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1. Introduction

The traditional silos between scientific disciplines are dissolving, fueled by transformative
advancements and innovative theoretical methodologies. This interdisciplinary shift is especially
pronounced in mathematics, a field undergoing a significant evolution. In an era where mathematical
literacy is paramount, a deficit in understanding equates to a diminished grasp of the natural world’s
intricacies. Through mathematical exploration, we unlock hidden patterns and interrelationships. The
ubiquitous Fibonacci sequence, for example, illuminates growth patterns in flora and reproductive
strategies in fauna. Furthermore, mathematics serves as a cornerstone for modeling complex
phenomena, such as epidemic spread. By employing differential or difference equations to analyze
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interactions within population groups, scientists glean critical insights into the dynamics of infectious
disease transmission.

The intricate interplay between mathematics and physics is exemplified by functional analysis,
a field that has grown in significance alongside theoretical physics. The formal framework of
functional analysis provides the mathematical tools necessary for understanding quantum field theory
and quantum mechanics, while these physical theories have enriched the field with new problems and
inspired the development of innovative functional analytic methods.

Fixed point theory, a significant branch of functional analysis, offers a powerful and versatile
toolkit with broad applicability across diverse fields. Centered on the fundamental concept of a fixed
point, it has profoundly impacted areas such as topology, game theory, optimal control, artificial
intelligence, logic programming, dynamical systems, differential equations, and economics, notably
through the analysis of equilibrium problems and the solution of integral equations. Furthermore,
the inherent ability of fixed point techniques to establish the existence and uniqueness of solutions
to complex fractional differential and integral equations, which arise from the non-local nature of
fractional operators, renders them indispensable in fractional calculus. By leveraging theorems
like the Banach contraction principle and the Leray-Schauder alternative, researchers can effectively
analyze these equations and model real-world phenomena that exhibit memory and hereditary
properties, solidifying fixed point theory’s role as a robust framework for both theoretical and practical
applications, for examples, the existence of the solutions to Fredholm integral equations [1-3],
solving factional integral systems [4—7], solving fractional differential and fractional reaction-diffusion
systems [8—10], and studying the stability for mixed integral fractional delay dynamic systems and
fractional pantograph differential equations [11, 12].

Building upon Bhaskar and Lakshmikantham’s foundational work [13], the concept of coupled
fixed points has not only expanded the theoretical landscape of fixed point theory but also spurred
extensive investigations into its applications across various mathematical domains. Their subsequent
contributions further refined our understanding of coupled fixed points within partially ordered metric
spaces, laying the groundwork for numerous extensions and generalizations. This initial research
has catalyzed a wealth of studies, exploring diverse aspects of coupled fixed points, including their
existence, uniqueness, and stability, as well as their relevance in solving differential and integral
equations, optimization problems, and other areas. The breadth and depth of these developments are
evidenced by the comprehensive body of literature available, like coupled fixed point theorems in
generalized MSs [14—-17], coupled fixed point theorems in various spaces [18—-21], which collectively
demonstrate the continued significance and evolving nature of coupled fixed point theory.

Building upon the foundation laid by Berinde and Borcut in 2011 [22], the investigation of tripled
fixed points (TFPs) within partially ordered metric spaces has become a vibrant area of research. This
concept has not only enriched the theoretical framework of fixed point theory but has also opened
doors to a multitude of practical applications. The initial introduction of TFPs has sparked a cascade of
studies exploring various aspects, including the establishment of existence and uniqueness theorems,
the development of iterative methods for finding TFPs, and the extension of these concepts to more
generalized settings. The growing interest in TFPs is evidenced by the substantial body of literature,
such as TCP theorems in partially ordered MSs [23,24], and TCP theorems in various spaces [25-27],
which delve into the nuanced properties and diverse applications of these points, demonstrating their
ongoing relevance and the potential for further advancements in this field.
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Throughout this manuscript, we assume that (y, @), Y(y), and CB(y) refer to a metric space
(MS), a set of all nonempty subsets of y, and a set of all nonempty closed and bounded subsets in y,
respectively. The Hausdorff metric generated by & is given by & : CB(y) X CB(y) — CB(y),

&(V, W) = max {sup D, W), sup D (w, V)} ,

veV weW
where V, W € CB(y) and D (v, W) = inf {@w (v,w) : w € W}.

Definition 1.1. [28] The subset V of a MS (v, @) is called proximinal if for each w € y thereisv e V
such that w (w,v) = D (w, V).

Definition 1.2. [22,29] Let (y, @) be a MS. A trio (v, w,z) € x° is said to be a TFP of the mapping
J:xP > xywhere y> =y xxy xx)ifv=3w,w,2),w= 3 (w,zv),and z = J (z,v,w) . Moreover, if
v = w = z, then the trio (v, w, z) € * is called a strong TFP of the mapping J, i.e., I(v,v,v) = v.

