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1. Introduction

The concept of variational inequalities, first introduced by Hartman and Stampacchia in 1966 [1],
has become a cornerstone of mathematical analysis in fields ranging from optimal control and
economics to mechanics and data science. This framework was significantly expanded by
Rockafellar [2] in 1976 with the introduction of variational inclusions, a more general formulation
that accommodates multi-valued mappings. Hassouni and Moudafi [3] later formalized this concept
in 1994, establishing variational inclusions as a powerful generalization of variational inequalities [4,
5]. The subsequent decades have seen extensive research and application of this framework to
complex problems in areas such as financial modeling, image restoration, transportation systems, and
network analysis [6,7]. A prevalent and powerful technique for solving variational inclusions is to
reformulate them as fixed-point problems [8,9]. This is typically achieved using the resolvent operator
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[1 + AM]7!, where 1 > 0 is a regularization parameter and M is a multi-valued operator [10, 11].
This transformation is fundamental because it enables the construction of iterative algorithms to solve
a broad spectrum of nonlinear problems [12, 13].

The Yosida operator [14], a known as the Yosida approximation was introduced by Kosaku Yosida.
The Yosida approximation is a technique used to approximate solutions to variational inclusion
problems, particularly those involving monotone operators. Specifically, Kosaku Yosida introduced the
concept of approximating a set-valued maximal monotone operator with a sequence of single-valued
and Lipschitz-continuous operators. This approximation is crucial for solving certain types of problems
in functional analysis and related fields. Beyond the Yosida approximation, significant contributions
encompass the advancement of functional analytic and operator-theoretic methods within differential
equations and probability theory. These operators have been extensively used in the study of data
science, fluid dynamics, heat transfer processes, and coupled linear acoustic equations.

Baillon, Bruck, and Reich first introduced the concept of the average operator [15] in their study
of the asymptotic behavior of nonexpansive mappings and semigroups. This class of operators is
pivotal for establishing convergence in iterative algorithms designed to solve fixed-point problems,
optimization, and variational inclusions. A key connection exists between averaged operators and the
resolvent operator, a cornerstone of monotone operator theory. Dao and Tam [16] further expanded
this theory by analyzing the union of averaged operators and demonstrating their applicability to
problems involving convex functions [17, 18]. For a complete overview of averaged operators and
their diverse applications, see [19, 20]. Parallel to the advancement of variational theories, logical
operations, most notably exclusive OR (XOR) and exclusive NOR (XNOR), have played a pivotal
role in digital computation [21]. Specifically, the XOR operation returns a true output when the
two Boolean inputs differ, while the XNOR operation yields a true output when the inputs coincide.
These operations are fundamental in various computational domains, including fault-tolerant system
design, parity verification, cryptographic protocols, and pseudorandom number generation [22]. Due
to their associative and commutative properties, both XOR and XNOR are particularly advantageous
in contexts that require linear separability and in the synthesis of logical circuits [23,24].

In this work, we explore a Yosida-type variational inclusion that incorporates multi-valued operators
together with logical operations, motivated by both their theoretical significance and their applications.
We introduce an iterative method derived from an equivalent fixed-point reformulation and establish
comprehensive results on its solvability and convergence behavior. The proposed framework is suitable
for various physical models, including heat transfer, wave dynamics, and thermal flow processes.
To demonstrate the effectiveness of the method, a numerical experiment is carried out in MATLAB
R2024b, accompanied by computational tables and convergence plots.

2. Elementary tools

Let & be a real-ordered Hilbert space endowed with the norm || - || and the inner product (-, -). Let
C C Ebe a closed convex cone, denoted by C(&E) which is the family of all nonempty compact subsets
of &, and by 2%, the collection of all nonempty subsets of C(E).

Definition 2.1. [24] Let ¥,¥Y, € & and Cg be a cone that is denoted by AY € Cg. The cone Cg is
normal if and only if there exists a constant Ay, > 0 such that

Wil < An, < Y]],
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where A > 0 and 0 <Y, <W,. This cone Cg induces a partial order relation < on & defined by
Y. <¥Y,o¥ -Y ¢ C(S)

Two elements ¥, and ¥, € &, are said to be comparable, denoted by ¥, o< ¥, if either ¥, < ¥, or
Y, <Y,

Definition 2.2. [24] A mapping F : & — E is called a 6 order non-extended mapping if there exists
a constant 5r > 0 such that

FY)® FW,) 2 0r(Y1®Y2), VY,,Y, €&
Definition 2.3. A single-valued mapping F : & — E is
(i) Lipschitz continuous, if there exists a constant Ar > 0 such that
IF(Y1) — FCY)Il < A6y —Yall, VY1, Y2 € &
(ii) relaxed Lipschitz continuous if there exists a constant ¢ > 0 such that
(F(P)) = F(¥2), %) - P2) < —cl[¥) = WalP%, ¥ W), W, € &.

Definition 2.4. [24,25] Let F : & — & denote a single-valued mapping and M : & — 2° represent a
multi-valued mapping. We define the following:

(i) The mapping F is termed a strong comparison mapping if it qualifies as a comparison mapping
and satisfies the condition

F(W¥)) o« F(¥,) ifandonlyif Y, oc¥,, VV¥,,¥,;€é.

(ii) The mapping M is referred to as a comparison mapping provided that for every ¥, € &, there
exists g, € M(\Y1) such that ¥, o< ¥y, and for any pair ¥, ¥, € & with ¥, o« ¥,, it holds that
ﬂ\yl oC 0\}12, \'4 19\}/1 € M(‘P]), 19\}12 (S M(q’z)

(iii) A comparison mapping M is said to be an a-non-ordinary difference mapping if for any ¥, ¥, €
&, and for all ¥y, € M(Y)), By, € M(WY>), the following identity is satisfied:

(19\{11 @l?qlz) D CYF(\Pl () \Pz) =0.

