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Abstract: High-order Volterra integro-differential equations are of great interest to many authors
because of their important applications in physics and engineering, especially if they contain delay or
pantograph terms that enable them to describe the memory effect. Providing an efficient numerical
scheme for high-order Volterra integro-differential equations helps to explain many problems in
mathematical biology and quantum mechanics. In this manuscript, we use shifted Jacobi polynomials
as the basis for a spectral collocation approach to solve high-order one- and two-dimensional Volterra
integro-differential equations with variable coefficients. A pantograph operational matrix, based on
shifted Jacobi polynomials, is used for the first time, together with the Gauss-Jacobi quadrature rule,
to reduce the problem to the problem of solving a system of algebraic equations. To ensure the validity
of the proposed approach, we compare the numerical results with those of other numerical schemes in
the literature.
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1. Introduction

High-order pantograph Volterra integro-differential equations provide a vital framework for
describing a number of natural phenomena in physics and engineering [1-3]. With the integral form,
the pantograph Volterra integro-differential equation has the ability to model systems with memory
influence, and the pantograph term adds to the equation’s capacity to study scaling properties. These
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attributes ensure the appearance of pantograph Volterra integro-differential equations in diverse fields,
including wave propagation and quantum mechanics [4—6]. It has an essential value in studying
systems where the scaled spatial or temporal variables and past states help in obtaining the behavior
of the wave, for instance, quantum transitions, scattering processes, wave propagation in non-classical
structures, and optical interference and diffraction [7, 8].

On the other hand, the pantograph term as well as the differential and integral terms make it
uneasy to find the exact solution of pantograph Volterra integro-differential equations, so many authors
are interested in finding valid and accurate analytical and numerical solutions for different kinds of
such equations. Abbaszadeh et al. [9] developed a virtual element framework for nonlinear partial
integro-differential equations, proposing two temporal strategies (uniform and graded meshes) to
address integral term singularity establishing a fully discrete scheme with rigorous error estimates,
unconditional stability, convergence proofs, and validation through numerical experiments on varied
physical domains. Zaky et al. [10] proposed a spectral tau approach to approximate the solution
of high-order pantograph Volterra-Fredholm integro-differential equations in both one- and two-
dimensions. Abdelhakem [11] utilized the Pseudo-spectral integration matrices for fractional Volterra
integro-differential equations and Abel’s integral equations. Ghoreyshi et al. [12] investigated a
nonlinear time-fractional partial integro-differential equation by combining the weighted and shifted
Griinwald—Letnikov formula for temporal discretization of the Caputo fractional derivative, the
fractional trapezoidal rule for the Volterra integral, and Chebyshev spectral-collocation methods for
spatial approximation. Ghosh and Mohapatra [13] applied an iterative technique for nonlinear delay
Volterra integro-differential equations, where the integral term is approximated using the composite
trapezoidal rule, and the Daftardar-Gejji and Jafari technique is used to solve the resulting implicit
algebraic equation. Alsuyuti et al. [14] extended the application of the Galerkin spectral method for
pantograph integro-differential and systems of pantograph differential equations of arbitrary order.
Behera and Ray [15] carried out an operational scheme based on Bernoulli and miintz—Legendre
wavelets (BMLW) for the solution of pantograph Volterra delay-integro-differential equations. Elkot
et al. [16] presented the multi-variate Legendre-collocation spectral scheme for multi-dimensional
nonlinear Volterra—Fredholm integral equations. Zhao et al. [17] utilized the Lagrange interpolation
(LIT) and Bernstein tau (BT) methods, respectively, to deal with linear pantograph Volterra delay-
integro-differential equations. The author in [18] applied the Jacobi spectral tau approach for systems
of multi-pantograph equations. Bica and Satmari [19] employed an iterative approach based on the
Bernstein composite quadrature and fuzzy Bernstein spline interpolation methods for the approximate
solution of pantograph fuzzy Volterra integral equations. In [20], the spectral collocation technique is
implemented, where the integral terms are approximated via the Gauss quadrature rule, for systems of
multi-dimensional integral equations. In [21], the multistep collocation method is carried out for the
pantograph second-kind Volterra integral equation. Other numerical methods include [22,23].

