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Abstract: In this article, we methodically investigate the fractional stochastic Kraenkel-Manna—
Merle system (KMMS), which explains how a magnetic field propagates in a ferromagnet with zero
conductivity and may shed light on a number of intriguing scientific occurrences. A suitable wave
transformation is used to convert the governing equation into an ordinary differential equation (ODE).
We thoroughly evaluate the innovative soliton solutions in the forms of dark, bright—dark, dark—
bright, periodic, singular, hyperbolic, mixed trigonometric, and rational forms using the improved
# -expansion approach and the new extended direct algebraic method (NEDAM). Furthermore, a
sensitivity analysis is carried out to investigate the impact of different factors on the behavior of the
system. In order to shed light on the model’s physical behavior, the study displays graphical plots of
the chosen solutions using the selected methodologies. These techniques offer a strong foundation
for resolving nonlinear fractional differential equations, which are crucial for simulating intricate
ferromagnetistic physical processes. The resulting solutions demonstrate the fractional stochastic
KMMS’s complex structures and dynamic behavior.
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1. Introduction

The ability of nonlinear partial differential equations (NLPDEs) to simulate complicated events
makes them essential in many scientific and engineering domains [1-4]. A wide range of real-world
phenomena, such as fluid dynamics [5], electromagnetic fields [6], quantum physics [7], chemical
reactions [8], biological processes [9], and financial markets [10] need the proper modeling of
NLPDEs. NLPDEs are known to be very nonlinear and complicated, having considerable science and
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engineering challenges [11]. They have frequently called for some sophisticated methods of analysis
and solutions, helping the creation of novel mathematical theories and procedures [12]. It is certain
that future advances in our comprehension and management of the intricacies of the natural and
technological worlds will be facilitated by the ongoing development of techniques for solving and
analyzing NLPDEs. A crucial and quickly expanding area of mathematics, fractional calculus (FC),
has important applications in science, engineering, and other fields. A more precise and thorough
framework for comprehending complex systems is provided by its capacity to describe memory,
hereditary characteristics, and nonlocal impacts. The multidisciplinary uses of FC highlight its
significance in stimulating creativity and expanding knowledge in a range of fields. Numerous
disciplines, including physics, engineering, biology, finance, environmental science, and more, have
used them [13]. Fractional calculus improves the understanding, prediction, and management of
complex phenomena in a variety of scientific and technical disciplines by offering more precise and
thorough models.

On the other hand, stochastic partial differential equations (SPDEs) are a variant of partial
differential equations (PDEs) that use stochasticity to model systems impacted by uncertainty and
noise. SPDEs are employed in fields including economics, physics, biology, and engineering, where
random effects are significant [14]. A significant amount of research on ferromagnetic materials has
become publicly available in recent decades because of the rapid advancements in information
technology and the demand for large amounts of data and high-density storage. Recent developments
in technology have made it possible to make tiny ferromagnetic particles. Understanding the
properties of microstructures and super microstructures in nanoscale ferrous metals is essential. If all
the nanoparticles in the population are roughly the same size, then the magnetization of the
population can be theoretically described by a magnetic moment. Ferromagnetic particles have
magnetic moments that travel in opposite directions, enabling information to be shared between them.
Solitons are always produced by these interactions. Consequently, a wide range of phenomena
associated with the propagation of solitary waves have been examined. Numerous effective
techniques have been used to solve NLPDEs. These techniques include the following: The modified
Jacobi elliptic expansion method [15], the Riccita projective equation method [16], the scattering
method [17], Hirota’s bilinear method [18], the tanhcoth method [19], the variational iteration
method [20], and numerous others [21]. Researchers have used these approaches, each offering
unique benefits, to address the difficulties associated with NLPDEs in a number of scientific domains.

A complex mathematical model that describes the complex behaviors of ferromagnetic materials
under the influence of stochastic (random) forces and memory effects is the fractional stochastic
Kraenkel-Manna—Merle (KMM) system [22]. A sophisticated mathematical model known as the
fractional stochastic Kraenkel-Manna—Merle (KMM) system captures the complicated behaviors of
ferromagnetic materials under the impact of stochastic (random) forces and memory effects [23]. This
system captures the memory effects, hereditary features, and random impacts typical of real-world
ferromagnetic materials by merging stochastic processes with fractional calculus. Its significance
extends to computational developments, theoretical studies, and real-world uses in a number of
high-tech fields, such as magnetic sensing, spintronics, and magnetic storage [24]. Understanding this
system improves our capacity to create, regulate, and optimize systems that use ferromagnetic
materials, spurring advancement across a wide range of industries. In this research, we consider the
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fractional stochastic Kraenkel-Manna—Merle system (FSKMMS) [25,26]:
70, - 09 + 0 P°¢ = k7°OB,, 0
9)‘[5¢t - ®9§® = K-@fﬁbBt, .

where 2% is the conformable derivative operator for 8 € (0, 1], o denotes the damping coefficient, «
is the noise intensity, B is the Brownian motion (BM) [27], and B = % represents the relationship
between the magnetization, denoted by ¢ = ¢(x, ), and the external magnetic fields, represented by
® = O(x, 1), with respect to the ferrite.