(iv) The operator M is a A-ordered rectangular comparison mapping if there exists a constant 1 > (0
such that for all ¥,,¥Y, € &, there exist elements Oy, € M(Y)) and 9y, € M(Y,) fulfilling

(B, 0 0w, = (F1 0 ¥2)) 2 AN & Pl

Definition 2.5. Let ¢ : & — & be called the y-averaged operator for some y € (0,1) if it can be
written as

&= -yI+vyH,

where I denotes the identity operator on &, and H : & — & is a non-expansive operator.

AIMS Mathematics Volume 10, Issue 12, 30696-30717.



30699

Definition 2.6. [25] Let M : & — 2% be a multi-valued mapping. The resolvent operator associated
with M, denoted by ij : & - Eis defined for all¥Y,,¥Y, € &and 1 > 0 by

VAW = [+ M7 (), Y ¥, ¥, € &,

where I denotes the identity operator on M. For any constant 1 > 0

Definition 2.7. Let M : & — 2° be a multi-valued mapping. The Yosida approximation operator
Q;WA : & > &is defined by

1
G (WP, = Z[l — V@)Y WL, € 8,4 0.
Proposition 2.1. [24,25] Let ® and © be the XOR operation and XNOR operation, respectively. The
operators N and N are defined to represent the least upper bound (lub) and the greatest lower bound

(glb), respectively. Let ¥,,Y, € &. Then, the following conditions hold:

(i) ¥, v¥, =inf{¥,¥V,};
(ll) \Pl A “Pz = sup{‘I’l,‘I’z};
(iii) Y1y = (Y, - Yo) v (Yo - Y,
(iv) Y10V, = —¥) A M-V,
(v) Y10¥; =0,(Y,0¥Y,) = (20¥), YieY) =0, YeY,) = (Y20V), (V10%2) = -(Y8V2);
(vi) lf‘P] o< Qthen -¥Y,o0<¥Y, <Y, 00,
(vii) (A¥)) ® (AF2) = |AU(Y; & ¥2);
(viii) 0 <V, @ Y¥,, if ¥; o« ¥y,
(ix) if ¥y < ¥, then ¥, ® ¥, = 0 if and only if ¥, = ¥>.

Proposition 2.2. [24,25] Let Cg be a normal cone in & with normal constant Ay, > 0. Then, for every
Y., ¥, € &, the following postulates hold:

(i) 100l = [0 = O,

(ii) ¥y v ol = 1]l V 12l < (1l + (12115
(iii) |[¥1 & Wl < [[¥) — P2l < ¥y © Wall;
(iv) if ¥y o< ¥y, then ||¥; & V|| = [[¥; — Pall.

Lemma 2.1. [25] Let M : & — 28 be a maximal monotone operator. Then, the associated resolvent
operator V;‘j : & — & is Lipschitz continuous with Lipschitz constant Vg > 0, where Vg = [1) for some
o > 0. Specifically, the following inequality holds:

VM) @ V(W] < VollW @ Wall, VW1, P € &.

Hence, the resolvent operator V?”/‘l exhibits Lipschitz-type continuity.

Proposition 2.3. Let ¢ : & — & be an average operator. Suppose that H : & — & is relaxed Lipschitz
continuous with a constant C > 0. Then, the operator & is also relaxed Lipschitz continuous with a
constant Oc > 0, where

0c =y(1+C) - 1.
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Proof. Since H is relaxed ordered Lipschitz continuous, this implies that

(1 =y)w1 +yHP)) & (1 = Y)W + YH(P)), ¥) & F2)
((1 =)W1 W) + Y(H(¥)) & H(¥2), ¥) & ¥>)

(1 =7)(¥1 @ ¥, W) & W2) + y(HC¥) ® H(¥2), ¥) & 'F)
(1 =PI @ Ball” = yCII¥) & Wl

(1= y(1+ C)I¥) & Wol

~(y(1+C) = DII¥) & P,

—6cll¥1 & Pall*.

(e @ £(¥), ¥ 0 )

IANIN AN IA

IA

Thus, the averaged operator £ is 6c-relaxed ordered Lipschitz continuous where 0 < ﬁ <y<l O

Lemma 2.2. Let ¢ : & — & be an averaged operator. Suppose that H : & — & is relaxed Lipschitz
continuous with a constant C > 0. Then, the operator & is &yg-relaxed Lipschitz continuous in the sense
that

IECE1) — £ < &ll'Fy = Foll, V¥, W2 €6,

where

E9=\2y(1+6c)—26c—1, and 6c=y(1+C)—1.

Proof. Since an averaged operator £ is 6c- relaxed Lipschitz continuous, it holds that

IECP) — EEDIP < 19 - Pl - 1_77 I = E)(¥1) = (I = E)(F)IP
S T I_TY {1 = Wall? = 209 = Wa, £(¥)) = £(W2))
+IE() - f(\ﬁz)||2} _
< | -l - 1_77 (191 = Bl + 20c]1¥) = Wall* + 0¥ - £CP)IP)
<1 = ol = (1 +26c) [1_77] Iy — Pl - [1_77 IEC¥)) — ECIP

¥, — ol

IA

y{l U =yd+ 29c)}
Y

IECP) — EPDIl < V2y(1 +6c) — 200 — 1P — Pa|
= &Y, —all,

where

E = \2y(1 +6¢) — 200 — 1.