This manuscript aims to provide a numerical solution for the high-order multi-pantograph Volterra
integro-differential equation

K N s d; x ) X
DO =g+ Y ) f e + fo Vi fO(w)dw + fo 00 f(w)dw,
i=0 i=0 i=0

f20y=6, i=0,1,---,s—1, 0<x<a,

(1.1)

where £(x), g(x), ui(x), vi(x) and y;(x) (0 < i < s) are known functions and 6;, ¢; and d; (0 < i < s)
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are real numbers with 0 < ¢;,d; < 1. In this regard, we use the operational matrix of differentiation and
derive another one of pantograph, based on shifted Jacobi polynomials, that are utilized in conjunction
with the spectral collocation approach to simplify the problem to an equivalent one of solving a system
of algebraic equations. In addition, we study the application of the considered numerical technique to
the system of high-order multi-pantograph Volterra integro-differential equations. On the other hand,
we aim to extend the constructed numerical technique to solve the two-dimensional high-order multi-
pantograph Volterra integro-differential equation

S+(] H'J
0 {équ) —g(x, y)+ZZf f gl]( a{—a(tju)dtdu
i=0 j=0
6’+ff(cx djy)
f f v(t, u) f(t, u)dtdu + ZO“JZ; .56, y)— oy (1.2)
WON — gy, i=01,,s-1, 0<y<§B,
YLD — (), j=01 =1, 0<x<a,

where u; j(x,y), & (x,y), v(x,y), 6;(y) and 3;(x) (0 < i < s, 0 < j < g) are known functions with
0<c¢d;<l.

The paper is outlined as follows: Section 2 investigates the existence and uniqueness of the high-
order multi-pantograph Volterra integro-diftferential equation (1.1). Section 3 provides some important
properties of shifted Jacobi polynomials. Section 4 presents the application of operational matrices
of pantograph and differentiation in conjunction with the Jacobi spectral collocation method to solve
high-order multi-pantograph Volterra integro-differential equations. Section 5 studies the application
of the considered numerical approach to the system of high-order multi-pantograph Volterra integro-
differential equations. Section 6 discusses the extension of the numerical approach discussed in the
previous section to solve the two-dimensional high-order multi-pantograph Volterra integro-differential
equation. Section 7 introduces several test problems with their numerical solutions and comparisons
with other spectral methods in the literature. Concluding remarks are displayed in Section 8.

2. Existence and uniqueness

In this section we study the existence and uniqueness of the solution of the high-order multi-
pantograph Volterra integro-differential equation (1.1).

Theorem 1. ( [24] Gronwall inequality) Let f(x) be a non-negative integrable function over (0, «],
and let g(x) and E(x) be continuous functions on [0, a]. If E(x) satisfies

E(x) < g(x) + fx JW)E(w)dw, VYx € [0, a], 2.1)
0

then we have . .
E(x) < g(x)+ f f(g(t)exp (f f(w)dw) dt, Vx € [0, a]. 2.2)
0 t

If g(x) is non-decreasing, then

E(x) < g(x)exp (fx f(w)dw) dt, Vx € [0, a]. 2.3)
0
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Theorem 2. Assume f(x) is a continuous function in [0, «]; then the pantograph Volterra integro-
differential equation (1.1) has a unique solution.

Proof. Firstly, we transform high-order multi-pantograph Volterra integro-differential equation (1.1)
into its equivalent integral form as follows:

s times
s times

S
f@ = 6% = | K fydx - dxds, (2.4)
il 0 Jo 0

where
s s dix X s—1
K (e ) = 50+ Y u0f Ui + ) [ s Pondw+ [ gonfnd+ Y ys 0o,
i=0 i=0 i=0

Suppose that for any continuous functions f(x), h(x), £(x), ui(x), y;(x) and v;(x) (0 <i < s),in [0, ],
and ¢; (0 <i <), with 0 < ¢;,d; < 1, the following inequalities hold:

[0 - 1P|, < AllFx) = )l » VO <i<s,
I (cix) = h(eimll < BIF() = Rl » VO <i<s, 2.5)
@I <C Ml <D, Mi@lle S E, Ilyi®le <F, Y0<i<s.

Now, we prove that K (x, f(x)) satisfies the Lipschitz condition. For any two continuous functions
f(x), h(x), we have

s s—1
1% (x, £x) = K (e o) || = ‘ 70 (FOcx) = hOe) + 3 3i0) (FO) - KO()
i=0 i=0

s d; x X
> f viw) (fO00) = KOw)) dw + f W) (f(w) = h(w)) dw
i=0 Y0 0

(o)

s s—1
< > @£ = BOCl|, + > 1|20 - O
i=0 i=0

s d; x . ‘ X
> fo i)l [£Ow) = BOw)| , dw + fo EWN W) = h(w)ll, dw
i=0
< LI = h@)l

where £ = ABD + AEa + Ca + AF is a positive constants. Consequently, Eq (2.4) can be rewritten as

s—1 i 1 X
fo-2 o = fo (x= 0K (&, f0) d. 2.6)

Assume there are two solutions f(x) and h(x) of the pantograph Volterra integro-differential
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equation (1.1) satisfying f(0) = h'?(0) = 6;, i =0, 1,--- , 5. This, along with Eq (2.6), yields

1F() = Rl = || f (=" (0 f0) =K hy ]|

1
( 1)!
f |x = " IK @, £(2)) = K (&, (D), dt

(S— D!

