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Abstract: In this paper, we examine whether oscillatory solutions to an even-order differential
equation with multiple delays exist. We create new oscillation criteria using the comparison method.
When comparing the results obtained in this paper with some of the results in the literature, we find
that the results we obtained give better values for the oscillation of the studied equation, and thus we
find that the results we obtained expand some of the results in the literature. To further emphasize the
relevance of our proposed criteria, we offer some instances to support and exemplify our results.
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1. Introduction

In this manuscript we discuss even-order equations and the oscillation conditions for their solutions
in the following form: (

m (θ)
(
ϖ( j−1) (θ)

)p−1
)′
+

r∑
i=1

bi (θ) zp−1 (φi (θ)) = 0, θ ≥ θ0, (1.1)

under the following assumptions:

(H1) m ∈ C[θ0,∞), m (θ) > 0, m′ (θ) ≥ 0, a, bi ∈ C[θ0,∞), bi (θ) > 0, 0 ≤ a (θ) < a0 <

∞,
∫ ∞
θ0

m−1/(p−1) (s) ds = ∞,

(H2) ∅ ∈ C1[θ0,∞), φi ∈ C[θ0,∞), ∅′ (θ) > 0, ∅ (θ) ≤ θ, limθ→∞ ∅ (θ) = limθ→∞ φi (θ) = ∞, i =
1, 2, 3, ..., r,

(H3) j ≥ 4 is an even natural number, (1 < p < ∞), p−Laplace type operator and ϖ (θ) := z (θ) +
a (θ) z (∅ (θ)) .
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The solution to (1.1) is said to be oscillatory if it is ultimately neither positive nor negative. This
solution is considered non-oscillatory otherwise. Therefore, we say that this. The Eq (1.1) is oscillatory
if it has oscillatory solutions.

The differential equations (DEs) are a mathematical depiction of many physical wonders [1].
Electronic, chemical, biological, and transportation architectures are just a few of the many domains
where these equations are used. DEs with temporal delays are required when simulating real-world
problems [2, 3].

Variable delay DEs are useful for modeling a variety of systems, including electrical circuits,
kinetics, physiological systems, human body control systems, ship and aviation control systems,
and transmissible diseases [4, 5]. For example, in dynamical models, nonlinear diffusion and/or
external sources are frequently used to design delay and oscillation situations, which disrupt the natural
evolution of connected systems; see, for example, [6, 7].

Fite authored a seminal paper in the first quarter of the 20th century that established the oscillation
theory of DEs with diverging reasons. Since then, a great deal of research has been done on the
oscillation of solutions of many kinds of differential and functional DEs. The interest in this subject
is evident from the large number of references in monographs [8, 9]. The papers [10, 11] and the
references cited within them are also referred to by the reader.

A neutral DE is one in which the highest-order derivative of the unknown function appears both
immediately and without delay. Neutral DE oscillation has received a lot of interest lately in research;
see, for instance, [12, 13]. This is due to the fact that identical equations are utilized in a wide range
of applications, including population dynamics, automatic control, mixing liquids, vibrating masses
coupled to an elastic bar, and more (see [14]).

Neutral delay of the second order DEs are used to represent systems in which prior states have an
impact on the current state in addition to the current inputs and state. Because of this, they can be used
to represent biological systems that have feedback and delayed reactions [15, 16].

Zafer [17] constructed oscillation criteria by deducing new properties of positive solutions of the
DE

ϖ( j) (θ) + b (θ) z (φ (θ)) = 0. (1.2)

He obtained this new criterion

lim inf
θ→∞

∫ θ

φ(θ)
B (s) ds >

( j − 1) 2( j−1)( j−2)

e
, (1.3)

or

lim sup
θ→∞

∫ θ

φ(θ)
B (s) ds > ( j − 1) 2( j−1)( j−2), φ′ (θ) ≥ 0,

where B (θ) := φ j−1 (θ) (1 − a (φ (θ))) b (θ). Their results extend, complete, and simplify some results
in previous studies.