O
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Proposition 2.4. Let M : & — 2 be a maximal monotone operator, V;V/(l : & > & be the resolvent

operator, and the Yosida approximation operator Q;"/‘l be Ag- Lipschitz continuous, which provided
Wy o Wy, F(Y)) < F(Y2), Vﬁ(‘l’l) o Vﬁ(‘yz) and gﬂ(‘yl) o gﬂ(q’z) such that

lericwn e gliws)|| < agll¥s @ Wl v w1, 95 € &,

where

(1+V,)
g = .
G 1

M

7> We evaluate

Proof. Using the Lipschitz continuity of V

lerwneg)ion)|

H%[l -l e %[1 - vows)|

- %”[1 -V e [1- Vi)

< LI @ Wl + oV @ ViR
< L9 @ Wall + ¥, W
< LYy 0wy
< gl @ Yall,
where
)

3. Fixed-point method and main results for Yosida inclusions with logical operators

Let f, F : & — & be single-valued mappings and M : & — 2¢ be a maximal monotone multi-valued
mapping. Let H : & — & be a nonexpansive, C-relaxed Lipschitz continuous single-valued mapping.
Assume that £ : & — & is a y-average operator that is also f¢c-relaxed Lipschitz continuous. Let g,Aj
denote the Yosida approximation operator corresponding to M for any 4 > 0. The problem is to find
Y e & such that

0 € GI(F(P)) + V(EY)) @ M(f(P)). (3.1)

If we have Q?’;(F (W) =0, V;f’/‘l(f(‘I’)) = 0, and M(f(¥)) = M(Y¥), then problem (3.1) reduces to the
classical form:

0 € M(P).

This is a fundamental problem involving the Yosida operator, the averaged operator, and the logical
operation studied by many researchers in the literature [25].

Now, we establish the equivalence between the problem (3.1) and the corresponding fixed-point
formulation.
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Lemma 3.1. Let ¥ € & be the solution of the Yosida variational inclusion problem (3.1), including an
averaged operator and logical operations if and only if the following equation holds:

FO) = V[ remy + a{v)i(eem) o gH(Fem)]. (32)
Proof. Suppose ¥ € & satisfies Eq (3.2). Then, we have

) = Vi[rew +a{viem) o gh(Fep)l].,
= (I + M7 [f®) + 2 [V () 0 GM(FR)) ]
I+ IMFCP) = fOP) + V(D) 0 G(F))
M) = VH(EW) o GH(F(P)),
VAE®) o M(F(P) = V(W) 0 V(D) 0 GH(F(P)),

= GH(Fw),
0 € GN(FP)+ V(&) & M(F(P)).

This represents the required Y VIP involving logical operations and the averaged operator.
We now formulate the corresponding iterative algorithm, based on Lemma 3.1, to solve the problem
involving logical operations and the averaged operator. O

Algorithm 3.1. For every ¥ € &, enumerate the sequence {\¥,} by taking after the iterative algorithm

FPrn) = (= )f(2,) + oV [ F(2) + 2V (D) 0 GI(FCEn)}] (33)
where 0 < a <1,y € (0,1) and A > 0 are constants andn =0,1,2,3,- - -

We develop an existence and convergence result for the YVIP using an averaged-operator
framework enhanced with logical operations.

Theorem 3.1. Let & be a real ordered Hilbert space, and let Cs C & be a normal cone. Consider the
mappings f,F : & — &, both Lipschitz continuous with respective constants Ay > 0 and Ay > 0. Let
M : & = 28 be a multi-valued mapping. Define Q;VA‘ as the Yosida approximation operator, assumed
to be Lipschitz continuous with constant Ag, and V;V/‘l as the associated resolvent operator, which is
Vo-Lipschitz continuous. Suppose that for all ¥, ,¥Y, € &, the following relations hold:

Wt 0 W, V(W) o VIR, G(F (W) o GI(FCE), f(War) o f(,), F(Wpir) o F(P,),

where A > 0 is a constant. Assume further that the following condition is satisfied:

/12

0< % {(1 = @)As + aVods + @dVolgdr + V3| < 1, (3.4)
!
where C >0,0<a<1,ve€(0,1),n=0,1,2,... and the constants are given by
1+V
9= \2y(1+00)—20c—1, 6c=y(1+C)—1, Ag= ~ ‘.

Then, the sequence {¥,} generated by Algorithm 3.1 converges strongly to a solution ¥ of the YVIP
involving the averaged operator and logical operations.
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Proof. We have

0 J¥uD) @ f(¥0)

(1= )2, + eV £ + AVN(EPD) 0 GY(FeEn)}])

&f(1 - @) f(W1) + @V F(¥,0) + AV (W) 0 GH(F(En )}

(1= a)(F(¥) @ F(¥,0) + o V[ £ + A{V(0P)

OGM(F(E))}| @ Vi F(Pum) + AV (ECP.)) @ G(FCP.-n)H]}- (3.5)

Using the definition of normal cone and (3.5), we obtain

I IA

IA

If () ® I < (1= ) A I (¥ & F(Fu)ll + dn, || V4| FCE) + A{V(ECP))
| B R R e G |

A {(1 = @IFCE) @ L2l + Vo[ £02) + AV (ECE.)

oG (Fw)))| @ [F(¥n) + A V(. n) o g1 (Fw )|

e {(1= IFCE) @ F(La)ll + aVllf(F,) © P, DIl + adVlIV I (£0E,)
oV (E¥, )l + aaVy| |G (Fv) @ GH(Fev.) )

(1= IFCE) & FOE,)ll + aVallfCF,) @ fOF, DIl + aAVZECE,)
SEY, Il + AV, g||[F(¥.) @ F, )|} (3.6)

IA

IA

IA

Since f is a ¢ order non-extended mapping, we have
f(\PnH) eaf(‘}’n) 2 6f(\Pn+1 S \Pn)a

which implies that
1
V@Y, < 6_(f(\11n+1) ® f(¥).
f
Using the definition of the normal cone, we have
A,
i1 ® Wl < 6—||f(‘1’n+1) ® f(Pl. (3.7)
I

Combining (3.6) and (3.7), we obtain

2
¥t @l < %}f{(l — (¥ @ F(FuDll + VI f(F) @ F(F )l

+QAVEIECE,) ® P, + adVodg|[F(P,) @ F2,0)|) (3.8)

Since W1 o0 Wi, V(W) & VYICE), GH(F(Fai)) & GR(F(ED). f( i) & f(F0), F(¥ii) o«
F(¥,) and also using (iv) of Proposition 2.2 in (3.8), we have

Wnir =ll = [¥prr @l

AIMS Mathematics Volume 10, Issue 12, 30696-30717.
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A4
< SE{1 - I, — il + Ve 1, |
f

+@AVpAgApll¥, — Voo ll + @AVEIECY,) - §(‘Pn-1)ll},

which implies that

/12

%{(1 — @)Ap + aVeldy + adVedgdr + aﬂf@vé}”% = Wil

!