(s—l)'f G =0 1/ ) = Aol

and then, it follows from Theorem 1 that || f(x) — A(x)||., = 0. Now, we consider

s—1 i

1 X
ﬁ(x)—;e,-f—!: ST fo (x = 01K (¢, fi (D) dr,

and define €, = f;1(x) — fi(x). Following the proof in ( [25], Section 3), we get

1€l = H fo = " (K fir(0) = K (1, fiD)) dt

1
(s = D!

Thus, for n,m — 0, we have
1/ (X) = fulo S €l + 1€-illee + -+ + 1€0illee = 0, > m,

which implies that there is only one solution of (1.1).

3. Shifted Jacobi polynomials

<LJ¢llo =0, L<1.

2.7)

(2.8)

(2.9)

(2.10)

Denote S(“ :b) (x), for L = 0,1,---, by the shifted Jacobi polynomials defined in A, = [0, ], then it

can be given analytlcally by

1 ; .
-DFTI+b+ DI +i+a+b+1)
S(ab) 81 - ( X
(x) = 22 MY T LT b+ DM +a+b+ DIA— Dol

and satisfy
“ Td+b+ 1) +a+b+1

dqal T(l—qg+DI(g+b+ 1)at
Shifted Jacobi polynomials satlsfy the orthogonality relation

0

T +a+ DIU+b+ 1)
Rl+a+b+DIT{U+a+b+1)

(a.b)

where w? = X(a - x)*, KD =

Kronecker delta function.
Any function f € L*(A,) can be expanded based on shifted Jacobi polynomials by:

N L an o
Jlo = Z S0 fi= @) f FS 5 owdx.
1=0 a,l 0

and &, is the well-known

3.1
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The shifted Jacobi-Gauss quadrature rule satisfies

f FOOWED () dx = 22 WEDF (S (14 227)), (32)

where {x(zj.’)}j: are the zeros of S, @b )(x) and { @ b)}j: are their corresponding weights.
If we denote P9 by the orthogonal projection:
PL AN > 8% Sy =Span{SY(x):  0<1<.L),
then, we have
L
Pyf = fr0) = ) ASEP () = FL S50, (3.3)
1=0
where
Fr=1f, 0<i<Ll’, SH0=I[SYw), 0<i<L]. (3.4)
Similarly, for f € L*(A, X Ay), A, =[0,a], A, =[0,5], we have
L M
Fem3) = D0 S @S 00 = FL &), (3.5)
1=0 m=0

where #7  and S w(x, y) are defined by:
Fim=Ufim  0<I<SLO<m<M],

3.6
Sy = [SLS5h (), 0<I<L 0<msM]", -0
and 5
1 a,
fin =~ an f f FS S g WD (w” (V)dxdy. 3.7)
ha’} hﬁ,;n 0 Jo

4. Multi-pantograph Volterra integro-differential equations
In this section, we apply the Jacobi spectral collocation method to solve the following high-order

multi-pantograph Volterra integro-differential equation (1.1).
The Jacobi spectral collocation approach for (1.1) is to find f, € 8%, such that

Z ) = L(x)+Zu,<x)f$<c x)+2 f Vi) f w)dw + fo EOfrwdw.  (4.1)

Denote f,(x) and g(x) by

fr(x) = F}SH(x), (4.2)
gr(x) = G, S5(x), (4.3)
with
. Qb+l £ o
Gr=lgogn ey &= ﬁz WSl (3 (xed + 1))e (5 (57 + 1),

The following two theorems will be of great use later.

