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1. Introduction

The famous ternary Goldbach conjecture shows that every odd integer N > 9 can be represented as
a sum of three odd primes. When N is sufficiently large, the equation

N =pi+ps+ps (1.1)

has been shown to be solvable in prime variables p;, p,, and p; by Vinogradov [11] in 1937. Later,
many authors [1, 14] began to study the ternary Goldbach problem concerned with satisfying specific
congruence conditions. For example, for any number N satisfying N = [, +1,+/3 (mod k), where (/;, k) =
1(1 < j < 3), researchers try to determine the existence of a solution to the equation N = p; + p, + p3
under the conditions p; = [; (mod k). Although the research in this area is still in the exploratory stage,
some preliminary results and methods have been obtained. The papers [1, 14] proved that an equation
with N = [; + [, + [3(mod k) is solvable in prime variables p; = [;(modk), and they also give the
results for any k with 1 < k < (logN)© and C being any fixed positive number. Then these results were
extended to a large modulus k with 1 < k < N?, where 0 < 6 < 1 is an absolute computable constant
by [9, 10]. Their results are as follows.
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Theorem 0. Let [y, 1, [3, and k > 1 be integers satisfying (1;,k) = 1 for 1 < j < 3. Let N be a sufficiently
large odd number satisfying N = l; + I, + [z (mod k). Then there exists an absolute computable constant
0 with 0 < 0 < 1 such that for any k with 1 < k < NY the equation N = p; + p, + p3 is solvable in
prime variables py, p>, p3 with p; = [;(mod k)(1 < j < 3).

For a quantitative result of 6, [6] obtained that 1/8 for “almost all” integer moduli and 3/20 for
“almost all” prime moduli. For the value of 6 with respect to all integer moduli, the paper [13] showed
an explicit numerical upper bound for the modulus of arithmetic progressions, in which the ternary
Goldbach problem is solvable. Their result implies a quantitative upper bound for the Linnik constant
such that the 6 in Theorem O can be taken as 1/42.

However, if we limit the range of the positive integer k so that k can only take prime numbers, the
numerical value of 8 corresponding to all integer moduli remains unspecified. Under the assumption
that the Landau conjecture holds, this paper improves the upper bound of 8 to 1/40 by simplifying the
analytical processes of integral interval extension and error estimation. Here we briefly explain why:
Under the assumption that the Landau conjecture holds, there are no exceptional zeros Eof Dirichlet L-
functions—that is, exceptional zeros do not exist. Landau’s conjecture typically refers to the conjecture
regarding the lower bound of Dirichlet L-functions near s = 1. Its core statement can be expressed as
follows: For any real, nontrivial primitive Dirichlet character y, there exists an absolute constant ¢ > 0
which is independent of g such that

c

L(1,y) > .
logg

If the above lower bound can be established, then the Dirichlet L-function will not have any zeros too
close to s = 1, that is, Siegel zeros cannot exist. Thus this proves that the effective lower bound for
L(1, y) improves the zero-free region results, strengthening the conclusion from “at most one zero” to
“there exists no zero abnormally close to 1”. The primary objective of this work is to establish the
proof of the following Theorem 1.

Theorem 1. Let k be a prime number, and let 11,15, I3 be integers satisfying (I;,k) = 1 for 1 < j < 3. Let
N be a sufficiently large odd integer satisfying N = [, + [, + [3 (mod k). Assuming Landau’s conjecture
holds, then for any k with 1 < k < N, the equation N = p, + p, + p3 is solvable in prime variables
P1, P2, p3 with p; = [;(mod k) (1 < j < 3).

2. Preliminaries
Let [}, I, I; be integers and k > 1 be a prime number satisfying (/;,k) = 1 for 1 < j < 3. Let N be

a sufficiently large odd number satisfying N = [; + [, + I3 (mod k). Let g, be a fixed, sufficiently small
positive number, and let

L — lOgN, Q — k2+80.£9, T = N_1k2+280.£95, T = k4+10/380£20’ L= lOg(kQ) (21)
Let n and p, with or without subscripts, always denote a positive integer and a prime number

respectively. Let y (mod k) to denote a Dirichlet character modulo k and L(o + it, ) to denote a
Dirichlet L-function. This section primarily provides the lemmas required for the subsequent proofs.
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Lemma 2.1. Assuming the Landau’s conjecture, i.e., the non-existence of the exceptional zero E the

function
[T [] wo+in
q<kQ y (mod k)
has no zeros in the region
>1 - %, 7] < C.
L
Proof. This follows Proposition 2.3 of [8]. O

Lemma 2.2. Forany x > 2 andy > 1, let

N(a/,x,y):Z Z ' Z 1.

g<x y(modgq) p=B+iy
[yI<y
Jopet

The summation 3, noq, s over all primitive characters y (mod q) and p = B+ iy is any nontrivial zero
of L(s, x). Then, we have

