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1. Introduction

One of the most crucial mathematical tools for simulating intricate dynamical phenomena in
a variety of fields, such as fluid mechanics, plasma physics, optical fiber communications, heat
transfer, and nonlinear optics, is the nonlinear partial differential equations (NLPDE). Because of
their exceptional capacity to maintain speed and shape over extended distances and during mutual
interactions, solitons have a central place among their varied solutions structures. John Scott Russel
first noticed a single wave moving unmodified in a canal in 1845, which led to discovery of the
soliton phenomena [1]. Later, the theory was formalized by Drazin and Johnson [2], who identified
three essential properties of solitons: spatial localization, elastic interactions, and shape preservation.
Over the years, numerous mathematical models have been developed to capture such nonlinear wave
phenomena, including the sine-Gordon equation [3], the sinh-Gordon equation [4], the Zoomeron
equation [5], the Bogoyavlensky-Konopelchenko equation [6], the Boussinesq-Burgers equation [7],
the Kairat-II and Kairat-X equations [8], the Burger-Fisher equation [9], the Korteweg-de Vries (KdV)
equation [10], the Kadomtsev-Petviashvili equation [11], the generalized Schrödinger equation [12],
and the Ginzburg-Landau equation [13].

In this article, we use the complex hyperbolic nonlinear Schrödinger dynamical equation
(CHNLSDE) [14].

iwyy +
1
2

(wxx − wtt) + |w|2w = 0. (1.1)

The complex hyperbolic nonlinear Schrödinger dynamical equation is employed in this work
because it accounts for hyperbolic dispersion, allowing a more realistic description of memory effects,
nonlocality, and anomalous dispersion in physical media. These features make the CHNLSDE more
suitable than the classical nonlinear Schrödinger equation for describing nonlinear wave propagation in
optical fibers and plasma channels. Thus, it provides a more accurate framework for analyzing complex
wave dynamics in dispersive systems. Apeanti et al. [15] used CHNLSDE to acquire new complex
rational, trigonometric and hyperbolic solutions. Correia et al. [16] used CHNLSDE to prove a stability
result for both spatial plane waves and spatial standing waves with respect to small H1 perturbation
and many others. Also, Nucci’s direct method [17], the lie symmetry analysis [18], the bilinear neural
network approach [19], the exponential and Kudryashov method [20], the sine-cosine method [21], and
the extended generalized Riccati equation mapping method [22], are some of the analytical techniques
that have been used to study CHNLSDE and related systems. These investigations show how the model
can accurately depict intricate solitary, periodic and rational wave structures, which has immediate
applications in applied physics and nonlinear optics.

Significant advancements have been made in the construction of exact analytical solutions
to NLPDEs using sophisticated computational approaches. The advanced exp(−ψ(η))-expansion
strategy [23], is one such technique that has just been presented as a methodical and flexible plan
for producing trigonometric, hyperbolic, and rational traveling wave solutions. This technique adds
an additional equation to the conventional exp-function approach, making it more comprehensive,
which allows for a variety of functional forms based on the values and signs of the parameters.
The target NLPDE is converted to an ordinary differential equation by applying an appropriate
wave transformation, and the solution is given as a logical combination of the exponential terms in
exp(−ψ(η)). This method has been effectively used to solve a variety of nonlinear models such as the
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simplified modified Camassa-Holm (SMCH) model [24], Benjamin Bona Mahony Burger model [25],
coupled nonlinear Maccari’s system [26], (STO)-Burger equation [27], Kuralay model [28] and many
more.

In this paper, we derive new classes of exact solitary wave solutions in the framework by combining
the analytical power of the advanced exp(−ψ(Υ)) with neural network model with the physical richness
of the CHNLSDE. The investigation of the combined impacts of nonlinearity, dispersion on wave
dynamics in nonlinear dispersive systems is made possible by this synergy. The found solutions are
anticipated to enhance the library of exact solutions accessible to NLPDEs and offer important insights
into wave theory, nonlinear optical communications, and ultrashort pulse propagation. In addition to
expanding our theocratical knowledge of nonlinear equations, these findings offer useful information
for applications in plasma physics, optical communications, and other fields where regulating and
forecasting wave behavior is crucial. In addition, machine learning analysis executes on the gain
solutions to predict the behavior of the wave dynamical profile. Lastly, we find out the asymptotic
behavior of the obtained solutions.

