] generalized the notions of n-isometry and n-equivalence from finite
fields to finite chain rings and classified constacyclic codes over finite chain rings. Dastbasteh et al. [10]
investigated the equivalence of a-constacyclic code and b-constacyclic code under the condition that a
and b have distinct multiplicative orders. As an application of these results, they employ the findings
to systematically search for new linear codes. Bogart et al. [11] established the criteria for equivalence
between two codes over finite fields. Bierbrauer [12] established the criteria for monomial equivalence
between constacyclic codes and cyclic codes over finite fields. Quantum error correction represents a
pivotal challenge in achieving efficient and reliable quantum communication and quantum information
processing. The error-correcting capability of quantum codes serves as an essential prerequisite for the
practical implementation of these technologies. Kong and Zheng obtained some new quantum codes
by using constacyclic codes over finite non-chain rings and the CSS construction [13,14]. Gowdhaman
et al. [15] obtained quantum codes by studying the the structure of cyclic and A-constacyclic codes
over % and applying the CSS construction. Fu and Liu [16] extended constacyclic codes
to obtain Galois self-dual codes. Huang et al. [17] obtained three classes of quantum codes with
optimal parameters by using Hermitian construction. Islam and Prakash [18] obtained quantum codes
from cyclic codes over a finite non-chain ring F,[u, v]/ (u? — au,v* — 1,uv — vu) by using the CSS
construction. Ashraf et al. [19] obtained quantum codes from cyclic codes over ring F, R R,.

This paper extends existing results on the equivalence of constacyclic codes over finite fields and
systematically constructs quantum codes through rigorous exploitation of these equivalence relations.
The structure of this paper is organized as follows. In Section 2, we provide the necessary notations,
definitions, and some known results. In Section 3, we establish the equivalence conditions for (e;a; +
e,a + - - -+ eja;)-constacyclic code and (e, b + e;b, + - - - + ¢;b;)-constacyclic code over finite non-chain
ring R; = F,lu]/ (u' — u), as well as the equivalence conditions between constacyclic codes and cyclic
codes. Based on these equivalences, we classify constacyclic codes over R;. In Section 4, leveraging
these equivalence results and the CSS construction method, we construct some new quantum codes
which better than the existing codes that appeared in some papers.

2. Preliminaries

Let R, = Fq[u]/(ul — u), where g = p™, pisaprime,and m € N*, (I - 1) | (p — 1). Clearly, R, is a
commutative non-chain ring containing ¢' elements. Since (! — 1) | (p — 1), then

U —u=@w-a)u-a) - u-a),

where a; € F, fori=1,2,--- L.

Let
(w—ap) - (u—ai)(u—apy) - (u—a)

(@ —ay)- (a0 — )@ — @) - (@ — @)’

i =

fori=1,2,---,1.
Wecangetthaltei2 =e¢;andee;=0,1=¢; +ey+---+e¢,wherei # jandi,j=1,2,---,l. By the
Chinese Remainder Theorem, it follows that

‘Rl = é} e,-‘Rl = é} ein.
i=1 i=1
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For any r € R, then r can be uniquely decomposed as
r=nrey +nre+- -+ rme,

where r; € F, fori =1,2,---, L

Let a be aunitinR; and any r = (r, 1, -+ , r,-1) € R}, the a-constacyclic shift o, of r is defined as
o.(r) = (ar,—1,19,- -+ ,1,—2). A linear code C is called an a-constacyclic code if 0,(C) = C. Especially
if a = 1, then C is a cyclic code over R;. While a = —1, C is a negacyclic code over R;. Each codeword
(ro, 1, -+ , ra-1) € N} corresponds bijectively to a polynomial ro +rix+---+ Fao1 X1 € R[x]/{x" — a).

In polynomial representation, an a-constacyclic code of length n over R, is defined as an ideal of
Ri[x]/{x" = a).

We define a Gray map ¢; as

. /

¢[ . 9{1 - Fq,
I

r= Zriei = (ry, 12,000, 7).
i-1

We extend ¢; as

. mn n
¢l . 9{[ g Fq ,
(o, 1is - 5 Tue1) B (F105 " 5 F1ne15 72,00 " 5 P15 57005 5 Fin1)s
where r; = ryey +rye+---+r ;e € 9{1 fori=0,1,---,n—1.
For any element X = (xi, X2, ,X,),y = (V1,¥2,-** ,¥,) € R}, the Hamming distance of x,y is

defined as dy(x,y) = wy(x—y), and the Hamming weight of x—y is defined as wy(x—-y) = Xi.; wu(x;—
vi), the Gray distance of x, y is defined as ds(X,y) = wg(x —y). Let C be a linear code of length n over
R, the Hamming distance of C is defined as dy(C) = min{dy(X,y)|X,y € C, X # y}, the Gray distance
of C is defined as d;(C) = min{ds(X,y)|x,y € C,x # y}. For any element X = (x;, x5, -+ , x,) € R, the
Gray weight of x is defined as wg(X) = wy(di(X)).

