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Abstract: In this paper, we introduce a modified Elzaki transform and its generalization, namely
the Elzaki transform, and its own convolution theorem is given. These generalization are given by
composition with a monotonic increasing function ϱ having a continuous derivative. A revised version
of the Elzaki transform that is broader in scope and applicable over a wider range is developed, and
some of its fundamental properties are given. This modified transform is performed to find solutions
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up new avenues for future research and has the potential to make a significant impact on the field of
mathematics and its applications.
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1. Introduction

Several integral transforms are named after the mathematicians who introduced them. These
include the Fourier, Laplace, Mellin, Sumudu, and other transforms, which are commonly used
as mathematical tools. These transforms have been extensively studied and have a wide range of
applications in mathematics, physics, and engineering sciences for solving differential and integral
equations, as well as in other scientific disciplines.
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The Elzaki transform has been extensively studied in recent years as a powerful tool for solving
integral equations, differential equations with constant and variable coefficients [1], and fractional
differential equations. Elzaki [2, 3] introduced the original Elzaki transform, which was later
studied by various authors [4–6]. The Elzaki transform has been applied to solve various types of
fractional differential equations, including those with Caputo and Riemann Liouvile derivatives [7–9].
Additionally, the Elzaki transform has been used in various fields, such as signal processing and image
analysis [10–12]. The effectiveness of the solutions can be compared by means of so-called comparison
graphs. Applications of the Elzaki transform to fractional derivatives will give different solutions and
some corresponding graph transformations, which can be constructed conveniently in future work.

2. Preliminaries

In this section, we introduce the notion of integrating and differentiating with respect to a monotonic
smooth function ϱ.We start with the integral and derivative of integer order of a function f with respect
to the function ϱ, and their fractional versions in a suitable functional framework. We also recall the
generalized convolution. For more details, refer to [13, 14].

Some notation

• L Laplace transform; E Elzaki transform; Eb Modified Elzaki transform; Eb,ϱ Generalized Elzaki
transform;
• ∗ convolution; ∗ϱ ϱ-convolution;
• Qϱ,Q−1

ϱ : The substitution operator and its inverse;
• Eα,δ : Mittag–Leffler function with the parameters α, δ.

Definition 2.1. [15] Let a and b be real numbers such that a < b. Let ϱ be a strictly increasing positive
function having a continuous derivative ϱ′ on the interval (a, b). Then

Cρ,ϱ([a, b]) = { f : [a, b]→ R (ϱ(.) − ϱ(a))ρ f ∈ C[a, b]} (2.1)

Cm
ρ,ϱ([a, b]) = { f : [a, b]→ R f [m−1] ∈ C[a, b], f [m] ∈ Cρ,ϱ[a, b]}, (2.2)

where f [m] =

(
1
ϱ′(t)

d
dt

)m

f , C0,ϱ = C[a, b], and Cm
0,ϱ[a, b] = Cm[a; b].

Definition 2.2. [15] The spaceACm[a, b] is defined as follows:

ACm[a, b] = { f : [a, b]→ R, f [m−1] ∈ AC[a, b]}, (2.3)

where AC[a, b] is the space of absolutely continuous functions on the interval [a, b].

2.1. Integrals and derivatives of integer order

Let f ∈ L1([a, b]) and ϱ be an increasing positive monotone function having a continuous derivative
on [a, b]. The mth (m ∈ N)-order integral of a function f is defined by

(Im
a+ f )(x) =

1
(m − 1)!

∫ x

a
(x − t)m−1 f (t)dt, x > a.
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The mth-order (m ∈ N) integral of a function f with respect to another function ϱ is defined by

(Im
a+;ϱ f )(x) =

1
(m − 1)!

∫ x

a
(ϱ(x) − ϱ(t))m−1 f (t)ϱ′(t)dt, x > a, (2.4)

(Im
b−,ϱ f )(x) =

1
(m − 1)!

∫ b

x
(ϱ(t)) − ϱ(x)m−1 f (t)ϱ′(t)dt, x < b. (2.5)

The corresponding derivatives are defined as follows:

(Dm,l
ϱ f )(x) =

(
1
ϱ′(x)

Dx

)m

f (x), (2.6)

and

(Dm,r
ϱ f )(x) =

(
−1
ϱ′(x)

Dx

)m

f (x), (2.7)

where Dx =
d
dx
.

2.2. The fractional versions

The fractional versions of (2.4), (2.5), (2.6), and (2.7) are given as follows:

Definition 2.3. (Integrals) [16] Let α > 0 and f ∈ L1[a, b], and let ϱ be an increasing positive function
with a continuous positive derivative ϱ′ on [a, b]. The fractional integral of order α of a function f with
respect to another function ϱ(.) is defined by

Iαa+,ϱ f (x) =
1
Γ(α)

∫ x

a
f (t)(ϱ(x) − ϱ(t))α−1ϱ′(t)dt, x > a(left) (2.8)

and

Iαb−,ϱ f (x) =
1
Γ(α)

∫ b

x
f (t)(ϱ(t) − ϱ(x))α−1ϱ′(t)dt, x < b(right). (2.9)

Remark 2.4. [17] For α > 0, 1 ≤ p ≤ ∞, and f ∈ Xp
ϱ(a, b). Then the integrals Iαa+,ϱ f and Iαb−,ϱ f are

bounded in the weighted Lebesgue space Xp
ϱ(a, b) of Lebesgue measurable functions

∥Iαa+,ϱ f ∥Xp
ϱ
≤

(ϱ(b) − ϱ(a))α

Γ(α + 1)
∥ f ∥Xp

ϱ

for which ∥ f ∥Xp
ϱ
< ∞, 1 ≤ p ≤ ∞, where the norm is defined by

∥ f ∥Xp
ϱ
=

(∫ b

a
ϱ′(x)| f (x)|pdx

) 1
p

< ∞

and
∥ f ∥X∞ϱ = ess sup

x∈(a,b)
| f (x)| < ∞.

