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Abstract: Multi-linear systems play a crucial role in various practical applications such as high-
dimensional partial differential equations (PDEs), signal processing, and high-order statistics. In
this paper, we propose a noise-tolerant zeroing neural network (NTZNN) model with fixed-time
convergence activated by a new nonlinear activation function for solving multi-linear systems with
nonsingular M-tensors. The detailed theoretical analysis demonstrates that the NTZNN model
is stable in the sense of Lyapunov stability theory and achieves fixed-time convergence with or
without the presence of noises. Furthermore, compared with existing neural network models,
the proposed NTZNN model significantly improves the convergence rate while maintaining noise
tolerance. Numerical experiments further show the effectiveness and superiority of the proposed
NTZNN model.
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1. Introduction

Multi-linear systems, as a special type of tensor equation, have many applications in various fields
of engineering and scientific computing, such as evolutionary game dynamics, data mining, numerical
partial differential equations, and tensor complementarity problems [1–4], and therefore have gained
significant attention in recent years. A multi-linear system can be expressed as

Axm−1 = b, (1.1)
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where A = (ai1i2···im) is an mth-order n-dimensional tensor, x = (x1, x2, · · · , xn)T is an unknown vector,
b is an n-dimensional vector, andAxm−1 is an n-dimensional vector with its ith element defined by

(Axm−1)i =

n∑
i2,...,im=1

aii2···im xi2 · · · xim , i = 1, 2, . . . , n.

Ding and Wei [1] pointed out that the multi-linear system (1.1) has a unique positive solution
when the coefficient tensor A is a nonsingular M-tensor and the right-hand side b is a positive
vector. Meanwhile, they extended several classical iterative methods, including the Jacobi method,
the Gauss–Seidel method, and the Newton method, to solve such multi-linear system. After that,
many efficient iterative algorithms have been developed to solve the multi-linear system (1.1) with the
coefficient tensor A being nonsingular (symmetric or semi-symmetric) M-tensor, such as Newton-
type methods [5,6], the homotopy method [7], splitting iterative methods [8–10], preconditioned
splitting iterative methods [11,12], Levenberg–Marquardt (LM) method [13]. Additionally, Liang
et al. presented a two-step accelerated LM method [14] and an ADMM-type method [15] to
solve the multi-linear system (1.1) with nonsingular tensors. However, these numerical methods
often entail high computational costs and pose challenges in meeting the real-time requirements of
practical applications.

Neural network approaches [16], as a parallel optimization approach, have significant
advantages in distributed storage, hardware implementation, and high-speed parallel processing.
They have been successfully applied in solving nonlinear optimization problems [17–20],
constrained quadratic minimax optimization problems [21], linear equations [22–24], and non-linear
equations [25–27], Drazin inverse [28,29], generalized inversion [30,31], matrix inversion [32,33],
Sylvester equations [34–36], sparse signal reconstruction [37,38], and so on. Inspired by the
zeroing neural network (ZNN) approaches [39], Wang et al. [40] designed a continuous time neural
network (CTNN) model to solve the multi-linear system (1.1) with A being an M-tensor, which is
obtained by utilizing the error monitoring functions ε(t) = Ax(t)m−1−b and a linear activation function.
They indicated that compared with the Newton method [1], the CTNN method can effectively improve
the computational efficiency. However, CTNN has the imperfection of infinite-time convergence
and low convergence rate due to its linear activation function. For this reason, based on the ZNN
model, Wang et al. [41] proposed three ZNN models by using three types of nonlinear activation
functions named simplified, extended, and piecewise activation functions, respectively. Compared
with the CTNN model, these models achieve finite-time convergence and are more effective in solving
the multi-linear system (1.1) with M-tensors. Different from the above-mentioned CTNN and ZNN
models, Liu et al. [42] proposed a noise-suppressing discrete-time neural dynamics (NSDTND) model
for solving time-dependent multi-linearM-tensor equations, which are robust against noise. However,
the NSDTND model is only effective when the order and dimension of the coefficient tensor of (1.1) are
very small. Besides, Wang et al. utilized norm-based error monitoring functions 1

2‖ε(t)‖22 and different
types of activation functions to establish the gradient neural network (GNN) approach for solving the
multi-linear system (1.1) with non-singular tensors andKS tensors in [43,44], respectively. Compared
with the GNN model, the ZNN model has significant advantages in terms of global and exponential
convergence properties [45]. Therefore, this paper is mainly concerned with neural network approaches
based on the ZNN model. Additionally, noise disturbances are inevitable and ubiquitous in practical
life, including external disturbance, model uncertainty, or computational error. However, the above-
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mentioned CTNN [40] and ZNN models [41] do not take into account the impact of noise disturbances,
and so the convergence of these models cannot be guaranteed in the presence of noise disturbances.
Furthermore, these models have infinite-time/finite-time convergence, resulting in excessively long
convergence times if the initial state value is not well chosen.