Let C be a linear code of length n over Ry, and

C] = {C] S FZ | e|cy +ecr+---+ec e C,ElCz,C3," - ,C] € FZ},

G ={a el |leci+ecr+---+ec €C ey, e, 0 € FL,

Cr={c € FZ | ejci +exco +---+ec; € C,dcy, ¢, ,C1—1 € FZ}
Clearly, C; is a linear code of length n over F, fori =1,2,--- , . Moreover

C= €1C1 @€2C2@"'€B61C1.

Lemma 2.1. ([13], Lemma 3.1) An element of the form e1a, + e;a, + - - - + eja; in the ring R, is a unit
if and only if each coefficient a; is a unit in ¥, fori=1,2,--- 1.

Lemma 2.2. ([14], Theorem 1) A linear code C = @i:l e;C;is an (aye; +aze, +- - - +ae))-constacyclic
code of length n over the ring R, if and only if C; is an a;-constacyclic code of length n over F, for
i=1,2,---,1L
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Theorem 2.1. ([14], Theorem 2) Let C = @le e,C; be an (a e + azey + - -+ + aje))-constacyclic code

of length n over R;; then C = {e1g1(x) + e2g2(x) + - - - + e,2/(x)), where g; is the generator polynomial
of Cifori=1,2,--- L

Theorem 2.2. ([14], Theorem 3) Let C = @izl e,C; be a linear code of length n over R;; let C;- be the

dual code of C;; then C*+ = @izl e,Ci, where i =1,2,--- 1.

Lemma 2.3. ([14], Theorem 8) Let C be an a-constacyclic code of length n over F,, whose generator
polynomial is g(x). Then, C is a dual-containing code if and only if X" —a is the divisor of f*(x)f(x), and
f*(x) is the generator polynomial of C*+, where f*(x) is the reciprocal polynomial of f(x), f(x)g(x) =
(x"—a),anda™' = a.

Theorem 2.3. ([14], Theorem 5) Let C be a linear code of length n over R, with |C| = ¢* and minimum
distance d, then ¢;(C) is a linear code [In, k,d) and ¢,(C)* = ¢,(C*).

3. Isometry and equivalence between constacyclic codes over R,

In this section, let @ = Y[, a;e; be a unit in Ry; then a™' = Y[ a;'e;. F; is the multiplicative
group of units of F,, R} is the multiplicative group of units of R,. The multiplicative order of a in F is
denoted ord(a;), where a; € Fj; fori=1,2,---,1.

Definition 3.1. (/9], Definition 3.1) Let a and b be units in R,. If the polynomial ax" — b of R,[x] has
a root in ‘R, we say that a and b are n-equivalent and denote a ~, b.

Lemma 3.1. “ ~, ” is an equivalence relation on R;.

Proof. Reflexivity: For any a € R7, ax" — a of ‘R;[x] has aroot 1 in R, so, a ~, a.

Symmetry: For any a,b € R}, if a ~, b, let r € R, be a root of ax" — b, such that ar" = b. Then
" =a'b, we have r € R7. It follows that r~!is aroot of bx" —a, so b ~, a.

Transitivity: For any a,b,c € R}, ifa ~, b, b ~, c, let rj,r, € Ry, such that ar} = b and br} = c.
Then r} = a”'b and r} = b~'c, we have i, r, € R} It follows that a(rir2)" = ¢, s0 a ~, c. O

Theorem 3.1. For any a,b € R}, the following are equivalent.

(1)b ~, a.

(2) There exists an element r € R} such that the map ¢, : R[x]/{x" — a) — R/[x]/{x" — D) defined by
f(x) = f(rx) is an R;-algebra isomorphism.

(3) There exists an element s € R} such that bla = s"

Proof. (1)=(2) Since b ~,, a, we have the polynomial bx" — a of R,[x] has a root r € R, such that
br* = a. Then r" = b™'a, we have r € R}.
Since Y;(x" —a) = (rx)" —a = r"x"—a = b'ax"—a = b 'a(x" — b) € (x" — b), so Y, is well-defined.
Forany f(x) =rg+rix+--+r,_x"", g(x) = fp + Fix + - - + P X1 € Ry[x]/{x" — a), then

Yi(f(x) + g(x)) = (ro + Fo) + (1 + FOrx + -+ + (g + Fpm)(rx)"™!

=1+ XA A P (PX) T o A Firx e+ Py (rx)!

= Yi(f (%) + ¥i(g(x))

and
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n—1
wiF g = D1 T mFa Y nE | 0" = u(FE)W(x).
m=0| i+j=m i+j=m+n
0<i, j<n—1 0<i,j<n-1

So ¢, is an R;-algebra homomorphism.