In particular, when ϱ(x) = x, the space Xp
x(a, b) coincides whith the classical Lp(a, b)-space.
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Proposition 2.5. [18] The integral operators Iαa+;ϱ, I
α
b−;ϱ satisfy the following semi-group properties:

Iαa+;ϱI
β
a+;ϱ = I

α+β
a+;ϱ = I

β
a+;ϱI

α
a+;ϱ, (2.10)

Iαb−;ϱI
β
b−;ϱ = I

α+β
b−;ϱ = I

β
b−;ϱI

α
b−;ϱ, α, β > 0. (2.11)

We prove (2.10) using the substitution operator Qϱ. We have Iαa+;ϱ = QϱIαϱ(a+)Qϱ−1 . Hence

Iαa+;ϱI
β
a+;ϱ = QϱIαϱ(a+)Qϱ−1 QϱI

β
ϱ(a+)Qϱ−1

= QϱIαϱ(a+)I
β
ϱ(a+)Qϱ−1 = QϱI

α+β
ϱ(a+)Qϱ−1

= I
α+β
a+;ϱ.

Remark 2.6. Different fractional integrals can be obtained by considering different functions ϱ(.) in
Eqs (2.8) and (2.9). For example

1) If ϱ(x) = x, we obtain the Riemann–Liouville integral operators.
2) If ϱ(x) = ln x, we obtain the Hadamard integral operators.
3) If ϱ(x) = xρ, where ρ ∈ R, we obtain the Erd’elyi–Kober-type fractional integral operators.

4) If ϱ(x) =
xρ+1

ρ + 1
, where ρ ∈ R − {−1}, we obtain the Katugampola integral operators.

Definition 2.7. (Riemann–Liouville type derivatives) [15] Let α > 0 and f ∈ L1[a, b], and let ϱ be an
increasing positive function with a continuous positive derivative ϱ′ on [a, b]. The fractional derivative
of order α of a function f with respect to another function ϱ(.) is defined by

(RLDαa+,ϱ f )(x) = Dm,l
ϱ (Im−α

a+;ϱ f )(x)

=
1

Γ(m − α)
Dm
ϱ

(∫ x

a
(ϱ(x) − ϱ(t))m−α−1 f (t)ϱ′(t)dt

)
(2.12)

and

(RLDαb−,ϱ f )(x) = Dm
b−;ϱ(I

m−α
b−;ϱ f )(x)

=
1

Γ(m − α)
Dm
ϱ

(∫ b

x
(ϱ(t) − ϱ(x))m−α−1 f (t)ϱ′(t)dt

)
.

(2.13)

Definition 2.8. (Caputo-type derivatives) [19] Let α > 0, f ∈ L1[a, b], and let ϱ be an increasing
positive function with a continuous positive derivative ϱ′ on [a, b]. The generalized fractional derivative
of order α of a function f with respect to another function ϱ(.) is defined by

(CDαa+,ϱ f )(x) = Im−α
a+,ϱ (Dm,l

ϱ f )(x)

=
1

Γ(m − α)

∫ x

a
(ϱ(x) − ϱ(t))m−α−1Dm

ϱ f (t)ϱ′(t)dt.
(2.14)

and

(CDαb−,ϱ f )(x) = Im−α
b−,ϱ (Dm

b−;ϱ f )(x)

=
1

Γ(m − α)

∫ b

x
(ϱ(t) − ϱ(x))m−α−1Dm

ϱ f (t)ϱ′(t)dt.
(2.15)
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Remark 2.9. The operator RLDα.;ϱ is the left inverse of Iα.;ϱ

(RLDαa+;ϱI
α
a+,ϱ, f )(x) = f (x), (RLDαb−;ϱI

α
b−,ϱ f )(x) = f (x). (2.16)

Remark 2.10. Let Qϱ, Q−1
ϱ be the substitution operator and its inverse, defined as follows:

(Qϱ f )(t) = f (ϱ(t)), Q−1
ϱ = Qϱ−1 .

We then have the following relationships between the classical operators and the generalized operators
(see [20]):

Im
a,ϱ = QϱI

m
ϱ(a)Q

−1
ϱ , I

α
a,ϱ = QϱI

α
ϱ(a)Q

−1
ϱ , (2.17)

CDαa,ϱ = Q
C
ϱD

α
ϱ(a)Q

−1
ϱ ,

RLDαa,ϱ = Q
RL
ϱ D

α
ϱ(a)Q

−1
ϱ . (2.18)

Definition 2.11. [17] (ϱ convolution) The ϱ convolution or the generalized convolution, which is
denoted ∗ϱ and defined as follows:

( f ⋆ϱ h)(t) =
∫ t

0
f (τ)h(ϱ−1(ϱ(t) + ϱ(0) − ϱ(τ)))ϱ′(τ)dτ. (2.19)

Example 2.12. Let f , h be defined as

f (t) =

t2, for t ≥ 0,
0, otherwise

h(t) =

e−t, for t ≥ 0,
0, otherwise

and ϱ(t) = t2. We compute the generalized convolution of f and h with respect to a non-negative,
strictly increasing function.

Let us plug in the values

( f ⋆ϱ h)(t) =
∫ t

0
f (τ) h(ϱ−1(ϱ(t) + ϱ(0) − ϱ(τ)))ϱ′(τ)dτ

=

∫ t

0
τ2e−

√
t2−τ22τdτ

= 2t2
∫ t

0
xe−xdx − 2

∫ t

0
x3e−xdx (x =

√
t2 − τ2)

= (2t3 − 6t2 − 12t − 12)e−t + 12.