4
N(a, x, y) < (x*y)PPP0-are - for — < < 3 (2.2)

| =

4

N(a, x, y) < (x*y)#o0=0  for 3 <a<l. (2.3)
Proof. Equation (2.2) follows from Eq (1.1) of [4], and Eq (2.3) follows from Theorem 1 of [5]. O
3. Simplification

Denote by A(n) the von Mangoldt function, and e(y) = exp(2niy) for any real number y. Set for
1<j<3,
Six= > Ame(n), 3.1)

N/4<n<N
n=lj(mod k)

and let
IN) = > Am)A)AGm),

(n1,n2,n3)

where the sum 3, ,, ., is over all triplets (n, ny, n3) satisfying N/4 < n; < N, n; = [(mod k) for
1Sj§3andn1 +ny,+n3; =N.
Then by the integral theory of complex variable functions, we have

1+7 3
IN) = f e(-Nx) [ |8 ().

j=1
By Dirichlet’s lemma on rational approximations, each x € [, 1 + 7] may be written in the form:

1

x:hq_l+z, (h,g)=1,1<qg<1t ",z <7/q.
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Let My :={x: x€[r,1+7], x=hqg'+2z, (h,q)=1,1<qg <O,z <7/q}and M, := [1,1 +T]\ M,.

Then, in view of k < N'/4° and (2.1), M, is a union of mutually disjoint intervals of the form m(h, ) =
[Lt, By,

Then we divide I(N) into two parts I;(N) and I,(N) as

3 3
f e(-Nx) [ | S j(x)dx + f e(-Nx) [ | S jx)ax
M =1 M, =1

: [1(N) + I,(N). (3.2)

I(N)

Letd := (k,q) and D := [k, q], denote the greatest common divisors and the least common multiples
of k and ¢g. Since k is prime, we have

(3.3)

k, ifg=k",m>1, q, ifg=k"m>1,
1, otherwise.

d=(k,qg) = ;. D=[kq] =
k- 9) { k.41 kg, otherwise.

For any [ with (I, g) = 1 we see that the pair of congruent equations n = [;(mod k) and n = I(mod k)
is solvable if and only if / = [;(mod k), and then the solution s; is unique modulo D, and (s;, D) = 1.
Note that by (/;,k) = 1 and ¢ < Q, we have

Z A(n) < ZlogN < logNZl < L2

<N
nEl;l(mod k) plq plN
(n.D)#1

Then by (3.1) and the definition of § ;(x) , we have

Si = > Ame(n) + O(L?).

N/4<n<N
nzl,- (mod k)
(n,D)=1

By writing n = [ (mod g) with (/,q) = 1 and letting x = h/q + z, we can rewrite § ;(x) as

q
hl
Sj(X) = E e (—) E A(n)e(zn). (3.4)
=1 d) vy
(Lg)=1 n=s j (mod D)
I=1; (mod k)

Considering the orthogonality relation of Dirichlet characters,

D X =

@(D), if n = 5;(mod D)
0, other wises,

x (mod D)
we get
DL Am =@y > wn R(s)), (3.5)
nst x(mod D)

nzsi(modb)

where ¢ denotes the Euler function and y/(¢, x) = >, A(n)x(n).
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If we express the second sum in § ;(x) by the integral

N
Ame(nz) = f e@d| > A, (3.6)
N/4<n<N N/4 n<t
n=sj (mod D) n=s (mod D)

then, by combining (3.4)—(3.6) we get

N

S i(x) = (D) Z Gi(x,h,q) f e(zNdy(t, x) + O(L), (3.7)
x (mod D) N/4
where ,
Gilehg) = > ehl/gns)).

=1
(Lg)=1
[=l; (mod d)

Denote by yx, the principal character modulo g; for abbreviation, we write yo = yop. Let

I, if x = xo,
Oy := )
0, otherwise,

then by [3], since B does not exist, we have

1)) = 6,0= > (#]p) +R(.D.T), (3.8)

yIsT

where R(t,D,T) < NL?T~', and we use leylsT to denote the summation over all nontrivial zeros
p =B +1yof L(s, y) satisfying 8 > 1/2, [y| < T.
For j =1,2,3 denote

Hy(h,q,9) := Gi(xo, . 1) = > G, h Il 2), (3.9)
x (mod D)
where N N
1) = f e(z0)dt; I(y, 7) = f e(zl)z #\ar.
N/4 N/4 =T

Then, combining (3.7)—(3.9), we have

S j(x) = (D) ' H(h, q,2) + O((1 + |ZIN)p(@)NL*T™") := A; + O(R), 1 < j<3. (3.10)
4. Upper-bound estimate for the integral on minor arcs

According to the results of exponential sums over primes in an arithmetic progression in [2, 12], we
have, for x € M,,

Sl(X) < (Nq—l/2 + N1/2q1/2 + N4/5k3/5),£5/2
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< (NQ—1/2 + N]/ZT—]/Z + N4/5k3/5).£5/2
< Nk '=50/2 p=2.