Section 1 introduces the CHNLSDE and its significance in nonlinear wave modeling. Section 2
describes the WAS-Exp neural network approach in general terms. Section 3 presents the exact
analytical solutions obtained for the model, while Section 4 provides their graphical representations
to illustrate the physical behavior. Section 5 executes machine learning analysis. Section 6 describes
the asymptotic behavior. Finally, Section 7 concludes the work by summarizing the main findings and
highlighting their potential applications.

2. The WAS-Exp neural network method

We propose a novel technique, termed the WAS-Exp neural network method, which integrates the
e−ψ(Υ) [23] with a neural network (NN) [29] architecture to derive exact solutions of nonlinear partial
differential equations (nPDEs) of the form:

P(w,wx,wt,wxx,wxt,wtt, . . . ) = 0, (2.1)

where P is a polynomial involving the function w and its partial derivatives with respect to spatial
and temporal variables. To find the exact solutions of Eq (2.1), we introduce the trial function of the
neural networks (NNs) model shown in Figure 1. The output of NNs serves as the trial function for the
solutions of Eq (2.1), and the trial function of the NNs model is as follows:

Let the output w be defined as
w =

∑
ln∈Ln

vln,wFln(Υln), (2.2)

where

• vln,w is the weight coefficient from the last hidden layer neuron ln to the output neuron w,
• F is the activation function,
• Ln = {In−1 + 1, In−1 + 2, . . . , In} is the index set of neurons in the n-th (last hidden) layer.

The neural network contains two types of parameters:

• weights vi, j,
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• bias terms θl,

which connect neuron i from the previous layer to neuron j in the next layer.

Figure 1. Schematic diagram of the neural network architecture. The input layer
receives the independent variables (x1, x2, x3), the hidden layers perform nonlinear feature
transformations through the activation functions Υi j and the output layer produces the
predicted solution components (y1, y2).

The mathematical expression for Υli in the i-th layer is

Υli =
∑

li−1∈Li−1

vli−1,li Fli−1(Υli−1) + θli , i = 1, 2, . . . , n.

The WAS-Exp neural network method leverages the analytical properties of the e−ψ(Υ) and the
structural flexibility of neural networks.

ψ′(Υ) = −(αe−ψ(Υ) + βeψ(Υ)). (2.3)

Family 1: Hyperbolic function solutions, when (αβ) < 0,

ψ(Υ) =


− ln

(√
α

−β
tanh

( √
−αβ (Υ + Q)

))
,

− ln
(√

α

−β
coth

( √
−αβ (Υ + Q)

))
.

(2.4)

Family 2: Solutions for trigonometric functions, when (αβ) > 0,

ψ(Υ) =


− ln

(√
α

β
tan

( √
αβ (Υ + Q)

))
,

− ln
(
−

√
α

β
cot

( √
αβ (Υ + Q)

))
.

(2.5)
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Family 3: Solutions using rational functions, when β > 0 and α = 0,

ψ(Υ) = − ln
(

1
−β(Υ + Q)

)
. (2.6)

Family 4: When β = 0 and α , 0,

ψ(Υ) = − ln (α(Υ + Q)) . (2.7)

Here, α, β and Q are the non-zero real constants.
The method functions in two complementary stages:

(1) Embedding known solutions of the e−ψ(Υ) into the neural network as activation functions.
(2) Using the resulting neural network to construct trial functions and transform the nPDE into a

solvable algebraic system.

The steps of the WAS-Exp neural network method are as follows:

Step 1. Construct the WAS-Exp NN architecture:

• Input layer: Variables such as x, t or higher-dimensional inputs.
• Hidden layers: Neurons activated by the e−ψ(Υ) based functions.
• Output layer: The trial function w(x, t).

Step 2. Use forward propagation through the WAS-Exp NN model to produce a trial function w(x, t)
for the nPDE solution.

Step 3. Substitute the trial function into the original nPDE to convert the differential problem into an
algebraic equation.

Step 4. Collect like terms in the resulting expression and set the coefficients of each basis function to
zero. This yields a system of algebraic equations.

Step 5. Solve the algebraic system to determine the unknown coefficients. Substituting these back into
the trial function yields a closed-form or semi-analytical solution to the original nPDE.