Zhang and Yan [18] studied the oscillatory behavior of (1.2). They presented new oscillation
conditions

lim inf
θ→∞

∫ θ

φ(θ)
B (s) ds >

( j − 1)!
e
, (1.4)

or

lim sup
θ→∞

∫ θ

φ(θ)
B (s) ds > ( j − 1)!, φ (θ) ≥ 0,
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In work [19], derived oscillation criteria of delay DEs and proved that the conditions(
φ−1 (θ)

)′
≥ φ0 > 0, ∅′ (θ) ≥ ∅0 > 0, ∅−1 (φ (θ)) θ,

and

lim inf
θ→∞

∫ θ

∅−1(φ(θ))

b̂ (s)
m (s)

(
s j−1

)(p−1)
ds >

 1
φ0
+

a(p−1)
0

φ0∅0

 (( j − 1)!)(p−1)

e
, (1.5)

where b̂ (θ) := min
{
b
(
φ−1 (θ)

)
, b

(
φ−1 (∅ (θ))

)}
makes the Eq (1.1) oscillatory.

Recently, some of the oscillation results for the equation(
m (θ)

∣∣∣ϖ( j−1) (θ)
∣∣∣p−2
ϖ( j−1) (θ)

)′
+ b (θ) |z (φ (θ))|p−2 z (φ (θ)) = 0, θ ≥ θ0,

where
∫ ∞−

s0
m1/(p−1) (υ) dυ = ∞, were improved and extended by the authors in [20, 21] by establishing

new circumstances.
Liu et al. [22] investigated the oscillatory behavior of the DE(

m (θ)
∣∣∣ϖ(n) (θ)

∣∣∣p−2
ϖ(n) (θ)

)′
+ r (θ)

∣∣∣ϖ(n) (s)
∣∣∣p−2
ϖ(n) (θ) + b (θ) |z (φ (θ))|p−2 z (φ (θ)) = 0,

where
ϖ (θ) := z (θ) + a (θ) z (∅ (θ)) .

They were initially interested in introducing some new monotonic properties for the solutions of
this equation, and then used these properties to obtain new oscillatory conditions which ensure that all
solutions of this equation are oscillatory. Their results complement and extend some related results in
the literature.

From the above, we note that there are many studies that have been interested in studying the
even-order DEs in different forms, whether in the canonical case or in the non-canonical case. We also
know that there are few studies that have been interested in studying the DE (1.1), and most of them
were interested in the non-canonical case. As a result, the aim of this paper was to study the DE (1.1)
in the canonical case and to find new criteria that expand some of the previous studies. We discussed
some examples to illustrate the effectiveness of our main criteria.

2. Main results

The notations utilized in this paper are shown below:

Aℓ (θ) =
1

a
(
∅−1 (θ)

)
1 −

(
∅−1

(
∅−1 (θ)

))ℓ−1(
∅−1 (θ)

)ℓ−1 a
(
∅−1 (
∅−1 (θ)

))
 , for ℓ = 2, j,

D0 (θ) =

 1
m (θ)

∫ ∞

θ

r∑
i=1

bi (s) A(p−1)
2 (φi (s)) ds

1/(p−1)

,

and
Dν (θ) =

∫ ∞

θ

Dν−1 (s) ds, ν = 1, 2, ..., j − 3.

We state the following lemma, which we will need to prove our results later.
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Lemma 1. [23, Lemma 1 and 2] If w, g ≥ 0. Then

(w + g)k
≤ wk + gk, for k ≤ 1,

and
(w + g)k

≤ 2k−1
(
wk + gk

)
, for k ≥ 1,

where k is a positive real number.

Lemma 2. [24] Let z ∈ C j ([θ0,∞) , (0,∞)) , z( j−1) (θ) z( j) (θ) ≤ 0, where z( j) (θ) is of fixed sign and not
identically zero on [θ0,∞) . If limθ→∞ z (θ) , 0, then

z (θ) ≥
ε

( j − 1)!
θ j−1

∣∣∣z( j−1) (θ)
∣∣∣ ,

where θ ≥ θε, ε ∈ (0, 1) .

Lemma 3. [20] Let z( j+1) (θ) < 0, then

z (θ)
θ j/ j!

≥
z′ (θ)

θ j−1/ ( j − 1)!
,

where z(i) (θ) > 0, i = 0, 1, ..., j.

Lemma 4. [25, Lemma 1.2] The ultimate positive solution to (1.1) is found to be the function z. Thus,
we identify two instances:

(I1) ϖ (θ) > 0, ϖ( j) (θ) < 0, ϖ( j−1) (θ) > 0, ϖ(c) (θ) > 0, c = 1, 2,
(I2) ϖ (θ) > 0, ϖ(r+1)(θ) < 0, ϖ(r)(θ) > 0 for r ∈ {1, 3, ..., j − 3},

ϖ( j−1)(θ) > 0, ϖ( j)(θ) < 0,

for θ ≥ θ1.