therefore, by the defintion of I,(N) in Eq (3.2), we have

3
LNy < Nk L2 [ TS j(0)ldx
My j=2

3 I+
<« Nk 1=#0/2 £=2 n(f IS ;(x)PPdx)'"?
=2 T

< NKT'™P L2 NETLL
< N*f2eol2 £o1ve, (4.1)

Here we apply the trivial estimate for fT a IS 1 (x)|>dx, that is,

1+71
f 1S 1 (x)I*dx

1+7
f | Z A(n)e(xn)Pdx
T N/4<n<N

n=ly (mod k)

A*(n)

N/4<n<N
n=l] (mod k)

<logN Z An)

N/4<n<N
n=l] (mod k)

<Nk 'L,
5. Simplification for the integral on the major arcs

Recalling the definition of 7;(N) in (3.2), we have

q h T/q 3 h
LNy => > e(—Z]N) L/q e(—Nz)lilSj(g +z)dz. (5.1)
i

7=
In view of (3.10), the following elementary estimate will be applied:

S15,853 = A1AA5 + O(IS1S4|R + IS 1I°R + RY). (5.2)

Denote by E; (j = 1, 2, 3) the total contribution to (5.1) from the first to third terms in the O—terms
on the right side of (5.1), respectively. Noting

R = (1 + NIzDNLT " p(q)

AIMS Mathematics Volume 10, Issue 12, 30828-30850.



30834

we have

T/q
dz

FeY Y |
- -7/
q<0 (h.};)il‘l /g

2
(1 +NEDBLT 'p(9) | |
j=1

h
9
q

l+7 2
< N7 LT f [ 11 (oldx.

J=1
Using Cauchy’s inequality and A(n) < L for n < N, the above can be estimated further as

1+7
E, < N>t L°T"! L2 E 1
T N/4<n<N
nslj(modk)

< N3t LA T !

— N3N—1k2+280£9.5£4k—4—10/380£—20k—1
— Nzk_3_4/360.£_6'5

< N ort.=qQ.

Similarly we can derive

q T/q
Ex<) )| U+NEWNLT plg)’de

4<Q =1, ~Tlq
q N1 T/q
< N3L8773 Z (,o(c])3 Z f dz + f N3Zdz
g<0 =1 0 N1

(h.g)=1
< N LST73740
— N6.£6k_12_10€0£_60N_4k8+860.£38k2+80.£9
— Nzk_2_€0£_7
< Q.

For E,, we need to note that |S ||R> < |S|*R + R*. Therefore by (5.1), (5.2), and (3.10), we have

q T/q 3
Li(N) = Z o(D)™ Z e (—gN)f e(—N2) n Hj(h, g, 2)dz + O(Q), (5.3)
_ o

< =1 7/q
=0 (hg)=1

where
Q = Nzk_z_EOL_l.

Since Edoes not exist, now multiplying out the product H?zl Hj(h, q, z) by (3.9) we get 8 terms.
They are grouped into the following two categories:

(77) the term [13_,(G(xo, h, @)I(2);
(72) 7 terms, each has at least one ) noap) Gi(xs h, @)1(x, z) as a factor.
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Fori =1, 2, define

q T/
M, = Z SD(D)_3 Z e (—ZN)f ’ e(—Nz){sum of the terms in (7;)}dz. 5.4

< h=1 T/q
=0 (h,q)=1

In view of (5.3) and (5.4), we get

II(N) = M1 + M2 + O(Q) (55)
6. An asymptotic formula for M,
For any positive integer ¢, define
go(d) 3 q h 3
A(g) = (—) e[——N G i(xo, h, q). (6.1)
(q) ; q Dl 7

(hg)=1

It can be proved that for any ¢q;, ¢», and (q;, g2) = 1, we have A(q192) = A(g1)A(q,); for any h with

(h,q) = 1, we have
q

Gi(x,h,q) = Z e(hl/q)x(s)),

=1
(Lg)=1
lslj (mod d)

and (sj, D) = 1, xo = y (mod D), so xo(s;) = 1.

Gilxo, s ) = ),

=1
(Lg)=1
1=l i (mod q)

e(gl) _ {,U(q/d)e(hulj/d), if (d, g/d) =1, 62)

0, otherwise,

where 0 < u < d is the unique solution of the congruence gu/d = 1 (mod d).

For the estimation of M, we need to consider several cases where (d, g/d) = 1 will occur when
g = p"™, where p is prime and m is any positive integer. Now, we prove this assertion.

In short, G j(xo, h, p™) is not equal to 0 only when (k, p) = 1 and p™ = k.

Lemma 6.1. By the definition of A(q), for prime p and any positive integer m, when k is prime, we
have

p-1 ifp=km=1,

~(1=p)7°, fptN (p.k)=1,m=1,

_(l_p)_z’ l‘fplN’ (p’k):17m:1,

0, otherwise.