3. Application of WAS-Exp neural network method

In this portion, we apply the WAS-Exp neural network method on the complex hyperbolic nonlinear
Schrödinger dynamical equation. We chose neural network model 3-2-1 (Figure 2) in following form:

Υ = F(Υ1)v{1,4} + (F(Υ2))2v{2,4} + θ3,

Υ1 = xv{1,1} + yv{2,1} + tv{3,1} + θ1,

Υ2 = xv{1,2} + yv{2,2} + tv{3,2} + θ2.

(3.1)

Here, the first layer is the input layer consisting of x, y and t. The first hidden layer involved activation
functions solution of e−ψ(Υ) or its solutions with identity (.) and square (.)2 function and the output act
as a trail function of the given model represent as

w = e−ψ(Υ1)v{1,4} + (e−ψ(Υ2))2v{2,4} + θ3,

Υ1 = xv{1,1} + yv{2,1} + tv{3,1} + θ1,

Υ2 = xv{1,2} + yv{2,2} + tv{3,2} + θ2.

(3.2)
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Figure 2. 3–2–1 neural network architecture. The input layer supplies the independent
variables (x, y, t), the hidden neurons apply nonlinear activation functions Υ1 and Υ2 to
perform feature extraction and the output layer yields the predicted solution w(x, y, t).

By using Eq (3.2) and their respective derivatives in the concern model Eq (1.1), we got the
following algebraic system:

2θ2
3v{1,4} + 2θ2

3v{2,4} + θ3v2
{1,4} + θ3v2

{2,4} + 2θ3v{1,4}v{2,4} − β2v{2,4}v2
{3,2}

+ β2v2
{1,2}v{2,4} + 2iβ2v2

{2,2}v{2,4} + θ
3
3 = 0,

α2v{1,4}v2
{1,1} + 2iα2v{1,4}v2

{2,1} − α
2v{1,4}v2

{3,1} = 0,

3α2v{2,4}v2
{1,2} − 3α2v{2,4}v2

{3,2} + 6iα2v2
{2,2}v{2,4} = 0,

2θ3v2
{1,4} + θ

2
3v{1,4} + 2θ3v{2,4}v{1,4} + αβv2

{1,1}v{1,4} + 2iαβv2
{2,1}v{1,4} − αβv2

{3,1}v{1,4}
+ v3
{1,4} + 2v{2,4}v2

{1,4} + v2
{2,4}v{1,4} = 0,

2θ3v2
{2,4} + θ

2
3v{2,4} + 2θ3v{1,4}v{2,4} + 4αβv2

{1,2}v{2,4} + 8iαβv2
{2,2}v{2,4} − 4αβv2

{3,2}v{2,4}
+ v3
{2,4} + 2v{1,4}v2

{2,4} + v2
{1,4}v{2,4} = 0.

After computational calculations, we get the following set of solutions.
Set 1: {

v{3,1} = −
√

v2
{1,1} + 2iv2

{2,1}, v{3,2} = −
√

v2
{1,2} + 2iv2

{2,2}, v{1,4} = −v{2,4} − θ3

}
. (3.3)

Family 1.1: When (αβ) < 0, the solutions of hyperbolic function are

w(x, y, t) = −
αv{2,4} tanh2

(
√
−αβ

(
−t

√
v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
))

β

−

√
−
α

β

(
v{2,4} + θ3

)
tanh

( √
−αβ

(
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
))
+ θ3,

(3.4)
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w(x, y, t) = −
αv{2,4} coth2

(
√
−αβ

(
−t

√
v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
))

β

−

√
−
α

β

(
v{2,4} + θ3

)
coth

( √
−αβ

(
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
))
+ θ3.

(3.5)
Family 1.2: When (αβ) > 0, the solutions of trigonometric functions are

w(x, y, t) =
αv{2,4} tan2

(
√
αβ

(
−t

√
v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
))

β

−

√
α

β

(
v{2,4} + θ3

)
tan

( √
αβ

(
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
))
+ θ3,

(3.6)

w(x, y, t) =
αv{2,4} cot2

(
√
αβ

(
−t

√
v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
))

β

+

√
α

β

(
v{2,4} + θ3

)
cot

( √
αβ

(
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
))
+ θ3.

(3.7)

Family 1.3: When α = 0 and β > 0, the solution of rational functions is

w(x, y, t) =
v{2,4}

β2
(
−t

√
v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
)

2

+
v{2,4} + θ3

β
(
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
) + θ3.