To address the aforementioned limitations, this paper proposes a noise-tolerant zeroing neural
network (NTZNN) model with fixed-time convergence for solving the multi-linear system (1.1) with
nonsingular M-tensors. The NTZNN model can be regarded as a generalization of the extended
ZNN model [41]. Furthermore, the NTZNN model achieves fixed-time convergence under ideal
environments and various noise disturbances. Compared with existing models, including the CTNN
model, the ZNN model, and the NSDTND model, the proposed NTZNN model has better convergence
performance and retains noise tolerance. The main contributions of this paper are outlined as follows.

1) By introducing a novel nonlinear activation function, we propose an NTZNN model for solving
multi-linear systems with nonsingularM-tensors. This model can be viewed as an extension of the
extended ZNN model [41].

2) Theoretical analyses demonstrate that the NTZNN model has fixed-time convergence regardless
of the presence of noise. Unlike the ZNN model [41], whose convergence time depends on the
initial state, the upper bound of the convergence time for the NTZNN model is independent of its
initial state value. Furthermore, the NTZNN model shows superior convergence performance while
maintaining noise tolerance.

3) Numerical experiments indicate that the NTZNN model achieves faster convergence and maintains
stronger robustness compared with the CTNN model [40], the ZNN model [41], and the NSDTND
model [42].

The rest of this paper is organized as follows: In Section 2, we introduce some basic definitions
and technical lemmas, and briefly review the NSDTND, ZNN, and CTNN models. Section 3 proposes
the NTZNN model for solving the multi-linear system (1.1) with nonsingularM-tensors. Meanwhile,
the fixed-time convergence of the NTZNN model with or without the presence of noise is theoretically
established. In Section 4, we present some simulation experiments to validate the effectiveness and
superiority of the proposed model. Finally, we make some conclusions to end this paper in Section 5.

2. Preliminaries

In this section, we recall some basic definitions and technical lemmas that will be used in subsequent
proofs. Meanwhile, to motivate our approach, we briefly review some existing neural network
approaches for solving multi-linear systems with nonsingularM-tensors.

2.1. Definitions and Lemmas

We use R[m,n] to denote the set of all mth-order n-dimensional real tensors. A tensor A ∈ R[m,n]

is called a nonnegative tensor if all of its entries are nonnegative. The following definition of tensor
eigenvalues was introduced independently by Qi [46] and Lim [47].

Definition 2.1. Let A ∈ R[m,n]. If a nonzero complex vector x = (x1, x2, . . . , xn)T and a complex

AIMS Mathematics Volume 10, Issue 6, 13974–13995.



13977

scalar λ satisfy
Axm−1 = λx[m−1],

where x[m−1] = (xm−1
1 , xm−1

2 , . . . , xm−1
n )T , then λ is called an eigenvalue of A and x is called the

corresponding eigenvector.

The maximum modulus of the eigenvalues of A is called the spectral radius of A [48], denoted
by ρ(A). For a tensor A ∈ R[m,n], if there exists a nonnegative tensor B and a real number s ≥ ρ(B)
satisfying A = sI − B, then A is called anM-tensor [1], where I is an identity tensor whose entries
δi1i2···im are defined as

δi1i2···im =

1, if i1 = i2 = · · · = im,

0, otherwise.

Specifically,A is called a nonsingularM-tensor if s > ρ(B).
In the ZNN model, the partial derivative of Axm−1 with respect to variable x plays a crucial role.

However, the process of directly calculating this partial derivative is quite sophisticated, significantly
increasing the complexity of model processing. To overcome this limitation, Han [7] proved that
Axm−1 = Ãx[m−1], where Ã is a partially symmetric tensor whose entries are defined as

ãii2···im =
1

(m − 1)!

∑
π

ai1π(i2···im),

in which the sum is taken over all the permutations π(i2 · · · im). Thus, the partial derivative of Axm−1

with respect to variable x is given by

∂Axm−1

∂x
= (m − 1)Ãxm−2, (2.1)

where Ãxm−2 is an n × n matrix with the entries defined by

(Ãxm−2)i j =

n∑
i3,...,im=1

ãi ji3···im xi3···im , i, j = 1, 2 · · · , n.

Additionally, Han [7] obtained that Ã is a nonsingularM-tensor whenA is a nonsingularM-tensor.
For the dynamic system

ẋ(t) = g(t, x(t)), x(0) = x0, (2.2)

where ẋ(t) denotes the time derivative of x(t), x(t) ∈ Rn, and g : R+ × Rn → Rn is a nonlinear function.
The following assumes that the origin is an equilibrium solution of the system (2.2).