A(p™) =

Proof. For any h with (h,q) = 1, Eq (6.2) gives

Gj(XO’ h9 pm) = 0’

and hence
A(p"™)=0 wunless m=1. (6.3)
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We now show that if
Gi(xo,h,p") #0 = m=1

Since in (6.2), g = p™ 1s a prime power, any pair (d, ¢q) satisfying (d, g/d) = 1 must be
d=1, gq/d=1, or d, g/d>1,
but the third case cannot occur (as then (d, g/d) > 1). We consider the remaining two cases:

(i) Case d = 1. Here (k, p™) = 1, and since k is prime this implies (p,k) = 1 and m = 1.
(i) Case q/d = 1. Here d = g = p™, and because d = (k, p™) with k prime, we must have p" = k.
Primehood of & then forces m = 1. So we have p = kand m = 1.

These shows that when m = 1, G (xo, h, p™) # 0.
The third case d, g/d > 1 is impossible. Suppose, for contradiction, that (d, p"/d) = 1 whiled > 1
and p™/d > 1. Since d = (k, p™) > 1 and d | p”, we have

d=p*, 1<a<m,

and
14 _
—=p"">1,
d p

then
ng(d, Pm/d) — gcd(pa’pm—a) — pmm{a,m—a} > 1,

contradicting the assumption gcd(d, p™/d) = 1. Hence, this case cannot occur.
In view of (6.1), we obtain, form =1 and (p, k) = 1,

p-1 3 p-1 -3 .
_ hl —(I-p)°, ifptN,
A(p) = ¢(p)~ (——N) e( ) . (6.4)

; 1]:—1[ 1=1 _(1 - p)—2, lfp | N.
Form = 1 and p = k, we have, by (6.1) and the condition /; + /, + I3 = N(mod k),

P 3 P
A(p) = Z e(——N)ne( .): > e(l”lz”’_ ):go(k):k—l. (6.5)
=1

=1 i=1
(1 ! (1

This, together with (6.3)—(6.5), proves Lemma 6.1. O

We use ord,(n) to denote the largest integer « such that p® | n. Consider k to be prime. By
Lemma 6.1, we have, for any positive number Yy,

Z |A(q)| < H (1 +|A(p)) H(1 +AD) + -+ |A(pord,,<k>)|)

0= i
(1 + 1A ]—[ (1+1Ap)D = | [+ 1A

<
(pk) 1 p=y

AIMS Mathematics Volume 10, Issue 12, 30828-30850.
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< l_[ (1 + (p—;l)z) < 1. (6.6)

Py

Hence the series ) A(g) is absolutely convergent. For any p with (p, k) = 1, define
s(p) :=1+A(p). (6.7)
It is easy to see that

D A@=0+Aw) [ | a+apy=k [ ] st (6.8)

(p.l)=1 (k=1
We also need the following.
Lemma 6.2. For any complex number p; with 0 < Rep; < 1, j =1, 2, 3, we have

+00 3 N 3
‘[ e(—Nz) (1—[ fN/4 tpf_le(zt)dt]dz = NZLH(ij)p-"_ldxldxz,
j=1 j=1

(o)

where x3 =1 — x1 — xo, and D = {(x1, x2) : 1/4 < x1, x5, x3 < 1}.
Proof. This follows Lemma 4.7 of [7]. O
Then we have the following lemma.

Lemma 6.3. Let M, be defined as in (5.4) and define

My = N?k(k — 1)3 ]—[ s(p) f dx,dx,.

(k=1 D

We have
DOM, = My+0QQ), (i) My> N*k2.

Proof. By the definitons of M, and A(q) we can derive the following

T/q
M, = (k- 1)—3ZA(q) f e(-N2)(2)dz. (6.9)

q<0 T/q

We first extend the range of the integration in the above equation to (—oco, +c0). By the estimation
1(z) < min(N, |z|™") from (2.1), (5.3), and (6.6), the total error induced from this extension is:

< (k—l)‘3Z|A(q)| f 73dz
T/q

qsQ
< (k=1)7@/Q)2 ) A@)
q<0
< k—3+£0T—2 Q2

— k_3+80N2k_4_480.£_19k4+280.£18
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— Nzk_3_€0.£_l
< Q. (6.10)

Again, we have

D MA@l 0 Z gIA@)|

>0
=0 l_[ (1+plAPD [ [+ pAG) + -+ + pOTd0 4 pords @)

(pk)=1 plk

=0\ +kAK) [ | O+ plA)

(pk)=1

“1 12— p p
< Q'K n (1 + T 1)2)(1_[ (1+ - 1)3)

(p,l‘c])V:l p,l)({i]
< Q'K L (6.11)
Thus by (6.7) to (6.11) and Lemma 6.2, we get

M= NE-1 | dxldxz[ZA<q>+0[Z|A<q>|]

e dY

+0(Q) = My + O(Q),

with p; = p = p3 = 1, and f@ dxidx, = 1/32 by the definition of O in Lemma 6.2. This proves (i).
For (ii) we only need to note that