(3.8)

Family 1.4: When α , 0 and β = 0, the solution of rational functions is

w(x, y, t) =α2v{2,4}
(
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)

2

− α
(
v{2,4} + θ3

) (
−t

√
v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)
+ θ3.

(3.9)

Set 2: {
v{3,1} =

√
v2
{1,1} + 2iv2

{2,1}, v{1,4} = −θ3, v{2,4} = 0
}
. (3.10)

Family 2.1: When (αβ) < 0, the solutions of hyperbolic function are

w(x, y, t) = θ3

(
1 −

√
−
α

β
tanh

( √
−αβ

(
t
√

v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)))

, (3.11)

w(x, y, t) = θ3

(
1 −

√
−
α

β
coth

( √
−αβ

(
t
√

v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)))

. (3.12)

Family 2.2: When (αβ) > 0, the solutions of trigonometric functions are

w(x, y, t) = θ3

(
1 −

√
α

β
tan

( √
αβ

(
t
√

v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)))

, (3.13)
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w(x, y, t) = θ3

(
1 +

√
α

β
cot

( √
αβ

(
t
√

v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)))

. (3.14)

Family 2.3: When α = 0 and β > 0, the solution of rational functions is

w(x, y, t) = θ3

1 + 1

β
(
t
√

v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
)
 . (3.15)

Family 2.4: When α , 0 and β = 0, the solution of rational functions is

w(x, y, t) = θ3

(
1 − α

(
t
√

v2
{1,1} + 2iv2

{2,1} + xv{1,1} + yv{2,1} + θ1 + Q
))
. (3.16)

Set 3: {
v{3,2} =

√
v2
{1,2} + 2iv2

{2,2}, v{1,4} = 0, v{2,4} = −θ4

}
. (3.17)

Family 3.1: When (αβ) < 0, the solutions of hyperbolic function are

w(x, y, t) =
θ3

(
β + α tanh2

(
√
−αβ

(
t
√

v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
)))

β
, (3.18)

w(x, y, t) =
θ3

(
β + α coth2

(
√
−αβ

(
t
√

v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
)))

β
. (3.19)

Family 3.2: When (αβ) > 0, the solutions of trigonometric functions are

w(x, y, t) =
θ3

(
β − α tan2

(
√
αβ

(
t
√

v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
)))

β
, (3.20)

w(x, y, t) =
θ3

(
β − α cot2

(
√
αβ

(
t
√

v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
)))

β
. (3.21)

Family 3.3: When α = 0 and β > 0, the solution of rational functions is

w(x, y, t) = θ3

1 − 1

β2
(
t
√

v2
{1,2} + 2iv2

{2,2} + xv{1,2} + yv{2,2} + θ2 + Q
)

2

 . (3.22)

Family 3.4: When α , 0 and β = 0, the solution of rational functions is

w(x, y, t) = θ3

(
1 − α2 (

tv{3,1} + xv{1,1} + yv{2,1} + θ1 + Q
) 2

)
. (3.23)

Verification: To ensure the correctness of the obtained solutions, we substitute each solution back into
the governing equation (1.1) and verify that it is satisfied identically. For instance, for the solution
w(x, y, t) given in (3.4) and their respective derivatives wyy, wxx and wtt, we have

LHS of (1.1) = iwyy +
1
2

(wxx − wtt) + |w|2w = 0,

which confirms that the solution satisfies the governing equation exactly. Similar checks have been
performed for all other solutions presented in this section.
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4. Wave dynamic profile

Wave profile discussion is an important part in the study of the soliton solutions. Here, we discuss
the wave profile of our gained soliton solutions in different forms.

We discuss soliton solutions with Abs(w), Re(w), and Im(w) values. The plot shows kink type
solutions in 3D and 2D surfaces for the Abs(w) in orange, Re(w) in blue, and Im(w) in green shade of
solution equation (3.11) in Figure 3 with v{1,1} = 0.5, v{2,1} = 0.2, θ1 = −1, θ3 = 0.5, t = 1, Q = 0.3,
α = 0.3, and β = −0.2.

The plot shows bright type solutions in 3D and 2D surfaces for the Abs(w) in orange, Re(w) in blue,
and Im(w) in green shade of solution equation (3.12) in Figure 4 with v{1,1} = 1.5, v{2,1} = 1.2, θ1 = −1,
θ3 = 0.5, t = 1, Q = 0.3, α = 0.3, and β = −0.2.