Definition 2.2. [49] The origin of the system (2.2) is called global finite-time stability if it is globally
asymptotically stable and there exists a settling-time function T (x0) : Rn → R+ ∪ {0} such that any
solution x(t, x0) of (2.2) reaches an equilibrium point at some finite time, i.e., the solution x(t, x0) = 0
for every t ≥ T (x0).

Definition 2.3. [49] The origin of the system (2.2) is said to be fixed-time stable if it is globally
finite-time stable and the settling-time function T (x0) is bounded, i.e., ∃ Tmax > 0 satisfying Tmax ≥

T (x0),∀x0 ∈ R
n.
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Lemma 2.1. [35] For the system (2.2), if there exists a continuous radially unbounded function V :
Rn → R+ ∪ {0} such that

V̇(x(t)) ≤ −(αVθ(x(t)) + βVϕ(x(t)))k,

where α , β , θ ,ϕ, k > 0, kθ<1, and kϕ>1, then the origin of the system (2.2) is fixed-time stable, i.e.,
there exists a constant

Tmax :=
1

αk(1 − kθ)
+

1
βk(kϕ − 1)

satisfying T (x0) ≤ Tmax,∀x0 ∈ R
n.

2.2. Existing neural network models

For solving the multi-linear system (1.1) with nonsingularM-tensors, Liu et al. [42] proposed the
following discrete-time neural dynamics model, called the NSDTND model:

xk+1 = xk −
1

m − 1
(Ãkxm−2

k )−1×θ1(Akxm−1
k − bk) + θ2

k∑
i=0

(Aixm−1
i − bi) + (Ak −Ak−1)xm−1

k − (bk − bk−1)

 , (2.3)

where θ1 = pω, θ2 = p2ς, ω > 0, ς > 0, the sampling gap p > 0, and the parameters θ1 and θ2 satisfy
4θ2 < θ

2
1.

Wang et al. [41] presented the general zeroing neural network model as follows:

ε̇(t) = −ξΨ(ε(t)), (2.4)

where ξ > 0, ε(t) = Ax(t)m−1−b is called an error function, x(t) is an unknown n-dimensional dynamic
vector, ε̇(t) is the time derivative of ε(t), εi(t) denotes the ith component of ε(t), and Ψ(·) : Rn → Rn

is an activation function array whose entries ψi = ψ(εi(t)) are monotonically increasing odd functions,
which force the error ε(t) to converge to zero.

Obviously, if Ψ(ε(t)) converges to the zero vector (i.e., an equilibrium point of the system (2.4)),
then the error function ε(t) converges to the zero vector, which implies that x(t) converges to the
theoretical solution x∗ of (1.1). Due to the continuous differentiability of Ax(t)m−1 − b with respect to
x(t), ε̇(t) can be rewritten as

ε̇(t) =
dε(t)

dt
=
∂ε(t)
∂x(t)

dx(t)
dt

=
∂(Ax(t)m−1 − b)

∂x(t)
dx(t)

dt
. (2.5)

Combining (2.1), (2.4), and (2.5), we obtain the following implicitly defined dynamic system

Ãx(t)m−2 dx(t)
dt

= −νΨ(Ax(t)m−1 − b), (2.6)

where ν =
ξ

(m−1) . Note that if Ãx(t)m−2 is invertible, then it follows from (2.6) that

ẋ(t) =
dx(t)

dt
= −ν(Ãx(t)m−2)−1Ψ(Ax(t)m−1 − b). (2.7)
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If Ãxm−2
∗ is invertible, then the zeroing neural network model (2.6) converges to the solution x∗

of (1.1) [41]. Specifically, forA being a nonsingularM-tensor and b being a positive vector, according
to [1, Theorem 3.2], Ãxm−2

∗ is invertible. Therefore, in this case, the zeroing neural network model (2.6)
can solve (1.1).

According to (2.6), it can be seen that choosing different activation functions will yield different
zeroing neural network models.

• If

ψi = εi(t), (2.8)

then (2.6) is the continuous-time neural network (CTNN) model presented by Wang et al. [40].
• If

ψi = |εi(t)|θsign(εi(t)), (2.9)

where

sign(εi(t)) =


1, if εi(t) > 0,
0, if εi(t) = 0,
−1, if εi(t) > 0,

then (2.6) is the simplified ZNN model given by Wang et al. [41].
• If

ψi = (k1|εi(t)|θ + k2|εi(t)|ϕ)sign(εi(t)), (2.10)

where θ ∈ (0, 1), ϕ ∈ [1,+∞), k1 > 0, k2 > 0, then (2.6) is the extended ZNN model proposed by
Wang et al. [41].
• If

ψi(εi(t)) =


Λi(z), εi(t) > z,
Λi(εi), −η ≤ εi(t) ≥ η,
Λi(−z), εi(t) < −z,

(2.11)

where Λi(.) is the simplified activation function (2.9), η and z are positive parameters satisfying
η ≤ z, then (2.6) is the piecewise ZNN model provided by Wang et al. [41]. As shown in [41],
when η = z, the piecewise activation function (2.11) is continuous and exhibits the saturation
property. Conversely, when η < z, the set of projections is nonconvex. Thus, in this case, (2.11)
is a nonconvex activation function.