= QOIY, - ¥l 39)

IA

”an+1 - an”

where
/12
Q) = %{(1 — Ay + aVoly + adVolgAr + adégVy).
;

From condition (3.4), it follows that Q(8) < 1, where
/12

Q) = %{(1 — @)y + aVods + @AVpAgAp + €& V).
f

As a consequence, relation (3.9) ensures that the sequence {,,} is Cauchy in &. Therefore, there exists
an element ¥ € & such that
VY, > WYasn — oo.

Now we apply the continuity of f, F, &, Vﬁ, and Qﬁ’;, which implies that

£ = V[ Fp) + AV () 0 GM(FC))) |

Using Lemma 3.1, ¥ € & is the solution of YVIP involving the averaged operator and logical
operations. O

4. Yosida resolvent equation involving logical operation

Within the framework of the Y VIP, which involves an averaged operator and logical operations, we
introduce the following associated resolvent equation. Find ¥, S € & such that

GN(Few) o VA(£0w) - 17 0M(S) =0, (4.1)

where, Qﬂ(S ) = [I - Vﬁ](S ), and / is an identity mapping and a constant.

Lemma 4.1. The Yosida variational inclusion problem (YVIP) admits a solution ¥ € & if and only if
the corresponding Yosida resolvent equation problem (YREP) possesses solutions ¥, S € & satisfying

f¥) = VI, (4.2)
where S = f(P)+A{V(£P)) 0 GH(F(P))}. (4.3)
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Proof. Let ¥ € & be a solution of YVIP involving an averaged operator and logical operations. Then,
by definition, the following equation must hold:

f) = VIR + a{Vi(Ew) o gM(Fep)]. (4.4)

Define
f¥) = VIS, (4.5)
where S = f(¥)+A{V)i(&®) 0 Gri(FP))}. (4.6)

This establishes the equivalence between the solutions of the Y VIP and the YREP. We obtain from (4.5)
and (4.6)

S = VS +A[TH(E) 0 6 (Few))).,

S -V = A{V)i(ewm)ogli(Fepm)),
I=V0S) = A{VN(ewm)ogh(Fw)),
01($) = {Vi(ew) o Gli(Fw)},

GH(F(P) © V(&) -a7'0(s) =0

Conversely, let ¥, S € & be the solutions of YREP. Then, we have

GN(F®) o VM(Ew) -1 0N E) =0
0N(S) = {Vii(ew)oghi(FD)).
I=ViS) = A{Vpi(ecw) o Gri(Fep)).
S - V,Aj(S) = Vi) o gNi(Fw)).
S = VIS)+ V(W) o GH(FC))].
FO0) + 2{VN(Em) o GIU(FW)] = VH[F®) + a{V)(E®) o gM(F®))}].
+2{VA (&) 0 GM(FCP))}.
) = VA[r) + a{V(Ew) o gH(FR))} .

Which is the required Y VIP, including logical operations and an averaged operator. In addition, the
solution ¥ satisfies Lemma 3.1.
We now proceed to develop the following algorithm based on Lemma 4.1. O

Algorithm 4.1. For every ¥y, S € & Compute the sequence {\¥,},{S .} step by step

f¥) = VS @.7)
where,S,u1 = f(¥,) + A{Vi(EE) © GH(F(ED)} (4.8)

wheren=0,1,2,---

AIMS Mathematics Volume 10, Issue 12, 30696-30717.
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Theorem 4.1. Let E be a real ordered Hilbert space, and let Cg C E be a normal cone. Consider the
mappings f,F : & — &, both Lipschitz continuous with respective constants Ay > 0 and Ay > 0. Let

M : & — 28 be a multi-valued mapping. Define Q;VA‘ and V;‘j as the generalized Yosida approximation

and resolvent operators, respectively, assumed to be Lipschitz continuous with constants dg and V.
Assume that for all ¥Y,¥, € &, the following relations hold:

Py o Wy VI(P) o VIR, GI(F(P)) o< Gri(F(,)).

f(an+l) & f(\Pn)’ Sn+l & Sna F(\Pn+l) & F(\Pn)’

where A > 0, and C > 0 are fixed constants. Suppose further that the following condition is satisfied:
0 < An, (A7 + AdgAr + AVeég) < 1, (4.9)

where the parameters are given by:

_ 1+Vy
=—
with0<a <1, ye(©,1),andn=0,1,2,...

Then, the pair (Y,S) is the solution to the YREP involving an averaged operator and logical

operations. The sequence {¥,} and {S,} generated by Algorithm 4.1 converges strongly to ¥ and
S, respectively.

Ag & = \/2)/(1+96)—26’C—1, 6. =y(1+C)-1,

Proof. We have

0 < SS9,
= [rern) + AvN(EcE)) 0 GH(FED)}| & [ £ + V(W) 0 G (F(P)] |
{reen e £} + A{V(Ew)) 0 GM(F(2D) @ (VI(EP.-0) © GA(Fw.-n)].

Using the definition of the normal cone, we obtain

IA

A

ISua @Sl < An(IlF¥) @ F¥, DI+ A|(VN(E) © G (Feen)| @ (v (0. )
og(Fr )|

A {lIF 8 @ FO2, I+ 4|V (Ece) @ VY (ew, )| + A e (Feen)

oG (Fet.0))

A {ILFCE) @ FOE, )l + AVAlIECE,) @ ECF,- )]

+AA||F(Y,) EBF(‘Pn_l)ll}. (4.10)

IA

IA

Since W1 o W, VI(P,00) o VICE), GM(F(Win)) o« GU(FOED), f(Pai1) o f(F), Spir o
S, F(W,4+1) o< F(¥,), and using (iv) of Proposition 2.2 in (4.10), we have

||Sn+1 _Sn” ||Sn+1 @Sn”

A (I, = ¥l + AVlIEE,) — £, )l + Adg AW, — W]

IA
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= dng{(Ar + AGAPIE, = W,ll + AVIECE,) - £, D).
Now, using Lemma 2.2, we obtain

IS a1 = Sull < Ang{(Ay + AGARIE, = Wil + AVoEglI, — ¥,
= Ang(Ay + AgAp + AVe&[|Y, — ¥l
WY, = Yoll, 4.11)

where
w(6) = An, (Ar + AgAp + AWVeéy).