1<<1_[( (p—1)2) l_[s(p)s 1_[(1+(p_;1)3)<<1.

p=3 (ph)=1 (ph)=1

So we have My > N?k(k — 1)~ > N?k2. The proof of Lemma 6.3 is complete. i
7. An expression for Z(q; 1, x2,X3)

Let ry, r», r3 be any positive integers and denote by r = [ry, r», r3] their common multiple. For any
primitive characters y j(modr;) (1 < j < 3)and r | D, define

q 3
h
Z1(q) == Zi(q: X1, X2 X3) = Z 6(—;]\’) l—[Gj(X]Xo, h, q), (7.1)
(h(lz;:)lzl =1
and
D =l Z( ) ). (7.2)
qu)Q
1 ,p=k .
Letv :=ord,(k), v = . sa:=ord,(r),a;:=ord,(r)), j=1, 2, 3, and put
0 ,otherwise
4 a / (041 1’ r 4 r
r:l—[p, rj:l_[pl’ r:;, rj:r—{_ (73)
pIr pIr; J

a>v .S
;v
=

AIMS Mathematics Volume 10, Issue 12, 30828-30850.
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J !

Since y j(modr;) is primitive and r; = rr’/, we can write y; (modr;) = )(;. (mod r’/.))(;.’ (mod r’/.’) (1<

7
J < 3), where both )(} and )(}’ are primitive. Next, define
q h 3 q h
2(9) = TG X X X)) = ) e(—;N) [T > (;Il))(}(l)- (7.4)
h=1 j=1 =1

(h,q)=1 I(Isl )=

Lemma 7.1. Under the notations of ), and s(p) defined as (7.2) and (6.7), respectively, we have
—2+¢
> <214078267% [ s(p).

(pk)=1

Proof. By Lemma 6.1 and (6.7), we have

Do A@| <[ [a+e@ + -+ o] Ja+Aa@n | Ja+Aam)
q<Q/r’ pir’ ptkr’ ptkr’
(g.")=1 plk PIN PIN
=+t | Ja+apn] [a+Ap)
it s
2
gkﬂ(1+A(p)+( 2) [ [+ Ay
ptkr’ p - 1) pkr’
PIN PIN
1+ A(p) + = 1)2
<k,!:kr|(1 +A(p))l—[ A0)
p\N
(p—1)7+1
<kl—[s(p)l_[ 1o
prkr’ 17>3
< 2.140782k ]—[ s(p). (7.5)
prkr’

By Lemma 5.3 in [9], suppose ¢ = q142, ¥’ | q, (', g2) = 1, and g; and r’ have the same prime
factors. Then
Z2(9) = Za(q)((q2) [ 9(d2) )’ A(q2), (7.6)

where d, = (k, q2) and Z,(gq;) = 0 if ¢; # r’. Thus, we have

S = S e /e@) Za(@)

7
=(@((k, ")/ @(r' ) Zo(r") Z A(q). (7.7)
4220/1"
(qp.7")=1
Decompose 7’ = r'Vr® where
rO =1,y i= 1,2 (7.8)
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and ‘Wr.ite X}l(mod f’}1) = |1 P, X}1 p(mod ”}1 )
multiplicative function of ¢, we have

() =7 | | Zap),

plrd

where by d = (?, k) = 1 we have

o) )

3
Zi= 3 eoNhp |3 i,
=1 =1

h=1 Jj= =
(=1 (1r2=1

and by
a = ord,(r'"V)and d = (p°, k) = p’,
we have
. 3 P
Zyp)y =Y e-Nu/p) [ [ etamlip® ), .
h=1 j=1 =1
pth =l ; (mod p¥)

J
For Z3, we can derive that
1Z3| < () | | s(p).

P
For Z4(p) and p | 'V, we have
3
Zup)=p " | [,

0 J=1

) for j = 1,2,3. Then by (7.2), since Z(q) is a

(7.9)

(7.10)

(7.11)

where ), is taken over all [V = 1,---,p® j = 1, 2, 3 satisfying 'V = [;(mod p*) and Z;zl IV =

N (mod p®). So, by (7.11),

Zup)l < p* )1

O]

o 3 p*
_ Z e(=Nh/p®) l_[ Z e(hl/p™)
h=1 =1 1=l (l;édp")

pa 3 pa—v_ 1

= > e(=Nh/p" | | etnl;/p™) ) etht/p™™)
h=1 j=1 =0
p” 3
= D eh=N+ 3 1)/pHp*™
h=1 j=1
P Vih
p(l
= (), by
p*VIh
— p3(1—2v.