Example 1.3. Assume that y = [—1, 1] is endowed with the distance metric @w(v,w) = |v — w|. If the
mapping J : y* — y is described as:

(i) I (v,w,2) = ¥4 then (v,v,v) € [-1,1]% is a strong TFP of J.
(i) 3 (v,w,z) = =5, then (0,0,0) € [-1, 113 is a unique strong TFP of J.
(iii) I (v,w,z) = 'Vzﬂ, then (v, v,v) € [0, 1]° is a strong TFP of J.

Definition 1.4. [22] A trio (v,v,v) € x° is called a strong tripled coincidence point (TCP) of the
mappings J : y* = yand 6 : y — y if I(v,v,v) = 6(v).

F-contraction mappings, introduced by Wardowski in 2012 [30], provide a generalized framework
for studying fixed point (FP) theorems. By relaxing the traditional contraction condition, F-
contractions encompass a wider class of mappings while still ensuring the existence and uniqueness
of fixed points. This concept has been extensively investigated in various metric spaces, resulting
in significant advancements in FP theory and its applications in diverse fields such as integral
equations [31-34], and functional and differential systems [35-37].

Wardowski [30] considered that F be a class of functions F : R, — R such that the following
axioms are true:

(F;) Foreachv,w > 0, if v < w, then F(v) < F(w), that is, F is strictly increasing;
(F;) For each sequence {v,}nen € Ry, limy,00 v, = 0 iff limy, 00 F (V) = —00;

(F;;;) There is @ € (0, 1) in order that lim,,_c (V)" F (v,,) = 0.

Definition 1.5. [30] Assume that J : y — y is an operator defined on a MS (y, @) . The mapping J is
called an F'—contraction if there is a real number a > 0 such that

@ (I (r),I () >0impliesa + F[w (I (1), I ()] < F(w (1,v)),
forall T,v € y and F € F.
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According to the above definition, Wardowski [30] presented the following functions with the
corresponding contractions: For each j € {1, 2, 3,4}, the function F; defined on (0, +o0) belongs to F,

(i) F1(o) = In(o), (37, Jv) < e (1, V),

i) Fa) = In(@) 0, ZEERem et < o,

(iii) F3(0) = . @39y < o W)zw(‘r V),
(iv) Fy(0) =In(@* +0),  ZLmgrac < e,

forall 7,v € y and o > 0 witha > 0 and J7 # Jv.
Remark 1.6. The authors of [38] proved that, if F (o) = where g>1landp >0,then F € F.

Inspired by the aforementioned work, novel F—contractlve O-triplings are introduced, and the
existence of TCPs and strong TCPs is established. By merging the concepts of 6-tripling and
F-contractions, a comprehensive framework for analyzing these fixed-point problems is presented.
Furthermore, an extension of these results to multivalued 6-tripling is provided, and their applicability
to a class of nonlinear integral equations is demonstrated. In addition, integral-type results are explored.

2. Tripled coincidence points
The main results in this section are to obtain some TCPs under F-contractive-type 6-tripling in the

MS. We start our task with the following definitions:

Definition 2.1. Let (v, @) be an MS and V, W, Z C y are non-empty sets. Let 3 : y°> — yand 6 : y — x
be two mappings on y. We say that J is a O—tripling if

1) J(w,w,z2)€0(Z) forallve V,we W,and z € Z.
() I (w,z,v)€e0(V)forallve V,we W,and z € Z.
(i) I (z,v,w) e (W) forallve V,we W,and z € Z.

Definition 2.2. Let (y, @) be a MS and V, W,Z C y be non-empty sets. The mapping J is called an
F—contractive-type 6-tripling (FCT-0T, for short) if

(i) J is a 6-tripling with respect to V, W, and Z,
(i1) there are a real number a > 0 and a function F € F in order that

@ (I (r,6,1),3 (v,w,z)) > 0implies a + F [@ (T (1,k, ), T (v,w,2))] < F (@ (04, 67)),
for all 7,x, 4, v,w, z € .

Theorem 2.3. Let (y,w) be a complete MS and V,W,Z C x be non-empty and closed sets. Assume
that 3 : x° — y is an FCT-0T and the mapping 6 : y — x is continuous and sequentially convergent
such that V, W, and Z are invariant under 6. Then, VOAWNZ # 0 and 3,0 have a TCPin VN WNZ,
provided that 3 is continuous.
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i1 = 3 Wy Zons Vin) »
Proof. Assume that (v, wy,z0) € VX W X Z such that { Ow,..1 = I (Zpny Vi Win)
O0Zmi1 = 3 W Wins Zn) -
v, CV,
Then,{ 6w,, C W,
0z,, C Z.
Now,

F (W (va, 9vm+1)) = F (ID' (S (Wm—l» m-15 Vm—l) ) 5 (Wm’ Zms » Vm)))

F (@ (0vip-1,0v)) — a

F (w (S (Wm—27 im=2> Vm—2) ’ S (Wm—l, im—1> vm—l))) —a
F (w (evm—Z’ va_l)) —2a

I IA

IA

F (w (6vy, Ovy)) — ma. 2.1

IA

Letting m — oo in (2.1), we have

lim F (@ (Ov,,, 0v,41)) = —00,

nm—00

which implies that
lim @ (6v,,, 0v,.1) = 0.

m—00

Assume that p,, = @ (6v,,, Ov,,,1) . Utilizing the condition (F;;), there exists ¢ € (0, 1) in order that
limye0 (0m)” F (p,n) = 0. Thus, by (2.1), we get

F (pm) < F (po) — ma.