By setting 8 = 1 and x = 0, we can construct the Kraenkel-Manna—Merle system (KMMS) as
follows:

{@x, ~ 04, + 0, =0, (12

G — 00, =0.

This could explain how short waves propagate in saturated ferromagnetic materials in a nonlinear,
zero-conductivity manner. Many scholars have recently developed analytical solutions to Eq (1.2),
with (o0 = 0). Li and Ma [28, 29], for instance, investigated the soliton solutions of the governing
model using the GEl—expansion method and auxiliary equation methods. Using the inverse scattering
method, Tchokouansi et al. [30] obtained several traveling wave solutions for the governing model.
Using the bilinear technique, Nguepjouo et al. [31] also extracted some optical solutions of the studied
model and so on.

This paper aims to determine the stochastic solutions of the FSKMMS (1.1), using the improved
Z -expansion method and NEDAM, two recently developed methodologies. Physicists would find the
solutions offered to be extremely helpful in describing important physical processes. A sensitivity
analysis is also carried out to investigate the impact of different factors on the behavior of the system.
Additionally, we offer numerous graphical depictions utilizing Mathematica software to examine the
impact of the fractional derivative on the precise resolution of the FSKMMS (1.1). The study helps
us better understand the complex behaviors shown by the system. In light of the findings, it may be
said that the study’s motivation is that the data are novel, fascinating, and potentially very important in
helping us understand how the FSKMMS behaves.

The structure of this article is as follows: In Section 2, we propose the definition and characteristics
of the above mentioned derivative. In Section 3, we discuss the brief description of our methodologies.
Section 4 demonstrates the implementation of the selected approaches. In Section 5, we examined the
system’s sensitivity analysis. The model’s results and discussion are illustrated in Section 6. Finally,
in Section 7, we outline our last point.

2. Conformable derivative

The conformable derivative (CD) [32], with its simplicity, intuitiveness, and preservation of basic
features, 1s a major breakthrough in the field of FC. Its usefulness in modeling complex systems with
fractional dynamics makes it an invaluable tool for a wide range of scientific and engineering fields,

both in theoretical research and real-world applications.
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In the following, we define some of the main characteristics of the conformable fractional derivative
and talk about it.
Definition 2.1. For 8 € (0, 1], the CD of u : Z* — % is defined as

u(x + ex'?) —u(x)

PPu(z) = lim 2.1)

If we suppose that u, ¢ : Z* — % are differentiable functions, then the CD has the following
corollaries:

D) + o)) = hPPu) + h Z24(2),
.@f[hl] = 0, where A, is a constant,
ZE(wod)(x) = P ()u(g(x)),
.@f [x"] = nx"P,
PPu(x) = xl_ﬁd—u,
dx

for any real constants /i, h,. Moreover, the BM B is defined as follows:
Definition 2.2. Being stochastic, the BM B(6), > 0 satisfies the following requirements:

B =0,

B is continuous if # > 0,

B(t,) — B(#)) is independent if #, > 1,

B(t,) — B(#;) has a normal distribution .4°(0, 1, — ;).

We also define the following lemma.
Lemma 2.1. E(¢®?) = ¢3" for A > 0.

Brownian motion is fundamental to the applied and theoretical sciences. Its research crosses fields,
offering insights into stochastic dynamics, unpredictability, and diffusion with practical applications in
everything from financial markets to molecular biology.

3. Description of selected methodologies
Consider the fractional stochastic NLPDE of the following form:

I, DV DY DFY , DEY NPV )= (Y, 0+ GV, 6, 0Bt x), 0<B<1, (3.1

where 7 '(x,t) represents the unknown function; .%(7,t,x) represents a deterministic source or
forcing term; (7, t, x) represents the noise intensity or diffusion coefficient, which may depend on
the solution 7/, time ¢, and space x; and B(z, x) represents a space time fractional noise, which can
include Gaussian white noise. We apply the following wave transformation:

1
Y (x, 1) = y()e" 01D where 5 = 30 ¥+ ot. (3.2)

Putting (3.2) into (3.1), we convert Eq (3.2) into an ODE.
9(% lV, lV', W”', o ) =0. (33)
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3.1. The NEDAM

Through the development and use of novel tools and approaches, the NEDAM [33] advances
mathematical research in the subject of nonlinear dynamics and deepens our understanding of
nonlinear systems and their behaviors.

Step 1. Assume the general solution of Eq (3.3) is presumed to be:

n

) = ) [NA @), (34)

i=1

where N;(i =0, 1, 2,---,n) is obtained later. From Eq (3.4), the function ¢ (n) is satisfied by:
(' () = Ln(a)(% + () + 93 @), a #0,1, (3.5)

where ¥, i = 1,2, 3 are real constants.
Step 2. We apply balancing theory between the highest derivative and the power of the nonlinear term
in Eq (3.3) to determine the value of .
Step 3. By substituting Eqs (3.4) and (3.5) into Eq (3.3), an algebraic equation with a power of .7(1)
may be created. This equation can then be solved with Mathematica to produce the solution of Eq (3.6).