Suppose ¥, (f(x)) = ¢¥,(g(x)), we have f(rx) = g(rx)(mod(x"—b)), which implies that f(rx)—g(rx) =
O(mod(x" — b)), which implies that f(rx) — g(rx) = h(x)(x" — b), which implies that f(x) — g(x) =
h(r~' x)((r'x)" = b) = h(r~'x)(a™'bx" —b) = h(r"'x)a”'b(x" — a) = 0(mod(x" — a)), so ¥, is an injection.

Let g(x) € R[x]/{x" — b); then f(x) = g(r~'x) € R[x]/(x" — a) and ¥ (f(x)) = g(x), so ¥, is a
surjection. Thus y; is an R;-algebra isomorphism.

(2)=(3) Since there exists an element r € R} such that y; is an R;-algebra isomorphism, which
implies that in R,[x]/(x" — b), then

a=y(a) =y, (xX") = (x)" = (rx)" = "X = r'b,

sob'la=r"Lets=r;thens € R and b 'a = 5"
(3)=(1) Since there exists an element s € R} such that b~'a = 5", which implies that bs" = a, we
have the polynomial bx" — a of R;[x] has a root s in R;, so b ~, a. O

Corollary 3.1. Let R}* = {r"|r € R}}, for any a € R}, the n-equivalence class of ais aR}* = {ar"|r € R}
and |aR}*| = |R7.

Proof. Let b € R} and a ~, b; by Theorem 3.1, there exists an element s € R; such that a'b = s".
Which implies that b = as”" € aR}”, for any r € R, then alart=r"e R}, by Theorem 3.1, a ~, ar",
so the n-equivalence class of a is aR}* = {ar"|r € R7}. Since a is a unit element, the elements of aR}”*
correspond one-to-one with the elements of R}*, so [aR}*| = [R}|. O

Corollary 3.2. Let a = eja; + eya, + -+ + eqa; and b = e by + exby + - - - + ¢;b; be units in R;. Then
a ~, b over R, if and only if a; ~, b; over F, fori=1,2,--- 1.

Proof. By Theorem 3.1, a ~, b over R, if and only if there exists s = e;s1 + €25, + - - - + ¢;5, € R such
that a='b = s", if and only if b = as", if and only if b = e\b| + eybs + - -+ + e;b; = (e1ay + exay + -+ +
eay)(e1s| + exsy + -+ +es)) = ears| + exarsy + -+ + eqysy, if and only if b; = g;s7, if and only if
a; ~, bj over F,, wherei = 1,2,--- 1. O

Definition 3.2. (/7], Definition 3.1) Let a,b € R} such that y; : Ri[x]/{x" —a) — R[x]/{x" — D) by
f(x) = f(rx) is an R;-algebra isomorphism. If for any c, ¢ € R[x]/(x" — a), the Hamming distance
du(Wi(), wi(c)) = du(c, ) and W is an isometry, we say a and b are n-isometric, and denote a =, b.

Lemma 3.2. “ =, ” is an equivalence relation on R;.

Proof. Reflexivity: For any a € R}, the identity map of R;[x]/{(x" — a) is an isometry, so a =, a.
Symmetry: For any a, b € R, if a =, b, then there exists ; from R;[x]/(x" — a) to R,[x]/{(x" — D) is
an isometry; it is easy to know that wl‘l 1s an isometry.
Transitivity: For any a,b,c € R] such that a =, b and b =, c. Let ¢; be an isometry from
R [x]/{x" — a) to R,[x]/{x" — b), ¥, be an isometry from R;[x]/{(x" — b) to R,[x]/{(x" — ¢), it is easy to
know that ¥; o y; is an isometry from R;[x]/(x" — a) to R;[x]/(x" — ¢}, s0a =, c . O
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Corollary 3.3. Leta = eja; + e;a, + - -+ eja; and b = e1by + e;by + - - - + e,b; be units inR,. If a ~, b
over R, then a =, b.

Proof. By Theorem 3.1, if a ~, b over R;, then there is r € R} such that ¢; : R/[x]/(x" —a) —
R,[x]/{(x" — b) by f(x) — f(rx)is an R;-algebra isomorphism. It is easy to see that ¢, is an isometry,
soa =, b. O

A monomial matrix over R; is a matrix in which each row and each column has exactly one nonzero
element. Let C; and C, be two linear codes of length n over R;, the generator matrix of C; is Gy, if
there exists a monomial matrix M such that G; M is the generator matrix of C,, we say C; and C, are
monomially equivalent.

Definition 3.3. ([10], Definition 2.2) Let C and D be two linear codes over R,. If there exists an
R,-isomorphism ; : C — D such that for any c,c € C, the Hamming distance duy(y(c), yi(c)) =
dy(c,c), we say C and D are isometrially equivalent.