Lemma 5. Case (I1) holds, and the function z is shown to be the ultimate positive solution to (1.1). Let(
∅−1

(
∅−1 (θ)

)) j−1(
∅−1 (θ)

) j−1 a
(
∅−1 (
∅−1 (θ)

)) ≤ 1. (2.1)

Then
ϖ (θ) ≥

ε

( j − 1)!
θ j−1ϖ( j−1) (θ) . (2.2)

Proof. Given that z (θ) constitutes the final positive solution of (1.1). If Case (I1) holds.
Using

ϖ (θ) := z (θ) + a (θ) z (∅ (θ)) ,

we find
z (θ) =

1
a
(
∅−1 (θ)

) (
ϖ

(
∅−1 (θ)

)
− z

(
∅−1 (θ)

))
.

Thus, we obtain

z (θ) =
ϖ

(
∅−1 (θ)

)
a
(
∅−1 (θ)

) − 1
a
(
∅−1 (θ)

) ϖ
(
∅−1

(
∅−1 (θ)

))
a
(
∅−1 (
∅−1 (θ)

)) − z
(
∅−1

(
∅−1 (θ)

))
a
(
∅−1 (
∅−1 (θ)

))
AIMS Mathematics Volume 10, Issue 6, 13825–13835.
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≥
ϖ

(
∅−1 (θ)

)
a
(
∅−1 (θ)

) − 1
a
(
∅−1 (θ)

)ϖ (
∅−1

(
∅−1 (θ)

))
a
(
∅−1 (
∅−1 (θ)

)) . (2.3)

Applying Lemma 3, we see

ϖ (θ) ≥
1

( j − 1)
θϖ′ (θ) ,

so θ1− jϖ (θ) is nonincreasing, and from ∅ (θ) ≤ θ, we see(
∅−1 (θ)

) j−1
ϖ

(
∅−1

(
∅−1 (θ)

))
≤

(
∅−1

(
∅−1 (θ)

)) j−1
ϖ

(
∅−1 (θ)

)
. (2.4)

Combining (2.3) and (2.4), we conclude that

z (θ) ≥
1

a
(
∅−1 (θ)

)
1 −

(
∅−1

(
∅−1 (θ)

)) j−1(
∅−1 (θ)

) j−1 a
(
∅−1 (
∅−1 (θ)

))
ϖ (
∅−1 (θ)

)
= A j (θ)ϖ

(
∅−1 (θ)

)
. (2.5)

By (1.1) and (2.5), we have(
m (θ)

(
ϖ( j−1) (θ)

)(p−1)
)′
+

r∑
i=1

bi (θ) A(p−1)
j (φi (θ))ϖ(p−1)

(
∅−1 (φi (θ))

)
≤ 0.

Since w (θ) ≤ φi (θ) and ϖ′ (θ) > 0, we get(
m (θ)

(
ϖ( j−1) (θ)

)(p−1)
)′
≤ −

r∑
i=1

bi (θ) A(p−1)
j (φi (θ))ϖ(p−1)

(
∅−1 (w (θ))

)
. (2.6)

Now, by using Lemma 2, we have

ϖ (θ) ≥
ε

( j − 1)!
θ j−1ϖ( j−1) (θ) .

for some ε ∈ (0, 1). Therefore, the proof is finished. □

Lemma 6. If (2.1) and Case (I2) holds. Then(
m (θ)

(
ϖ( j−1) (θ)

)(p−1)
)′
≤ −

r∑
i=1

bi (θ) A(p−1)
2 (φi (θ))ϖ(p−1)

(
∅−1 (ϱ (θ))

)
. (2.7)

Proof. Given that z (θ) constitutes the final positive solution of (1.1). If Case (I2) holds. By Lemma 3,
we have

ϖ (θ) ≥ θϖ′ (θ) , (2.8)

so θ−1ϖ (θ) is nonincreasing eventually.
Since

∅−1 (θ) ≤ ∅−1
(
∅−1 (θ)

)
,

AIMS Mathematics Volume 10, Issue 6, 13825–13835.
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thus, we find
∅−1 (θ)ϖ