Remark 2.13. By setting ϱ(t) = t in (2.19), we get the classical convolution

( f ⋆ h)(t) =
∫ t

0
h(t − τ) f (τ)dτ. (2.20)

The generalized convolution ∗ϱ is commutative, associative, and distributive, [17]. For piecewise
continuous functions f , k, and h, which are ϱ-exponentially bounded over each finite interval [0,T ], we
have

(i) f ⋆ϱ h = h ⋆ϱ f ,
(ii) ( f ⋆ϱ k) ⋆ϱ h = f ⋆ϱ (ϱ ⋆ϱ h),
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(iii) f ⋆ϱ (ak + bh) = a f ⋆ϱ k + b f ⋆ϱ h, where a, b are constants.

The following theorem gives a relationship between classical convolution and generalized
convolution.

Theorem 2.14. [17] Let k and l be two piecewise ϱ− exponentially bounded continuous functions over
each finite interval [0,T ]. Let Qϱ be the substitution operator. Then the following relation holds:

k ⋆ϱ l = Qϱ
(
Q−1
ϱ k ⋆ Q−1

ϱ l
)
. (2.21)

In [21], the authors define the Elzaki transform of f ∈ A as

E f (u) = u
∫ ∞

0
e−

1
u t f (t)dt = lim

τ→∞
u
∫ τ

0
e−

1
u t f (t)dt, u ∈ (−ϵ1, ϵ2) (2.22)

provided that the limit exists as a finite number, where

A = { f (t), ∃M > 0, ϵ2 > ϵ1 > 0, | f (t)| ≤ Me
|t|
ϵ j , t ∈ (−1) j[0,∞), j = 1, 2},

with the constant M is a finite number and ϵ1 and ϵ2 can be finite or infinite.
From this definition, it is clear that the Elzaki transform E has strong connections with the Laplace

transform L.
Indeed, let f (t) ∈ A have F and E for the Laplace and Elzaki transforms, respectively. By setting

E(u) = E { f } (u) and L(s) = L { f } (s), according to the definition of Laplace transform

L(s) = L { f } (s) =
∫ ∞

0
e−st f (t)dt, t ≥ 0, Re(s) > 0 (2.23)

and the definition of Elzaki transform in (2.22), by taking s = 1
u , we derive a duality relation as follows:

uL
(
1
u

)
= E(u), (2.24)

and

L(u) = uE
(
1
u

)
. (2.25)

The formulas (2.24) and (2.25) are referred to as the Laplace–Elzaki duality (LED), which shows that
the properties of the integral transform E can easily be derived from those of the Laplace transform.
Hence, it can be used to simplify the process of solving ordinary and partial differential equations. For
instance

E

{∫ t

0
f (τ)dτ

}
(u) = uL

{∫ t

0
f (τ)dτ

} (
1
u

)
= u2L { f }

(
1
u

)
= uE { f } (u),
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and

E {Dm f (τ)} (u) = uL {Dm f (τ)}
(
1
u

)
= u−m

uL { f } (1
u

)
−

m−1∑
k=0

uk+2 f (k)(0)


= u−m

E { f } (u) −
m−1∑
k=0

uk+2 f (k)(0)

 .
Inspired by the research in [17], we introduce a modified version of the standard Elzaki transform and
its generalization. We also prove their some properties. Finally, we include several applications to
illustrate their use.

3. The main results

In this section, we introduce the generalized Elzaki transform in a modified form and discuss some
of its properties. We present its own convolution theorem using an operational calculus approach. We
also prove its action on the generalized fractional derivative and integral operators. Some examples are
provided to illustrate the tools presented here.

3.1. The generalized Elzaki transform

Let ϱ be a non-negative strictly increasing function and consider the set

A = { f |∃M > 0, ϵ2 > ϵ1 > 0, | f (t)| ≤ Me
ϱ(t)
ϵi , t ∈ R}. (3.1)

The constant M must be finite number; ϵ1 and ϵ2 may be finite or infinite.

Definition 3.1. Let b ∈ (0,∞) − {1}. Let f ∈ A be the function defined on the interval [0,∞) and let
ϱ be a strictly increasing function on [0,∞). The modified Elzaki transform of f with respect to the
function ϱ denoted Eb;ϱ { f } is defined as follows:

Eb;ϱ { f } (u) = u
∫ ∞

0
b−

1
u (ϱ(t)−ϱ(0)) f (t)ϱ′(t)dt, t ≥ 0, ϵ1 < u < ϵ2 (3.2)

for all values of u for which the integral in (3.2) is convergent. The transformation Eb;ϱ is called the
generalized modified Elzaki transform.

Remark 3.2. (i) For f ∈ A,Eb;ϱ f exists and converges (for a proof, see Theorem 3.4).
(ii) By setting t = vτ in (3.2), we get

Eb;ϱ { f } (v) = v2
∫ ∞

0
b−(ϱ(τ)−ϱ(0)) f (vτ)ϱ′(τ)dτ. (3.3)

(iii) If ϱ(t) = t, there are two cases.
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For b = e, the transform Eb;ϱ coincides with the standard form

Ee;t { f } (u) = E { f } (u) = u
∫ ∞

0
e−

1
u t f (t)dt,

and for b ∈ (1,∞), we obtain the modified Elzaki transform given by the formula

Eb,t { f } (u) := Eb { f } (u) = u
∫ ∞

0
b−

1
u t f (t)dt.