From condition (4.9), it follows that w(f) < 1. Consequently, the relation (4.11) implies that the
sequences {¥,} and {S ,} are Cauchy in &. Therefore, there exist elements ¥, S € & such that

¥Y,->%¥Y and §,—>S as n— oo

Applying the continuity of the mappings f, F, & VM, and G, we obtain

L L
FO) = VI F) + A{Vi(em) o gH(F)] |-

Hence, according to Lemma 3.1, ¥ € & is a solution of the YVIP involving an averaged operator and

logical operations. O

5. Numerical result

To demonstrate the applicability of Theorems 3.1 and 4.1, we present the following numerical
experiment carried out using MATLAB R2024b. The findings are demonstrated using five
computational tables along with the corresponding convergence graphs.

(i) Let & = R, endowed with the canonical inner product (-, -) and the induced norm || - ||. Consider
the multi-valued mapping M : & — 28 defined as
v
M) = {—}
6
Additionally, let f, F, H : & — & be single-valued mappings defined by
¥ b Y v
HY)=—-——, FMW¥)=—, and f¥)=—.
5 3 7
For any ¥, ¥, € &, we have
v, 3%,

3 1
= Z[|¥) - Yol < Il ¥ — Pall.
¥ = Woll < S ¥, = T

lrewn - rew]| =[5 - 22

Thus, f is Lipschitz continuous with constant Ay = % and

3¥,
7

e see| = [Fe
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3
= -||¥,eV¥
7% & o
1
2 §||‘P1 ® Y2l
and, f is the non extended mapping with constant ¢ ¢ :%.
Once more
_ ¥, ¥ _ 1 1
[revn-ree| = |5t - 3| = 30 - wall < 5w -

Thus, F is Lipschitz continuous with constant Ar = 1.
(i) Let H be a nonexpansive mapping. It follows that

3P 3P
e - Hewy)| = ‘(__51)_(_ 52)
3
= -2, -w
5'” 1 — sl
< ¥ =Yl

Hence, H is a nonexpansive mapping.
(iii) Let H be C-relaxed Lipschitz continuous(where C = %). It follows that

¥ 3
(HOW) - H(), W) - ¥,) = <(——1) - (——2) R %>

5 5
3
= 73 () -, ¥, - %)
2
< =¥, -~
< 5|| | il

Hence, H is C-relaxed Lipschitz continuous with constant C = %
(iv) We calculate the averaged operator & as

R0% 4 3 8
EP) = [(1 = )] + yH](P) = (1 - y)¥ — % = (1 —y- %)(\P) - (1 - %)(\Px
where, y € (0, 1).
Ty _

(v) & 1is Oc-relaxed Lipschitz continous, where C = % and 6c = (? )

8 8
<(1 _ %)cpl) _ (1 _ %)(%),\Pl - ‘1’2>

( 87) (W) — W), ¥, — Py)

(£CP) - £¥), ¥ - P,)

1 -2
5

8
(1 - %) AL

IA

7
—(% - 1)||% — W2, VP, W, € R2,

Thus £ is Oc-relaxed Lipschitz continous with constant 6 = (7?7 - 1) where y € (0, 1).
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(vi) Let 4=1,Then we evaluate the resolvent operators VM such that

6
VAW = J+aM7'(P) = kR
Also, we have

6 6‘I’
VM) @ VA = H Lo —2
= EH‘Pl@‘PzH

1
< ¥ e Wl
< 2|| 1 ©Ysll

Thus, VM is Lipschitz continuous with constant V, = 5

z
(vil) Using the values of VM | we obtain the Yosida approximation operator as

L’
1 Y
M M
Gnw = S[I-vij =[1- —](T) I
Now, we have
Y 7‘1’
G ¥ @ G = H ke
= —|¥, o¥
3 || 10 Pl
3
< 5”‘111 & 'Pl.
Thus, Q;V/‘l is Lipschitz continuous with constant Ag = % where Ag = @.

(viil) Now, we consider the interval 0 < 51—0 <Y <%¥;<1land Ay, = %
(ix) In light of the constants evaluated above, it is evident that the conditions specified in (3.4)
and (4.9) of Theorems 3.1 and 4.1, respectively, are satisfied.

(x) Substituting all the computed values into Eq (3.3), we obtain

) = (L= a)f(¥) + Vi [£0¥) + 2 {Vi(ev)) 0 M (FCEn))]
Y01 = (1+02071a - O.9278ay)‘{’n.

In this numerical analysis, four cases are considered to construct the estimation tables and
corresponding convergence graphs. The simulations are performed using MATLAB-R2024b with
different initial values ¥y = —1.50, —0.5, 0.50, 1.50, while keeping the parameters a and 7y fixed,
where 0 < @ < 1 and y € (0, 1). The iterative sequence {¥,,} exhibits convergence for each chosen
initial value ¥(. The convergence behavior is systematically analyzed and discussed in three cases, as
well as in the comparison section.

