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Abstract: In this paper, we investigated the mapping properties of generalized Marcinkiewicz integral
operators associated with twisted surfaces. Under certain conditions on these surfaces, we established
suitable L” estimates for these operators, assuming the kernel functions belong to L4 (Uj‘l X Uk‘l).
By combining these estimates with Yano’s extrapolation technique, we further established the

07 .
boundedness of these operators from the homogeneous Triebel-Lizorkin space F pT(RJ x R¥) to the

space LP(R/ x R¥) under significantly weaker assumptions on the kernels. Our results extended and
improved many previously known results.
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1. Introduction

Throughout this work, we let R” (y = j or k) be the Euclidean space of dimension n > 2 and U""!
be the unit sphere in R”, which is equipped with the normalized spherical measure dp,(-). Also, we let
u' = u/lu| for u € R7\ {0}.

Let ® € L'(U/7! x U satisfy

O(av,pw) = O@,w), Ya,B>0, (1.1)

and

L'l OV ,wydp;(v') = Lkl O, w)dp(w) = 0. (1.2)
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For a measurable mapping g € L*”(R, X R,), an integrable mapping © satisfying (1.1), (1.2) and
an appropriate function Q : R/ x R¥ — R/ x R¥, we consider the generalized Marcinkiewicz integral
operator Wg’)g’g along the surface Ag(x,y) = Q(x,y) defined by

7_{(7')

N GERE ( f f - Vg (F)(x, y)

where F € C3(R/ x RY), 7> 1, and

(1.3)

T da/dﬁ)
ﬁ s

Q]
VagFI) = — f| . f| ) (V ;V)lgl('vl,[ MDE () - O, w) dv.

When 7 = 2 and g = 1, we denote 7‘(& il,g by Heo and when Q(v,w) = I(v,w) = (v,w), we
denote He o by Mg, which is the classical Marcinkiewicz operator on product spaces, which was
introduced in [1]. In [1] the author proved that Mg is bounded on L*(R/xR¥) under the weak condition
O € L(log L)*(U/~! x U*!). Subsequently, numerous researchers have expanded and refined this
result. For example, the L” boundedness of Mg was established in [2] for all p € (1, oo) provided that
© € B?(U/~' xU*!) which is the optimal condition in the sense that Mg will miss its L? boundedness
whenever we replace this condition by any weaker condition ® € B, (U/~! x U*") with r € (-1, 0).
Here B(qo’o) (U/~!'xU*1) indicates to the block space that introduced in [3]. In [4] the authors proved that
M is bounded on L? (1 < p < oo) provided ® € L(log L)(U/~! x U*!), and they further showed that
this condition is optimal. For comprehensive coverage of this topic, we refer readers to the foundational
works in [5-7], the theoretical and applied developments in [8—10], contemporary studies in [11, 12],
and recent advances in [13, 14].

Motivated by the extensive work on the L”-boundedness of Mg under various conditions on O,
we initiate the study of Wé%;),g for the case where Q has the standard form Q(v,w) = S(v,w) =
(01(v), p2(w)). Here, ¢, : R/ — R/ and ¢, : R¥ — R¥ are assumed to satisfy certain conditions. For a
survey of previous results concerning this operator, we refer the reader to [15-17] and the references
therein.

Even many problems concerning the boundedness of Wg 0, are still open, the discussion of the

generalized Marcinkiewicz operator Wé’}z’g in the standard form of € has been considered by many
authors. Historically, the operator 7—(&}2’&, was introduced in [18] in which the authors showed that if
O € L(log L)*/7(U/~! x U*1), then 7—(&71 (t > 1)is of type (p, p) for all 1 < p < 0. Later, the authors
of [19] established that

|He, P C,IFl

LP(RJ XRk) - F, (Rix RI\)

2 : ,
forall p, 7 € (1, 00) provided that Q = I, ® € By " (U~ x UF-1)U L(log L)¥/"(U/~! x U*1). This result
was subsequently refined in [20], where the authors established the same conclusion while weakening
the assumption g = 1 to g € I')(R; X R;) for some A4 > 1. Here, I'j(R; X R;) (1 > 1) denotes the class
of measurable functions g, satisfying

2n+1 2/11+]

2 da/d
gl .z, = SUP ( f g(a. Byl 229 ]
m,nez om ﬁ

AIMS Mathematics Volume 10, Issue 6, 14459-14471.