AIMS Mathematics Volume 10, Issue 4, 9274-9294.
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Theorem 3. [26] The i"* derivative of the vector SaL(x) is given by:

d ‘ ‘ .
Eei(x) — D(z)gz(x); DO = (D(l))’, 4.4)
with
Cl(i, ])’ -] < i’
DV = d; )o<i j<rs dij =
(di.jo<ij<r 7o, Otherwise,
and

a*i+a+b+)(i+a+b+2)(j+a+2)_ ;. T(j+a+b+1)

Ci(i, )) = (i—-j-DITQj+a+b+1)

—i+1+j, i+j+a+b+2, j+a+1
X 3F2 ; 1
jta+2, 2j+a+b+2
Theorem 4. For 0 < ¢ < 1, the pantograph operational matrix P, is given by
S5 (cx) = P.S%(x), 4.5)
where
1
P .= (sz)og,jsz; PZ,- = Zal,ici%',j-
i=0
Proof. We start by expressing S Z’fl’(cx) by:
!
S\ (ex) = Y &y (4.6)
i=0
Expanding x’ in terms ofoy’f;.(x), j=0,1,---, L, by
& 1
x' = Z qi;S Z:};-(x); 9= ~uh f x'S Z’f;(x)wf;b (x)dx. 4.7)
Jj=0 . ha,’j 0
A combination of (4.6) and (4.7) then yields
! (L L ! ‘
SfZ}b)(CX) = Z 81,1-0’ [Z Qi,jS Z’,I;(x)) = Z SZ’i. [Z 81,,-clq,~",~]
z:(j j=0 l Jj=0 l i=0 . (48)
= [Z &E1ic'qi, Zgl,ici%,l’ RN Zal,iciQi,L S5 (),
i=0 i=0 i=0
which completes the proof. O
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Application of (4.2) with Theorems 3 and 4, we have

dif.C(x) d @ D) ~a

T =Tl (e4() = FDVSY(), 4.9)
difL(CX) di 7 i @

T =TI (S%(cx)) = FIDOP.S3(x). (4.10)

Substitution from (4.2), (4.3), (4.9), and (4.10) into (4.1); one gets

D FIDOS(0) = > w(x)F [DVP, S5(x) + f EO)F [ S (w)dw
i=0 i=0 0

- (4.11)
£ f V(OFFDOSL(w)dw + GLS%(x).
i=0 V0
Thanks to (4.11), the residual R (x) can be given by
Re(x) = Y FIDOSL(0) = Y p(x)F [DOP,S5(x) - Y fj Vi()F L DOSL(w)dw
= = =0 0 (4.12)

- fo EXF} SLwdw — G S5(x).

Finally, the spectral solution of (1.1) is transformed to a problem of solving the following algebraic
equations system:

a a+b) .
RA(=(x“"P + 1) =0, 0<i<L-s,
SV (4.13)
F'DYS.0)=6;, i=0,1,---,s-1

5. System of multi-pantograph Volterra integro-differential equations

Here, the operational approach discussed in the previous section is carried out to get a numerical
solution for the system of high-order multi-pantograph Volterra integro-differential equations:

r r K r s di 1 x _
Z Yik(x) fk(s)(x) =g/(x) + Z Z,ul,k,i(x)fk(l)(ci,lx) + Z Z f Vl,k,i(x)fk(l)(w)dw
k=1 0

k=1 i=0 k=1 i=0 (5.1)
+ f &(x) filw)dw, xwel0,a], 1<I<r
0
with _
D0)=6,;, i=01,-,5-1, 1<l<r (5.2)

where r, 5, 0 < ¢;,d; <1 (0 <i < s) are real numbers and g;(x), i (X), tii(X), vii(x), E(x) (0 < k <
r, 1 <i < s) are known functions definedin 0 < x < a.
First, the system (5.1) may be written in the following way:

d°F ~_ d'F(c g d'F x
ALFD Gy oy gD o e o EOD) [ EFw)aw,
Tdo dxi 0 dw 0 (5.3)
d'F(0) . '
— = 0,, 0<i<s-—1,
dxi
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where
F(x) = [fl (X), fZ(-x)9 RS fr(-x)]T,
G(x) = [g1(x), g2(x), - -+ , g (0],
®l = [el,i’ 02,i’ Tt Hr,i]T’
A= (71,k)1slgr,1skgr, B = (,ul,k,i)lglsnlsksh C = (Vl,k,i)lslsnlsksh

E = (e11)1<i<r1<k<rs e=¢&, ey=0ifl#k.

Now, we aim to find the vector F(x) such that:

d%(x) dFj;(cl ) f d’Ff,(w> f
A————=G B——— EF dw, 5.4
L)+ Z ZO we | EFmdw, (54

in this regard, we suppose
Fr(x) = F,8%(x); Fri = E <icrocjcs
G(x) = QLJ@%(X), Gri= (g,, j)lSlSr,OS J<Lo

where f;; (1 </ <r,0< j< L) are the unknowns need to be determined later, while g, ; (1 </ <r,0 <
Jj < L) can be given using the shifted Jacobi Gauss quadrature rule as follows:

(5.5)

a“+hH! = @b g @b (a+b) (a+b)
gj,,:_wﬂh%g EPSeP (S (e ))a (5 (74 0). 1sisr

Then one gets from (5.5) that

d'F d .
dfc§X) = ?‘u (6‘2(@) FrDVSH(x), 1<l<r, 0<i<s, (5.6)

d'F d .