Case I: We consider the pair of parameters (a,y) = (0.75,0.75). The convergence sequence {¥,,;}
demonstrates a strong convergence toward ¥ = 0 (after 30 iterations), as evidenced by the results in
Table 1 and the corresponding convergence graph shown in Figure 1.
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Table 1. The values of ¥, with initial values ¥

-1.50,%y = —-0.50,%¥, = 0.50 and

lP() = 150
Number of W5=-150 ¥,=-050 Y¥,=050 Y¥,=1.50
Iterationn ¥, Y, v, v,
1 -0.950173  -0.316724  0.316724 0.950173
2 -0.601886  -0.200629  0.200629 0.601886
3 -0.381264  -0.127088  0.127088 0.381264
4 -0.241511 -0.080504  0.080504 0.241511
5 -0.152985  -0.050995  0.050995 0.152985
10 -0.015603  -0.005201  0.005201 0.015603
15 -0.001591 -0.000530  0.000530 0.001591
20 -0.000162  -0.000054  0.000054 0.000162
25 -0.000017  -0.000006  0.000006 0.000017
30 -0.000002  -0.000001 0.000001  0.000002
33 -0.000000  -0.000000  0.000000 0.000000
35 -0.000000  -0.000000  0.000000 0.000000
Convergence Sequence Yo
1.5
—o—V,
1+ oY
\Ilo—
—e—T,=-15
0.54
S 0
05§
ot
-1.56 L L L L L L !
0 5 10 15 20 25 30 35
Iteration n
Figure 1. The convergence behavior of the sequence {¥,,;} is illustrated for variant

parameter pairs (@, y) = (0.75,0.75).

Case II: We assume the parameter pair (o,y) = (0.88,0.88). The results findings are reported in
Table 2, while the convergence pattern of the sequence {¥,,;} is depicted in Figure 2. As shown, the
sequence converges to ¥ = 0 in 19 iterations.

AIMS Mathematics Volume 10, Issue 12, 30696-30717.



Table 2. The values of ¥, with initial values ¥

lP() = 150

Number of Yy =-1.50 ¥,=-050 Y¥,=050 Y¥,=1.50
Iterationn ¥, Y, v, v,

1 -0.695656  -0.231885  0.231885 0.695656
2 -0.322625  -0.107542  0.107542 0.322625
3 -0.149624  -0.049875  0.049875 0.149624
4 -0.069391 -0.023130  0.023130 0.069391
5 -0.032182  -0.010727  0.010727 0.032182
7 -0.006922  -0.002307  0.002307 0.006922
10 -0.000690  -0.000230  0.000230 0.000690
14 -0.000032  -0.000011  0.000011  0.000032
17 -0.000003  -0.000001  0.000001  0.000003
18 -0.000001 -0.000000  0.000000 0.000001
19 -0.000001 -0.000000  0.000000 0.000001
20 -0.000000  -0.000000  0.000000  0.000000

-1.50,%y = —-0.50,%¥, = 0.50 and

Convergence Sequence L

-0.5¢

_1 .511 Il Il Il Il Il Il Il Il Il I}
0 2 4 6 8 10 12 14 16 18 20
Iteration n

Figure 2. The convergence behavior of the sequence {¥,,;} is illustrated for variant
parameter pairs (@, y) = (0.88, 0.88).

Case III: We consider the parameter pair (@, y) = (1.00,0.99). In this setting, the convergence sequence
{¥,+1} shows excellent performance, rapidly converging to the fixed point ¥ = 0 after 12 iterations.
The results are presented in Table 3, and the convergence behavior is illustrated in Figure 3.
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Table 3. The values of ¥, with initial values ¥

lP() =1 50

Number of ¥y =-1.50 ¥, =-0.50 ¥,=0.50 Y,=1.50
Iterationn ¥, Y, v, v,

1 -0.432867 -0.144289  0.144289 0.432867
2 -0.124916 -0.041639  0.041639 0.124916
3 -0.036048 -0.012016  0.012016  0.036048
4 -0.010403 -0.003468  0.003468 0.010403
5 -0.003002 -0.001001  0.001001  0.003002
6 -0.000866 -0.000289  0.000289  0.000866
7 -0.000250 -0.000083  0.000083 0.000250
8 -0.000072 -0.000024  0.000024  0.000072
9 -0.000021 -0.000007  0.000007  0.000021
10 -0.000006 -0.000002  0.000002  0.000006
11 -0.000002 -0.000001  0.000001  0.000002
12 -0.000001 -0.000000  0.000000  0.000001
15 -0.000000 -0.000000  0.000000  0.000000

-1.50,%y = —-0.50,%¥, = 0.50 and

-0.5¢

-1.56

Convergence Sequence L

0 5 10 s

Iteration n
Figure 3. The convergence behavior of the sequence {W¥,,;} is illustrated for variant
parameter pairs (@, y) = (1.00,0.99).

6. Comparative analysis of the proposed algorithm and the established method

In this section, we compare the performance of the proposed Algorithm 3.1 with Algorithm 3.2
presented in [20] using a numerical example. The comparison focuses on the rate of convergence
under the stopping criterion ||¥,,; — ¥,|| < 1075, For the parameter pair (a,y) = (0.70,0.75), the
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corresponding numerical results are summarized in Table 4. As shown in Figure 4(a), Algorithm 3.1
(Proposed Algorithm) achieves convergence in approximately 30 iterations, while Algorithm 3.2
(Established Method) requires nearly 57 iterations, as illustrated in Figure 4(b), to attain the same level
of accuracy. These findings clearly underscore the superior convergence performance of Algorithm 3.1.
All computations were carried out using the initial values ¥y = 1 and ¥, = 3.

Table 4. Comparison table: For initial values ¥y = 1 and ¥ = 3.