Multiple the two sides in (p,,)” , one can write

(pm)l9 F (pm) < (pm)ﬂ F (pO) —ma (pm)19 s

and in another form, we can write

(pm)ﬂ F (pm) - (pm)l9 F (pO) < —ma (pm)ﬁ .

Suppose that m — oo, then the above inequality gives lim,,_., 7 (p,,)° = 0. Hence, there is a natural
number M in order that
m(pm)ﬂ < 1forallm> M.

It follows that, for m > M,

For k > m > M, we get

w (va, GVk) < w(gvm’ 9vm+1) tw (9Vm+1, 9Vm+2) t-t+w (ka_l, ka)

pm+pm+l +"'+,0k—1
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As the series Z is convergence, then lim,,_,., @ (6v,,, Ov;) = 0. Thus, the sequence {6v,,} is a Cauchy
j=m JZ’
sequence. Since 6 is continuous and sequentially convergent, and y is complete, then we conclude that
{6v,,} converges to {Av} (say) in V. On the other hand, if {v,} converges to some v € y, then 6v,
converges to fv € V because of the continuity of 6.
By the same procedure, one can obtain that

limw, = weW= lim 6w, =0weW,
m—-oo m—-oo

limz, = z€Z= lim 0z, =0z€Z
m—-0oo m—0oo

Now,

F(ZD' (va,me)) = F(ZD'(S (Wm—l’zm—lavm—l), J (Zm—lavm—lawm—l)))

< F(@@OWm-1),0(wy1)) —a
= F(@ (3 Wn-2,2m-2:Vmn-2)» I (Zm-2, V-2, Wm-2))) — @
< F(@(Om-2),0wp2))) -
< F (@ (Ovy, Owy)) — ma.
Passing m — oo, we have
lim F (w (Ov,,,0w,)) = 0= lim @ (0v,, Ow,,) = @ (Ov,w) =
o = v =tw.
Similarly, we can prove that 6w = 6z. Hence, v = 8w = 6z. Therefore, VN W N Z # 0. O

Now,

F (iD' (va, S (V, Win-1, Zm—l)))

F (@ (3 W15 Zn=1Vim=1) » 3 (V, W1, Zm-1)))

< F(@(0vy-1,0z0-1) —a

= F (w (S (Wm—Za m-25 Vm—2) ’ 8 (Vm—la Wm-1, Zm—l))) —da
< F (w (evm—Za gzm—Z)) -2a

< F (@ (v, 020)) -

Letting m — co, and using the continuity of J, we get
lim F (@ (v, 3 (v, Wie1,2m-1))) = F (@ (0v, T (v, w, 7)) = —

which implies that
lim @ (v, 3 (V,Wh_1,2m-1)) = @ (Ov, I (v,w,2)) =0

Hence, v = 3 (v,w,z). Analogously, we can show that 6w = J (w,z,v) and 8z = I (z,v,w). This
proves that the element (v, w, z) is a TCP.
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Theorem 2.4. With the aid of the assertions of Theorem 2.3, 3,60 have a unique strong TCP, provided
that 0 is injective.

Proof. Thanks to Theorem 2.3, v = 6w = 6z. Since 0 is injective, then v = w = z. This proves that
Ov=3,v,v).

For the uniqueness, assume that o is another strong TCP of J and 6 such that o # v. By our
contractive mapping, we have

F (@ (6o,6v)) = F (w (3 (0,0,0), I (v,v,v))) < F (w (6o, Hv)) — a.
Here, a contradiction exists because a > 0. This illustrate that J and 6 have a unique strong TCP. O

Corollary 2.5. Let (x, @) be a complete MS and V, W, Z C y be non-empty and closed sets. Assume that
0 : x — x is a continuous and sequentially convergent mapping such that V, W, and Z are invariant
under 0. If 3 : \* — x satisfies the condition

w (3 (1,6, ), 3 (v,w,2)) > 0, it implies,
a+Flw(3(,kA),3Wv,w,2)] < F(max{w@r,60v), w0k, 0w),w(04,607)}). 2.2)

Then, VAWNZ# 0and 3,0 have a TCP in VN W N Z, provided that 3 is continuous.

Proof. The proof follows immediately with Theorem 2.3 if we consider

max {w (07, ), @w Ok, 0w) , w (04,02)} = w(Or,0v),
or max {w (671,6v), w (6k,0w) , @ (04,6072)} = @ (6k,Ow),
or max {w (01, 0v),w (6k,0w) ,w (64,07)} = w(6A4,67).