% =Frio ( Yex)) = FrPDPSY(x),  1<i<r, 0<i<s. (5.7)

A combination of (5.5)—(5.7), Eq (5.4) can be approximated as:

il

AF L DYS(x) = Z B.F /P, DS (x) + Z CF DOS (w)dw
(5.8)

+ f E F,S w)dw + G £,S5(x).
0

Application of the spectral collocation method leads to the following system of r(L + 1) algebraic
equations:

(a+h)
’l2 Xri +)
&) za [ 2 (,(ath) _ a (a+b) ) (=«
AF.DYS (2( x4 1))_@_,[6 (z(xb +1 §Of CF DV S%L(w)dw

( (@) |

Y (i) =« (a+b) G o
+ ;Biﬁz,zPa,D S (5( Xpio+ 1)) fo E F1,S%(w)dw, 1<i<r
?LJD(l)@%(O) = ®i9 0 < i <§-— 1’ 1 < l <r
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6. Two-dimensional case

We utilize the Jacobi spectral collocation technique to solve the two-dimensional high-order multi-
pantograph Volterra integro-differential equation (1.2).
As a spectral collocation scheme, we have to find fz m € S} X wa such that

o5t az+j ; ,d-
" frm(x,y) = orm(y) + Z Z'“’J(x 9 fL,MI(C).C »)

6xs(9y‘1 P 0x'oy/
0 j=0 6 ) 6.1
LM\, U
f f v(t, w) frm(t, w)dtdu + ZO: ]Z(; f f &/t ) o didu.
In this regard, we suppose
_ T a,
fL,M(x9 )’) - TL,MSL,M(X’ y)5 (62)

gL,M(xa J’) = g_TC’M eoz’M(-x’ )’),
where ¥ 5 is an unknown vector, while
Grm = [81ms 0<I<L 0<m<M|,

a+b+l a+b+1

S Qusdbea bt ZZWW) (a+b)S(ab)(2( I 1))5%) (g( Mon * 1))

1""Bm =0 m=0
(3 1), 2 (o 1)

Definition 1. [27] The kronecker product of any two | X m and n X o dimensional matrices P and Q,
respectively, is denoted by the In X mo matrix P ® Q and is given by:

puu@Q pirQ - pmQ

P&Q = P2.1Q Pz'zQ er.nQ

@ ppQ - pm0Q

Theorem 5. Assume I, and I p are the identity matrices of orders L + 1 and M + 1, respectively;
then

%@“ﬁ (x,y) = DVS, (x,y), (6.3)
a_edﬁ ( ) = D(.i)@“ﬁ (x,y) (6.4)
a J ‘x y y L’M 'x’y bl .
8 a,B (i)

56 mex,y) = D 50“6 (X)), (6.5)
J

Pk P dy) = DYP S (x, ), (6.6)

where DY =DV @I, DY = Tp@DY, P, = P.® I pp, and Pyq = I @ P,

AIMS Mathematics Volume 10, Issue 4, 9274-9294.
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In virtue of (6.2)—(6.6), we have

i «
S fem6y) = FLy DV (),

%fzm(x,y) F DY S (x.0),
8i+ J
0x'dyl
Fem(€x,y) = F [y PreS (5 1),
frm(xdy) = FL pPyaC(x.y),

fem(ex,dy) = F Ly P PyaST (5, ).

frm(x.y) = FL o DODPSY, (x.), (6.7)

Then, the residual of (6.1) can be given by
Rem(x,y) = ?} MDVDPE, (x,y) = G S (%)

_ Z Zﬂt/(x WFE M@(l)@(/)px PSP (x,y) - f f v, NF f S ot wdtdu

i=0 j=0

- Z Zf f &ij(x, )’)TLM.@U)@(})GQ wm(t wdtdu.

i=0 j=0

Finally, we generate a system of (£ + 1)(M + 1) algebraic equations as follows:

RLM(Z(E")H) 'g((“”’)ﬂ)) 0, 0<i<L-50<j<M-gq,
T i) =B B Jla+b) B ( (a+p) . .
TIPS (0.5 (50 + 1)) =0 (5 (x5 + 1)), 0siss-lLo0<j=M

(=B (L[ (a+b) _ (a+b) . .
TIPS (5 (07 +1).0) =, (5 (7 +1)).  0<j<q-1,0<i<L
7. Test problems

The current section provides some test problems to ensure the validity of the numerical approaches
presented in Sections 3-5. The programs used in this paper are performed using the PC machine,
with CPU Intel(R) Core(TM) i3-2350M 2 Duo CPU 2.30 GHz and 6.00 GB of RAM. We also
used the arithmetic symbolic program known as (Mathematica 12) to perform intermediate arithmetic
operations and arithmetic tables, as well as illustrations in the paper as a whole.