14461

Subsequently, the operator 7’(& )Q,g has been extensively studied under diverse conditions imposed
on ®, g, and Q = S [20 22].

In this paper, F (RJ x R¥) refers to the space of homogeneous Triebel-Lizorkin mappings. Let us

recall the definition of this space. For 7, p € (1, o), and @ = (c1,¢2) € R X R, the space F ;c (R/ x R¥)
is defined to be the class of tempered distributions F on R/ x R¥, such that

1/t
[ Z |(¢Im ® lﬂn % F 2(61m+02n)TJ

m,nez

IFIl =

F, (RIX Rk)

LP(RIXRF)

where @(v) = % @(w) = ‘”2(22,# ") and U € CY (RY), ¥, € Cg’(R") are radial functions satisfying:
D0<Y1, ¥ < 1,
(i) supp (1) € {v: M € 3,21}, supp W) < {w : wl € [3,21};
(iii) For all |v|, |w| € [3 Z 3] there exists a constant N > 0 such that 1 (v) > N and ¥,(w) > N;
@iv) Z Yi(v/2")y=1with v#0 and ) yo(w/2") =1 with w £ 0.

nez

The followmg properties can be found in [18].
(1) The Schwartz space S(R/ x R¥) is dense in the space F :C (R/ x Rb);

20 . .
(2) For all p € (1,0), we have F,, (R/ xR¥) = L?(R/ x R¥);

(3) For 71,7, € (1, 00) with 1 < 7, < 7,, we have F;l’C(Rf x R¥) c F;z’C(Rj x R¥) .

The Marcinkiewicz operator T—Ig,)g,g along twisted surfaces Q(v,w) = (fi(v,w), fo(v,w)) was
introduced in [23], where f; and f, satisfy certain conditions g = 1.

Motivated by the boundedness results for ﬂéz’éz’g on twisted surfaces with g = 1 [23], and those for
ﬂg il,g on standard-form surfaces Q = S [19-21], we naturally ask:

Can the generalized Marcinkiewicz operator 7—(((; g’g be extended to twisted surfaces, replacing the
conditionst=2by7t>land g=1by g € [;,(R; XR,) for some 4 > 1?

The purpose of this paper is to answer the above question in the affirmative. In this work, we let G,
be the class of smooth functions ¢ : R, — R, such that

9(0) =0, lp®l<Cu? and |¢" (1) = Cot"?, (1.4)

for some d # 0, t € R,, and Cy, C, are positive constants independent of z.
The main results of this paper are the following:

Theorem L.1. Let © € L1 (U~ x U!) with g € (1,2] and g € T)(R, X R,) with A € (1,2]. Suppose
that Q(v,w) = (@i1(Wv, 2(Iv)w) with ¢, € G4, and ¢, € Ga,. Then, there is a bounded constant
C, > 0, such that:

(i) If Tt < A, then the estimate

@Qg

2/t
Het, < CyCoy| ————
H LP(foRk) b ®""’((q—l)(/l—l)) I, O et

holds for all p € (22—, 47,

/1/+T 1’ 7-2
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(ii) If Tt = A, then the estimate

2/t
() <
H'ng LP(foRk) < CrCos ((/l - (g - 1)) I, xR

holds for all p € (X', ), where Ce g = ||| aqui-1xur-1) 18llr &k, ) -

Theorem 1.2. Let ©,Q be given as in Theorem 1.1, and let g € I';(R, X R,) with A € (2, o).
(i) If T < A, then the estimate

2/t
He g < Cyloy|——
H Lp(ijRk) P08 g-1 Fl ST(RJXR’")

holds for all p € (1,7).
(ii) If Tt > A, then the estimate

®Qg

2/t
H g, <CpCos|—=| IFll 5
H LP(RJXR") P=28\g -1 o RixRm)

holds for all p € (1', o).

The estimates in Theorems 1.1 and 1.2 along with Yano’s extrapolation argument (see [24, 25]),
lead to the following:

Theorem 1.3. Let Q and g be given as in Theorem 1.1.
(i) If © € L(log L)**(U/~! x U*1), then

Hﬂ(r)

@Qg

I (1 + 101l gt ) N8l ey ILFIL sy

forpe(/HT 1,T ) ift <A, and for p € (', 00) if T2 .
(i) IfQEBq (U"1 x UK1) for some q > 1, then

@Qg

Hﬂm

Wy, <€ ( + 19202, )nganMK)nquf,f

q U/ lek—l)

b
(RIXRK)

forpe(/HTl,T ) ift <A, and for p € (X', 00) if T 2 .