(iv) If E { f } is the standard Elzaki transform of f , then

Eb { f } (u) = ln bE { f }
( u
ln b

)
and

E { f } (u) =
1

ln b
Eb { f } (u ln b).

We now give the transforms of some elementary functions.

(1) If f (t) = 1, then

Eb {1} (u) =
u2

ln b
, b > 1, u > 0.

(2) If f (t) = t, then

Eb {t} (u) =
u3

(ln b)2 , b > 1, u > 0.

(3) If f (t) = tm, then

Eb {tm} (u) =
Γ(m + 1)um+2

(ln b)m+1 , b > 1, u > 0.

(4) If f (t) = eλt, then

Eb

{
eλt

}
(u) =

u2

ln b − λu
, b > 1, |λ|u < ln b.

(5) If f (t) = sin ξt, g(t) = cos ξt then

Eb {sin ξt} (u) =
ξu3

(ln b)2 + ξ2u2 , Eb {cos ξt} (u) =
ξu2 ln b

(ln b)2 + ξ2u2 .

(6) First shifting property: Let Eb( f )(u) be the modified transform of f , in which case

Eb

{
eλt f (t)

}
(u) =

(
1 −
λu
ln b

)
Eb { f (t)}

(
u ln b

ln b − λu

)
. (3.4)

Definition 3.3. Let f : [0,∞) → R be a real valued-function. Then f is called a function of ϱ-
exponential order or ϱ-exponentially bounded, if constants K, c, and t′ exist such that for all t > t′, we
have

| f (t)| ≤ Kecϱ(t). (3.5)

We denote the class of all piecewise continuous functions which are ϱ- exponentially bounded for
ϱ by an increasing positive function by PCexp

ϱ (.).
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Theorem 3.4. (Existence) Let f : [0,∞) → R be a real-valued function such that f ∈ PCexp
ϱ (.). Then

the generalized Elzaki transform of f exists and converges absolutely for uc < ln b, (b > 1).

Proof. First,
| f (t)| ≤ K1ecϱ(t), t > t′

for some real c. Moreover, f is piecewise continuous on [0, t′] and hence is bounded there (the bound
being just the largest bound over all the subintervals), say

| f (t)| ≤ K2, 0 < t < t′.

Since ecϱ(t) has a positive minimum on [0, t0], a constant K can be chosen to be sufficiently large so that

| f (t)| ≤ Kecϱ(t), t > 0.

We then have

Eϱ,b { f } (u) = lim
T→∞

u
∫ T

0
b
−1
u (ϱ(t)−ϱ(0)) f (t)ϱ′(t)dt.

Therefore, ∣∣∣∣∣∣u
∫ T

0
b
−1
u (ϱ(t)−ϱ(0)) f (t)ϱ′(t)dt

∣∣∣∣∣∣ ≤ |u|
∫ ∞

0
e
−1
u (ϱ(t)−ϱ(0)) ln b| f (t)|ϱ′(t)dt

≤ K|u|
∫ T

0
e
−1
u (ϱ(t)−ϱ(0)) ln becϱ(t)ϱ′(t)dt

= K|u|

−e−( ln b
u −c)ϱ(t)+ ln b

u ϱ(0)

ln b
u − c


T

0

≤
K|u|2ecϱ(0)

ln b − cu
, cu < ln b.

If we let T → ∞ and since ϱ is increasing and positive, this yeilds

|u|
∫ ∞

0

∣∣∣∣b− 1
u (ϱ(t)−ϱ(0)) f (t)ϱ′(t)

∣∣∣∣ dt ≤
K|u|2ecϱ(0)

ln b − cu
, uc < ln b. (3.6)

Theorem 3.5. Let f , k ∈ PCexp
ϱ (.). For any constants µ, ν, we have µ f + νk ∈ PCexp

ϱ (.). Moreover

(i) Eb;ϱ {µ f + νk} = µEb;ϱ { f } + νEb;ϱ {k},
(ii) l(t) = f (t)k(t) ∈ PCexp

ϱ (.).

Proof. (ii) l(t) is piecewise continuous. For

| f (t)| ≤ K1ec1ϱ(t), |k(t)| ≤ K2ec2ϱ(t),

we see that for all t > c, we have
|l(t)| = | f (t)k(t)| ≤ Kecϱ(t)

where K = K1K2, c = c1 + c2.
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Theorem 3.6. Let f , k be two functions in PCexp
ϱ (.) with generalized Elzaki transforms F(u) and G(u),

respectively, such that F(u) = G(u) for some ϵ1 ≤ u ≤ ϵ2. In this case, f = k for t ≥ 0, where both
functions are continuous.

Proof. Let F(u) = G(u). Thus

u
∫ T

0
b
−1
u (ϱ(t)−ϱ(0)) f (t)ϱ′(t)dt − u

∫ T

0
b
−1
u (ϱ(t)−ϱ(0))k(t)ϱ′(t)dt = 0

⇒ f = k a.e.

Since f and k are both continuous, f = k.

Inverse transform
With the theorem above, we can define the inverse of the generalized Elzaki transform. If F(u) :=

Eb;ϱ { f (t)} (u), then f (t) = E−1
b;ϱ {F(u)} (t) is called the inverse Elzaki transform of F(u) and E−1

b;ϱ is called
the inverse transform of Eb;ϱ. For example, for the modified transform, we have

E−1
b

{
uδ+2

(ln b)δ+1

}
(t) =

tδ

Γ(δ + 1)
δ > −1, b > 1.

Now we prove a result which expresses a relationship between the classical Elzaki transform and the
generalized one using the operational calculus approach.