O

Definition 2.6. Let (y, @) be an MS and V, W, Z C y be non-empty sets. We say that the mapping J is
a strict FCT-6T, if

(i) J is a O—tripling with respect to V, W, and Z,
(i1) there are a real number a > 0 and a function F' € F with F (t + k) < F (1) + F (k) such that

@ (3 (v,w,2),3(1,k,2) >0impliesa + F [w (I (v,w,2), T (1,k, )] < F (@ (0z,61)),
forallT,ze V,k,we W, A,v € Z.

Theorem 2.7. Let (v, w) be a complete MS and V,W,Z C x be non-empty and closed sets. Assume
that 8 : x* — yisastrict FCT-0T and 0 : y — x is a continuous and sequentially convergent mapping
such that V, W, and Z are invariant under 6. Then, VOWNZ 0 and 3,0 have a TCPin VNWnNZ,
provided that 3 is continuous.

st = 3 Wy Zons Vin) »
Proof. Assume that (vo, wy,29) € VX W X Z such that s Ow,..1 = 3 (2 Vins Win)
OZme1 = 3 Vins Wins Zmn) -
v, CV,
Then{ 6w,, C W,
0z, C Z.
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Now,
F(@Ov,,0,:1) < F(@Ov,,0w,)+ T @w,,0V,.1))
< F(m(Ov,,0wy)) + F (@ (0w, 0v,11))
= F(@(O Wn1:2m1:Vm1) >3 @1, Vi1, Win-1)))
+F (@ (3 @15 Vine1> Wine1) s 3 Wi Zons Vi)
< F(w(@vy1,0w,1) + F (@ (Ow,_1,60v,)) —2a
= F(@ (3 Wn-2:2m-2,Vm-2)» 3 (225 V-2, Win-2)))
+F (@ (3 (@n-2, V-2 Win-2) » I W1, Zm-1, Vin-1))) — 2a
< F(w(Ovy,0w, )+ F (@ @w,_,0v,_1)) —4a
< F (w (Bvy,Owy)) + F (w (Bwy, Bvy)) — 2ma.

Letting m — oo in the above inequality, we get

lim F (w (Ov,,, 0v,.1)) = —00,

which yields

lim @ (6v,,, Ov,.1) = 0.

m—-0oo

Utilizing the triangle inequality, for / > m, one can write
@ (Ov,,, 0v)) < @ (Ov,,, Wys1) + @ (OVyi1, OVipin) + - + @ (Bvi_1, 0v)) — 0 as m — oo.

Thus, {Av,,} is a Cauchy sequence. Similar to the proof of Theorem 2.3, we conclude that

limv, = veV= lim6by,=0ve,
m—-0oo m—-0oo

Iimw, = weW= lim 6w, = 0w e W,
m—oo m—oo

limz, = z€Z= lim0z, =0z€Z.
m—oo m—oo

The rest of the proof is similar to the proof of Theorem 2.3. Hence, VN W N Z # 0 and the trio (v, w, z)
1s a TCP. O

Theorem 2.8. With the aid of the assumptions of Theorem 2.7, 3, 0 have a unique strong TCP, provided
that 6 is injective.

Proof. The proof follows immediately from Theorem 2.4. O
Remark 2.9. In Theorems 2.4 and 2.8, if we considered 8 (v) = v, then J,  have a unique strong TFP.

Example 2.10. Assume that y = [-2, 2] equipped with a metric @ = |v — w|. Assume that V = [0, 2],
W =10, 1], and Z = [-2,0]. Define the mappings J : > — y and 6 : y — x by

L
&

, if vyw,2) e VXWXZ,
, 1If w,z,v) e WXZXYV,
, if (z,yvyw)eZxXVXW,

I,w,z) =

AT =
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and 6(v) = 3 for v € y. Clearly, 6 is an injective mapping. Furthermore, suppose that F(o) = In(o),

o > 0. Then,
—|Al -1zl Al -zl
Flo[—=, —=||=n|2 -2
[w( 6 6 )] "6 "6

% - g —In(2) = F (@ (64, 62)) — In(2).

Flo 3 (x1),3v,w,2)]

In

Therefore, all requirements of Theorem 2.4 are fulfilled with @ = In(2) > 0. Hence, J, 6 have a unique
strong TCP. The unique strong TCP 1s (0,0,0) e VN W N Z.

3. Multivalued F-contractive mappings and TCPs

In this section, we obtain some TCPs for multivalued F-contractive-type 6-tripling (FCT-6T,
for short).

Definition 3.1. Let (y, @) be an MS, V, W, Z C y be non-empty sets, and ® = VU W U Z. Suppose that
6 : ® — O is a given mapping. We say that the mapping J : ® — Y (®) is a multivalued FCT-6T, if

Q) JI(VXxWXxZ2)cOZ),I(WXZxV)cO(V),andI(ZxVxW)coW),
(i1) there are a real number a > 0 and a function F' € F with F (t + k) < F (1) + F (k) such that

EB@ ,w,2),3(1,k,4)) > 0implies,
a+FE@v,w,2),3(1,kD)] < F(w(6z,64).

forall v,w,z,7,k, 1 € O.