. 2.0y
Theorem 1.4. Let g € Ty(R,XR,) for some A € (2, 00) and Q € L(log L)** (U~ xU1UBY (i1
U for some g > 1. Then, the operator Wg’g’g is bounded on LP(R/ x R¥) for p € (1,7) if t < X', and
forpe (X, 00)ift > 1.

Remarks

(1) For the case 7 = 2, g = 1 and Q = I, the author of [6] proved the L” boundedness of Hg,)gz,g for
p € (1, 00) provided that ® € L(log L)*(U/~! x U ¢ L(log L)(U’~! x U*!). Therefore, this
result is generalized and improved by the conclusion of Theorem 1.4.

(2) The main finding in [5] comes directly form Theorem 1.4 by taking the special case 7 =2, g = 1,
Q=1 and O € L(log L)(U/~! x Uk,

(3) The assumptions on @ in Theorem 1.4 are optimal for the case 7 =2, g = 1 and Q = I, see [2,4].

(4) For the special case g = 1, we confirm the L” boundedness of Wg 22,1 for the full range of p €
(1, 00).

(5) The main result in [20] is obtained when we take the special case Q) = 1.

(6) A model example about the class G, is ¢(t) = t¢ for any t # 0.
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2. Preliminary lemmas

We devote this section to introducing some notations and establishing some subsidiary results
needed to prove the main results of this paper. For u > 2, we define the family of measures

Yoogap = {Tap: @B €R,}and its related maximal operators Y, and M, on R/ x R by

1 O(v,w)e(|v|, [w
f f Fat,, = — f 0 WMD) iy, ga(lvw) dvdw,
R/XRK @ B<Iwl<B

Lagpvi<a vl 1| |k]

TE) = sup [[Yag] F.

and

/Jn+1 ﬂm+1 d d
M,(F) = supf f o]+ F| “ﬁ
mneZ Ju" u

where |Ta,ﬁ| is defined as Y, 3 with replacing g® by |g®|.
We start by the following result which plays a key part in this work.

Lemma 2.1. LetgeI'y(R, XxXR,)and ® € L1 (U-i‘l X U"“l) with A,q > 1. Suppose that ¢, € G4, and
@2 € Ga,- Then for all m,n € Z, we have

[Tas]| < Cou 2.1)

e[ 2.2)

WS o B
[ ol %8 < c bt e

+b

where € = max{2, '}, ||‘I’aﬁ|| is the total variation of (. 5 and |a|™ = min{lal” , |a|™"}.

Proof. It is easy to check that the inequality (2.1) comes directly from the definition of ', 3. Holder’s
inequality along with a simple change of variables leads to

9 —l SV S det
Tuple.0)| < f f 19.(s. ) ‘ f f D © (s, ) dp, () dp ()] Tt
U/~1xU
, dsdt
< Cllgllnwm[ f f K (s, D —) :
B Jia st
where

7((S, 1) = ff . e—i(s01(z)sv-§+soz(s)tw-{) O (v, w) dpj ) dpk w).
J=IxU

If A € (1,2], we have that

N oy dsdt
Top&0)| < cugnmmg||®||<L‘.(§éf.;w_.)[ f f K (s, 1) )
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If A > 2 then, by using Holder’s inequality we reach that

N dsd
ITa,ﬁ(§7§)| < C”é’”l}(ﬂ&xﬂ&)([ f|7<(s t)lz : t)

Thus, in either case for A,

- /X dsdt
[Tuse.0)| < cugur,l(w&)||®||<Ll(§;,-’%xw1)( f f K(s, ) ,

where € = max{2, ’}. Thus, since u™ < a < ™! and u* < B < "', then by inequality (3.16) in [26],
we conclude that

> 2 2 2 d A7
|Ta,ﬂ(§9 §)| S C ”@”Lq(U_j—IXUk—l) ”g”F/{(R+xR+) m 2§| v

1
m, ndy #|¥7¢
N ET |

Therefore,

e dad n n
f f I‘I‘aﬁ(é of —- ﬁ < 3 (np e T g
i un

O

By Theorem 2.2 in [26] and the argument used in the proof of Lemma 3.9 in [27], we get the
following:

Lemma 2.2. Suppose that g € Ty (R, XR,) for some 1 < 1 <2, 0 e L1 (Uj‘l X Uk_l)for some 1 <
q <2 ¢ €Gy,and ¢, € Gg,. Then, the estimates

”T;(F)”LP(RJ'XR") < Cpce,g(lnﬂ)znﬂ|Lp(foRk), (2.3)
and

IM(F)llzrisety < CpCog(In p)IIF Il i), (2.4)
hold for all F € LP(R/ x R¥) with p € (1, o).