Number Proposed Algorithm  Proposed Algorithm  Established Method in [20]  Established Method in [20]

of Yo=1 Yo=3 Yo=1 Yo=3
Iterationn ¥, Y, Y, v,

1 0.657880 1.973600 0.800000 2.400000
2 0.432800 1.298400 0.640000 1.920000
3 0.284730 0.854180 0.512000 1.536000
5 0.123230 0.369690 0.327680 0.983040
10 0.015186 0.045557 0.107370 0.322120
15 0.001871 0.005614 0.035184 0.105550
20 0.000230 0.000691 0.011529 0.034588
25 0.000002 0.000008 0.003777 0.011334
31 0.000000 0.000000 0.000990 0.002971
40 0.000000 0.000000 0.000132 0.000398
50 0.000000 0.000000 0.000001 0.000004
57 0.000000 0.000000 0.000000 0.000000

Comparison Figure of Proposed Algorithm and the Established Method Comparison Figure of Proposed Algorithm and the Established Method

- ©- - Proposed Algorithm (¥ _=1) - 4O~ - Proposed Algorithm (¥ =1)
= —5— Established Method (¥,=1)
Proposed Algorithm (#0=3)

—a8— Method (¥0=3)

—a&— Established Method

Proposed Algorithm
Method

(¥y
(¥

(70=3)
(v0=3

cE eSS Egaas
0 5 10 15 20 25 30 35 30 40 50 60
Iteration Number n Iteration Number n

(a) Convergence performance comparison. (b) Convergence performance comparison.

Figure 4. The convergence behavior of the sequence {W¥,,;} is illustrated for variant
parameter pairs (@, y) = (0.70,0.75).

Again, consider the other parameter pair (a,y) = (0.80, 0.80), the numerical results are reported in
Table 5, and the corresponding convergence behavior of the sequence {'¥,.,1} is depicted in Figure 5. As
observed, the sequence converges to ¥ = 0. Algorithm 3.1 (Proposed Method) achieves convergence in
approximately 23 iterations, as shown in Figure 5(a), while Algorithm 3.2 (Established Method in [20])
requires about 89 iterations, as shown in Figure 5(b). These results clearly indicate that Algorithm 3.1
exhibits a significantly faster convergence rate.
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Table 5. Comparison table: For initial values ¥y = 1 and ¥ = 3.

Number Proposed Algorithm  Proposed Algorithm  Established Method in [20]  Established Method in [20]

of Yo=1 Yo=3 Yo=1 Yo=3
Iterationn ¥, ¥, ¥, ¥,

1 0.571890 1.715700 0.867430 2.602300
2 0.327060 0.981170 0.752430 2.257300
3 0.187040 0.561120 0.652680 1.958000
4 0.106970 0.320900 0.566150 1.698500
5 0.061172 0.183520 0.491100 1.473300
10 0.003742 0.011226 0.241180 0.723530
20 0.000001 0.000004 0.058167 0.174500
30 0.000000 0.000000 0.014029 0.042086
40 0.000000 0.000000 0.003383 0.010150
50 0.000000 0.000000 0.000815 0.002448
60 0.000000 0.000000 0.000196 0.000590
70 0.000000 0.000000 0.000004 0.000142
80 0.000000 0.000000 0.000001 0.000003
90 0.000000 0.000000 0.000000 0.000000

i Fi f P Algorith he E: lished Meth
3G Comparison Figure of Proposed Algorithm and the Established Method Comparison Figure of Proposed Algorithm and the Established Method

~ - - Proposed Algorithm (¥,=1)

- ©~ - Proposed Algorithm
—5— Established Method (¥/(=1)

(wg=
—&— Established Method (¥,=
(0=
(0=

1)
1)

(
(
Proposed Algorithm (0=3)
—&— Established Method (¥0=3)

Proposed Algorithm
—&— Established Method

30 40 50 60 70 80 90
Iteration Number n Iteration Number n

(a) Convergence performance comparison. (b) Convergence performance comparison.

Figure 5. The convergence behavior of the sequence {W¥,,;} is illustrated for variant
parameter pairs (@, y) = (0.80, 0.80).

7. Conclusions

This work addressed a Yosida variational inclusion problem and its corresponding resolvent
formulation in a real ordered Hilbert space, incorporating logical operations through an averaged-
operator framework. The proposed iterative algorithm demonstrates notable improvements over
existing methods [20] for such inclusions involving logically enriched Yosida and averaged operators.
A numerical result carried out in MATLAB R2024b supported the theoretical findings, demonstrating
rapid convergence and improved computational efficiency. These results confirm the practical
effectiveness of the proposed algorithms in relation to established techniques.

AIMS Mathematics Volume 10, Issue 12, 30696-30717.



30715

Author contributions

Arifuzzaman participated in the writing, editing and methodology of the manuscript. Syed Shakaib
Irfan did computational and graphical work with appropriate software and also participated in the
review and editing process. Igbal Ahmad participated in the review of the main text of the manuscript.
All authors read and approved the final version of the manuscript.

Use of Generative-Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

The Researchers would like to thank the Deanship of Graduate Studies and Scientific Research at
Qassim University for financial support (QU-APC-2025).

Conflict of interest

The authors declare no conflicts of interest.

References

1. P. Hartman, G. Stampacchia, On some non-linear elliptic differential-functional equations, Acta
Math., 115 (1966), 271-310. https://doi.org/10.1007/BF02392210

2. R.T. Rockafellar, Monotone operators and the proximal point algorithm, STAM J. Control Optim.,
14 (1976), 877-898. https://doi.org/10.1137/0314056

3. A. Hassouni, A. Moudafi, A perturbed algorithm for variational inclusions, J. Math. Anal. Appl.,
185 (1994), 706—712. https://doi.org/10.1006/jmaa.1994.1277

4. N.T. An, P. D. Dong, X. Qin, Robust feature selection via nonconvex sparsity-based methods, J.
Nonlinear Var. Anal., 5 (2021), 59-77. https://doi.org/10.23952/jnva.5.2021.1.05

5. L.C.Ceng, A. Petruse, X. Qin, J. C. Yao, A modified inertial subgradient extragradient method for

solving pseudomonotone variational inequalities and common fixed point problems, Fixed Point
Theory, 21 (2020), 93—108. https://doi.org/10.24193/fpt-r0.2020.1.07

6. M. Chipot, S. Guesmia, S. Harkat, On the minimal solution for some variational inequalities, J.
Differ. Equations, 266 (2019), 493-525. https://doi.org/10.1016/j.jde.2018.07.052

7. Q. L. Dong, L. Lu, X. Qin, J. C. Yao, An alternated inertial general splitting method
with linearization for the split feasibility problem, Optimization, 72 (2022), 2585-2607.
https://doi.org/10.1080/02331934.2022.2069567

AIMS Mathematics Volume 10, Issue 12, 30696-30717.


https://dx.doi.org/https://doi.org/10.1007/BF02392210
https://dx.doi.org/https://doi.org/10.1137/0314056
https://dx.doi.org/https://doi.org/10.1006/jmaa.1994.1277
https://dx.doi.org/https://doi.org/10.23952/jnva.5.2021.1.05
https://dx.doi.org/https://doi.org/10.24193/fpt-ro.2020.1.07
https://dx.doi.org/https://doi.org/10.1016/j.jde.2018.07.052
https://dx.doi.org/https://doi.org/10.1080/02331934.2022.2069567

30716

8.