Theorem 3.2. Let (v, w) be a complete MS and V,W,Z C yx be non-empty, closed, and bounded sets.
Assume that 3 : @ = Yp, (®) is a multivalued FCT-0T and 0 : ® — O is a continuous and
sequentially convergent mapping such that V, W, and Z are invariant under 6. Then, VAW NZ # (
and 3,0 have a TCP in VN W N Z, whenever 3 is continuous.

Proof. Assume that vy € V, wy € W, and zo € Z. Then, V, W, and Z are invariant under 6. Further,
I (vo, Wo,20) € Yhrox (O), I (Wo, 20, v0) € Yprox (@), and I (zg, vo, Wwo) € Yprox (@) . Thus, there exist
vi € V,w; € W, and z; € Z such that Ov; = I (wo, 20, Vo) , Ow1 = I (20, vo, Wo) , and 0z; = I (vg, wo, 20) .
Also, we can write

@ (Ovg,0vy) = D (Ovy, T (wo, 20, 0)),
@ (Owgy, Owy) = D (6wo, 3 (20, vo, Wo)),
@ (020,021) = D(020, 8 (v, wo,20)) -

Since vy, wy, and z; exist, then I (wy, z1,v1), I (z1,vi, wi), and I (vi, wy, z1) exist in Tpox (O) .
Again, there are v, € V, w, € W, and z, € Z such that Ov, = J (wy,z1,v1), 0wy = I (21, vi, W),
and 0z, = J (vi, wy, 20) . Moreover, we have

@ (Bv1,0v2) = D(Ovy, 3 (wi,z1,m1)),

AIMS Mathematics Volume 10, Issue 3, 5785-5805.
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w (Bwq, w»)

D(GW]’S(Z]avl’WI))a
@ (0z1,022) = D(0z,3 (vi,wi,21)).

va C V’ 9Vm+1 € 5 (Wma Tms Vm) 5
Repeating the above process, we have sequences { 6w,, C W, such that { Ow,..1 € 3 (2, Vi, Win)
Hzm C Z, 9Zm+1 € 3 (Vma Wi, Zm) )

and
w(gvm, 9vm+1) =D (va, 3 (Wm’ Zmo vm)) s
@ (W, OWini1) = D (Wi B (Zons Vins Wir)) »
ZD'(QZm, 9Zm+l) = D(sz, J (Vm, Wi Zm)) .

Now, assume that 6v,, ¢ I (W,,, Zn, Vi) . Then, D (0v,,, 3 Wy, Zin» Vin)) > 0 and

F (@ (0v,,, 0v,41)) F (D0 3 Wiy Zins Vi)

F (€S Wit Zm-1>Vm-1) » 3 Win» Zins Vin)))

F (w (6v,_1,6v,)) —a

F (D (3 Wmn-2,Zm-2-Vm-2)» 3 W1, Zm-1,Vim-1))) — @
F (w (0v,—2, 0v,,-1)) — 2a

I IA A

IA

F (w (6vy, Bvy)) — ma. 3.1

IA

Taking m — oo in (3.1), we have

lim F(’ZD' (Ovm’ 9Vm+l)) = —09,

m—o0

which implies that
lim @ (6v,,, 0v,.1) = 0.

m—o00

Assume that p,, = @ (6v,,0v,.1). Using the condition (F;;), there exists ¢ € (0,1) such that
1imy—e0 (0m)” F (p,n) = 0. Thus, by (3.1), we get

F (pm) < F (po) — ma,

which yields
(pm)l9 F (pm) < (pm)ﬁ F (,00) —ma (pm)ﬁ )

and in another form, we can write

(om)” F (o) = (0)" F (00) < —ma(p,,)" .

Assume that m — oo, then the above inequality gives lim,,_,., m (pm)ﬂ = 0. Hence, there is a natural
number M in order that
m(,om)19 <1 forallm> M.

It follows that, form > M,
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For k > m > M, we get

@OV, Ovi)) < @OV, OVii1) + @ OV, OViin) + - + @ (Ovi_y, Ovy)
Pm +pm+1 +oee +Pk—1

k-1 o0 o 1
ZPJSZPJ'S -
j=m j=m

j=m J

IA

S|—

As the series Y - is convergence, then lim,,_,, @ (6v,,, 6v;) = 0. Thus, the sequence {v,,} is a Cauchy
j=m j?

sequence. Since 6 is continuous and sequentially convergent, and y is complete, then we conclude that
{6v,,} converges to {Av} (say) in V. On the other hand, if {v,} converges to some v € y, then 6v,,
converges to fv € V due to the continuity of 6.