(
∅−1

(
∅−1 (θ)

))
≤ ∅−1

(
∅−1 (θ)

)
ϖ

(
∅−1 (θ)

)
. (2.9)

Combining (2.3) and (2.9), we find

z (θ) ≥
1

a
(
∅−1 (θ)

) 1 −
(
∅−1

(
∅−1 (θ)

))(
∅−1 (θ)

)
a
(
∅−1 (
∅−1 (θ)

))ϖ (
∅−1 (θ)

)
= A2 (θ)ϖ

(
∅−1 (θ)

)
,

which with (1.1) yields(
m (θ)

(
ϖ( j−1) (θ)

)(p−1)
)′
+

r∑
i=1

bi (θ) A(p−1)
2 (φi (θ))ϖ(p−1)

(
∅−1 (φi (θ))

)
≤ 0.

Since ϱ (θ) ≤ φi (θ) and ϖ′ (θ) > 0, we have that(
m (θ)

(
ϖ( j−1) (θ)

)(p−1)
)′
≤ −

r∑
i=1

bi (θ) A(p−1)
2 (φi (θ))ϖ(p−1)

(
∅−1 (ϱ (θ))

)
.

The proof is finished. □

Theorem 1. Let positive functions w, ϱ ∈ C1 ([θ0,∞) ,R) satisfy

w (θ) ≤ φi (θ) , w (θ) < ∅ (θ) , ϱ (θ) ≤ φi (θ) , ϱ (θ) < ∅ (θ) , ϱ′ (θ) ≥ 0 and lim
θ→∞

w (θ) = lim
θ→∞
ϱ (θ) = ∞.

(2.10)
If the equations

ϖ′(θ) +

 ε
(
∅−1 (w (θ))

) j−1

( j − 1)!m1/(p−1) (∅−1 (w (θ))
)


(p−1)
r∑

i=1

bi (θ) A(p−1)
j (φi (θ))ϖ

(
∅−1 (w (θ))

)
= 0, (2.11)

where ε ∈ (0, 1) , and
ϕ′ (θ) + ∅−1 (ϱ (θ)) D j−3 (θ) ϕ

(
∅−1 (ϱ (θ))

)
= 0, (2.12)

are oscillatory, then (1.1) is oscillatory.

Proof. Given that z (θ) constitutes the final positive solution of (1.1). The cases (I1) and (I2) are holds
from Lemma 4. Using Lemma 5, we see from (2.6) and (2.2) that, for all ε ∈ (0, 1) ,ε

(
∅−1 (w (θ))

) j−1

( j − 1)!


(p−1)

r∑
i=1

bi (θ) A(p−1)
j (φi (θ))

(
ϖ( j−1)

(
∅−1 (w (θ))

))(p−1)
≤ −

(
m (θ)

(
ϖ( j−1) (θ)

)(p−1)
)′
.

Thus, if we choose ϖ (θ) = m (θ)
(
ϖ( j−1) (θ)

)(p−1)
, we have ϖ is a positive solution of

ϖ′(θ) +

 ε
(
∅−1 (w (θ))

) j−1

( j − 1)!m1/(p−1) (∅−1 (w (θ))
)


(p−1)
r∑

i=1

bi (θ) A(p−1)
j (φi (θ))ϖ

(
∅−1 (w (θ))

)
≤ 0.

AIMS Mathematics Volume 10, Issue 6, 13825–13835.



13831

From [26, Theorem 1], it is also clear to us that the Eq (2.11) becomes a positive solution. Therefore,
it is clear that this is a contradiction.

By Lemma 4, integrating (2.7) from θ to∞, we obtain

ϖ( j−1) (θ) ≥ D0 (θ)ϖ
(
∅−1 (ϱ (θ))

)
.