Theorem 3.7. Let f : [0,∞)→ R be real-valued function. Let ϱ be a non-negative increasing function
with a continuous derivative. Assume that the generalized Elzaki transform of f exists. Then

Eb;ϱ { f } (u) = Eb

{
f (ϱ−1(. + ϱ(0)))

}
(u) (3.7)

where E { f } (u) is the usual Elzaki transform of the function f .

Proof. Since the function ϱ is non-negative and increasing and has a continuous derivative, the
substitution v = ϱ−1(t + ϱ(0)) preserves absolute integrability. Indeed, ϱ−1 exists and is continuous
and increasing. Therefore, v is continuous and increasing. Since ϱ′ is continuous and non-negative,
ϱ′(ϱ−1(t + ϱ(0))) is also continuous and non-negative. Therefore, the integral

Eb

{
f (ϱ−1(t + ϱ(0)))

}
(u) = u

∫ ∞

0
e−

1
u t ln b f (ϱ−1(t + ϱ(0)))dt, (v = ϱ−1(t + ϱ(0)))

= u
∫ ∞

0
e−

1
u (ϱ(v)−ϱ(0)) ln b f (v)ϱ′(v)dv

= u
∫ ∞

0
b−

1
u (ϱ(v)−ϱ(0)) f (v)ϱ′(v)dv

= Eb;ϱ { f (v)} (u).

In terms of operators, the relation (3.7) is written as

Eb;ϱ = Eb ◦ Q
−1
ϱ . (3.8)
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To prove (3.8), we use the definition of Q−1
ϱ (see 2.10) and Lb;ϱ. We have

Eb ◦ Q
−1
ϱ { f } (u) = Eb

{
Q−1
ϱ f

}
(u)

= uLb

{
Q−1
ϱ f

} (1
u

)
(duality )

= u
(
Lb ◦ Q

−1
ϱ

)
{ f }

(
1
u

)
= uLb

{
f ◦ ϱ−1

} (1
u

)
= uLb;ϱ { f }

(
1
u

)
= Eb;ϱ { f } (u),

where Lb;ϱ { f } (u) =
∫ ∞

0
b−u(ρ(t)−ρ(0)) f (t)ρ′(t)dt.

Corollary 3.8. (Inverse generalized Elzaki transform)

E−1
b;ϱ = (E−1

b ◦ Q
−1
ϱ )−1 = Qϱ ◦ E

−1
b . (3.9)

Corollary 3.9. If f ∈ PCexp
ϱ (.) over each finite interval [0,T ] whose Elzaki transform is Eb;ϱ { f } , b > 1

and the classical Elzaki transform is E { f } , then

Eb;ϱ { f ◦ ϱ} (.) = Eb { f } (.) = ln bE { f }
(
.

ln b

)
. (3.10)

Proof. From (3.8), we have

Eb;ϱ( f ◦ ϱ) = Eb ◦ Q
−1
ϱ { f ◦ ϱ}

= Eb

{
f ◦ ϱ ◦ ϱ−1

}
= Eb { f } .

The following assertions can be easily obtained by using the corollary above and also

Eb,ϱ

{
eξ(ϱ(t)−ϱ(0))

}
(u) =

u2

ln b − ξ u
, ξ ∈ R, uξ < 1, u > 0. (3.11)

Eb;ϱ

{
(ϱ(t) − ϱ(0))δ−1

}
(u) =

Γ(δ)
(ln b)δ

uδ+1, δ ∈ R, δ > −1, δ , 0, u > 0. (3.12)

Eb;ϱ

{
eξϱ(t) f (t)

}
(u) = (1 −

ξu
ln b

)Eb;ϱ { f }
(

u ln b
ln b − ξu

)
, ξ ∈ R, uξ < ln b, u > 0. (3.13)

Lemma 3.10. (Convolution theorem). Let [0,T ] be a finite interval. If f , h ∈ PCexp([0,T ]), then the
following relation modified by the Elzaki transform Eb holds:

Eb { f ⋆ h} (u) =
1
u
Eb { f } (u)Eb {h} (u). (3.14)
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Proof.

1
u
Eb { f } (u)Eb {h} (u) = u

∫ ∞

0
b−

1
u t f (t)dt

∫ ∞

0
b−

1
u sh(s)ds

= u
∫ ∞

0

∫ ∞

0
b−

1
u (t+s) f (t)h(s)dtds (τ = t + s)

= u
∫ ∞

0
b−

1
u τ

∫ τ

0
f (t)h(τ − t)dtdτ

= Eb

{∫ τ

0
h(τ − t) f (t)dt

}
(u)

= Eb { f ⋆ h(τ)} (u).

Theorem 3.11. (ϱ-convolution theorem) Assume k, l ∈ PCexp
ϱ (.) over each finite interval [0,T ]. Then,

the following relation holds:

Eb;ϱ

{
k ⋆ϱ l

}
(u) =

1
u
Eb;ϱ {k} (u)Eb;ϱ {l} (u). (3.15)

Proof. To prove (3.15), we use Theorem 2.14 and Lemma 3.10. Let Qϱ be the substitution operator.
Then

Eb,ϱ

{
k ⋆ϱ l

}
(u) = Eb

{
Q−1
ϱ (k ⋆ϱ l)(.)

}
(u)

= Eb

{
Q−1
ϱ (Qϱ(Q−1

ϱ k ⋆ Q−1
ϱ l))(.)

}
(u)

= Eb

{
(Q−1
ϱ k ⋆ Q−1

ϱ l)(.)
}

(u)

=
1
u
Eb

{
Q−1
ϱ k(.)

}
(u)Eb

{
(Q−1
ϱ l)(t)

}
(u)

=
1
u
Eb ◦ Q

−1
ϱ {k} Eb ◦ Q

−1
ϱ {l}

=
1
u
Eb;ϱ {k} (u)Eb;ϱ {l} (u).