By the same procedure, one can obtain that

Iimw, = weW= lim 6w, =0weW,
m—-0oo m—-oo

limz, = z€Z= lim 6z, =0z€Z.
m—0o0 m—-0oo

Now,

F (D 0V, I (v, Win—15 Zm-1)))

F(‘f (8 (Wm—lazm—la Vm—l) s S (V’ Wm—lazm—l)))

< Fw(@v,-1,07,-1) —a
< F@Ovy_1,0v,) + @ (0v,,02,-1) —a
< F(@(Ov,_1,0vy) + F (@ (0v,,02,-1)) — a
= F(D(1, I W1, 21, Vim-1))) + F (@ OV, 02,0-1)) — a
< FE Wn2:2m2Vm2)» 3 W1, Zn-1> Vin-1)))
+F (@ (v, O2pn-1)) — a
< F(@(Ov,,0v, 1)+ F (@ @y, 02,-1)) — 2a

< F (@ (Ovy, 1) + F (@ (0, 02-1)) — ma.
Letting m — oo, and using the continuity of J, we get
lim F(D(6v, 3 v, Wp1s2m-1))) = F (D (6v, 3 (v,w, 7)) = —c0,

which implies that
lim D (6v,u, 3 v, Win1,Zm-1)) = D(6v, B (v, w, 2)) = 0.

Hence, 6v = J (v, w, ) . Similarly, we can show that 6w = J (w,z,v) and 8z = J (z, v, w). This proves
that the trio (v, w,z) is a TCP of 8 and J. O

4. Supportive applications
This section is important as it highlights the practical applications of our research. By showing
how our techniques can solve nonlinear integral systems, a topic of significant interest, we emphasize

the broader impact of FP theory.
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4.1. Some integral-type results
Assume that U is a family of functions ¢ : R, — R, satisfying the axioms below:

(i) ¢ is a positive Lebesgue integrable mapping on each compact subset of R,
(ii) forall & > 0, [ ¢(r)dr > 0.

Corollary 4.1. Replacing the contractive condition of Theorem 2.3 by the formula

w(S(T,K,/l),S(v,w,z)) a+F[w(3(T,k,/l),i](v,w,z))] F(w(01,07))
f o(r)dr > 0 implies f d(rydr < f ¢(r)dr, (4.1)
0 0

0

where ¢ € U. If the rest of the requirements of Theorem 2.3 hold, then there exists a TCP of the mapping
I and 6.

Proof. Consider the function A(B) = foﬂ ¢(r)dr such that A(r;) < A(r,) implies that r; < r, for each
ri,r1 € Ry, Then, (4.1) can be expressed as

Aa+ Flow (3 (1,k,2),3 (v,w,2)]) < A(F (@ (04, 67))),

which yields
a+Flo (3 (1), 0,w,2)] < F(w@l,602),

provided that @ (I (7, x, 1), I (v,w, z)) > 0. O
Corollary 4.2. Replacing the contractive condition of Theorem 3.2 by the formula

(30w.2).9(1k,1)) a+F[£(3(v.w.2),3(kD)] F(w(62,0))
f ¢(r)dr > 0 implies f d(r)dr < f ¢(r)dr, 4.2)
0 0

0

where ¢ € O. If the rest of the hypotheses of Theorem 3.2 are satisfied, then there exists a TCP of the
mapping 3 and 6.

Proof. The proof is similar to Corollary 4.1. |

Remark 4.3. If we take the mapping 6 as an injective mapping in Corollaries 4.1 and 4.2, we have a
strong TCP of J and 6.

Motivated by [39], assume that ¢ € N is a fixed number and {¢y}ie(1,) 18 a family of ¢ functions
contained on U. For each r > 0, we define

Ni(r) = ¢1(r)dr,
0
N1(r) o ¢1()dr
No(r) = f ¢2(r)dl”:f a2 (r)dr,
0 0
No(r) A" o yar
Ni(r) = f ¢3(7)d”:f ¢3(r)dr,
0 0

Ne-1)(1)
N, (r) = f b, (r)dr.
0

We have the following result:
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Corollary 4.4. Exchange the contractive condition of Theorem 2.3 by the hypotheses below
No(a+ Flo (3 (k2,3 (v,w,2)]) <N, (F (@ (64,62))). (4.3)

If the rest of the requirements of Theorem 2.3 are satisfied, then there exists a TCP of the mapping 3
and 6.

Proof. Specify the function N,(r) such that X,(r;) < N,(r») implies that r; < r, for each ri,r; € R,.
Then, (4.3) can be written as

a+ Flo(3(1,k,2),3(v,w,2)]) < (F(w(64,07))),
provided that @ (3 (1, k, 1), I (v,w, z)) > 0. The proof can be completed by Theorem 2.3. m]
Corollary 4.5. Exchange the contractive condition of Theorem 3.2 by the following assumption:
No(a+ FE@Bww, 2,0 (1,4 2)]) <N, (F (@ (02,64))).
If the rest of the axioms of Theorem 3.2 are true, then, there exists a TCP of the mapping 3 and 6.
Proof. The proof is similar to Corollary 4.4. O
Remark 4.6. If 6 is an injective mapping in Corollaries 4.4 and 4.5, we have a strong TCP of J and 6.

4.2. Solving a system of nonlinear integral equations

Assume that y = C([0,/],R) is the set of all continuous and sequential convergence functions
described on [0, /]. Define a metric distance @ : y X y — R by @ (,«) = sup o I7(s) — «(s)| for all
7,k € . Clearly, the pair (y, @) is a complete MS.