(7.12)
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Therefor, by (7.5), (7.7), (7.9), (7.10), and (7.12), we have

D <k e e [T sio) [ [ o2k [ ] st

plr® plr®H pir'k

Here

(@((k, ') /@ N@(r?) = (e, 1) [p(r) = n P,

plrH

and

[ s =] s

2 plr’
pl o

Then, by (7.2), (7.7) and (7.13)—(7.15),

D, =007 Y (@) /e@)’Zi(9)

q<Q
rlD

3
= ¢l []_[X}’(lj)) >
j=1

< 2.140782k(k — 1) ]—[ s(p)
ptk
< 2140782k [ | s(p).

ptk

(7.13)

(7.14)

(7.15)

(7.16)

Lemma 7.2. Let 3., be defined as in (7.2). If at least one of the x';s (1 < j < 3) is xo1, then we have

Zz < k" (loglog r')*.

Proof. See the proof of Lemma 5.2 of [13] and (7.16).
8. An upper bound for M,

Recall that

q 7/
M, = Z o(D)? Z e (—ZN)[ ! e(—Nz){sum of the terms in (75)}dz,

< =1 7/q
q=0 (h,q)=1

where

7> : 7 terms, and each has at least one Z Gi(x, h, ¢)I(x, z) as a factor.

x (mod D)

Then they are of the following three types:
(721) 3 terms of the form [T3,(G (o, 2, 1(2)) Xy moan) G300 1y DI, 2);
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(7>) 3 terms of the form G (xo, h, q)I(z) ]—[?:2 2 modp) G0 1y @I(x 2);

(723) The remaining one term H;z 1 2y mod ) GO0 By Iy, 2).

Before the treatments for these three types, we provide the following lemmas.
To estimate M,, we also need the explicit estimates for two triple sums, that is

ISDUPWPIIE]

q<kQ x (modg) |y|<C

and
I I WIS

q<kQ® y (modgq) |y|I<C

where gy and g, are two fixed, sufficiently small positive constants.

Let N(x, a, C) denote the number of zeros p = 8 + iy of L(s, x) lying inside the rectangle @ < g <

1= 0.365/L, Iyl < C. Put N*(a, kQ, €) := S ek 2 (moay N> @, €.

Lemma 8.1. Since the exceptional zero B does not exist, then for k < N''*0 we have

D=0 DT T vy < 0.8369.

q<kQ x (modg) |yl<C

Proof. By Lemma 2.1 and in view of the bounds for A4 in Lemma 6.2 of [8], we can write

1-L " loglog L

/5
D, SIN/ATNY(1/2,k0,0) + f + f

1/2 4/5
1-6/L 1-2/L 1-1/L
1-L-'loglog L 1-6/L 1-2/L
1-0.696/L 1-0.504/L 1-0.364/L
+ f + f + f (N/4)*'N*(a, kQ, C) Lda
1 1 1

-1/L —-0.696/L —-0.504/L

=: 29: D, say.
i=1

J

For D,
Dy = (N/4)"'?N*(1/2,kQ,C)
< N—]/2((kQ)2C)12/5(1—1/2)+8
< N—I/Z(kQ)l2/5
< (kQ)™** < (logL)™°.
For D,,
/5
D, = (N/H*'N* (e, kQ, C) L da
1/2
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/5 12
= (N/4)*((kQ)*C)3 "™ L da
1/2
/5
< (N(kQ) ™) £ da

1/2
< (k@)™ < (log L)™.

For D;,
1-L ' loglog L
D; = f (N/4)* 'N*(a, kQ, C) L dor
4/5
1-L ' loglog L
- f N/ ((kQPPC)T ™ L da
4/5
1-L ' loglog L
< f (NkQ)™H* ' L da
4/5
< (log L) <« (logL)™.
So, we have

D+ D, +D; < (logL)™.
For D4, by Lemma 3.1 in [8],if 1 — L! loglogL <a <1-6/L, we have

Ny(@,Q,C) < N,
<asa1s 35.385 62.8753810g10gL _ 62'07176*6 _ el.92136*10g10gL
- 6 0.1504 =« 6

<293.42 ((1og L)*87% 4 1.108156(log L)"*136 — 250336.1766),

then
1-6/L
Dy = (N/4)*"'N* log(N)da
1-L~'loglog L
log N 6 ~
<N ——=  ((N/4 /L _ N/4 loglog L/L
SN o g (NI - (Vs

S *M(e—ﬁ*ﬁlﬂ/?’ _ e_40/310g10gL)
40/3L —log4

40/3L 2.87538 1.92136
< —293.42((log L)~ 1.108156(log L) -2 1
= 20/3L — log4 93.42((log L) + 1.108156(log L) 50336.1766)
% (6_80 _ (log L)—40/3)
40/3L

<— """ 20342x3.1x10"xe ¥ <1.64x107%.
= 30/3L —log4 XX D xe s 103X

For Ds,if 1 —6/L <a <1-2/L, we have

Ni(a,Q,C) < N;
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2.223794%2 __ e 1 .869794><6)

0.354 x 2

< 167.67/2 (83.116796><6 (e

<1.1x10",

then

1-2/L
mif (N/4)*"'N:log N da
1

-6/L

<N log N
log N —log4

<N 40/3L (672403 _ (644013
40/3L —log4

< 40/3L

~ 40/3L - log4

< 0.0291.