Theorem 3.2. ([11], Corollary 1) Let C, and C, be two linear codes over F,. Then C; and C, are
isometrially equivalent if and only if C and C, are monomially equivalent.

Theorem 3.3. ([10], Theorem 2.4) Let a,b € F, such that ord(a)lord(b) and n be a positive integer
such that gcd(n, q) = ged(n,qg — 1) = 1. Then the families of a-constacyclic and b-constacyclic codes
of length n over F, are monomially equivalent.

Corollary 3.4. Leta = eja, +eyay +---+ea;and b = e by + eyby + - - - + ;b be units in R, and a =, b.
Let C = @3:1 e;C; be the a-constacyclic code of length n over R,. Then there exists an isometry
such that Y (C) is a b-constacyclic code, and C and ,(C) are isometrially equivalent.

Proof. By Definition 3.2, if a =, b in R, then there exists an isometry ¥; : R;[x]/{(x"—a) — R;[x]/{(x"—
b) by f(x) — f(rx).

Because C is an a-constacyclic code of length n over R, so C is an ideal of R,[x]/(x" — a).

Suppose C = (g(x)), we have ¥,(g(x)) = g(rx), because g(x)|(x" — a); then there exists h(x) € R;[x]
such that g(x)h(x) = x" —a; then g(rx)h(rx) = (rx)" —a = 0(mod(x" — b)), so ¥;(g(x))|(x" —b) and y,(C)
is a b-constacyclic code of length n over ‘R;.

Because ¢, is an isometry, we have C and y,(C) are isometrially equivalent. m|

Theorem 3.4. Let C = @izl e,C;,and D = @5:1 e;D; be the a-constacyclic code and b-constacyclic
code of length n over R, respectively, where a = eja; + exar +---+ea;and b = e1by +ex2by +-- -+ e1b;
are units in R;. If b; = a;s? fori=1,2,--- 1, then C and D are isometrially equivalent.

Proof. By Corollary 3.2 and Corollaries 3.3 and 3.4, we can have the result. O

1 1 . .
Theorem 3.5. Let C = @._, ¢,C; and D = @,_, e;D; be the a-constacyclic code and b-constacyclic
code of length n over R;, respectively, where a = eja; + exa, +---+ea,and b = e1by +eby + -+ -+ e1b;
are units in R;. Then C and D are isometric equivalent if and only if C; and D; are isometric equivalent
fori=1,2,---,L

Proof. If C and D are isometric equivalent, then there exists an R;-isomorphism ¢; : C — D such that
foranyr =eir; + exry + - +er;andr = er) + exr, + - -+ + er, € C, the Hamming distance

du (i), Yy (r)) = dy(r,r).
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Since R, = @izl eR; = @izl e;lF,, ¥ decomposes into component maps ¢; : C; — D; such that for
any r; € C;, then

Yileiry + exry + -+ ery) = e1i(ry) + expr(12) + - -+ + epy(ry).

Because ¢, is an R;-isomorphism and preserves the direct sum structure, we have each ¢; is an
IF,-isomorphism, and for any r;, r;. € C,thener; =e0+---+e_10+er;+---+¢0 € iR,,e,-r;. =
€10+"'+€l’_10+€iri+"'+€]O€§R1,and

du(er;, eir;) = du(Pi(er:), Yi(er,))
= dH(lﬁl(elo + -+ 61;10 +er;+---+ 610), wl(el() + -+ 61;10 + 6,‘1'2- + -+ 6[0))

= dH(e,-go,-(I‘,-), e[(ﬁi(r;)),

so we have
du(r;, r;) = du(pr:), ¢i(r;)),

so C; and D; are isometric equivalent fori = 1,2,--- ,[.
On the contrary, if C; and D; are isometric equivalent for i = 1,2,---,/, then there exists an [F,-
isomorphism ¢; : C; — D; such that for any r;, r;. € C;, the Hamming distance

du(@i(r), ¢i(x) = dp(r;, 1)),

fori=1,2,---,1.

The map l// : C — D is defined by r=er;+er+---+er — 61(,01(1'1) + 62(,02(1'2) + -+ €1Q0[(l'[).
It is easy to know that ¢ : C — D is an isometry and dy(¥/(r), y(r')) = dy(r,r'), then C and D are
isometric equivalent. O

By Theorems 3.2 and 3.5 we can have the following corollaries.

Corollary 3.5. Let C = @le e;Ciand D = @521 e;D; be the a-constacyclic code and b-constacyclic
code of length n over R, respectively, where a = e\a+exar+---+ea,and b = e by +e,by+- - -+eb; are
units in ‘R;. Then C and D are isometric equivalent if and only if C and D are monomially equivalent.