The plot shows periodic type solutions in 3D and 2D surfaces for the Abs(w) in orange, Re(w) in
blue, and Im(w) in green shade of solution equation (3.13) in Figure 5 with v{1,1} = 1.5, v{2,1} = 1.2,
θ1 = 1, θ3 = 0.5, t = 1, Q = 0.3, α = 0.3, and β = 0.2.

The plot shows bright-periodic type solutions in 3D and 2D surfaces for the Abs(w) in orange,
Re(w) in blue, and Im(w) in green shade of solution equation (3.14) in Figure 6 with v{1,1} = 1.5,
v{2,1} = 1.2, θ1 = 1, θ3 = 0.5, t = 1, Q = 0.3, α = 0.3, and β = 0.2.

The plot shows breather type solutions in 3D and 2D surfaces for the Abs(w) in orange, Re(w) in
blue, and Im(w) in green shade of solution equation (3.16) in Figure 7 with v{1,1} = 1.5, v{2,1} = 1.2,
θ1 = 1, θ3 = 0.5, t = 1, Q = 0.3, and α = 0.3.

(a)

Abs(w(x,0,1))

Re(w(x,0,1))

Im(w(x,0,1))

-15 -10 -5 0 5 10 15

0.0

0.2

0.4

0.6

0.8

x

w
(x
,0
,1
)

(b)

Figure 3. The plot shows kink type solutions in 3D and 2D surfaces for the Abs(w) in orange,
Re(w) in blue, and Im(w) in green shade solution appear in Eq (3.11).
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(a)
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Re(w(x,0,1))
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w
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Figure 4. The plot shows bright type solutions in 3D and 2D surfaces for the Abs(w) in
orange, Re(w) in blue, and Im(w) in green shade solution appear in Eq (3.12).

(a)

Abs(w(x,0,1))

Re(w(x,0,1))
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Figure 5. The plot shows periodic type solutions in 3D and 2D surfaces for the Abs(w) in
orange, Re(w) in blue, and Im(w) in green shade solution appear in Eq (3.13).
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Figure 6. The plot shows bright-periodic type solutions in 3D and 2D surfaces for the Abs(w)
in orange, Re(w) in blue, and Im(w) in green shade solution appear in Eq (3.14).

(a)

Abs(w(x,0,1))

Re(w(x,0,1))

Im(w(x,0,1))

-10 -5 0 5 10

-0.5

0.0

0.5

1.0

1.5

2.0

x

w
(x
,0
,1
)

(b)

Figure 7. The plot shows breather type solutions in 3D and 2D surfaces for the Abs(w) in
orange, Re(w) in blue, and Im(w) in green shade solution appear in Eq (3.15).

To highlight the novelty of our wave profiles, we compare them with known results for related
nonlinear evolution equations. Traditional studies usually report standard bright, dark, periodic, or
kink-type waves with fixed amplitude-width relations. In contrast, the present solutions exhibit a richer
set of profiles arising from the free parameters vi, j, θk, and the nonlinear coupling of the hyperbolic
functions. This flexibility allows independent control of amplitude, steepness and localization, and
also produces mixed-profile structures that have not been reported for this class of equations. These
features demonstrate that our results extend existing solution families and introduce genuinely new
wave behaviours.
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4.1. Results and discussion

This section is about the discussion of the WAS-Exp NN method and the other analytical methods.
Table 1 shows the some advantages of the other analytical method of the WAS-Exp NN method.

Table 1. Advantages.

Method The WAS-Exp NN method Other analytical methods
Solve all nonlinear and complex
partial differential equations Yes (All) No (Only limited)
Use travelling wave transformation
to reduce the PDE into ODE No Yes
No, of calculations Less More
By adjusting the hidden layers to
overcome complexity Yes No
Need balance method to suppose
finite series solution No Yes

Unlike conventional analytical and hybrid methods, which typically require similarity
transformations or travelling wave reductions to convert the governing PDEs and ODEs, the WAS-
Exp neural network method operates directly on the original partial differential equations. This
eliminates restrictive assumptions on solution structure and allows greater flexibility in capturing
complex nonlinear dynamics. Moreover, the proposed approach integrates analytical structure with
data-driven learning, providing stable, accurate, and computationally efficient solutions for nonlinear
PDEs.

5. Machine learning analysis

This portion executes the machine learning analysis through the multi-layer perceptron regressor
algorithm [30,31]. Through this algorithm we predict the behavior of the gained solution and compare
with actual solutions in Figure 8–12 and the losses in the Table 2–6. We found the prediction of this
algorithm was close to our actual solutions wave behavior.