Suppose we have the following system:

T($) = fol (s, NE1(r),k(r), Ar)dr, r € 0,1],
k(s) = fol O (s, 1) 2 (r,k(r), A(r), T (r))dr, r € [0,1], 4.4)
A(s) = [1D (s, NE (R AP, 7 (), k(r)dr, r € [0,1],

where [ € (0, o0) is a real number, O : [0,1] X [0,/] = R, and Z: [0,/] xR?> — R.
Before we present our main results, we need the following hypotheses:

(H,) The function Z : [0, /] x R?® — R is continuous.
(H,) There are closed subsets V, W, and Z such that for 7, k, 4, v,w,z € VU W U Z, we have

IZ(r,7(r),k(r), A(r) —E(r,v(r),w(r),z(r)| < é |[A(r) — z(r)|, where a > 0.

(Hs3) supyepoq0 (s,r) < L.

Theorem 4.7. Under the hypotheses (H,)—(Hs3), the nonlinear problem (4.4) has a solution on y.
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Proof. The mechanism of the FP technique is summarized in equating a given operator with the
problem under study and searching for a unique FP for this operator that is considered a unique solution
to the problem presented. So, we define the mapping J : y* — y by

]
IJ(r,k, ) (s) = f (s, ) E(r,7(r),k(r), A(r))dr, r € [0,1], T,k,1 € x,
0

and 6(7) (s) = 7(s). Then, for each A(r) € V, x(r) € W, and 7 (r) € Z, the problem (4.4) yields

/
I (kD (s) = f O (5.1 E (1,7 (), &k(r), A(r)) dr
0

= 7()
= 0(r)(s) €b(2), 4.5)

/
Ik, A,1)(s) = f O (s,r)E(r,k(r), A(r), T (r)) dr
0
= k(s)

= 0k)(s)e (W), (4.6)

and

[
IR (s) = f D (5, PV E (r, A(F), 7 (1) , k()
0
= A(s)
= 0 (s)ebd((V). “4.7)

It follows from (4.5) and (4.6) that the mapping J is a #-tripling with respect to V, W, and Z.
Next, we show that the mapping J is an FCT-0T. Assume that 7, «, A, v,w,z € VU W U Z. Then

13 (6, () = T (v, w,2) (5)|
/

[
f D (5. NE (T () k() Ar)) dr - f D (5, N E(rv (), w(r), z(r) dr
0 0

/
fo O, N[E@T(r),k(r),Ar) —E(r,v(r),wr),z(r)] dr

!
jo‘ O, NErTW), k), Ar)) —E@,v(r),wr),z(r) dr

IA

IA

!
f 1 [A(r) — z(M| O (s, r)dr
0o a

IA

[
1
f — sup [0(A)(q) — 6(z)(@)| O (s, r) dr
0

a gefo,

IA

[
L (000, 002)) f O (s,r)dr
a 0

IA

L (000, 6029
a
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This leads to

sup |3 (7, k, ) (5) = 3 (v, w,2) ()] < éw 6, 6(2)) ,
s€[0,]]

that is, |
@ (I (1,6,2), 3 (v,w,2)) < P 6(1),0(2)) .

Taking the natural logarithm on both sides, we have

A

In(@ (3 (1,4,1),3(v,w,2))) < In (éw @), 9(1)))
In (@ (8(1), 0(2))) — In(a).

Thus, J is an FCT-0T with F (0) = In(0), 0 > 0. Consequently, all requirements of Theorem 2.3 are
fulfilled. Hence J and 6 have a TCP (v, w, z) € VU W U Z, which is a solution to the problem (4.5). O

5. Solving another form of integral equations

Let y = C([0,/],R) be defined in the above part and (y, @) is a complete MS under the distance
@ (7,K) = max,eo |T(s) — k(s)| for all 7,k € y. Consider the following system:

‘ag:a@+ﬂ?@wﬂaoﬁvn+@oﬁv»+&0j@mdn
R($) = () + [y D (5,N|E) (T + B2 (R AM) + Es (R T () | dr (5.1)
()= () + [ D60 [ (nAM) + B (nT(1) + Es (R () | dr

for all r € [0, I]. Assume that the following assertions hold:

(A1) The functions ¢ : [0,]] —» R, D : [0,/]XR — R,and &E; : [0,/]]XR — R (j =1,2,3)are continu(lls.
(A;) There exist closed subsets V, W, and Z and there exists a positive constant 7 such that for 7,x, 1 €
VUWUZ we get

= (nT(M) —E1 (kM) < nlr=%,
2 (r k() -5, (r,ﬁ(r))‘ <n |F/I—7<1 ,
5 (n 1) -5 7| < fF-7).

(A3)
I~ 1
O(s,r) < —, a>0.
g J, 0 < 5

Our main theorem in this part is as follows:

Theorem 5.1. Via the assertions (Ay)—(Aj3), the considered problem (5.1) has a solution on y.