Lemma 2.3. Let g, 0, ¢, and ¢, be given as in Lemma 2.2. If 1 < v < A’ then, for any set of functions
{(Apn(,*), m,n € Z}on R/ X R¥, we have

n+1 m+1 I/T

wou
T dadﬁ

ff'T“ﬁ*‘ﬂm” aB

, (25)

< C,Co,(Inp)*'"

1/t
T
[Z [ ]
m,nez

m, neZ ok
. P(RJ k
LP(RIXRK) LP (RIXR¥)

A
Jor all -+

Proof. We utilize an argument similar to that employed in [20]. We consider the following three cases:
Case 1. Fort < p < ’,”l/l Since p > 7, then by duality, there is a non-negative function X €
LP/(RI x R¥) such that [|X]| o/ gixes) < 1 and

/Jn+l /Jm+l N d d 1/T T
5 et
u um aﬁ

mncZ LP(RixRE)

AIMS Mathematics Volume 10, Issue 6, 14459-14471.
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n+1 m+1

" "
LAY I LR
RIXRY 1 nez V1" u"

Thanks to Holder’s inequality, we get

3 @
T (/7) (/7")
Yap* AnaCe )| < CIOITT L e NN e f f ff e, w)
2 a/2 U/-1xUk-1

o dsd
X | Apn(x = @10)sv,y = @a()tw)| dp;(v)dpi(w) |g(s, )] % 2.7

ﬁ'BX (x, y)dxdy. (2.6)

which leads, along with (2.6) and Holder’s inequality, to

T

m+l . dadﬁ

n+1
L[ e ty)
(m nez i ﬁ LP(RIXRK)

CH&E&QKﬂKmﬂalﬂﬂg ‘[f k[}DLﬂmAxyﬂ] nTMXX—&—wdmh
R/xR

m,nez
T
> A

m,nez

IA

IA

2

(/7 (/7) ¥
Clellr, @) 1O -ty HM|g|T(T§7” () L0/ (RixRY)

LP/D(RIXRF)

where X(x,y) = X(-x,—y). Since |g|@ el LR xR, by the last inequality and (2.4), we directly

Case 2. For p = 7. It is clear that Holder’s inequality and (2.7) give

n+1 m+1 1 T

H i dadp
.

S L[ e

o o af
m,nez LP(RIXRK)
(/7)
<C (Ilgllr, @ xe ||®||L1<U,-4wal))

n+1

f f f f f f f f (At = 150,y — a0 (2.8)
RIXRK m 8/2 Ja/2 =T k-1

m,nez
dsdt dad,
X 10, W) g(s, D] sdrdadp
af
(r/7)+1 .
<C(n ) (Ilgllr, e, ) 1L i 501 f f | k[z KERY] ]dxdy.
RIXR m,nez

Case 3. For a’i — < p <. LetT be the linear operator on A,,, given by
T(ﬂm,n) = Tﬂ’”a,y’lﬁ * ﬂm,n-

So we have

< C(lnp)*
LY(R/xRkK)

(2.9)

|t

(5 ]
m,nez

AIMS Mathematics Volume 10, Issue 6, 14459-14471.
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On the other side, by utilizing (2.3), we conclude

sup sup |Tﬂmwnﬁ % A < T;( sup |&Zlm,n ) <C,Coy |[sup |ﬂmﬂ ,
mneZ (aB)ell,ulx[1,u] LP(RIXRT) m,nez LP(RIXRK) JkeZ LP(RIXRF)
for all 2’ < p < oo, which in turn implies that
s * Al s < C,C Hﬂ } ' . (210
e Attt o 5 CoCos Il @10
Consequently, by interpolating between (2.9) and (2.10), we prove (2.5) for all /l/+‘r T <p<T. m|

Lemma 2.4. Let ©, ¢, ¢, and {A,,,(-,-), m,n € Z} be given as in Lemma 2.2. Suppose that g €
IRy XR,) for some?2 < A< ooand 1 <1 < A Then, the estimate (2.5) holds forall 1 < p < 1.