Theorem 3.12. (Derivative) Let f ∈ Cϱ[0,T ] be ϱ-exponentially bounded such that f [1] is piecewise
continuous over every finite interval [0,T ]. Then the generalized Elzaki transform of f [1] exists and
satisfies

Eb;ϱ

{
f [1]

}
(u) =

( u
ln b

)−1
Eb;ϱ { f } (u) − u f (0). (3.16)

Proof. We have

Eb;ϱ

{
f [1]

}
(u) = u

∫ ∞

0
e−

1
u (ϱ(t)−ϱ(0)) ln b f [1](t)ϱ′(t)dt

= lim
T→∞

u
∫ T

0
e−

1
u (ϱ(t)−ϱ(0)) ln b f [1](t)ϱ′(t)dt.

Let 0 < ξ1, ξ2, · · · , ξn < T be the points in the interval [0,T ] where f [1] is discontinuous. Thus

u
∫ T

0
e−

1
u (ϱ(t)−ϱ(0)) ln b f [1](t)ϱ′(t)dt =u

∫ T

0
e−

1
u (ϱ(t)−ϱ(0)) ln b f

′

(t)dt
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=u
∫ ξ1

0
e−

1
u (ϱ(t)−ϱ(0)) ln b f

′

(t)dt+

+ u
m−1∑
i=1

∫ ξi+1

ξi

e−
1
u (ϱ(t)−ϱ(0)) ln b f

′

(t)dt

+ u
∫ T

ξm

e−
1
u (ϱ(t)−ϱ(0)) ln b f

′

(t)dt.

After integrating by parts, we obtain

u
∫ T

0
e−

1
u (ϱ(t)−ϱ(0)) ln b f [1](t)ϱ′(t)dt =ue−

1
u (ϱ(T )−ϱ(0)) ln b f (T ) − u f (0)

+ ln b
∫ T

0

f (t)ϱ′(t)

e
1
u (ϱ(t)−ϱ(0)) ln b

dt. (3.17)

On letting T −→ ∞, with (b > 1) on both sides of (3.17), we obtain (3.7).

Corollary 3.13. Let f ∈ Cm
ϱ ([0; T )) such that f [i], i = 1,m − 1 are of ϱ-exponential order. Let f [m] be

a piecewise continuous function on the interval [0,T ]. Then the generalized Elzaki transform of f [m]

exists and is given by

Ea;ϱ

{
f [m]

}
(u) =

( u
ln b

)−m
Eb,ϱ { f } (u) −

m−1∑
k=0

uk+2

(ln b)k+1 f (k)(0)

 . (3.18)

Corollary 3.14. Under the same assumptions as Corollary 3.13, it follows that the modified Elzaki
transform of f (m) exists and is given by

Eb

{
f (m)

}
(u) =

( u
ln b

)−m
Eb { f } (u) −

m−1∑
k=0

uk+2

(ln b)k+1 f (k)(0)

 . (3.19)

4. Fractional operators

In this section, we present the generalized Elzaki transforms of the fractional integral and derivative
operators. Some fundamental properties of the Elzaki transform that are necessary in solving fractional
differential equations are given in the following theorems.

Theorem 4.1. (Integral operators) Let α > 0. Let h ∈ PCexp
ϱ (.) on each interval [0,T ]. Then

Eb;ϱ

{
RLIα0+;ϱh(.)

}
(u) =

uα

(ln b)α
Eb;ϱ {h(.)} (u). (4.1)

Proof.

Eb;ϱ

{
RLIα0+;ϱh(t)

}
(u) = Eb;ϱ

{
1
Γ(α)

∫ t

0
(ϱ(t) − ϱ(s))α−1h(s)ϱ′(s)ds

}
(u)
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=
1
Γ(α)
Eb,ϱ

{
(ϱ(t) − ϱ(0))α−1 ⋆ϱ h(t)

}
(u)

=
1
Γ(α)

1
u
Eb,ϱ

{
(ϱ(t) − ϱ(0))α−1

}
Eb,ϱ {h(t)} (u)

=
uα

(ln b)α
Eb;ϱ {h} (u).

Corollary 4.2. (Caputo derivative) Let α > 0, h ∈ ACm([r, s]), ϱ ∈ Cm([r, s]), ϱ′(t) > 0, h(k), k =
0, 1, · · · ,m − 1 be ϱ-exponentially bounded. Then

Eb;ϱ

{
CDαr+;ϱh(t)

}
(u) =

( u
ln b

)−α Eb,ϱ {h(t)} (u) −
m−1∑
k=0

uk+2

(ln b)k+1 h(k)(0)

 . (4.2)

Corollary 4.3. (Riemann–Liouville derivative). Let α > 0, h ∈ ACm([r, s]),ϱ ∈ Cm([r, s]), ϱ′(t) > 0,
and

(
Iαr;ϱh

)[k]
, k = 0, 1, ...,m − 1 be of g− exponential order. Then

Eb;ϱ

{
RLDαr+;ϱh(t)

}
(u) =

( u
ln b

)−α
Eb;ϱ(h(t))(u) −

m−1∑
k=0

u−m+k+2

(ln b)−m+k+1

(
Im−α

r;ϱ h
)[k]

(0). (4.3)

Now we give the transforms of some specified Mittag-Leffler functions.