Proof. Describe the mapping J : y* — y by
! _ —
377 ) () = €(s) + f O (5,9 B (nT () + B2 (R (1) + B3 (1, A1) | dr,
0
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and 6(7) (s) = 7(s). Then, for each Z(r) € V, k(r) € W, and 7 (r) € Z, the problem (5.1) implies that

! —
FJEEA)(s) = L)+ fo O (5,7 [E1 (nT() + B2 (R () + B3 (r, A(1)| dr
= 7(s)

= 0(T)(s)€0(2),

l~ —_—
IJEALT)(s) = €(s5)+ fo O (5,7 [E1 (nR () + Ba (r A(1) + B3 (nT ()| dr
= «(s)

= 0K (s)ed(W),

and

[
IJATE)(s) = £(s)+ fo O (5.1)|E1 (nA(M) + B (T (1) + B3 (N K ()| dr

= As)
= ) (s) €B(V).

From the above three inequalities, we have that the mapping J is a §—tripling with respect to V, W,
and Z. m|

Now, for 7,%, 1,7, w,Z € VU W U Z, we have

5 ERY ) - I@HD ()|

l —~
f O (5,7) ([E1 (nT () = E1 (v ()] + [E2 (K (1) — Ea (r, w (r))]
0

- (5 (n20) - 5 (R M) @

IA

l~
f O (5,1 (E (nT (M) = E1 (nv () + B2 (n k() = Ex (nw(n) +
0

+

= (1 2() - E (70D dr

IA

I —
f 7O (5.1) (F(r) = V(I + K (1) = W ()| + [A(r) =Z(r)]) dr
0

;—a max [F) =T K@ =W @)L [10) =Z ()|} (since d + e + f < 3max{d. e, f})

IA

= 0@ 0 - 0@ OLIVE ) -6 L]0 [@) ) -0 (]}

a

IA

é max {@ (6(7), 0)) , @ (0K), 6G¥)) , @ (6(2), 63))} .

which implies that

max |3 (7,7, 2) (5) - 3 (, 7,2 (5)] < é max {@ (6(7), 07)) , @ (6(%), 67)) , @ (6(D). 63))}

s€[0,1]
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that is,
(3 (7% ). I WD) < é max {@ (7). 6()) . @ (0R), 6Gw)) , @ (6(D), 63))} .
Taking the natural logarithm on both sides, we have
In(3(7.%2).3 @.w.2)
In (é max {w O(1),0(v)) , @ (0(k), 0(w)) , @ (0(5), 0@)})

In (max {w O@).007) . @ (@), 6Gw)) . = (6(D). 9@)}) — In(a).

Hence, the condition (2.2) of Corollary 2.5 is fulfilled with F (0) = In(0), 0 > 0. Consequently, all
assumptions of Corollary 2.5 are satisfied. Then, 3 and # have a TCP (v,w,z) € VU W U Z, which is a
solution to the problem (5.1).

IA

Remark 5.2. If we consider y = C([m,n],R) is a complete MS equipped with the same distance
defined in the above part, Corollary 2.5 can be applied to solve the following problem:

T(s) = £(s)+ f n(Dl(s,r)+Dl(s,r)+Dz(s,r))

X (Q (nT() + Q (RE() + Qs (. A () dr,
for all s € [m, n], under the following conditions:

(C)) The functions ¢ : [m,n] - R, 0; : [m,n] X[m,n] - R,and Q; : [m,n] xR - R (j=1,2,3)
are continuous.

(C,) There exist closed subsets V, W, and Z and there exist constants 7;,7,,173 > 0 such that for
/T\,/K\,’/ie VU WU Z, we have

Q4 (RTE) - (BRI < mF-TR,
2 (%) - 2 (R A0)| < M-,
25 (1) - 2,7 ()| < msfF-17).

(C3) We suppose that

" 1
max {171, 172, 73} (Sfer[lril)i]f @1 (s,r) + ;1 (s,1) +O2(s, 1”))) < 34
6. Conclusions

Results confirming the existence of a TCP have been obtained, along with the definition of the
F-contractive-type #-coupling. For the previously mentioned mapping, we have established both
the existence and uniqueness of a strong TCP. These findings make a significant contribution to the
field of fixed point theory, broadening the scope of existing results and providing a new framework
for analyzing various mathematical problems. Furthermore, we have demonstrated the practical
applicability of our theoretical results by showing their relevance to the existence of solutions for
certain types of nonlinear integral equations and other integral-type problems.

During our research, we encountered the following challenges:
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e Tripled best proximity point: We were unable to achieve a tripled best proximity point
within the context of TFP and TCP. This limitation highlights an opportunity for future
exploration, especially in the areas of cyclic mappings, cyclic F-contractive-type mappings, and
their applications.

e Wardowski’s function: While the authors in Remark 1.6 proposed an alternative form of
Wardowski’s function, the associated conditions, characteristics, and the potential for unique fixed
points and TFP remain unexplored.

7. Abbreviations

MS=—metric space.

TFP=tripled fixed point.

TCP=tripled coincidence point.
FCT-T=F-contractive-type -tripling.
MFCT-0T=—multivalued F-contractive-type 6-tripling.
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