Proof. By duality, there is a set of mappings {E,.,.(x,y,a,8)} on R/ x RF¥ x R, x R, satisfying

||E || ([ M n n+l17 dodp < 1 and
”H mul LT ([ +1]><[,U S 1, “of ) i @xz)|| (RVXRK)
n+1
T dadﬁ
(S )
’n neZ n m LP(R]XRk)

n+l m+l
dad
ff f f (1,6' * k?(m,n(x’ y)) Ej,k(xa Ys a’ﬂ) leXdy
RIXRF 7 aﬁ

1/t
S C(ln M)z/T (B(Em,n)l/T, Lp’ (RjXRk) [ Z |-7(m,n TJ b (2. 1 1)
m,nez LP(RIXRK)
where 1 1
‘un+ ﬂm+ dadﬁ
B(Em,n)(-xa )’) = Z f f |Ta,ﬂ * Em,n(x’ Ys -5
mnez Y H" ur Cl’ﬁ

As Tt < A <2 < A, we obtain that
7 /7
Yap * Enne )| < C (I8l e 1Ol xien)
n+1 m+1 i )
X Lo Lo Moo [Enax = @10)sv,y = e2()w)[ 100, w)ldp,(mdp(w) L. (2.12)

Again, as p’ > 7/, a function h € L?"/™"(R/ x R¥) exists such that

n+1
ap
IBE )iy = f f f f |'raﬁ ¢ Epneye B 2% (e, y)dxdy.
m,nez IXRE ﬂ
Therefore, by Lemma 2.2 and (2.12), we deduce
IBE |y SC IO i) ||g||;;(R+xR+) I ot 17 sty
! - dad
f f IEmn(x ¥, @, B) ﬁ,ﬁ (2.13)
mnez u L' IT)(RIXRK)
<Cp 18I g i) IO i Wl sy -
Consequently, by (2.11) and (2.13), we prove that the estimate (2.5) holds forall 1 < p < 7. O
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Lemma 2.5. Let O, ¢y, ), and {A, (-, ), m,n € Z} be given as in Lemma 2.2. Assume that g €
I'y(R, XR,) for some 1 < A < ooandt > A'. Then, the estimate (2.5) holds for all I < p < oo.

Proof. By the inequality (2.3), we directly get

sup sup |'I’#mwnﬁ*ﬂm’n <% (sup |&1(m,,) <C,Coy, sup|ﬂm,n
JkeZ (a.B)e[1,ulx[1,u] LP(RIXRK) j,kEZ LP(RIXRK) JokeZ LP(RJIXRK)
(2.14)
for I’ < p < co. This means that
Conasirg * Aol ) < Cpoq |l . @15
HH” gty * Amalo e .22 NN ST [ @D L @ixrk) (1)
Thanks to duality, there exists Y € L»/*Y(R/ x R¥) satisfying [|Y||, v @ixeh < 1and
.
r dadp
[Z f f |T/1 ma g * —ﬂ}
m,nez LP(RIXRK)
T dadp
v da
= ff Z f f |T;1”’(y,;1”,6’ * L?lmn y(x y)d-Xdy
Rixk o= J1 J1 afp
@/ X i PRy
< CIOIYY, o I8l e f f D A )| | )y
RIXRK m,nez
2 1@1@ /D X Z Y
< Cnp 101G s I8l ey || D [P 15N sy - 2-16)
m,nez LP/V)(RIXRK)

where Y(x, y) = Y(—x,—y). Use the linear operator T that is defined in the proof of Lemma 2.3, and
combine (2.15) with (2.16), we obtain

1/t

n+1 m+1

w Jr
r dadf f f T da/dﬁ
|T(rﬁ*ﬂmn - < |T m(tu”ﬁ*ﬂmn
m, nGZ f f a/ﬁ mzn;z ﬁ _
LP(RIXRK) LP(RIXRK)
1/t
< CP@,g(ln /'l)Z/T ( Z |ﬂm,n T)
mneZ LP(RIxRF)
forall 2’ < p < co with A" < 7. The proof is complete. O

3. Proof of the major results

Let us first prove Theorem 1.1. Assume that ® € L? (Uj‘] X Uk“) and g € T(R, x R,) with
g, A € (1,2]. It is clear that Minkowski’s inequality leads to

MO (F _ ff o 1 ff O, wigvl, w)
®Qg( )(-x }’) [ RixR, m;() aﬁ Aap(v,w) |v|j—1 |w|k—l