(N/4)E = (N/4)°h)

1.1 % 1010e—2*40/3

For Dg,if 1 —2/L <a <1-1/L, we have

Ni(, 0,C) < N}

(27479041 _

0.58 x 1

< 50.36/1 (e3~753506>(2 _ 2.160]O4><2))

< 96868,

then

1-1/L
mif (N/4)*"'N; log N da
1-2/L

log N 1 _
<NF——S  (NJ4) YL — (N4 YT
<Mooy —1ogd V- V47

- 40/32/_36%4(6_1*40/3 _ 2oy
< 40/3L

~ 40/3L - log4
< 0.1569.

06868¢ #4073

For D7,if1 —1/L <a <1-0.696/L, we have

Ni(a,Q,C) < N;

<26.93/0 696( eV G e2~42653><1))
= a0 . e” -

0.766 x 0.696
< 2957.6,

then

1-0.696/L
mif (N/4)*'N;log N da
1

-1/L
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log N ~0.696 -
< N:i——2  ((N/4) 0L _ (N /4)~VE
e N —1ogd MV (N4

* 40/3L o~0:696+40/3 _
= 740/3L - log4
. 40/3L
~ 40/3L —log4
< 0.2711.

6—1*40/3)

2957.6(e 009644073 _ ,=1+40/3)

For Dg,if 1 — 0.696/L < a < 1 - 0.504/L, we have

Ng(a, Q,C) < Ng

< §.86706/0.504 [ o431405:069 _ (£315402X0.504 _ ;2320020696
- ' 0.834 x 0.504

<3595,

then

1-0.504/L
Dy = f (N/4)*'N; log N da
1-0.696/L

log N —0.504/L -696
< Nj——=———((N/4) O30 — (N 4)~0%0/L
< Niioa N —10aa /9 (N/4) /L)

. 40/3L —0.504%40/3 _ —0.696%40/3

< Ngq—————— : —e

<N 10731 —1oga ¢ )
40/3L ~0.504+40/3 __~0.696+40/3

< — 3595 ) —e

< J0/3L —logd > ¢ :

< 0.4002.

By Lemma 2.5 of [8], we get

1-0.364/L
Dy = f (N/H*'N* (e, kQ, C) Ld
1

~0.504/L
((N/4)~0364IL — (N ]4)=0504L) 1
< da
L —log4

<( o~40/3x0.364 _ e—40/3><0.504)(1

log4

£—10g4)

< 0.0066.
Summing up these estimates, we get the desired numerical estimate 0.8639 for } .

Lemma 8.2. Since the exceptional zero B does not exist, then for k < N'/*0 we have
D=0 > Ayt <0.0078,
q<kQ® y (modg) lyl<C
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Proof. By Lemma 2.1, the function [1(kQ*°) has at most one zero El satisfying
1 - 0.36410g(kQ™) < B; < 1 — 0.364 log(kQ).

If El does not exist, then, completely similarly to case },, we have

1+2¢g(

kQé‘O - k1+280 - N 0 ,

1+2. . _
72, and we can obtain Y}5 < 1.11 x 107,

When 3, exists, we can derive

so we take 6 with

D <5167 x 107+ NP7 <5167 x 107 + exp(-0.364 log N/ log(kQ)) < 0.0078.

O
At the end of this section, we give a crude upper bound for the triple sum. For k < N 1740 we have
D <, 8.1
q<kQ y (mod gq) |yI<T

which can be obtained in precisely the same way as that of Lemma 4.5 from [7] with Q and N’ replaced
by kQ and N/4, respectively.
We now estimate M,. First we state a lemma which will be used frequently in this section.

Lemma 8.3. Let p = S +iy and 1/2 < B < 1. Then, for any real z, we have

min (Nﬁ, Izl_ﬁ) , ify=0

N X
_ NPy !, if |zl < ﬂ,
f ez 'dr < /;M_uz _fl |l| e
N/4 NPy[7=, if on <ld <%
N1, if 2 < 2],
Proof. This is Lemma 3.2 of [7]. O

Recall from (5.4) that there are 7 terms in the integrand of M,, and they are of the following three
types:

e (751): Three terms of the form H?zl(G o> 1 @1(2)) 2y (moa py G30> h, Iy, 2);

e (72): Three terms of the form Gy (xo, 1, 9)1(2) [T}, Xy moany G (0 b )1 (x, 2);

® (723): The remaining one term ]‘[?= 1 2y mod ) GO0 M I (x, 2).