By Theorems 3.3 and 3.5 we can have the following corollaries.

Corollary 3.6. Let C = @izl e;C;and D = @Ll e;D; be the a-constacyclic code and b-constacyclic
code of length n over R;, respectively, where a = eja; +exa, +---+ea, and b = e1by + e by + -+ -+ e1b;
are units in ‘R;, where a;, b; € ]F; such that ord(a;)|ord(b;) fori = 1,2,--- ,l and n is a positive integer
such that gcd(n, q) = gcd(n,g — 1) = 1. Then C and D are monomially equivalent.

Theorem 3.6. ([7], Corollary3.4) Let n be a positive integer and a € F,. The a-constacyclic code of
length n over F, are isometric to the cyclic code of length n over F, if and only if there exists an element
u in F, such that u"a = 1.

e . 1
Corollary 3.7. Let n be a positive integer and a € R;. The a-constacyclic code C = @izl e;C; of
length n over R, is isometric to the cyclic code of length n over R, if and only if there exists an element
rin R} such that r'a = 1, where a = eja; + exar + -+ - + eq; .
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Proof. If there exists an element r in R} such that ra = 1, let ¢; : Ry[x]/(x" — 1) = R[x]/{x" — a)
be defined by f(x) — f(rx), then ¥, is an isometry, so the a-constacyclic code of length n over R; is
isometric to the cyclic codes of length n over ‘R;.

Conversely, if the a-constacyclic code of length n over R, is isometric to the cyclic code of length
n over R;, where a = eja; + exa, + - -+ + ¢ja;. By Lemma 2.2 and Theorem 3.4, we can have C; is an

a;-constacyclic code that is isometric to the cyclic code of length n over F,, where i = 1,2,---,[. By
Theorem 3.5, there exists r; € IF;; such that r’a; = 1, where i = 1,2,--- ,I. Letr = eyry + exrp + -+ +
ery, then r'a = (eyr] + exry + -+ + erf)(e1a1 + exax + -+ + ea;) = eyria; + exrjay + -+ + erja; =
€1+€2+"'+€1:1. Oa

Theorem 3.7. ([12], Theorem 15) Let a € IF; such that gcd(ord(a),n) = 1 and n be a positive integer
such that gcd(n,q) = 1. Then the families of a-constacyclic and cyclic codes of length n over F, are
monomially equivalent.

By Theorems 3.5 and 3.7, we can have the following corollary.

Corollary 3.8. Let n be a positive integer such that gcd(n, q) = 1 and a € R} such that gcd(ord(a;), n) =

1. Then the a-constacyclic code C = EB;:] e;C; of length n over R, is isometric to the cyclic code of
length n over R, where a = eja; + e;a; + -+ - + ea.
Example 3.1. Ler n = 7 and Fs = {0,1,2,3,4}, Ry = Fs[u] /@’ — u), e; = "o, = Lt ey = 1 — u?.
R; = e1Fs @ e,Fs @ e3Fs. ord(2) = 4,0rd(3) = 4,0rd(4) = 2,gcd(7,5) = ged(7,4) = ged(7,2) =
1, and by Theorems 3.3 and 3.6, the 2-constacyclic code, 3-constacyclic code, 4-constacyclic code,
and cyclic code are monomially equivalent. By Corollary 3.8, for any eja; + exa; + ezaz € R], the
(e1ay + eras + ezas)-constacyclic code and cyclic code over Rz are monomially equivalent.

InFs[x], x’ =1 = x+ )P+ +x* + 3 + X2 +x+1), X' =2 = (x+2)(x° 43X +4x* +2xX° + x> +3x+4),
X =3 =x+3)x+2X° +4x 43 + 2 +2x+4), X =4 =(x+ DS +4A° + X +43 + 2+ 4x+ D).

Let the generator polynomial of C, C,, C3, C4 be x + 4, x +2, x + 3, x + 1, respectively. The
parameters of C,, Cy, Cs, C4 are [7,6,2]. Let the generator polynomial of Cs, Cs, C7, Cs be x° +
O+ X+ + 2+ x4+, 0 +3° +4x 283 + X2 +3x+4, X0+ 208 +4x* + 387 + X2+ 2x + 4,
O+4° + X +4° + 2 +4x+ 1, respectively. The parameters of Cs, Cs, C7, Cg are [7,1,7]. The
parameters of the Gray map images for (e1a, + e,a, + e3az)-constacyclic code and cyclic code over R
are [21,18,2],[21,3,7],[21,13,7],[21,8,7].