Wang et al. [41] pointed out that their proposed ZNN models have finite-time convergence,
while the CTNN model does not converge in finite time because its activation function is linear.
Hence, compared with the CTNN method, their models are more effective for solving the multi-linear
system (1.1) with nonsingularM-tensors. However, the convergence of these above-mentioned models
cannot be guaranteed in the impact of noise disturbance that is inevitable and ubiquitous in practical
life. Hence, we propose a noise-tolerant zeroing neural network model in the next section.
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3. Proposed NTZNN model and theoretical analysis

As mentioned in previous parts, the CTNN model [40] and the ZNN models presented by Wang et
al. [41] do not consider noise disturbances. In this section, we propose a fixed-time convergent ZNN
model with noise–tolerance for solving the multi-linear system (1.1) with nonsingularM-tensors.

For the zeroing neural network model (2.6), we propose a new activation function Ψnt(ε(t)) whose
every entry is defined as

Ψnt
i = (k1|εi(t)|θ + k2|εi(t)|ϕ)ksign(εi(t)) + k3εi(t) + k4sign(εi(t)), (3.1)

where the parameters satisfy 0 < kθ < 1, kϕ > 1, k1, k2 > 0, k3, k4 ≥ 0. It is easy to observe that (3.1)
reduces to (2.10) given by Wang et al. [41] when k = 1, k3 = k4 = 0. Thus, combining (2.4) with (3.1),
we obtain the following noise-tolerant ZNN model

ε̇(t) = −ξΨnt(ε(t)), (3.2)

where ξ > 0, ε(t) = Ax(t)m−1 − b. It can be reformulated as

Ãx(t)m−2 dx(t)
dt

= −νΨnt(ε(t)),

in which ν =
ξ

m−1 . For simplicity, we call it the NTZNN model. Obviously, the NTZNN model is a
generalization of the extended ZNN model (2.10) proposed by Wang et al. [41]. The following will
prove that the NTZNN model (3.2) achieves fixed-time convergence and exhibits strong robustness
against both the time-varying bounded nonvanishing/vanishing noise.

3.1. Convergence analysis of NTZNN model in an ideal situation

Let x∗ be a solution to (1.1) satisfying that Ãx∗m−2 is nonsingular. We define the neighborhood
of x∗ as Ω(x∗, δ) = {x ∈ Rn|‖x − x∗‖2 ≤ δ} for some δ> 0 such that Ãxm−2 is nonsingular for all
x ∈ Ω(x∗, δ). The following theorem shows that the NTZNN model (3.2) without noise disturbances
achieves fixed-time convergence.

Theorem 3.1. Suppose that x∗ is a solution to the multi-linear system (1.1). If Ãx∗m−2 is nonsingular,
then the neural state solution x(t) of the NTZNN model (3.2) converges to the theoretical solution x∗
for any initial state x(0) ∈ Ω(x∗, δ) with the settling-time function bounded by

T nt
max =

1
ξkk

1(1 − kθ)
+

1
ξkk

2(kϕ − 1)
, (3.3)

where the parameters k1, k2, k, θ, ϕ are given by (3.1) and ξ > 0.

Proof. According to the NTZNN model (3.2), we only need to prove that each of its subsystem

ε̇i(t) = −ξΨnt
i (3.4)

is fixed-time convergent, where εi(t) represents the ith element of error function ε(t) = Ax(t)m−1 − b.
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Define a Lyapunov function ui(t) = |εi(t)| ≥ 0. According to the derivative of ui(t) and (3.4), we have

u̇i(t) = ε̇i(t)sign(εi(t))
= −ξ[(k1|εi(t)|θ + k2|εi(t)|ϕ)ksign(εi(t)) + k3εi(t) + k4sign(εi(t))]sign(εi(t))
= −ξ[(k1|εi(t)|θ + k2|εi(t)|ϕ)k + k3|εi(t)| + k4]
≤ −ξ(k1|εi(t)|θ + k2|εi(t)|ϕ)k

= −ξ(k1ui(t)θ + k2ui(t)ϕ)k

≤ 0,

which implies that εi(t) converges globally and asymptotically to zero over time for all i. This shows
that the error vector ε(t) converges globally and asymptotically to zero over time. In addition, since
k, k1, k2, θ, ϕ satisfy the requirements in (3.1), it follows from Lemma 2.1 that the convergence time
Ti(x(0)) of the εi(t) is

Ti(x(0)) ≤
1

ξk1
k(1 − kθ)

+
1

ξk2
k(kϕ − 1)

= T nt
max.