7.1. Stability test

First, we consider the pantograph Volterra integro-differential equation [28,29]:

@ 1) 3. . fx _ . (2
f (x)+f(2x) 4f(x) i tf(t)dt = 1 sin(x) + x cos(x) + 31n(2),
f0)=0, f(0) =1, 0<x<l,

(7.1)
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with an exact solution f(x) = sin(x).

To evaluate the stability of our proposed scheme, we introduce controlled perturbations into both the
source term and the initial condition of Eq (7.1). This allows us to analyze how sensitive the method is
to variations in input parameters. Consider the perturbed version of (7.1):

) 1Y 3 . f ’ __u. in (2
g (x)+u( X 4g()c) | tg(ndt = 7 sin(x) + x cos(x) + sin (2) + €,

2 (7.2)
g(0) =0, g0 =1,
1y 3 x 1 X
2) _ _ _ - in | Z
KO (x) + u( 2x) ) fo th(t)dt = == sin(x) + xcos(x) + 51n(2), .

h0) = €, KO)=1+¢,

where €; and ¢; are perturbations to the source term and the initial conditions, respectively. The exact
solution remains g(x) = h(x) = sin(x).

The numerical stability of the proposed scheme is analyzed by introducing perturbations to the
source term (€,) in (7.2) and initial conditions (¢;) in (7.3). Tables 1 and 2 show that both perturbations
exhibit linear error propagation:

e For ¢, reducing the perturbation magnitude by a factor of 10 (e.g., 0.1 — 0.01 — 0.001)
decreases the maximum absolute errors (MAESs), | f,(x) — g2(x)|, by the same factor.
e Similarly, for ¢, the MAEs, |f,(x) — hz(x)|, scale linearly with the perturbation size.

This linear behavior indicates the method’s robustness against small perturbations in the source term
or the initial condition.

Table 1. MAEs for the perturbed Problem (7.2) with source term perturbations.

L € =0.1 e =0.01 e = 0.001
6 0.05255861 0.00525315 0.00052261
8 0.05256080 0.00525608 0.00052561
10 0.05256079 0.00525607 0.00052560

Table 2. MAEs for the perturbed Problem (7.3) with initial condition perturbations.

L €=0.1 € =0.01 € = 0.001

6 0.19715309 0.01971260 0.00196855
8 0.19715418 0.01971542 0.00197154
10 0.19715416 0.01971541 0.00197154

Previous studies by Yiizbasi [28] (Laguerre operational matrix, LOM) and Giilsu & Sezer [29]
(Taylor collocation method, TCM) provided approximate solutions. Table 3 compares the numerical
results of the absolute error function of f(x) using the numerical method presented in Section 3 against
those given using the LOM [28] and TCM [29]. Figure 1 plots the absolute errors of f(x) with £ = 10
and the logarithmic function of MAEs for f(x) at (a, b) = (0, 0).
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Table 3. Absolute errors of f(x) with (a, b) = (1,0) for Problem (7.1).

LOM [28] TCM [29] Our scheme

X N=7 N=10 N=17 N =10 L=7 L=10

0.0 0.00 0.00 0.00 0.00 555x 1077 555 x 1077
0.2 234x107° 3.04x 1071 2.35x 1077 7.00x 10710 4.05x 1071 999 x 10°1
0.4 513x107° 6.63x10713 527x1077 1.50x 10~ 6.29x 10719 1.90 x 1074
0.6 833x10° 1.03x 107" 032x 1077 240x107° 6.07x 10719 7.66 x 10°1
0.8 1.15x 1078 1.43x 10712 5.60x 1077 3.00x 10~ 586x 10719 2,14 x 107
1.0 3.64 x 1077 3.48 x 10712 337x 107 1.06x 1077 927 x 1072 3.33x%x107'°

oOF T T T T T ™ eror
35x 107
3x10™F

25x10MF

Log MAE

2x107F

5.x107°

I I I I M
L 02 04 06 08 1.0

Figure 1. The logarithmic function of MAEs and absolute errors of f(x) with (a, b) = (0, 0)
and L = 10 for Problem (7.1).