3.2. The improved .7 -expansion scheme

The improved . -expansion approach is a valuable tool in the study and practical application of
NLPDE:s because of its ability to generate precise solutions, streamline challenging issues, and broaden
our comprehension of nonlinear systems. Its versatility, efficacy, and contribution to theoretical and
practical features make it an essential method in modern scientific and technical research.

Step 1. Assume the general solution of Eq (3.6) to be as follows:

W) = D MM+ F @) + ) il + F ), (3.6)
i=0 i=1

where A; and u; may not be zero at the same time. The function .# is a solution of the ODE:
F'(m) = 2+ F1). (3.7

The three general solutions of the Riccati equation (3.7) are as follows:
Case I: If 2 < 0, then

F = —N-Z2tanh(V-2n), (3.8)
FH = —N=-Z2coth(V-2n). 3.9

Case Il: If 2 > 0, then
F; = V2tan(V2n), (3.10)
Fi = —V2cot(V2n). (3.11)

Case Ill: If 2 = 0, then
Fs = —1. (3.12)

n
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Step 2. We apply balancing theory between the highest derivative and the power of the nonlinear term
to determine the value of n.

Step 3. Equations (3.7) and (3.8) can be substituted in Eq (3.6) to generate an algebraic equation with
a power of .% (1) that can be solved using Mathematica to provide the values of A; and ;.

4. Extraction of analytical solutions

The primary objective of this part is to get a variety of responses for the provided model. To obtain
the soliton solutions of Eq (1.1), we propose the following wave transformation:

1
O, = eI, ¢(x, 1) = e P where 1y = 3 K+ ot (4.1)

where a and ¢ are nonzero constants, ¢(77) and (7)) are real functions, and we are able to obtain the
FSKMMS wave equation (1.1).

@)/E;@ _ a,g/e(KB(t)—%Kzt)’ 4.2)

and

1 1
"0, ads” + Eakzg’ + kag'B, — Eakzg’]e(’d@(ﬁ_%’(z’)

[@ds” + kag' B, |e*B0-2¢D (4.3)

@f¢ — a[ﬁ/e(KB(t)—%KZz)’ 95@ — [Q’éﬂ,/ + KCL’I?'Bt]e(KB(I)_%K%). (44)

Switching Eq (4.1) in Eq (1.1), we utilize

(4.5)

CL’(SS'H _ agﬁ/e(KB(l’)—%Kzl‘) — O,
ady’ — agg/e(kB(t)—%Kzt) =0.

Using the above mentioned lemma, where B() is a normal process with E(e®®), Eq (4.5) becomes

6 1/ _ ,19] — 0
S s (4.6)
o —¢¢’ =0.
By integrating Eq (4.6), we get
1 c
19" = — 2 + —. 47
26° 75 @7
Switching Eq (4.7) into the first equation in (4.6), we achieve
I 5 c
- —¢ = —¢=0. 4.
2525 35 =0 “8)
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4.1. Implementation of the NEDAM

Applying the balancing principle between the highest derivative ¢ and the largest power nonlinear
term ¢° yields N = 1 in Eq (4.8). Therefore, the nontrivial solution of Eq (4.8) becomes:

s(m) = Ro + N1 (). (4.9)

When (4.9) and its derivatives in (4.8) are combined, an algebraic system of equations with similar
powers of ¢(n) is produced. By solving them, we can ascertain the following sets of solutions:
Family 1:

V2 Ve, Ln(a) 2 V2 yed3Ln(a) V2 e
N - ) - ) 0 . .
{ 0 V(#3-49,93)(-Ln(a)*) L V(93-49,93)(-Ln(a)*) - V(93-49,093)(-Ln(a)*) (4.10)
Family 2:
{xl oW o, %(%-1)&3, §— - @.11)
Family 3:
{NO — % 6Ln(a), X — 2936Ln(a), ¢ — —% (ﬂ% - 4191193)62Ln(a)2. (4.12)
Using Eq (1.1), we determined the following solutions for Family 1.
(1) For & = 93 — 49,193 < 0, and 95 # 0.
e The trigonometric solutions:
Cluster 1:
V2 \c V=%Ln(a)Tan, ( \/_2?'7) .
O105,1) = | - Jeezo-ten, (4.13)
\/(03 ~ 48,95) (~Ln(a)?)
1 V2 +Jc V=%Ln(a)Tan, (@) c L
sixn = [[55¢ P Sewomten, (4.14)
20 92 — 49,95) (~Ln(a)? 0
( 2 1 3)( Il(a) )
Cluster 2:
V2VeV-Fn@cCot, (),
O:05,1) = | (HEO-3D) (4.15)

\/(ﬂg — 489,93) (~Ln(a)?)

V2 /¢ V=4Ln(a)Cot, ( ‘/_2?'7) " .
$a(x, 1) = f [2—5( )+ 5 eWEOIRD, (4.16)
\/(ﬁg ~ 48,93) (~Ln(a)?) :

e The combo-trigonometric solutions:
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Cluster 3:

V2 e V=9 Ln(a) ( \mnSec, ( @77) + Tan, ( \/@7]))

0551 = |

\/(ﬂg — 49,93 (~Ln(a)?)