Therefore, the model (3.2) is fixed-time convergent. Thus the proof is completed. �

Theorem 3.1 indicates that the NTZNN model (3.2) is fixed-time convergent as long as a solution
x∗ of the multi-linear system (1.1) satisfies that Ãx∗m−2 is nonsingular. Hence, according to [1,
Theorem 3.2], the NTZNN model can be effectively applied to solve the multi-linear system (1.1)
withA being a nonsingularM-tensor and b being a positive vector.

3.2. Convergence analysis of NTZNN model with the influence of some noise

In practical life, noise disturbances are inevitable and ubiquitous, such as external disturbance,
model uncertainty, or computational error. Therefore, it is essential to analyze the impact of noise on
the solution of the proposed NTZNN model (3.2) to ensure robustness and reliability. In this section, we
investigate the convergence of the NTZNN model with time-varying bounded vanishing/nonvanishing
noise. Supposing y(t) represents time-varying noise with a vector value, the noise-perturbed NTZNN
model is formulated as follows:

ε̇(t) = −ξΨnt(ε(t)) + y(t). (3.5)

In the NTZNN model (3.5), the noise term y(t) represents external disturbances or perturbations
that affect the dynamic system during its operation. For example, the measurement noise caused
by inaccurate sensors during data collection for the multilinear system (1.1) usually introduces time-
varying disturbances. Additionally, finite-precision computation in digital hardware causes round-off

errors during tensor operations, leading to nonvanishing noise.
The following theorem indicates the convergence of the model (3.5) with bounded noise.

Theorem 3.2. Let x∗ be a solution to the multi-linear system (1.1). Assume that Ãx∗m−2 is nonsingular
and the entries of the noise y(t) satisfy

|yi(t)| ≤ γ|εi(t)| + τ, i = 1, 2, . . . , n. (3.6)

If γ ∈ (0, ξk3) and τ ∈ (0, ξk4), where ξ, k3, and k4 are given by (3.5), then the state solution x(t) of
the model (3.5) converges to the theoretical solution x∗ for all initial states x(0) ∈ Ω(x∗, δ) with the
settling-time function bounded by T nt

max.
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Proof. Define a Lyapunov function ui(t) = |εi(t)|2 ≥ 0; it follows from the time derivative of ui(t) and
model (3.5) that

u̇i(t) = 2εi(t)ε̇i(t)
= −2ξ[(k1|εi(t)|θ + k2|εi(t)|ϕ)k|εi(t)| + k3ε

2
i (t) + k4|εi(t)|] + 2εi(t)yi(t)

≤ −2ξ[(k1|εi(t)|θ+
1
k + k2|εi(t)|ϕ+ 1

k )k] + 2(γ − ξk3)ε2
i (t) + 2(τ − ξk4)|εi(t)|

≤ −2ξ(k1|εi(t)|θ+
1
k + k2|εi(t)|ϕ+ 1

k )k

= −2ξ(k1ui(t)
(kθ+1)

2k + k2ui(t)
(kϕ+1)

2k )k

≤ 0.

Hence, it follows from the Lyapunov theory that the error εi(t) globally asymptotically converges to
zero with time for all i, which implies that the error vector ε(t) globally asymptotically converges to
zero with time. Note that the parameters k, θ, ϕ satisfy k (kθ+1)

2k < 1 and k (kϕ+1)
2k > 1; thus according to

Lemma 2.1, we obtain the fixed-time of the ith entry convergence of the vector ε(t) is

1
2ξk1

k(1 − kθ+1
2 )

+
1

2ξk2
k( kϕ+1

2 − 1)

=
1

ξk1
k(1 − kθ)

+
1

ξk2
k(kϕ − 1)

= T nt
max.

This indicates that the error vector ε(t) converges globally and asymptotically to zero in the fixed-
time T nt

max. �

According to Theorem 3.2, if γ = 0, the inequality (3.6) reduces to |yi(t)| ≤ τ, which represents
time-varying bounded nonvanishing noise. This indicates that the model (3.5) is convergent under
the time-varying bounded nonvanishing noise as long as τ ∈ (0, ξk4). Additionally, if τ = 0, then
the inequality (3.6) becomes |yi(t)| ≤ γ|εi(t)|, corresponding to time-varying bounded vanishing noise.
This implies that the model (3.5) is convergent under time-varying bounded vanishing noise as long
as γ ∈ (0, ξk3).