Example 3.2. Let n = 13 and F; = {0,1,2,3,4,5,6), Rs = Fy[u) /(e — u), e = S e, = o3 =
1 —u?. N3 = e, F;® e,F; @ e3F. ord(2) = 3, 0rd(3) = 6, 0rd(4) = 3, ord(5) = 6, ord(6) = 2, gcd(13,7) =
gcd(13,6) = gcd(13,3) = ged(13,2) = 1, and by Theorems 3.3 and 3.6, the 2-constacyclic code, 3-
constacyclic code, 4-constacyclic code, 5-constacyclic code, 6-constacyclic code, and cyclic code are
monomially equivalent. By Corollary 3.8, Ve a, + e;as + esas € R, the eja; + eya, + ezaz-constacyclic
code and cyclic code over R3 are monomially equivalent.

B x], xB=1=x+60)x +x"T+ x4+ X+ B3+ X+ 0+ X+ + P+ 2 +x+ 1), xP -2 =
X+ 2x1 +4x0 4+ X0 42X +4xT + 204 2° +4x + X3 +2x% +4x+ 1), x1B3 =3 = (x+4)(x+3x"+ 2410+
60X +4x3 45X+ 20430 +2x* +6x3 +4x2 +5x+1), xP =4 = (x+3)(x? +4x" +2x 04+ x° +4x8 4247 + x5 440+
23 +4x7 4 2x+1), xB =5 = (x+2)(x 2 +5x" +4x10 462+ 2x3 4347 + 104587 +4x* + 63 +2x7 +3x+ 1),
B —6=(x+ D +6x"T +x0+6xX° + ¥ +6xT + X0+ 6 +xt+ 63+ X2 +6x+1).
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Let the generator polynomial of C, Cy, C3, C4, Cs5, Cobe x +6, x +5, x+4, x+3, x+2, x+ 1
respectively. The parameters of Cy, C,, C3, C4, Cs, Cg are [13,12,2]. Let the generator polynomial
of C;, Cg, Co, Cio, C11, Crobe 2 + xM + X0+ XX + B+ X + X0+ X+ + P+ ¥+ x + 1,
242X+ 4x0 4 X 4 20 AT+ X042 + A + X+ 2% +4x+ 1, X2+ 3 #2410+ 6x° + 448 +5x7 +
430 +2x+6xX3 +4x2 +5x+ 1, x?+4x" +2x 0+ X2 +4x3 + 207 + X0 +4X0 + 22 + P +4x% +2x+ 1,
A2+ 5x 44510 1 6x° + 228 + 37 + 0+ 5 +4x + 673 + 227 +3x+ 1, a2+ 6xM + X104 647 +
x4+ 6x7 + x8 +6x° + x* + 6x° + x* + 6x + 1, respectively. The parameters of C7, Cg, Co, Cio, Ci1, Ci2
are [13, 1, 13]. The parameters of the Gray map images for (eja, + exa, + ezasz)-constacyclic code and

cyclic code are [39, 36, 2], [39, 25, 13], [39, 14, 13], [39, 3, 13].

Example 3.3. Letn = 11 and Fs = {0,1,2,3,4}, R, = Fs[ul/w? —u), e, = we; = 1 —u. Ry, =
e1Fs ® e;Fs. ord(2) = 4,0rd(3) = 4,0rd(4) = 2,gcd(11,5) = ged(11,4) = ged(11,2) = 1, and by
Theorems 3.3 and 3.6, the 2-constacyclic code, 3-constacyclic code, 4-constacyclic code, and cyclic
code are monomially equivalent. By Corollary 3.8, Ve a, + e;a, € R], the (eya; + exaz)-constacyclic
code and cyclic code over R, are monomially equivalent.

InFs[x], X’ =1 =+ +2x* +48° + 2+ x + D +4x* +4X° + 22 + 3x+4) = fulfinfis
X =2 =@+ + X+ 2+ 2%+ x+ 20 + 2 + P+ 22 +3x+2) = forfufs X =3 =
(x+3)X° +3xP+ 2 + 32 +3x+ ) +4x* + X+ 32+ x+3) = fifonf ¥ —4 = (x+ D+
4 +4x% +3x + 1)(x5 +3x +4xX° + 4%+ x + 1) = fa1far fas.

Let the generator polynomial of Ci, Cy, Cs, C4 be fi1, fo1, f31, fu1, respectively. The parameters
of Ci, Cy, C3, C4 are [11,10,2]. Let the generator polynomial of Cs, Cs, C7, Cg be fi2, [22, f32,
fao, respectively. The parameters of Cs, Ce, C7, Cg are [11,6,5]. Let the generator polynomial
of Co, Cio, C11, Ciz be fi3, fr3, f33, faz, respectively. The parameters of Cy, Cyy, Ci1, Cio are
[11,6,5]. Let the generator polynomial of Ci3, Cu, Cis, Cig be fiifia, faifor, 51532 Jarfa
respectively. The parameters of Ci3, Ci4, Cis5, Ci are [11,5,6]. Let the generator polynomial
of Ci7, Cis, Cro, Cyo be firfis, fufos fa1fas, farfas, respectively. The parameters of Ciz, Cis,
C19, Cz() are [11,5,6] Let the generator polynomial Of C21, C22, C23, C24 be f12f13, f22f23, f32f33,
Jfa2fa3, respectively. The parameters of Cyi, Cp, Cp, Cay are [11,1,11]. The parameters of
the Gray map images for eja; + eya,-constacyclic code and cyclic code over R, are [22,20,2],
[22,16,5],[22,15,6],[22,11,11],[22,12,5],[22,11, 6],[22,7,11],[22, 10, 6],[22,6,11],[22,2, 11].