Lemma 4.4. Let α > 0,Re(α) > 0, and |λuα| < (ln b)α. Then

Eb;ϱ {Eα(λ((ϱ(t) − ϱ(0))α))} (u) =
u2(ln b)α−1

(ln b)α − λuα
. (4.4)

Eb;ϱ

{
(ϱ(t) − ϱ(0))δ−1Eα,δ(λ((ϱ(t) − ϱ(0))α))

}
(u) =

uδ+1(ln b)α−δ

(ln b)α − λuα
. (4.5)

Proof. We prove (4.5). We recognize that the Mittag-Leffler function is an entire function providing a
simple generalization of the exponential function, convergent in the whole complex plane. Using the
fact that the transform Eb;ϱ is linear, we have

Eb;ϱ

{
(ϱ(t) − ϱ(0))δ−1Eα,δ(λ((ϱ(t) − ϱ(0))α))

}
(u)

= Eb;ϱ

 ∞∑
k=0

λk(ϱ(t) − ϱ(0))kα+δ−1

Γ(kα + δ)

 (u)

=

∞∑
k=0

λkEb;ϱ

{
(ϱ(t) − ϱ(0))kα+δ−1

}
(u)

Γ(kα + δ)

=

∞∑
k=0

λk

Γ(kα + δ)
Γ(kα + δ)ukα+δ+1 1

(ln b)kα+δ

=
uδ+1

(ln b)δ

∞∑
k=0

(
λuα

(ln b)α

)k

,
λuα

(ln b)α
< 1

=
u−α+δ+1(ln b)α−δ

(u−1 ln b)α − λ
.

The modified Elzaki transforms of some specified Mittag-Leffler functions are as follows.
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Corollary 4.5. Let α > 0,Re(α) > 0, and
∣∣∣∣∣λ uα

(ln b)α

∣∣∣∣∣ < 1. Then

Eb {Eα(λtα)} (u) =
u2(ln b)α−1

(ln b)α − λuα
. (4.6)

Eb

{
tδ−1Eα,δ(λtα)

}
(u) =

uδ+1(ln b)α−δ

(ln b)α − λuα
. (4.7)

5. Applications to generalized fractional differential equations

In this section, we highlight the theoretical concepts presented in Sections 3 and 4. Like the
convolution, the ϱ-convolution, inverse transforms, and the transform of the fractional operators, the
Mittag-Leffler function used to solve some problems such as the Cauchy problem, linear differential
equations, and fractional differential equations.

Example 5.1. Let us consider the problemz
′′

(t) − z′(t) − 2z(t) = e2t,

z(0) = 0, z′(t) = 0.
(5.1)

Taking the modified Elzaki transform of both sides, we find[
(ln a)2

u2 +
ln a
u
− 2

]
Ea {z} =

u2

ln a − 2u
.

Solving for Ea {z} and using partial fraction decomposition, we can write

Ea {z} = u2 u2

(ln a − u)(ln a − 2u)(ln a + 2u)

= u2
(
−1/3

ln a − u
+

1/4
ln a − 2u

+
1/12

ln a + 2u

)
.

Hence z(t) =
−1
3

et +
1
4

e2t +
1

12
e−2t.

Example 5.2. Let us assume the Cauchy problem below:(CDδ0+,ϱr)(t) − λr(t) = h(t), t > 0,m − 1 < α < m, λ ∈ R,

r(k)(0) = ck, k = 0, · · ·m − 1, ck ∈ R.
(5.2)

Taking the generalized Elzaki transform of all the terms, plugging in the initial conditions in (5.2), and
then using Corollary 4.2, we get

(( u
ln b

)−α
− λ

)
Eb,ϱ {r(t)} (u) =

m−1∑
k=0

ck
u−α+k+2

(ln b)−α+k+1 + Eb,ϱ {h(t)} (u). (5.3)
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Thus

Eb;ϱ(r(t))(u) =
m−1∑
k=0

ckuk+2(ln b)α−k−1

(ln b)α − λuα
+

1
u

uα+1

(ln b)α − λuα
Eb,ϱ(h(t))(u).

Using (4.5) from Lemma 4.4, we have uk+2(ln b)α−k−1

(ln b)α−λuα = Eb;ϱ
{
Eα,k+1(λ(ϱ(t) − ϱ(0))α)

}
and uα+1

(ln b)α−λuα =

Eb,ϱ

{
(ϱ(t) − ϱ(0))α−1Eα,α(λ((ϱ(t) − ϱ(0))α))

}
. Hence by taking the convolution ∗ϱ into account, we have

Eb;ϱ(r(t))(u) =
m−1∑
k=0

ckEb;ϱ
{
Eα,k+1(λ(ϱ(t) − ϱ(0))α)

}
+

1
u
Eb,ϱ

{
(ϱ(t) − ϱ(0))α−1Eα,α(λ((ϱ(t) − ϱ(0))α))

}
Eb,ϱ(h(t))(u)

=Eb,ϱ

m−1∑
k=0

ck(ϱ(t) − ϱ(0))kEα,k+1((ϱ(t) − ϱ(0))α)

 (u)

+ Eb,ϱ

{
(ϱ(t) − ϱ(0))α−1Eα,α(λ((ϱ(t) − ϱ(0))α)) ∗ϱ h

}
(u).

Applying the inverse transform, we get

r(t) =
m−1∑
k=0

ck(ϱ(t) − ϱ(0))kEα,k+1(λ(ϱ(t) − ϱ(0))α)

+ (ϱ(t) − ϱ(0))α−1Eα,α(λ((ϱ(t) − ϱ(0))α)) ∗ϱ h

that is

r(t) =
m−1∑
k=0

ck(ϱ(t) − ϱ(0))kEα,k+1(λ(ϱ(t) − ϱ(0))α)

+

∫ t

0
(ϱ(t) − ϱ(s))α−1Eα,α(λ((ϱ(t) − ϱ(s))α))h(s)ϱ′(s)ds.