The treatments for these three types are quite similar. We begin by illustrating the details with a
term from the first type Mo;:

q h T/q 2
Moy =Y o) Y e(—;N) [ ena[ Gt hr 1)
] ]

<0 h=1 7/q
1 (h)=1

x D Gyt @Iy, )dz.

x (mod D)
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Noting the definition of Z;(g) in (7.1), we have

My=> > "3 Z*W;?D»)goz»zg)

r3<kQ x3 (modr3) g<Q
(31D

7/q
Xf e(-N2)1\(2)1,(2)3(x3, 2) dz. (3.2)

7/q

We divide the sum over the nontrivial zeros into the two ranges C < |y3| < T and |y3;| < C. By the
definition of I(y, z), we rewrite the integral with respect to z in the above formula as

’ 7/q N
= Z f e(_NZ)Il(Z)IZ(Z)( f €(Zl)tp3_1dt)dz

sl<T 774 Ny4

(8.3)
RPIRIPINE
lysl<C C<lysl<T
where C is a positive number with 47 < C < (kQ)®/?, and its value being chosen later.
By Lemma 8.3, the second term in (8.3) can be estimated as
, T/q N
< Z f 111 (DI12(2)] f e(z)*>~dt| dz
CslyslsT ¥ =74 N4
-1
< Z ' {f N>NP3Jys ™t dz + f 7 2NPs|ys| Tl dz
C<hslicr V0 J1
+ f NPy dz + f NP dz}
Jr J3
< Z ‘NEH |yl < ! Z NP (8.4)
C<lysl<T ly3I<T

where J;, J», and J; are the intervals of z € [N™!, 7/q] satisfyingz < |y3|/(4nN), |ys|/(4nN) < z <
lysl/(mN), and z > 4|ys|/(nN), respectively.
By (8.1), (8.4), and Lemma 7.1, the total error induced in (8.2) by the second terms of (8.3) is

*

< N*k2C! Z Z 'NE « N2l (8.5)

ri<kQ x3 (modr3) |y3|<T

For the first term on the right-hand side of (8.3), we first extend the range of the integration over z
to (—o0, +00), and let Ry, be the total error induced in (8.2). In view of (2.1) and the bound |y;| < C <
(kQ)®'?, we have 7/q > 4ly;/nN.

Thus, by Lemma 8.3, we obtain

+00
Ry < Z f NPz < T_2q2 Z NP

ysl<r Y7/4 bysl<T
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and then the total error induced by R;; in (8.2) is
< k120 <« NPk C (8.6)

From (8.2), (8.3), (8.5), and (8.6), we get

* Z(q; X01>X02: X
M| < Z Z (g3 X01,X02: X3)

3
X3 (modr;) ¢<Q ¢(D)
r3|D
’ +00 N
x » f e(-N2)L (2)(2) ( f e(zt)t’"3‘ldt) dz+O(N*k>*C™)
—co N/4

lysI<T

SNZ{Z + Z } Z *Z,Z%|Z(q;)(m,)(oz,)~(3)|
r<kQ?0  kQU<rs<kQ (D)

X3 (modr3) ly3|<C ¢<Q
r3|D

X f (Nx3) ' do; + O(NZk‘2+8°C‘1). (8.7)
D

For the second multi-sum inside the curly brackets in (8.7), by Lemma 7.2 and (8.1), it can be
estimated as

k * '
< N2+ E — log’ E E !
| . og” L (N/4Y
kQf0<r3<kQ X3 (modr3) |ys|<C

< N’k Q70 Jog® £ <« Nk~ C!,

Next, we use Lemma 7.1 to determine the absolute value of (8.7)

< 2.140782 M, Z Z *Z’(%)ﬁa—l

r3 <kQ® x3 (mod r3) ly3|<C

+ ON* K C.

Now, there are two other similar terms of the same type, corresponding to sums over r; and r,. Hence,
we can combine the sums over ry, r,, and r3 into a single one. So:

My < (2.140782 + £3) MoZs. (8.8)
In precisely the same way we can derive
My, < (2.140782 + £9) MoZs*; Moz < (2.140782 + &) MoZs’. (8.9)
Hence, by (8.8), (8.9), Lemma 8.1, and Lemma 8.2, we get
IMy| < (2.140782) My(3 x 0.0078 + 3 x 0.0078% + 0.8369%) < 0.6097 M.
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9. Proof of Theorem 1
Then, we get
LN) = My + Ms + 0(Q) > (1 - 0.6106) My + O(N*k>" L) 3> M. 9.1)
So by (4.1), (9.1), and Lemma 6.3, we find that the sum is
I(N) = [i(N) + L(N) > My > N*k>.
This completes the proof of Theorem 1.

10. Conclusions

In this paper, we consider the equation N = p; + p, + p3 with the restriction p; = [; (mod k), p
being a prime number, and & being a prime number as large as possible. Our main result shows that the
above equation is solvable when k < N % by assuming the truth of Landau’s conjecture. Our methods
for the proof of Theorem 1 in this paper is the circle method and follows the techniques on handling
contributions of the major arcs from Liu and Wang’s [9] and Zhang and Wang’s [13]. By assuming the
truth of Landau’s conjecture, our application of the circle method becomes more concise. Moreover,
by the restriction k being a prime number, we improve the main result k < N 2 of [13] on the solvability
of the same equation. While, this improvement comes from Lemma 6.1 and Lemma 8.1 in this paper.
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