7.2. Convergence test

To rigorously evaluate the convergence properties of the proposed method, we analyze the Volterra
integro-differential equation:

1

) - f ES ft)dt + 8 f Y cos()f(Hdt = g(x), 0<x<1, (7.4)
0 0

70 =30 - £33
with £(0) = 0 and exact solution f(x) = sin(x)e*~!. This benchmark problem, previously studied
in [15,17], allows direct comparison of convergence rates.

Table 4 demonstrates the exponential convergence of our method compared to those achieved using
the BMLW presented in [15], while Table 5 compares the absolute errors of f(x) with those given using
the BT and LIT methods introduced in [17]. Figure 2 plots the absolute errors of f(x) with £ = 16 and
the logarithmic function of MAEs for f(x) at (a,b) = (1, 1).

Table 4. MAEs of f(x) for Problem (7.4).

=3 =4 =5 =6
BMLW (M = 3) [15] 6.563 x 10™* 8.508 x 10 1.080x 107  1.359 x 107°
L=6 L=38 L=10 L=12
Our method (a,b) = (2,2) 4507 x 107* 4.831x107% 1.137x10™® 9.835x 10712
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Table 5. Absolute errors of f(x) at x = 0.5 and 1 with (a, b) = (2,0) for Problem (7.4).

BT [17] LIT [17] Our method
L x=0.5 x=1 x=0.5 x=1 x=0.5 x=1
6 2.75%x 1072 3.17x 107! 1.85x 107 4.20x 1073 247x107%  6.79 x 107
8 1.99x 1072 2.46x 107! 2.00x 1077  230x10* 2.08x 10  7.09 x 1077
10 1.56 x 1072 2.06 x 107! 237x107° 6.68x 107 3.77x 107" 1.64 x107°
12 1.29x 1072 1.80x 107! 5.66x 107" 7.75 x 1077 247x107* 1.82x 10712

error

Log MAE

Figure 2. The logarithmic function of MAEs and absolute errors of f(x) with (a,b) = (1, 1)
and L = 16 for Problem (7.4).

7.3. Irregular solution test

To test the validity of the numerical approach presented in Section 3 for pantograph Volterra integro-
differential equations with irregular solutions, we consider the following problem:

=

2
4T AT _ G - f (%x) " f
0

xtf(t)dt— f Vif(de+g(x), 0<x<1, (1.5
dx? dx 0

where f(0) = %(0) = 0 and g(x) is chosen such that the exact solution is f(x) = x2.

To solve this problem, we apply the numerical scheme introduced in Section 3 with various choices
of L. Table 6 displays the MAEs of f,(x) at (a,b) = (0,0) with £ =4,8,12, 16, and 20.

Table 6. MAEs of f,(x) for Problem (7.5).

L 4 8 12 16 20
MAE 1.1425x 1072 7.3101 x 10 1.0095 x 10 2.7518 x 1077 9.8240 x 1078

AIMS Mathematics Volume 10, Issue 4, 9274-9294.
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7.4. System of equations

Consider the system of pantograph equations:

f1(0) =1,

+f xfl(t)dt+f L@ dt + gi(x),
0 0

+ fo 3fi(ndr+ fo S2(1) dt + g2(x),

0<x<1.

12(0) =0,

fg(])(x):xfl(x)—4f2(x)+f1(cx)+exf2(cx)+f xzfl(t)dt—f sin(x) f(7) dt
0 0

The exact solutions are given by f;(x) = e¢* and f>(x) = x°.

FP(0) = sin(x) fi(X) = fo(x) + 2fi(ex) + cos(x) fo(ex) + fo fiodt - fo fot)dt

(7.6)

In [30], shifted Chebyshev polynomials were used as basis functions for the collocation spectral
approach (CCS) to solve (7.6) with ¢ = 0.8. Table 7 compares the MAEs of our method (using the
numerical approach from Section 4 with (a,b) = (0,0) against the CCS results. Figure 3 shows the
absolute error distributions for both components with £ = 12, along with the logarithmic MAE plots
for (a,b) = (1,0) with ¢ = 0.1.

Si(x)

Soa(x)

Log MAE

Log MAE

I
12

~
>
5

I I I
8 10 12
L

~ L

error

1108

8.x107F

6.x107F

4.x1070 g

2.x107°

error

06 08 1.0

Figure 3. The logarithmic functions of MAEs and absolute errors of fi(x) and f>(x) with
(a,b) = (1,0) and L = 12 for Problem (7.6).
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Table 7. MAE:s of fi(x) and f;(x) for Problem (7.6).