The special case of the initial value problem is as follows:(CDα
0+,
√

t
r)(t) − r(t) = 1, t > 0, 0 < α < 1,

r(0) = 1,
(5.4)

for the choice ϱ(t) =
√

t, λ = 1,the problem has the solution

r(t) = Eα(t
α
2 ) +

∫ t

0
(
√

t −
√

s)α−1Eα,α((
√

t −
√

s)α)
1

2
√

s
ds.

Example 5.3. Let us consider the following Cauchy problem:(RLDα0+,ϱx)(t) − λx(t) = h(t), t > 0, 0 < α < 1, λ ∈ R,
(I1−α

0,ϱ x)(0) = c, c ∈ R.
(5.5)
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Applying the generalized Elzaki transform to both sides of Eq (5.5) and then using Corollary 4.2, with
m = 1, we get (( u

ln b

)−α
− λ

)
Eϱ(x(t))(u) = cu + Eϱ(h(t))(u). (5.6)

Hence

Eϱ(x(t))(u) =
cuα+1

(ln b)α − λuα
+ +

1
u

uα+1

(ln b)α − λuα
Eϱ(h(t))(u)

=cEϱ
{
(ϱ(t) − ϱ(0))α−1Eα(λ(ϱ(t) − ϱ(0))α)

}
+

1
u
Eϱ

{
(ϱ(t) − ϱ(0))α−1Eα,α(λ((ϱ(t) − ϱ(0))α))

}
Eϱ(h(t))(u)

=Eϱ
{
c(ϱ(t) − ϱ(0))α−1Eα(λ(ϱ(t) − ϱ(0))α)

}
(u)

+ Eϱ
{
(ϱ(t) − ϱ(0))α−1Eα,α(λ((ϱ(t) − ϱ(0))α)) ∗ϱ h

}
(u).

Hence,

x(t) =c(ϱ(t) − ϱ(0))α−1Eα(λ(ϱ(t) − ϱ(0))α)
+ (ϱ(t) − ϱ(0))αEα,α(λ((ϱ(t) − ϱ(0))α)) ∗ϱ h

or

x(t) =c(ϱ(t) − ϱ(0))α−1Eα(λ(ϱ(t) − ϱ(0))α)

+

∫ t

0
(ϱ(t) − ϱ(s))α−1Eα,α(λ((ϱ(t) − ϱ(s))α))h(s)ϱ′(s)ds.

Example 5.4. Consider the linear equation∫ t

0
(ϱ(t) − ϱ(s))my(s)ds = h(t) m = 1, 2, ... (5.7)

Here, h(t) is assumed to satisfy the conditions

h(0) = h′(0) = · · · = hm(0) = 0.

Equation (5.7) can be written in terms of operators defined above as follows:

Γ(m + 1)
(
Im+1

0;ϱ

[
y(t)
ϱ′(t)

])
(t) = h(t). (5.8)

Applying the generalized Elzaki transform, we get( u
ln b

)(m+1)
Eϱ

{
Im+1

0;ϱ

[
y(t)
ϱ′(t)

]}
(u) =

1
Γ(m + 1)

Eϱ(h)(u). (5.9)

Since h(0) = h′(0) = · · · = h(m)(0) = 0,
∑m

k=0
uk+2

(ln b)k+1 h(k)(0) = 0. Hence

Eb;ϱ

{[
y(t)
ϱ′(t)

]}
(u) =

1
Γ(m + 1)

( u
ln b

)−(m+1)
Eb;ϱ(h)(u)
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=
1

m!

( u
ln b

)−(m+1)
Eb,ϱ {h} (u) −

m∑
k=0

uk+2

(ln b)k+1 h(k)(0)


=

1
m!
Eb;ϱ

{
h(m+1)

}
(u).

The solution is given by

y(t) =
1

m!
ϱ′(t)h(m+1)(t). (5.10)

For example, if ϱ(t) = t3 and m = 1, then the problem is given as∫ t

0
(t2 − s2)y(s)ds =

(
I2

0;t2

[
y(t)
2t

])
(t) = h(t)

and its solution as

y(t) =
1

2t2 (th(2)(t) − h′(t)).

6. Conclusions and discussion

In this study, we have introduced a generalized Elzaki transform and explored its applications to
fractional differential equations. The results obtained in this study have significant implications for the
field of fractional calculus and its applications.

The generalized Elzaki transform is a powerful instrument for solving fractional differential
equations. The transform is easy to apply, and the resulting solutions are exact and explicit.

The results obtained in this study have significant implications for the field of fractional calculus
and its applications. The fractional differential equations that were solved using the generalized
Elzaki transform have applications in various fields such as physics, engineering, and economics. The
solutions obtained in this study can be used to model real-world phenomena more accurately and
efficiently.

The generalized Elzaki transform also has potential applications in other areas such as signal
processing, control theory, and data analysis. The transform can be used to analyze and solve problems
in these fields more effectively and efficiently.

One of the significant advantages of the generalized Elzaki transform is its ability to solve fractional
differential equations with non integer orders and differentional equations with constant and variable
coefficients. This is a significant limitation of the existing methods, which are limited to solving
fractional differential equations with integer orders.

As metric dimensions or some other distance-based graph parameters can be used to metricize the
graph corresponding to the problem which is to be solved by the Elzaki transform or generalized Elzaki
transform, one may combine these methods of analysis together with graph theoretical ones, especially
with fractional graph theoretical ones, to solve the problems under investigation more effectively.

In conclusion, the generalized Elzaki transform is a powerful instrument for solving fractional
differential equations. The transform is easy to apply, and the resulting solutions are exact and explicit.
The transform has significant implications for the field of fractional calculus and its applications.
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