• Data split: 80% training and 20% testing
• Normalization range: [0, 1]
• Neural network structure: Input and output layers with multiple hidden layers
• Propagation method: Forward and backward propagation
• Activation function: Sigmoid
• Optimization algorithm: Gradient descent
• Loss function: Mean squared error (MSE)
• Learning rate: 0.1
• Training iterations: Between 1000 and 50,000 epochs
• Implementation tool: Python 3.13.1
• Outputs: Actual vs. predicted plots and loss convergence

AIMS Mathematics Volume 10, Issue 12, 30806–30827.



30818

(a) (b)

Figure 8. This plot shows kink type solution prediction with loss in (a), 2D surface in (b)
for the Abs(w) in orange, Re(w) in red, and Im(w) in brown dashed line solution appear in
Eq (3.11).

(a) (b)

Figure 9. This plot shows bright type solution prediction with loss in (a), 2D surface in (b)
for the Abs(w) in orange, Re(w) in red and Im(w) in brown dashed line solution appear in
Eq (3.12).

(a) (b)

Figure 10. This plot shows periodic type solution prediction with loss in (a), 2D surface in
(b) for the Abs(w) in orange, Re(w) in red, and Im(w) in brown dashed line solution appear
in Eq (3.13).
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(a) (b)

Figure 11. This plot shows bright-periodic type solution prediction with loss in (a), 2D
surface in (b) for the Abs(w) in orange, Re(w) in red, and Im(w) in brown dashed line solution
appear in Eq (3.14).

(a) (b)

Figure 12. This plot shows breather type solution prediction with loss in (a), 2D surface in
(b) for the Abs(w) in orange, Re(w) in red, and Im(w) in brown dashed line solution appear
in Eq (3.15).

Table 2. Loss values show the performance during the machine learning prediction of
solution equation (3.11).

Epoch Loss Epoch Loss
100 3.0642 600 0.1003
200 0.9314 700 0.0311
300 0.6948 800 0.0090
400 0.4898 900 0.0026
500 0.2606 1000 0.0008
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Table 3. Loss values show the performance during the machine learning prediction of
solution equation (3.12).

Epoch Loss Epoch Loss
100 0.0036 600 0.0005
200 0.0017 700 0.0004
300 0.0010 800 0.0003
400 0.0007 900 0.0003
500 0.0006 1000 0.0002

Table 4. Loss values shows the performance during the machine learning prediction of
solution equation (3.13).

Epoch Loss Epoch Loss
5000 0.1699 30000 0.0424
10000 0.1406 35000 0.0364
15000 0.1049 40000 0.0324
20000 0.0710 45000 0.0295
25000 0.0529 50000 0.0272

Table 5. Loss values show the performance during the machine learning prediction of
solution equation (3.14).

Epoch Loss Epoch Loss
5000 0.1384 30000 0.0268
10000 0.1063 35000 0.0226
15000 0.0733 40000 0.0199
20000 0.0453 45000 0.0180
25000 0.0346 50000 0.0167

Table 6. Loss values show the performance during the machine learning prediction of
solution equation (3.15).

Epoch Loss Epoch Loss
1000 0.0284 6000 0.0040
2000 0.0160 7000 0.0031
3000 0.0105 8000 0.0024
4000 0.0074 9000 0.0019
5000 0.0054 10000 0.0015

6. Asymptotic analysis of solutions

Asymptotic analysis is essential for understanding the far-field behavior of nonlinear wave
solutions. It identifies constant end states, ensures solution boundedness, and confirms physical
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stability. Moreover, it provides a theoretical benchmark for validating numerical and machine learning-
based approximations. In this section, we apply the asymptotic analysis on acquire solutions. So first
we apply on Eq (3.11). For x-asymptotic v{1,1} = 0.5, v{2,1} = 0.2, θ1 = −1, θ3 = 0.5, t = 0, Q = 0.3,
α = 0.3, β = −0.2, y = 0, for t-asymptotic v{1,1} = 0.2, v{2,1} = 0.2, θ1 = −1.1, θ3 = 0.5, y = 0, Q = 1,
λ = 1.3, µ = −0.1, x = 0, for y-asymptotic v{1,1} = 0.5, v{2,1} = 1.2, θ1 = −1, θ3 = 0.5, t = 0, Q = 0.3,
λ = 0.3, µ = −0.2, x = 0.