4. Numerical examples

In this section, some numerical examples are presented to illustrate the effectiveness and efficiency
of our proposed NTZNN model (3.2). To demonstrate the superiority of the NTZNN model,
we compare it with the NSDTND model [42], the CTNN method [40], and three zeroing neural
dynamic models developed by Wang et al. [41], including the simplified zeroing neural dynamic
model (2.9), the extended zeroing neural dynamic model (2.10), and the piecewise zeroing neural
dynamic model (2.11), which are referred to as the simplified, extended, and piecewise models for
short. All codes were written in the software MATLAB R2017, and all tests were performed on
a portable computer equipped with a 3.20 GHz Intel Core i7-8700U and 8.00 GB RAM memory.
In addition, we used the MATLAB routine ode45 for solving the ordinary differential equation.
To ensure superior performance for each example, the parameters are consistently set as follows: k1 =
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3, k2 = 1, k3 = k4 = 3, θ = 1
15 , ϕ = 1.01 in Example 4.1; k1 = 1, k2 = 1, k3 = 1, k4 = 1, θ = 1

6 , ϕ = 1.01
in Examples 4.2 and 4.3; k1 = k4 = 3, k2 = k3 = 2, θ = 1

10 , ϕ = 1.2 in Example 4.4.

4.1. Numerical results for solving multi-linear systems with nonsingularM-tensors

Example 4.1. We construct a nonsingularM-tensor A = sI − B, where B ∈ R[m,n] is a nonnegative
tensor whose every entry is randomly generated from the standard uniform distribution on (0, 1), the
scalar s = (1 +$) max

i=1,2,··· ,n
(B1m−1)i, $ > 0, 1 = [1, 1, · · · , 1]T .

In this experiment, we set $ = 0.05, b = [1, 2, · · · , n]T , ξ = 1, and the initial state x(0) of all
models is chosen as the vector rand(n, 1) in MATLAB. The parameter k in the NTZNN model is
set to k = 1.5, and the parameters for NSDTND models are set to p = 0.1, θ1 = 0.3, θ2 = 0.01.
Figure 1 plots the variation of the residual error ‖ε(t)‖2 of different models over time t under a noiseless
situation, where ‖ · ‖2 denotes the Euclidean norm. It follows from Figure 1 that the NTZNN model has
faster convergence speed and higher accuracy compared to the NSDTND model, the CTNN model,
the simplified ZNN model, the extended ZNN model, and the piecewise ZNN model. This means that
the proposed NTZNN model can more effectively solve the multi-linear system (1.1) with nonsingular
M-tensors.
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Figure 1. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2), the
CTNN model (2.8), the Simplified model (2.9), the Extended model (2.10), the Piecewise
model (2.11), and the NSDTND model (2.3) with different dimensions and orders.

Figure 2 depicts that when m = 3, n = 10, the variation of the residual error ‖ε(t)‖2 over time t for
different models under two types of noise situations, i.e., the time-varying bounded vanishing noise
yi(t) = 0.4εi(t) and the time-varying bounded nonvanishing noise yi(t) = 0.6. As shown in Figure 2, the
NTZNN model exhibits superior convergence performance in the presence of noise. Compared with
other models, it not only converges faster but also has greater stability, thereby effectively maintaining
its noise resistance.
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Figure 2. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2), the
CTNN model (2.8), the Simplified model (2.9), the Extended model (2.10), the Piecewise
model (2.11), and the NSDTND model (2.3) under different noises, i.e., (a) with the time-
varying bound vanishing noise yi(t) = 0.4εi(t); (b) with the time-varying bound nonvanishing
noise yi(t) = 0.6.

Figure 3 plots the variation of the residual error ‖ε(t)‖2 over time t for the NTZNN model when
m = 3, n = 10, under different initial values, different values of k, and different values of ϕ. Figure 3(a)
shows the NTZNN model eventually all converges to the same order of magnitude (around 10−2) within
the theoretically predicted fixed time T nt

max ≈ 2.156(s) for different initial values, indicating that the
convergence of the model is independent of the initial values and achieves the fixed-time convergence.
It follows from Figure 3(b) that the convergence speed of the NTZNN model is different as k varies.
Figure 3(c) reveals that the convergence speed and residual error of the NTZNN model are affected by
different values of ϕ.
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Figure 3. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2) under
different parameter settings, i.e., (a) different initial values x0; (b) different values k; (c)
different values ϕ.

Example 4.2. Consider a nonnegative tensor B ∈ R[m,n] with its entries

bi1···im =| sin(i1 + i2 + · · · + im) |,

and let A = sI − B, where s > max
1≤i≤m

∑n
i2,...,im=1 bii2···im . Then the tensor A is a nonsingular M-tensor

according to [1, Lemma 5.2].