4. Quantum codes
Theorem 4.1. (CSS Construction) Let C be a linear code [n,k,d] over F, with C+ C C, then there
exists a quantum code [[n,2k — n,d]], .

By Lemma 2.3 and Theorem 2.2, we can have the following theorem.

Theorem 4.2. Let C = @521 e;C; be an a-constacyclic code of length n over R,. Then C*+ C C if and
only if X" — a; is the divisor of f7(x)fi(x), where a!'=aand f(x) is the reciprocal polynomial of fi(x)
and the generator polynomial of C; fori=1,2,--- 1.

By Theorems 2.3 and 4.2, we can have the following corollary and theorem.
Corollary 4.1. Let C = @fz L €iCi be an a-constacyclic code of length n over R;. Then C+ C C if and
only if C CC;fori=1,2,--- L
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Theorem 4.3. Let C = @Ll e;C; be an a-constacyclic code of length n over R;; if C; is an a;-
constacyclic code over F, and C+ C C; for i = 1,2,---,1, where a™' = a. Then ¢,(C)* C ¢,(C)
and there exists a quantum code [[In,2k — In, d]],, where dg is the minimum Gray weight of code C,
and k is the dimension of the linear code ¢;(C).

Proof. Let C+ € C; and a' = a. By Corollary 4.1, we have C* C C, so ¢(C*) € ¢/(C). By
Theorem 2.3, ¢;(C)*" = ¢,(C*); therefore ¢,(C)* C ¢,(C), and by Theorem 2.3, ¢,(C) is a linear code
[In,k,ds] . By Theorem 4.1, there exists a quantum code [[In, 2k — In, dg]],. O

2

Example 4.1. Let n = 19 and R3 = Fs[u]/u® —u), Fs = {0,1,2,3,4}, ¢; = = e = ”22_”,63 =1-u
9{3 = €1P5 57 €2P5 57 €3P5.

In Fs[x], ord(2) = 4,0rd(3) = 4,0rd(4) = 2,gcd(19,3) = 1,gcd(19,2) = gcd(19,4) = 1, and by
Theorems 3.3 and 3.6, the 2-constacyclic code, 3-constacyclic code, 4-constacyclic code, and cyclic
code are monomially equivalent.

By Corollary 3.6, for any eja; + ea; + ezaz in R}, the (eja; + exa; + ezaz)-constacyclic code and
cyclic code over R are monomially equivalent. Because of the equivalence of the constancyclic code
and the cyclic code, we only need to consider the cyclic code when constructing the quantum code.

InPBs[x], x° =1 = (x+ DX +3x7 +2x° +2X° + 2x* + 43 + 22 +4x + H(° + B +3x7 + x5 +
3x° 4+ 3x* 4+ 3x3 + 2x% + 4).

Let C be a cyclic code of length 19 over R; and g(x) = e g1 +e28>+e383 be the generator polynomial
of C, where g1(x) = g2(x) = g3(x) = x° +3x7 + 2x5 + 2x° + 2x* + 4x> + 2x% + 4x + 4; then C,| = (g, (x)),
C, = (g2(x)), and C3 = {g3(x)) are cyclic codes of length 19 over Fs.

By Theorem 2.3, ¢3(C) is a linear code [57,30, 5] over Fs. By Theorem 4.3, we have C+ C C, and
we can obtain a quantum code [[57, 3, 5]]s.

2 2

Example 4.2. Let n = 33 and R; = Fs[u]/(w’ —u), Fs = {0,1,2,3,4}, e; = 5%, e; = 54 o3 = 1 — 1.
ER:), = ellF5 ® €2P5 @ €3IF5.

InFs[x], X3 =1 =G0+ +x+ DO+ 2 +4° + 2+ x+ DX + 45 +4°3 + P+ 3x + H (0 +
X283+ X +4x5+ X +3x +4°3 +3x+ DO+ 37 + 407 + 30 + P+ 4t + P+ 2% + x + 1)

In Fs[x], ord(2) = 4,o0rd(3) = 4,ord(4) = 2,gcd(33,5) = gcd(33,4) = gcd(33,2) = 1, and by
Theorems 3.3 and 3.6, the 2-constacyclic code, 3-constacyclic code, 4-constacyclic code, and cyclic
code are monomially equivalent.