Case 1: If x→ ±∞ at y, t = 0,

w(x, 0, 0) = θ3

(
1 −

√
−
α

β
tanh

( √
−αβ

(
xv{1,1} + θ1 + Q

)))
. (6.1)

The asymptotic behavior of the obtained solutions is derived directly from their explicit functional
forms. By applying the limiting property

tanh(x)→ ±1 as x→ ±∞,

it follows that the solutions approach constant end states at spatial infinity. This behavior confirms the
localized nature of the solutions and indicates their physical stability.

Case 2: If t → ±∞ at x, y = 0,

w(0, 0, t) = θ3

(
1 −

√
−
α

β
tanh

( √
−αβ

(
t
√

v2
{1,1} + 2iv2

{2,1} + θ1 + Q
)))

. (6.2)

Case 3: If y→ ±∞ at x, t = 0,

w(0, y, 0) = θ3

(
1 −

√
−
α

β
tanh

( √
−αβ

(
yv{2,1} + θ1 + Q

)))
. (6.3)

Figures 13, 14, and 15 below show the asymptotic behavior of the Eqs (6.1), (6.2) and (6.3),
respectively.
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x

0.15

0.20

0.25
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0.35

u(x,0,0)

Figure 13. x-asymptotic behavior of Eq (6.1).
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Figure 14. t-asymptotic behavior of Eq (6.2).

10 20 30 40 50
y

0.095

0.100

0.105

w(0,y,0)

Figure 15. y-asymptotic behavior of Eq (6.3).

Now we apply on the solution equation (3.15), for x-asymptotic t = 0 and y = 0, for t-asymptotic
y = 0 and x = 0, for y-asymptotic x = 0 and t = 0 with v{1,1} = 1.5, v{2,1} = 1.2, θ1 = −2, θ3 = 1,
Q = 0.3, α = 0.1.

Case 1: If x→ ±∞ at y, t = 0,

w(x, 0, 0) = θ3

(
1 +

1
β
(
xv{1,1} + θ1 + Q

)) . (6.4)

Case 2: If t → ±∞ at x, y = 0,

w(0, 0, t) = θ3

1 + 1

β
(
t
√

v2
{1,1} + 2iv2

{2,1} + θ1 + Q
)
 . (6.5)

Case 3: If y→ ±∞ at x, t = 0,

w(0, y, 0) = θ3

(
1 +

1
β
(
yv{2,1} + θ1 + Q

)) . (6.6)
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Figures 16, 17, and 18 below show the asymptotic behavior of the Eqs (6.4), (6.5), and (6.6),
respectively. Similarly, we can check asymptotic behavior of the other solutions. Physically, the
asymptotic states correspond to stable background wave levels, indicating that the localized structures
propagate without distortion and maintain their integrity over long distances.
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Figure 16. x-asymptotic behavior of Eq (6.4).
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Figure 17. t-asymptotic behavior of Eq (6.5).

10 20 30 40 50
y

100

200

300

400

500

w(0,y,0)

Figure 18. y-asymptotic behavior of Eq (6.6).
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7. Conclusions

In this work, the CHNLSDE was successfully solved by using a newly proposed WAS-Exp neural
network method. The approach made it possible to systematically derive exact analytical solutions
that included the combined effects of dispersion and nonlinearity. These solutions included bright,
kink solitary, periodic and bright-periodic wave profiles. The physical behavior of these solutions
is further demonstrated by the graphical analysis in 3D and 2D. The obtained solution families
possess direct practical significance: Bright and periodic waves model energy localization and signal
stability in nonlinear optical fibers, while kink-type structures describe transition layers and ion-
acoustic disturbances in plasma environments. These analytical profiles can therefore be used to
predict wave propagation, stability thresholds, and modulation patterns in real physical systems. Such
applications underscore the usefulness of the derived solutions for designing and analyzing wave-based
technologies in plasma physics, optical communication, and other nonlinear media. In addition to
expanding the collection of known solutions for nonlinear models, this work offers a helpful framework
for examining related equations in further investigations. Furthermore, machine learning analysis
executed on the obtained solution for examine the wave dynamic behavior of the actual and predict
outcomes. Lastly, we plot the x-asymptotic, y-asymptotic and t-asymptotic behavior of the gained
solutions through the 2D surfaces.
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