AIMS Mathematics Volume 10, Issue 6, 14459-14471.
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T 1/t
dad
X F(x=@i(whv,y — @2(Vhw) dvdw dadp
af
c(ff 0 FCx )TM)”T 3.1)
R, a.f sy Cl’ﬂ ’ .

where T, (v, w) = {(v, w) € RI x R : [v| € @', 27™a], |w| € 27"'B,27B]}.
For m,n € Z, we let {finn} o {foumn} s e sets of partition of unity in the space C*(R.), such that

0 < f],m,n < 1, Z (fl,m,nfl,m,n)2 = 1,

m,nez

4 o 5 o o
supp fimn < {t: <H () =) ~n (n=1) ==y =
4 S g
supp f2,m,n c {f: glu ( +1)/J da(m+1) <t< Z'u ¢ 1)Iu da( l)} =L,
M < = d f2,m,n (I)‘ < g’
dtS dS l.s

where C, does not depend on u. Let S ,,,, be the multiplier operators defined on R/ x R¥ by

SnaF)ED) = frmalé) LrmaEDFE,O).

So, for any F € S(R/ x R¥), we obtain that

Hop XY < Y MG ), (3.2)
m,nez
where ,
7 T d(l’d T
M(@)ngn(F)(x y) - ( ff S |N®ngn(x y,a ,8) Bﬁ) N

N@,Q,g,m,n(xa y, a, ﬁ) = Z (S a+m,b+n * ‘ra/,ﬁ * F)(.X, y))(ul,,#,,ﬂ)xu‘],#bﬂ)(a, ﬁ)
a,beZ

Let us estimate the norm of Mg)gg mn(F)- First, we consider the case p = 2 = 7. Thanks to Fubini’s

theorem as well as Plancherel’s theorem and inequality (2.1), we have

2 dadp
et B[ [ ket e

(1)
HMG Q.g.m, n

< i Y f [ (bt e e
a,beZ m+an+b
< C3(Ingg)? 270D N f f .o dede
mneZ m+u,n+b
< C,Cq, (Inp)* 27<tmmyFy2, o
rLonu L2(RIXRKY 3
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where D,,, = {(5, & eRIXRF: (I2],1€D) e Iy x Iz} and € € (0, 1). Thus, choosing u = 27 leads to

MG (3.3)

0,Q,g,m,n

< CyCo, (A= (g = 1) 2730 || o

L2(RIXRK) (RIXRF) ©

Next, the LP-norm of Mg,)g,g,m’n(F) for the other cases of p is estimated by following the arguments

employed in [7]. In fact, we utilize the Littlewood-Paley theory together with Lemmas 2.3 and 2.5, so
we conclude

™
HM@),Q,g,m,n F

U(ijRk)
r dad
- (Zf f |Tﬁ*sm+an+ﬁ*F aﬁ]
m,nez " ﬂ LP(RJIXRK)
1/t
< [Z 1S s, ] Cpo(nw?®
m,nez LP(RIxRY)
2/t
< |/ F C 34
T 1)) IFlL3 ey Cro (34)

for all -4 4 ; and also holds for all I’ < p < oo with 7 > A’. Therefore, by

interpolating between (3.3) and (3.4), we obtain that

HMng,g,m,n(F )' Cp2 S, 3.5)

1 2
, < |\5——=] WFl.s
LP(RIXRE) A-D@g-1 F, (RIXRK)

for /l’+‘r 1 <P
proof of Theorem 1 1.

; and for I’ < p < oo with 7 > A’, which in turn with (3.2) finish the

The proof of Theorem 1.2 can be obtained by following the same above argument with invoking
Lemma 2.4 instead of Lemma 2.3.

4. Conclusions

In this paper, we introduced the generalized Marcinkiewicz integrals ‘H(E)Q along the twisted
surfaces

{Q, w) = (@1 (whv, ea(vhw) : (v, w) € R X RE, @1 € Gy, and ¢ € Gy

We established appropriate L” bounds for Wg,)g,g whenever © € L1 (Uf‘l X Uk‘l) and g € T (R, xR,),

which enables us to employ Yano’s extrapolation approach to prove the L” boundedness of Wg Zlg

under the weaker conditions ® € L(log LY"(U*! x U¥1) or @ € B"* (Ui~ x UM1) with 7,q > 1.
For the case g = 1, we confirmed the L” boundedness of the aforementioned operator for the full range
of p € (1, 00); and for case T = 2, the conditions on @ are the weakest possible conditions among their
respective classes. In this work, several known results are generalized and improved.
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