In this experiment, we take b = [100, 200, ..., 100n]T , ξ = 10000, and initialize the state of all
models x(0) = [1, 1, ..., 1]T . The parameter k in the NTZNN model is set to k = 1.5. Figure 4
depicts the evolution of the residual error ‖ε(t)‖2 over time t for different models with differing values
of m and n under a noiseless situation. Figure 5 plots the evolution of the residual error ‖ε(t)‖2
over time t for different models with m = 4 and n = 20 under two types of noise situations, i.e.,
the time-varying bounded vanishing noise yi(t) = 0.4εi(t) and the time-varying bound nonvanishing
noise yi(t) = 0.6. Here, we take s = 7000, 30000, 60000, 6200 respectively for different (m, n) =

(3, 100), (3, 200), (3, 300), (4, 20).As shown in Figures 4 and 5, the NTZNN model has significantly
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faster convergence than the CTNN model [40] as well as the simplified, extended, and piecewise
ZNN models [41], regardless of the presence of some noise. Moreover, its residual error remains
consistently lower than that of other models. These results indicate that the NTZNN model has superior
convergence speed and enhanced robustness compared to other models.
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Figure 4. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2), the
CTNN model (2.8), the Simplified model (2.9), the Extended model (2.10), and the Piecewise
model (2.11) with different dimensions and orders.
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Figure 5. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2), the
CTNN model (2.8), the simplified model (2.9), the extended model (2.10), and the piecewise
model (2.11) under different noises, i.e., with the time-varying bounded vanishing noise
yi(t) = 0.4εi(t) in (a) and (c); with the time-varying bounded nonvanishing noise yi(t) = 0.6
in (b) and (d).

4.2. Numerical results for application to differential equations

In this subsection, the NTZNN model is applied to solve two numerical examples driven from
partial differential equations. The following example is given by Ding et al. [1].

Example 4.3. Consider the differential equation

d2x(t)
dt2 = −

GM
x(t)2 in (0, 1)

with Dirichlet boundary conditions x(0) = c0, x(1) = c1. Here M ≈ 5.98 × 1024kg is the mass of the
Earth and G ≈ 6.67 × 10−11Nm2/kg2 is the gravitational constant. If c0 > 0 and c1 > 0, this equation
can be used to describe the motion of particles under the action of gravity.

AIMS Mathematics Volume 10, Issue 6, 13974–13995.



13988

As shown in [1], after the discretization of the above differential equation, we obtain the following
polynomial equation system

x3
1 = c3

0,

2x3
i − x2

i xi−1 − x2xi+1 = GM
(n−1)2 , i = 2, 3, · · · , n − 1,

x3
n = c3

1.

It can be rewritten as a multi-linear systemAx(t)3 = b, whereA is a 4-order n-dimensional tensor
whose elements are given by 

a1111 = annnn = 1,
aiiii = 2, i = 2, 3, · · · , n − 1,
ai(i−1)ii = aii(i−1)i = aiii(i−1) = −1

3 ,

ai(i+1)ii = aii(i+1)i = aiii(i+1) = −1
3 ,

and the right-hand side b is a positive vector with entries
b1 = c3

0,

bi = GM
(n−1)2 , i = 2, 3, · · · , n − 1,

bn = c3
1.

It is straightforward to verify that A is a nonsingular M-tensor. Consequently, this problem can be
solved by using the NTZNN model, the CTNN model [40], and the simplified/extended/piecewise ZNN
model [41]. In this experiment, we take n = 10, ξ = 30, and the initial state of all models
x0 = [6370, 6370, · · · , 6370]T . Additionally, we set the parameter k = 1.1 in the NTZNN model.
Figure 6 describes the evolution of the residual error ‖ε(t)‖2 over time t for different models in
the non-noise environment (i.e., yi(t) = 0), the presence of time-varying bounded vanishing noise
yi(t) = 0.4εi(t), the presence of time-varying bounded nonvanishing noise yi(t) = 10, respectively.
From Figure 6, it can be seen that the NTZNN model achieves faster convergence than other methods
regardless of the presence of some noises. Notably, under the influence of noise, the convergence of
the NTZNN model still remains stable. These results indicate that the NTZNN model (3.2) maintains
noise tolerance and has better performance for solving the tensor Eq (1.1) with nonsingularM-tensors.
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Figure 6. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2), the
CTNN model (2.8), the simplified model (2.9), the extended model (2.10), and the piecewise
model (2.11) under different noises, i.e., (a) in the non-noise environment, i.e., yi(t) = 0;
(b) with the time-varying bounded vanishing noise yi(t) = 0.4εi(t); (c) with the time-varying
bounded nonvanishing noise yi(t) = 10.

Example 4.4. [40] Consider the numerical solution of the differential equation − max
(κ,κ)∈(Λ,ℵ))

LκU − ηU − 1
2ακ

2U + βκ = 0, on Ω,

U = g, on ∂(Ω),
(4.1)

where LκU(x) = 1
2σ(x, κ)2U

′′

(x)+u(x, κ)U
′

(x), Ω = (0, 1),Λ = [0,∞) and ℵ is a compact metric space.
The differential Eq (4.1) is a Hamilton–Jacobi–Bellman (HJB) equation arising in optimal stochastic
control problems.