V2 e V=-%Ln(a mnSec, V-9 Tan, V-4
o5 = [ |5 Ve TLato mSees (V) « Tene (V71)

\/(ﬁg — 48,93 (~Ln(a)?)

Cluster 4:

V2 Ve V=4Ln(a) (Cot, ( V=%n) + ymnCsc, (V-9n))

] SHEO-50)

)2 " f] e(KB(t)—%Kzt)'

O4(x, 1) =
o [ \/(ﬂ§ — 48,93 (~Ln(a)?)

mmﬂ:j{1\Ewwzﬁmm@%4¢@@+w%&%bﬁ@m

26 \/(ﬁ; — 4919;) (~Ln(a)?)

Cluster 5:

V2 e V=4Ln(a) (Tan, (V=91) - Cot, (V=%1))

Os(x, 1) =
™ [ \/(ﬂ§ — 49,93) (~Ln(a)?)

V2 e V=-%Ln(a Tan, =7 — Cot, =7
g = [ LYV (T () - Con ()

2 \/(ﬁg — 49,93 (~Ln(a)?)

(2) For & = 9% — 49,93 > 0, and 95 # 0.

e The dark soliton solution

Cluster 6:
V2 /¢ Y4Ln(a)Tanh, (@)
Op(x, 1) = [ - \/(193 _ 4191193) (-Ln(a)?) -
(8 = 49,95) (-Ln(ay) '

Cluster 7:

V2 VeV Ln(a)Coth, (72

O;(x,1) =| —
” [ (8 = 49,93) (~Ln(ay)

AIMS Mathematics

KB(O=-3K%1).

KB(O=-3K%1)

)] SKBO-1C0

] SKEO-10)

)2 + E:le(KE(Z)—ékzl‘).

] LB

2+ ¢ ] SKBO-30)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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V2 Ve V@Ln(a)Coth, ( @)

1 c 1,2
d7(x, 1) :f —(- )2 + = |e®BW-36D
7 [2‘5 \/(ﬁg — 49,83) (~Ln(a)?) 0 ]

e The complex bright dark soliton solution

Cluster 8:
Oy(x.1) = [ V2 ve V4 Ln(a) (—Tanha ( ‘/?77) + i \mnSech, ( \/?77)) :|€(KB(I)—£KQI).
J(#2 = 40,95) (~Ln@?)
be(r 1) = f [%( V2 Ve \/?Ln(a) (—Tanha ( ‘/?77) + i \/mnSech, ( ‘/?77)))2 . g]e(KB(I)—éKZt)'

(8~ 49,95) (-Ln(a?)

e The mixed singular soliton solution
Cluster 9:

V2 Ve VZLn(a) (VimnCsch, ( V&) - Coth, (V)
V(33 - 49,95) (-Ln@?)
S ) = f[ 1 V2 Ve V&La(a) ( ymnCsch, (V&) ~ Coth, (V&)
\/ (93 — 40:193) (-Ln(a)?)

26
e The dark singular soliton solution

Oo(x.1) = |

Cluster 10:
Ot = [ ) V2 /e V9 Ln(a) (COtha ( \?'7) + Tanh, (@))] SKBO-320)
(7 = 49,65) (-Ln(ap)
bt = f[%(_ V2 ve VG Ln(a) (Cotha (@) + Tanh, (@)))2 N g]e(KB(z)—;K%)_

(83 = 49,93) (~Ln(ay?)
(3) For #1993 > 0 and ¥; = 0.

e The periodic soliton solutions
Cluster 11:

V2 \eLn(a) (2 09, Tan, (V1 93n) + 192)_

(8 - 49,95) (~Ln(@)?)
V2 \eLn(a) (2 09, Tan, (VI 937 + 192)
(93 = 40,03) (~Ln(ay?)

KBO-3K°0)

®11(XJ):[

¢11(X,f):f[2i5(

2+ C| SKBO-320)

] SHBO-5)

)2 + f] PHBWO=1:20)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

Volume 10, Issue 6, 14434—-14458.



14443

Cluster 12:
V2 VeLn(a) (ﬁz ~ 2. J29:Cot, \/ﬂlﬂm))_
O (x,1) = [
(93 = 40,03) (~Ln(ay?)
| V2yeLn() (192 229,001, ( \/191193;7))
bio(x,1) = f B
(8 - 49,95) (-Ln(a?)

e The combined trigonometric form of solutions
Cluster 13:

)+

V2 yeLa(a) (2 505 (Vimsec, (2 VFTm) + Tang (2 VTTN)) + D)

KB(O—-5K%1)

o«

Ou(x, 1) =
13 | J# = 49,05) Cn@d)

1 V() (2505 (vimseeq (20) + Ty 2 \07)) +92)

! +
3(x.1) = f [25 (92 - 40,85) (-Ln(ay?) ) o
Cluster 14:

O p < [22@ (92 = 2 305 (Cotu @ V) — VmiCsc, (2VTT1)))
14(X, 1) =

J(# - 49,5) (~Ln(ap)
L @ (2 = 2 5093 (coa 2 vaam) = vimcseq (2 v7T)
Pra(x, 1) = f |57

) +
(93 - 49,9;) (-Ln(@)?) o)
Cluster 15:
V2 vcLn(a) ( \/%I% (Tana (% \/rﬁﬂ]) — Cot, (% Wﬂ)) + 192)
Ous(x.1) = |

(83 - 49,95) (~Ln(ap)

(e f) = f 1 V2 yeLn(a) ( NG (Tana (% «/mn) — Cot, (% Wﬂ)) + 192)
d1s(x [2(5 \/(’95 ~49:07) (Lnta)

(4) For 9,93 < 0 and 95 = 0.
e The dark soliton solutions
Cluster 16:

O6(x, 1) =
o [ (8 - 49,95) (~Ln(@)?)

| \/E\/ELn(a)(ﬁz—z —g—;ﬁﬂanha(\/—ﬂlﬂm))Z .
bt = [ [55¢ 2+ <o

(93 = 40,03) (~Ln(ay?)

)+

V2 \eLn(a) (ﬁz ~ 2 /-2, Tanh, ( \/—191193;7))_

E] PB4

KBO—-3K°0)

«B(®-1Kk%0)

] kB30

¢ J PUBO-30)

] KB~ 1k20)

¢ ] PHRBD-3%)

] L KB()— )

(4.35)

(4.36)

(4.37)

. (4.38)

. (4.39)

. (4.40)

. (4.41)

. (4.42)

(4.43)

(4.44)
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e The singular solitary wave solution
Cluster 17:

V2 VeLn(a) (ﬂz 2. [-LgCoth, (\/—ﬂ1ﬂ3n))
(8 = 49,95) (~Ln(@)?)
V2 VeLn(a) (ﬁ2 — 2. [-29,Coth, (\/—ﬁlﬁm))
bir(x,1) = f [i<
(93 = 49,03) (~Ln(ay?)

O7(x,1) = [ ]e(KB(”_;"zt). (4.45)

R e AR T

e Complexiton mixed-type solutions
Cluster 18:

V2 veLn(@) (P + 2i \-53L03 (VmmSech, (2 v=0,5517) + iTanby (2 v=3,5517))
Ous(x, 1) = | ( e )]e(KB(I)_ékzt)(4.47)
(9% - 49,93) (~Ln(@)?)

1 i) (0 + 20 s (amseeng (2 ) + iruang (2 v=7m)) )
3 2
Prs(x, 1) = f [ )

E (KB([)—%KZI) 4.48
25( (92 - 49193) (-Ln@?) - 516 (4.48)
Cluster 19:
V2 yen(a) (th — 2 - 513 (cothy (2 v=31517) — vimnCsehy (2 V=0,5517)) L s
O9(x, 1) = ( i )Je(KB(t)_ZK D (4.49)

(192 — 49, ﬁz) (~Ln(a)?)

1 V2ven(@) 192 — 2 J-5993 (cotng (2 v=57551) — vimcsehy (2 v=315317)) 1
Pro(x, 1) = f 155 i )) §Je<KB<’)—fK2’>.(4.50)

(93 — 40193) (-Ln(a)?)

Cluster 20:

V2 ycLn(a) (”1 (Coth,( V=T1751)+Tanh, (V=717517))

L2l + 192)
g ] SEBO-36%)
\/(192 - 4191193) (~Ln(a)?)
V2 +/cLn(a) (ﬂ](c‘”h «( V=093 )+Tanh, (‘/Wn)) )

1)1

4.51)

Ox(x,1) = |

IKE

hao(x, 1) = f —( 2+ SletEo-ien  (4.57)
20 (83 = 40,03) (~Ln(ay?) 0 ]

(5) For ¢, = 0 and ¢, = 5.
e The solutions for periodic waves
Cluster 21:

\/i \/ELII(CZ) (295 Tan, (19177) + 1) e(KB(Z)_%K2t).
(8 - 49,95) (~Ln(@)?)

(4.53)

Oy (x, 1) = [
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P21 1) = f [Qﬁ‘/&n(a) (205 Tan, (917) + 9»)

) + f]e“B@-%Kz’). (4.54)
2
(8 - 49,95) (-Ln(a?)

0

Cluster 22:

20 (4.55)

V2 yeLn(a) (9 = 29:Cota (911) Jo-
\/ (93 - 40195) (-Ln(a)?)
o) = f[ 2% ( V2 y/cLn(a) (9, — 29;Cot, (ﬂm)))z . g]e<KB<f>-éK2f>,
\/ (93 - 40195) (~-Ln(a)?)

Oxn(x,1) = [

(4.56)

e Combined trigonometric solutions
Cluster 23:

V2 eLn(a) (205 ( VimnSec, (2917) + Tan, (2817)) + 92)

(92 = 409,03 (~Ln(ay?)