CCS [30] Our scheme
L Sfi(x) S2(x) Si(x) J2(x)
2 6.0777 x 1072 1.1843 x 107! 6.5075x 1072 4.8397 x 1072
4 02227 x 10™* 8.2963 x 10™* 3.9735x 10 6.6931 x 1073
6 73973 x 1077 1.8431x 107° 5.4490 x 107 2.8398 x 10~
8 0.5045 x 1071 6.6164 x 10710 47068 x 107" 1.9821 x 10712

7.5. Two-dimensional case

Consider the two-dimensional pantograph equation:

i f(x y)

Cox2dy

defined on the domain 0 < x,y < 1, with exact solution f(x,y) = (x + 1) sin(y).

"y bR
+ flx,y) - f( ’3)’ fff(sl’SZ)dsld52+f
0

2x 2
f f ‘”(S“”)dsldsﬁg(x .

f(Sl, 572)dsds,

(7.7)

To validate the numerical scheme from Section 5, Table 8 presents the absolute errors of f(x,y) for
different values of £ and M with (a, b) = (2, 2). Figure 4 shows the error distribution for £ = M = 10
at (a, b) = (3, 3), while Figure 5 displays corresponding contour plots for various values of £ and M.

Table 8. Absolute errors of f(x,y) with (a, b) = (2,2) for Problem (7.7).

(x1, Xx2) LM=@22 LM=A4 LM=(606 (LM=(@®138 (LM=(0,10)
(0.1,0.1) 47780 x 1073 7.5011 x 10°° 8.7689 x 10®  1.8082 x 10710 1.8707 x 10713
0.2,0.2) 1.0733 x 1073 4.6338 x 107> 1.7930 x 1077 3.0610 x 10710 27519 x 10713
(0.3,0.3) 4.8745 x 1073 6.9301 x 107 24872 x 1077 3.6300x 10710 2.8521 x 10713
0.4,0.4) 7.1270 x 1073 9.2293 x 107 2.8985 x 1077 3.7009 x 10710 3.0797 x 10713
(0.5,0.5) 8.6790 x 1073 1.1553 x 107# 2.9407 x 1077 3.9560 x 10710 3.2218 x 10713
(0.6,0.6) 1.0695 x 1072 1.2945 x 1074 29661 x 1077 4.1656 x 10710 3.3228 x 10713
(0.7,0.7) 1.4623 x 1072 1.2567 x 107 3.2109 x 1077 4.1231 x 10710 3.4572 x 10713
(0.8,0.8) 2.2154 x 1072 1.1240 x 107 3.2223 x 1077 4.3780x 10710 3.4061 x 10713
(0.9,0.9) 3.5178 x 1072 1.3403 x 107# 2.8893x 1077 4.0347 x 10710 3.5038 x 10713
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Figure 4. Absolute error function of f(x,y) with (a,b) = (3,3) and £L = M = 10 for

Problem (7.7).
L=M=2 L=M=4
y y
1.0 — 1.0 e
B 006 0000%
08 0.8
005
000zs
06 -0.04 06
0.3
04 0.4 000015
0.02
0.2 0.2
001 000005
0.2 0.4 0.6 0.8 1.0 x 0.2 0.4 0.6 0.8 1.0 X
L=M=6 L=M=8

1110 110

8107 -8.x10."
6x107 6x10°
4107 410"

20107 20"

X|

x|
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Figure 5. The contour plot of absolute errors of f(x,y) with (a, b) = (3, 3) for Problem (7.7).
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8. Conclusions

This paper dealt with a problem of great importance in physics and engineering, namely, high-order
multi-pantograph Volterra integro-differential equations with variable coefficients. The pantograph
and integral terms enable the equation to study complex systems with memory effects and scaling. We
investigated the existence and uniqueness, for the first time, of the solution to the high-order multi-
pantograph Volterra integro-differential equation. We introduced the pantograph operational matrix,
for the first time based on shifted Jacobi polynomials, and employed it with the operational matrix of
differentiation to convert the studied problem into a system of algebraic equations with the aid of the
spectral collocation method. The studied numerical approach is also applied for the system of high-
order multi-pantograph Volterra integro-differential equations and for high-order two-dimensional
multi-pantograph Volterra integro-differential equations with variable coefficients. Comparing the
numerical results of five test problems with the exact solution and with other spectral methods applied
to the same problems confirms the superiority of the new one. The studied numerical approach is shown
to be more accurate than the Laguerre operational matrix, Taylor collocation, Chebyshev collocation
spectral, Bernoulli miintz—Legendre wavelet, Lagrange interpolation, and Bernstein tau methods. At
the end, we note that the presented approach can be extended to more complex integro-differential
equations. This will be the subject of our future research.
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