Integrating from θ to∞ a total of j − 3 times, we obtain

ϖ′′ (θ) + D j−3 (θ)ϖ
(
∅−1 (ϱ (θ))

)
≤ 0. (2.13)

So, if we choose ϕ (θ) := ϖ′ (θ) and apply (2.8), we find

ϕ′ (θ) + ∅−1 (ϱ (θ)) D j−3 (θ) ϕ
(
∅−1 (ϱ (θ))

)
≤ 0, (2.14)

where ϕ is a positive solution. Based on [26, Theorem 1], it is also clear to us that Eq (2.12) becomes
a positive solution. Therefore, it is clear that this is a contradiction, so the proof is finished. □

Corollary 1. Let (2.1) and (2.10) holds. If

lim inf
θ→∞

∫ θ

∅−1(w(θ))


(
∅−1 (w (s))

) j−1

m1/(p−1) (∅−1 (w (s))
)


(p−1)
r∑

i=1

bi (s) A(p−1)
j (φi (s)) ds >

(( j − 1)!)(p−1)

e
, (2.15)

and

lim inf
θ→∞

∫ θ

∅−1(ϱ(θ))
∅−1 (ϱ (s)) D j−3 (s) ds >

1
e
, (2.16)

then (1.1) is oscillatory.

Proof. Based on ( [27, Theorem 2]) we see that Conditions (2.15) and (2.16) imply oscillation of (2.11)
and (2.12), respectively. □

Now, we will give some examples to illustrate the effectiveness of our results.

Example 1. Consider the equation:[
θ

(
z (θ) +

1
2

z
(
θ

3

))′′′]′
+

b0

θ

(
z2 + z

) (θ
2

)
= 0, ι ≥ 1, (2.17)

where b0 > 0 is a constant. Let p = 2, m (θ) = θ, a (θ) = 1/2, ∅ (θ) = θ/3, b (θ) = b0/θ, and φ (θ) =
θ/2.
Now, we find ∫ ∞

θ0

m−1/(p−1) (s) ds

=

∫ ∞

θ0

1/sds = ∞.

AIMS Mathematics Volume 10, Issue 6, 13825–13835.
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Let w (θ) = ϱ (θ) = βθ; we see that (2.1) and (2.10) are satisfied.
Also, we obtain

Aℓ (θ) =
1

a
(
∅−1 (θ)

)
1 −

(
∅−1

(
∅−1 (θ)

))ℓ−1(
∅−1 (θ)

)ℓ−1 a
(
∅−1 (
∅−1 (θ)

))


=
1
2

(
1 − 22(ℓ−1)3(1−ℓ)

)
for ℓ = 2, j,

and

D0 (θ) =
(

1
m (θ)

∫ ∞

θ

b (s) A(p−1)
2 (φi (s)) ds

)1/(p−1)

=
1
θ

∫ ∞

θ

b0

2s

(
1 −

22

3

)
ds

= ∞

By Corollary 1, we see (2.17) is oscillatory.

Example 2. Consider the equation

(z (θ) + a0z (πθ))( j) +
b0

θ j z (βθ) = 0, θ ≥ 1, b0 > 0, (2.18)

where π ∈
(
a−1/( j−1)

0 , 1
)

and β ∈ (0, π) , m (θ) = 1, p = 2, a (θ) = a0, ∅ (θ) = πθ, φ (θ) = βθ and
b (θ) = b0/θ

j.
If we set w (θ) = ϱ (θ) = βθ, then it’s easy to obtain that (2.1) and (2.10) are satisfied.
Moreover, we see

Aℓ (θ) =
1
a0

(
1 −
π1−ℓ

a0

)
, for ℓ = 2, j,

D0 (θ) =
b0

a0

(
1 −

1
πa0

)
θ1− j

( j − 1)
,

and

D j−3 (θ) =
1

( j − 3)!
b0

a0

(
1 −

1
πa0

)
1

( j − 2) ( j − 1) θ2
.

Thus, Conditions (2.15) and (2.16) become

b0
1
a0

(
β

π

) j−1 (
1 −
π1− j

a0

)
ln
π

β
>

( j − 1)!
e
, (2.19)

and

b0
1
a0

β

π

(
1 −

1
πa0

)
ln
π

β
>

( j − 1)!
e
. (2.20)

So, it is clear that we find (2.19) implies (2.20).
Thus, applying Corollary 1, we obtain that (2.18) is oscillatory if (2.19) holds.
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3. Conclusions

During this work, we have highlighted the oscillatory behavior of solutions of DEs (1.1) in the
canonical case. Using the comparison technique, we have established new criteria that are more
effective than the relevant criteria in the literature. Moreover, some examples have been given to
show that our results extend the results reported in [17–19]. As a further research task, it would be
interesting to apply the approach in studying delay DEs

(
m (θ)ϖ( j−1) (θ)

)′
+ b (θ) z (φ (θ)) = 0.
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