(D) = f[ 1 ( V2 +/cLn(a) (203(\/%Seca (297n) + Tan, (219177)) + ﬂz))2 . E]e(KB(D—%Kzt), 4.58)
20 (82— 49,9,) (~Ln(ay) s

On3(x,1) = [ ]e“B(f)-%KZ’). (4.57)

Cluster 24:
V2 VeLn(a) (9; - 285 (Cot, (217) — VimnCsc, (211)))

(8 - 49,95) (~Ln@)?)

boat) = f[i( V2 +/cLn(a) (192 — 2195 (Cota (29411m) — \/mnCsc, (219177))) . E]e(KB(t)—ékzt). (4.60)
20 (8~ 49,95) (-Ln(a?) 0

On(x, 1) = [ ]e<KB<’>—5K2’). (4.59)

Cluster 25:
V2 vcLn(a) (95 (Tan, (22) - Cot, (22)) + ¢
Ous(x,1) = [ ( 3( ( 2 ) ( 2 )) 2)]6(’(]8(’)_5“2’). 4.61)
(92 = 49,05) (~Ln(ay?)
1 V2+/cLn(a) (95 (Tan, (Z2) - Cot, (42)) + 9,
¢25(X, t) — fl:%( ( ( ( 2 ) ( 2 )) ))2 + g:le(KB(t)_ék%). (462)
\/(ﬂg — 489,95) (~Ln(a)?)
(6) For ¢, = 0 and ¢, = —s.
e Exact wave solutions
Cluster 26:
Oa(x, 1) = [ ¥2 VeLn(e) (9 ~ 20, Tanho (1) WBD=31°D), (4.63)

(8 - 49,95) (~Ln(@)?)
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For all the solutions above, i =

AIMS Mathematics

bos(rnt) = f[ % ( V2 \cLn(a) (9, — 29;Tanh, iU (_(;]e(KB(,)_;KQt)'
(8 - 48,85) (~-Ln@?)
Cluster 27:

V2 yeLn(a) (9, — 29;Coth, (ﬁm))]e(@(ﬁ_ékzn
\/ (92 - 40193) (~Ln(a)?)
o) = f[ 2% ( V2 \cLn(a) (9, — 289;Coth, LD g]e(mm_wq
V(53 -49,6:) (-Ln(@?)

On(x 0 = |

Cluster 28:
V2 eLn(a) (&, + 2iths ( VmnSech, (287) + iTanh, (27)))

(8 - 49,95) (~Ln@)?)

Oas(x, 1) = [

Pos(x, 1) = f [%5( V2 yeLn(a) (9 + 2id5 (VmnSech, (2091177) + iTanh, (29177))) 2+ % ] SEBO-320)

(8 - 49,95) (-Ln(ap?)
Cluster 29:

O(x, 1) =
o [ (8 - 49,95) (~Ln@)?)

(

20

bro(t) = f[ 1 V2+/cLn(a) (¥, — 05 (Coth, (2917) + Csch, CHM) ., | E]e(KB(Z)_QK%.

\/(ﬂ§ — 49,9;) (~Ln(a)?)
Cluster 30:
V2 cLn(a) (192 -9 (Cotha (%) + Tanh, (%)))
\/(ﬁg — 49,9 (~Ln(a)?)
V3 VeLn(a) (%, 9 (Coth, (222) + Tanh, (22))) |
$30(x, 1) = f [
\/(ﬁg — 49,03 (~Ln(a)?)

Os0(x, 1) = [

20 0

(7) For ﬂ% = 49,95.
e Rational function solution
Cluster 31:

V2 e (#3nLn(a) - 28, (9y7Ln(a) +2))
thn \/ (ﬂ% - 4191193) (-Ln(a)?)
. “ 2i V2 Ve (93nLn(a) - 26 (FonLn(a) + 2)))2 . E]ewm_;@

0 thn \/(ﬂg - 4191193) (-Ln(a)?)
V2 et ax?

+ &
V(#3-49193)(-Ln@?) P

®31(-x’ t) =

] KB(O—5K%1)

] SKEO-50)

\/i \/ELI](CZ) (192 - ﬁS (COtha (219177) + CSCha (219177)))]6(,(]]3;(,)_5,(2,)

:Ie(KB(I)—éKZZ‘).

—0% + f]e(KB(n— a0}

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

4.71)

(4.72)

(4.73)

(4.74)
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4.2. Implementation of the improved .% -expansion method

According to Eq (5.1),

Hi

s =+ 4(F)+ A)+ m,

(4.75)

by merging Eqs (4.75) and (3.7) in Eq (4.8), we obtain the following solution sets.
Family I:

A Ao, A 0 Ao (///2 i Q) 2 ) Ao
0 — Ao, 1—>,ﬂ1—>—7,c ek ﬁﬂ.
Family II:
A A2 1
/10—>/10,/11—>——0,,U1*0,C—>Lq,5—> =
m 2m? 2m’
For Family I

o If 2 <0, then

— _ M+ 2 (KB(1)—K*1)
0t = o [1 W AN D (VB (2 %ﬂ))]]e -G
1 %2 + Q KkB(t 2K 2¢
¢1(x, 1) = f[z—d(/lo(l //l\/_tanh(\/_(%/ %))]) + 5] WBO=2K0 1 (4.77)
— _ M+ 2 (KB(1)—Kk%0)
Oy(x, 1) = [/10 [1 i @coth(@(;/";/ " (%ﬁ))] ]e , (4.78)
1 «%2 + 2 KB()- 3kt
$o(x, 1) = f[z—é(/lo(l Bz —%@coth(@(% " %)))) + 5] WBO=260 - (4.79)
o If 2 > 0, then
= — M+ 2 KB()— LK%
Os(x, 1) [/10 [1 o \/@tan(\/@(ﬁfft[ " L%ﬁ))]]e , (4.80)
1 M+ 2 BO-Le
$3(x, 1) = f[z—d(/lo{l Bz +///\/§tan(\/@(;7"/’/ . %))]) + 5] WBO-30, (4.81)
_ M +q B~
®4(X, t) B |:/10 [1 /A \/_COt ( \/_( /lot agﬁ ))] ]e( - )’ (482)
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1 M+ q

Pa(x, 1) = f [—(1 1- )+ ]“B“)—zk & (4.83)
= [l - Tt
o If 2 =0, then

2

Os(x, 1) = [ﬂo[l o g ]]e(KB(’)‘%“z’% (4.84)
MM = 5 )
1 %2 + 2 1.2
%uﬁ=jwﬁu{r— o7 ])+A“Wv” (4.85)
MM = )

5. Sensitivity analysis

This section conducts and in-depth sensitivity analysis in depth for the dynamic system defined by
Eq (4.8) [34]. We must first resolve the system shown below:

© =R =L,
(5.1)
G = AR + BRM) = L,

where &/ = # and 4 = 252 We use various parameter values (¢ = —0.2 and 6 = 0.4) to observe how
much the system exhibits variations in its dynamics.  Figure 1 represents two solutions:
(L1, %) = (0.03,0) on the gray line, (£, ;) = (0,0.09) on the yellow line. Figure 2 represents two
solutions: (£, %;) = (0,0) on the blue line, (£, ¥,;) = (0,—0.02) on the yellow line. Similarly,
Figure 3 represents three solutions: 2,%) = (-0.04,-0.04) on the black line,
(L1, %) = (-0.02,-0.02) on the yellow line, (£, ;) = (=0.03, -0.03) on the green line. Sensitivity
analysis is essential to the study of dynamic systems. It improves comprehension, guarantees stability,
and directs wise decision-making. = Whether used to address engineering systems, disease
transmission, or climate change, this technology connects theoretical understanding with real-world
results. Many disciplines, including science, engineering, and economics, employ sensitivity analysis
as a technique to assess how changing the input parameters affects the output of a model. It comprises
tracking how the output changes while the input values are gradually changed within a predefined
range. Sensitivity analysis finds the input components that have the most impact on the outcomes,
which aids in risk assessment, decision-making, and improvement. It is crucial for comprehending
and controlling uncertainty in complex systems.

AIMS Mathematics Volume 10, Issue 6, 14434—-14458.



14449

AIMS Mathematics
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-0.10 \/
0 2 4 6 8 10

(a)

Figure 1. Sensitivity analysis of the proposed system (5.1) with the initial conditions
(L1, L) =(0.03,0) on the gray line and (£, £;) = (0,0.09) on the yellow line.

0.02

0.01

& 0.00

-0.01

-0.02

(a)

Figure 2. Sensitivity analysis of the proposed system (5.1) with the initial conditions
(L1, L) = (00) on the blue line and (¥, £,) = (0, —0.02) on the yellow line.

0.004 1
0.002 1

& 0.000

-0.002

~0.004},

(a)

Figure 3. Sensitivity analysis of the proposed system (5.1) with the initial conditions
(£1,L) = (-0.04,-0.04) on the black line, (£, L) = (-0.02,-0.02) on the yellow line,
and (¥4, £>) = (-0.03,-0.03) on the green line.
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6. Results and discussion