By Corollary 3.6, Veya, + exas + e3az € R;, the (eja; + eya; + ezaz)-constacyclic code and cyclic
code over N3 are monomially equivalent. Because of the equivalence of the constancyclic code and the
cyclic code, we only need to consider the cyclic code when constructing the quantum code.

Let C be a cyclic code of length 33 over R3, and g1(x) = x° + 2x* +4x° + X> + x+ 4 = go(x) = g3(x),
then Cy = (g1(x)), C, = (g2(x)) and C3 = (g3(x)) are cyclic codes of length 33 over Fs.

By Theorem 2.3, $5(C) is a linear code [99, 84, 5] over Fs. By Theorem 4.3, we have C*+ C C, we
can get a quantum code [[99,79, 5]]s.

Example 4.3. Let n = 55 and Rz = F3[ul/u® — u).

InFix], X2 —1 =+ + X3+ 2 +x+ D + 23 + 2+ 2x+2) (P + 2 + 283 + 2+ 2) (20 + x"8 +
2x7 4 2x10 4 2x 0+ x4 4 2010 4 2 4 203 4 22X+ P+ X 23 4207 4 20+ D0+ 2410 + 24 4 2x 1T 4 X104
AP+ 2xB 4 2x2 x4 200 4 X0+ 20 + 22 42 + P+ 1), X4+ 1 = (x+ DO 2 + 2+ 20+ D(XO +
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233 427 +2x+ D+ 20 123 + 22 + DO+ xB + 117 42410 4 x4 x4 424104 20° + 228 + X7+ 200 +
3207+ x+ DO+ 10 1268 x4 x4 2x B 4 B 2x 2 4 24 240 O P 20+ P+ 2+ D).

In F;[x], ord(2) = 2, gcd(55, 3) = gcd(55,2) = 1, by Theorems 3.3 and 3.6, the 2-constacyclic code
and cyclic code are monomially equivalent. By Corollary 3.6, for any e a + e;a; + e3az in R;, the
(e1a; + eras + ezas)-constacyclic code and cyclic code over Rz are monomially equivalent.

Let C be a (2e; + e, + e3)-constacyclic code of length 55 over Vs and g,(x) = x° +2x> +2x* + 2x+ 1,
2(x) = ¥ +2x° + x2 +2x+ 2, g3(x) = 1. By Theorem 2.3, ¢5(C) is a linear code [165, 154,4] over F;.
By Theorem 4.3, we have C* C C, so we can get a quantum code [[165, 143, 4]]5.

In Table 1, we provide some new quantum codes (in the seventh column) from constacyclic codes
over ‘R;. Compared to the existing quantum codes that appeared in some recent references, the new
quantum codes we obtained exhibit larger dimension, greater minimum distance, and higher code
rate, enhancing their performance metrics and error correction capabilities. In the fifth column, the
generator polynomials {g;(x), - - - , g;(x)), where g;(x) = a,x" + a,_;x"' + -+ + a;x + ag is denoted by
a,d,_1 - adpqp.

Table 1. New quantum codes from constacyclic codes over R;.

g n I (a, - ,q) (gix), - ,gx) ¢:1(C) New codes Rate Existing codes Rate
5 93 3 (1,-1,D (1014,1011, 1) [279,272,3] [[279,265,3]]s 0.95 [[279,225,3]]5in[15] 0.81
3 8 2 (1,1 (10102010002, 11212) [176,156,5] [[176,136,5]]5 0.77 [[176,126,5]]5in[18] 0.72
3 48 2 (1,1, (1211011, 11, 1) [144,137,4] [[144,130,4]]s 0.90 [[144,36,3]]3in[15] 0.25
3 27 3 (,LL,LD (12211,11,11) [81,75,4] [[81,69,41]o 0.85 [[81,33,3]]y in [19] 0.41
3 40 3 (1,1,1) (10202102,112,112) [120,109,4] [[120,98,4]]5 0.82 [[120,68,4]]3in[19] 0.57
3 60 3 (1,1, (10144,12,12) [180,174,4] [[180,168,4]]s 0.93 [[180,136,3]]3in[19] 0.76

5. Conclusions

In this article, we investigate the equivalence of constacyclic codes over finite non-chain ring
R, and establish a classification of such codes over specific rings based on their equivalence
properties. Furthermore, leveraging this classification and the CSS construction, we construct some
new quantum codes and compare these codes better with the existing codes that appeared in some
recent references. In the future, we will study the equivalence of constacyclic codes over F R, where
R =Fylui,ua, -+ ]/ fi(ur), fo(uz), - -+, filug), wiuj — uju;) and work on the construction of quantum
codes from constacyclic codes over F R. It is also interesting to study the equivalence of polycyclic
codes.
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