As shown in [4, 40], using the strategy of “optimize and discretize” to discretize (4.1), we obtain a
3rd-order Bellman equation

min
κ∈ℵN+1

∆x

{A(κ)u2 = b}, (4.2)
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where u = (u0, · · · , uN)T with ui ≈ U(i4x) for i = 0, . . . ,N, κ = (κ0, · · · , κN)T ∈ ℵN+1
4x with κi ∈ ℵ4x,

4x = 1
N , andA(κ) = (ai jk(κ)) is a 3-order N + 1-dimensional tensor with its nonzero entries defined by

ai,i−1,i(κ) = ai,i,i−1(κ), 0 < i < N,
2ai,i,i−1(κ) = −1

2σi(κi)2 1
(4x)2 + ui(κi) 1

4x1(−∞,0)(ui(κi)), 0 < i < N,
ai,i,i(κ) = 1

2σi(κi)2 2
(4x)2 + |ui(κi)| 1

4x + ηi, 0 < i < N,
2ai,i,i+1(κ) = −1

2σi(κi)2 1
(4x)2 − ui(κi) 1

4x1(0,+∞)(ui(κi)), 0 < i < N,
ai,i+1,i(κ) = ai,i,i+1(κ), 0 < i < N,
ai,i,i(κ) = 1, i = 0,N,

where 1(−∞,0) denotes an indicator function over the set (−∞, 0), ηi = η(i4x), σi(κi) = σ(i4x, κi),
ui(κi) = u(i4x, κi). The vector b = (b0, · · · , bN)T is given by

bi =

 1
2
β2

i
αi
, 0 < i < N,

g2
i , i = 0,N.

where αi = α(i4x), βi = β(i4x), gi = g(i4x).
In this experiment, let

σ(x, κi) = 0.02, α(x) = 2 − x, η(x) = 0.04, u(x, κi) = 0.04κi, β(x) = 1 + x, g(x) = 1,

where κi = {−1, 1}, ℵ4x = ℵ. According to the discussion in [4], the tensor A(κ) is a nonsingularM-
tensors, and thus this equation A(κ)u2 = b has a positive solution [1]. We utilize the NTZNN model,
the CTNN model [40], and the simplified/extended/piecewise ZNN model [41] to solve this equation.
Here, we take N = 10, ξ = 1× 104, and the initial state of all models u0 = rand(N + 1, 1) in MATLAB.

Figure 7 depicts the evolution of the residual error ‖ε(t)‖2 over time t for different models in both
ideal environments (i.e., yi(t) = 0) and noisy environments (including the time-varying bounded
vanishing noise yi(t) = 0.4εi(t) and the time-varying bounded nonvanishing noise yi(t) = 0.6),
and shows the variation of the state solution U(t) over time t for the NTZNN model in ideal
environments (i.e., yi(t) = 0). It can be observed from Figure 7 that regardless of the presence of noise,
the NTZNN model (3.2) converges faster than other methods, indicating that the NTZNN model (3.2)
has superior performance in solving the multi-linear system (1.1) with non-singularM-tensors.
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Figure 7. The variation of residual error ‖ε(t)‖2 generated by the NTZNN model (3.2),
the CTNN model (2.8), the Simplified model (2.9), the Extended model (2.10), and the
Piecewise model (2.11) under different noises, i.e., (a) in the non-noise environment; (b)
with the time-varying bounded vanishing noise yi(t) = 0.4εi(t); (c) with the time-varying
bounded nonvanishing noise yi(t) = 0.6; (d) the evolution of the state solution U(t) over time
t for the NTZNN model in ideal environments (i.e., yi(t) = 0).

5. Conclusions

In this paper, we propose the NTZNN model based on a novel nonlinear activation function to
effectively solve the multi-linear system with nonsingularM-tensors. This model can be regarded as a
generalization of the extended ZNN model given in [41]. The theoretical analysis demonstrates that the
NTZNN model has fixed-time convergence in both the ideal environment and the presence of the time-
varying bounded vanishing/nonvanishing noise. Compared with existing approaches, including the
NSDTND model [42], the CTNN model [40], and the ZNN models [41], the proposed NTZNN model
not only achieves fixed convergence time but also maintains noise-tolerant performance. Numerical
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experiments are performed to further verify our theoretical results and show that the proposed NTZNN
model achieves significantly faster convergence and exhibits stronger robustness compared with the
existing NSDTND, CTNN, and ZNN models. Nevertheless, the proposed model still has limited ability
in suppressing unbounded noise or unknown noise. Therefore, in the future, we will design new ZNN
models to handle other types of noise. Additionally, we will also consider some ZNN models for
solving time-varying multilinear systems.
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