This part demonstrates the uniqueness and novelty of the current study by providing a
comprehensive comparison of the evaluated results with the calculated outcomes that have already
been achieved. In previous work, Wael et al. [25] examined the aforementioned model and found
travelling wave solutions using the mapping method. Furthermore, our work’s novelty is justified
because, upon comparing our results with those previously obtained through various approaches, it
becomes evident [28-31] that while some solution types have already been documented in the
literature, the majority are new. The current study systematically derived several novel stochastic
solitary wave solutions for the fractional stochastic KMMS, employing the NEDAM and the
improved .#-expansion technique. The analytic forms of dark, dark—bright, bright—dark, periodic,
singular, mixed trigonometric, hyperbolic, and rational provide new information about the properties
of nonlinear dispersive waves when stochastic factors are present. We also conducted a sensitivity
analysis of the selected model by considering the different initial conditions. We provide deeper
understanding of the nonlinear dynamics and wave properties of the fractional stochastic KMMS
through our range of solutions and graphical representations. In addition to providing useful
technological applications, it expands our knowledge of nonlinear dynamics in ferromagnetic
materials and strengthens the theoretical underpinnings of fractional calculus and stochastic
processes. Our graphical explanations and range of solutions offer additional insights into the
nonlinear dynamics and wave features inherent in the subject under investigation. Specifically,
Figure 4 shows a distinct graphical structure for the periodic solution of Eq (4.13), reflecting the
steady oscillatory behavior frequently found in mechanical systems or optical fibers. Similar to this,
Figure 5 visualizes the singular periodic solution of Eq (4.17), indicating the existence of localized
energy bursts that might be physical events such as powerful laser pulses in nonlinear optics or rogue
waves in oceanography. The dark solution for Eq (4.23) in Figure 6 indicates energy dips in the
system, which are a feature frequently seen in dark solitons in optical communication systems or
Bose—Einstein condensates. The soliton envelope of Eq (4.27) exhibits secondary peaks in the
periodic M-shape solution depicted in Figure 7, which may be indicative of multi-pulse wave
interactions in nonlinear media. Figure 8 show trigonometric solutions to Eq (4.53), which are
representative of oscillatory processes like alternating currents in electrical systems or pendulum
motion. The hyperbolic stochastic solution of Eq (4.65), which is seen in Figure 9, emphasizes the
impact of random disturbances in systems like turbulent flows or climate models. The dark stochastic
solution of Eq (4.76) is shown in Figure 10, indicating situations in which randomness results in
energy reduction or damping effects, which can be crucial in comprehending how noise affects wave
propagation. Finally, Eq (4.80) has a periodic stochastic solution, represented in Figure 11, which
implies periodic responses in the presence of stochasticity. This solution can be used to simulate
physical systems such as population dynamics under environmental fluctuations or randomly driven
oscillators. With this explanation, scientists and researchers can better understand the significance of
mathematical discoveries. These solutions are important because they allow for the representation of
many different types of nonlinear mathematical and physical systems and phenomena, including laser
physics and fluid dynamics.
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Figure 4. Dynamic perspective of the solution of (4.13) with the parameters ¢, = 3.7, 9, =
-3.1, 93=34, =043, a=23, B(t) =0.2,and c = 0.4.
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Figure 5. Dynamic perspective of the solution of (4.17) with the parameters #; = 3.9, ¢, =
-3.52, %3 =3.76, B(t) = 0.1, a =0.15, m = 0.6, n = 0.7, ¢ = 0.78, and @ = 0.45.
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Figure 6. Dynamic perspective of the solution of (4.23) with the parameters ¢, = 3.4, ¥, =

3.6, 93 =-34,, c=0.5, @« =0.5;a =0.3, and B(z) = 0.67.
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Figure 7. Dynamic perspective of the solution of (4.27) with the parameters ¢, = 5.2, ¢, =
34, 9;=-3.6, =03, c=0.54, a=03, m=0.2, n=0.3, and B(¢) = 0.9.
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Figure 8. Dynamic perspective of the solution of (4.53) with the parameters 4, = 5.4, 9, =
0, 93=54,c=04, a=-038, B(t) =0.8,and a = 0.2.
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Figure 9. Dynamic perspective of the solution of (4.65) with the parameters ¢, = 2.1, ¢, =
0, 93 =-5.1,c=0.6, a =0.54, B(t) =3,and a = 0.2.
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Figure 10. Dynamic perspective of the solution of (4.76) with the parameters @ = 0.43, Ay =
04, 2=-0.7, # =3.1,and B(t) = 3.4.
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Figure 11. Dynamic perspective of the solution of (4.80) with the parameters 2 = 2, B(¢t) =
0.7, # =0.62, o =1.5,and @ = 0.9.
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7. Conclusions

In this study, we successfully studied the fractional stochastic KMMS as it relates to ferromagnetic
materials, achieving analytical solutions by using the improved .#-expansion technique and the
NEDAM. Through our investigation, we identified a variety of unique solutions, encompassing dark,
dark-bright, bright—dark, singular, periodic, mixed trigonometric, and rational configurations. We
used Mathematica to create three-dimensional, two-dimensional, density, and contour graphs using
carefully chosen parameter values in order to highlight the physical relevance of the suggested model.
The results illustrated how these techniques may effectively capture the fundamental properties of
fractional stochastic equations by revealing the complex structures and dynamic behaviors of the
system. Furthermore, a sensitivity analysis of the selected model has been conducted, offering
important insights into the ways in which different parameters affect the system. It is expected that the
knowledge gathered from this research will contribute to the creation of more accurate and efficient
models for ferromagnetic materials, with potential applications in other fields needing exact analytical
solutions to nonlinear fractional systems. To sum up, it is expected that experimental findings will
support the theoretical frameworks found in this investigation. For example, if the relevant conditions
are met, experimental studies of ferromagnetic materials may reveal soliton profiles like mixed
trigonometric structures, periodic patterns, or dark and bright solitons. Through promoting a
collaboration between theoretical forecasts and experimental verification, this study establishes a
basis for furthering the comprehension and utilization of fractional stochastic systems in practical
situations.
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