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

L. Liu, X. Qin, Strong convergence theorems for solving pseudo-monotone
variational inequality problems and applications, Optimization, 71 (2021), 3603-3626.
https://doi.org/10.1080/02331934.2021.1905641

M. Ayaka, Y. Tomomi, Applications of the Hille-Yosida theorem to the linearized
equations of coupled sound and heat flow, AIMS Math., 1 (2016), 165-177.
https://doi.org/10.3934/Math.2016.3.165

M. A. Noor, Generalized set-valued variational inclusions and resolvent equations, J. Math. Anal.
Appl., 228 (1998), 206-220. https://doi.org/10.1006/jmaa.1998.6127

Y. Yao, M. Postolache, J. C. Yao, Iterative algorithm for solving generalized variational inequalities
and fixed point problems, Mathematics, 7 (2019), 61. https://doi.org/10.3390/math7010061

L. Liu, J. C. Yao, Iterative methods for solving variational inequality problems with
a double-hierarchical structure in Hilbert spaces, Optimization, 72 (2022), 2433-2461.
https://doi.org/10.1080/02331934.2022.2074297

B. Tan, X. Qin, Two relaxed inertial forward-backward-forward algorithms for solving
monotone inclusions and an application to compressed sensing, Canad. J. Math., 2025, 1-22.
https://doi.org/10.4153/S0008414X24000889

K. Yosida, Functional analysis, New York: Springer, 1971.

J. B. Baillon, R. E. Bruck, S. Reich, On the asymptotic behaviour of nonexpansive mappings and
semigroups in Banach spaces, Houston J. Math., 4 (1978), 1-9.

M. N. Dao, M. K. Tam, Union averaged operators with applications to proximal algorithms for
min-convex functions, J. Optim. Theory Appl., 181 (2019), 61-94. https://doi.org/10.1007/s10957-
018-1443-x

P. L. Combettes, Solving monotone inclusions via composition of nonexpansive averaged
operators, Optimization, 53 (2004), 475-504. https://doi.org/10.1080/02331930412331327157

K. R. Kazmi, S. H. Rizvi, An iterative method for split variational inclusion problem
and fixed point problem for a nonexpansive mapping, Optim. Lett., 8 (2014), 1113-1124.
https://doi.org/10.1007/s11590-013-0629-2

T. O. Alakoya, V. A. Uzor, O. T. Mewomo, J. C. Yao, On a system of monotone
variational inclusion problems with fixed-point constraint, J. Inequal. Appl., 2022 (2022), 47.
https://doi.org/10.1186/s13660-022-02782-4

A. K. Rajpoot, J. Igbal, R. Ahmed, C. F. Wen, Variational inclusion problem involving averaged
operator and its corresponding resolvent type equation, J. Nonlinear Convex Anal., 25 (2024),
2457-2471.

S. S. Chang, J. C. Yao, L. Wang, M. Liu, L. Zhao, On the inertial forward-backward splitting
technique for solving a system of inclusion problems in Hilbert spaces, Optimization, 70 (2020),
2511-2525. https://doi.org/10.1080/02331934.2020.1786567

AIMS Mathematics Volume 10, Issue 12, 30696-30717.


https://dx.doi.org/https://doi.org/10.1080/02331934.2021.1905641
https://dx.doi.org/https://doi.org/10.3934/Math.2016.3.165
https://dx.doi.org/https://doi.org/10.1006/jmaa.1998.6127
https://dx.doi.org/https://doi.org/10.3390/math7010061
https://dx.doi.org/https://doi.org/10.1080/02331934.2022.2074297
https://dx.doi.org/https://doi.org/10.4153/S0008414X24000889
https://dx.doi.org/https://doi.org/10.1007/s10957-018-1443-x
https://dx.doi.org/https://doi.org/10.1007/s10957-018-1443-x
https://dx.doi.org/https://doi.org/10.1080/02331930412331327157
https://dx.doi.org/https://doi.org/10.1007/s11590-013-0629-2
https://dx.doi.org/https://doi.org/10.1186/s13660-022-02782-4
https://dx.doi.org/https://doi.org/10.1080/02331934.2020.1786567

30717

22. Arifuzzaman, S. S. Irfan, I. Ahmad, Convergence analysis for Cayley variational
inclusion problem involving XOR and XNOR operations, Axioms, 14 (2025), 149.
https://doi.org/10.3390/axioms 14030149

23.1. Ahmad, S. S. Irfan, M. Farid, P. Shukla, Nonlinear ordered variational inclusion

problem involving XOR operation with fuzzy mappings, J. Inequal. Appl., 2020 (2020), 36.
https://doi.org/10.1186/s13660-020-2308-z

24. 1. Ahmad, C. T. Pang, R. Ahmad, M. Ishtyak, System of Yosida inclusions involving XOR operator,
J. Nonlinear Convex Anal., 18 (2017), 831-845.

25. H. G. Li, X. B. Pan, Z. Y. Deng, C. Y. Wang, Solving GNOVI frameworks involving (yG, 1)-weak-
GRD set-valued mappings in positive Hilbert spaces, Fixed Point Theory Appl., 2014 (2014), 146.
https://doi.org/10.1186/1687-1812-2014-146

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 10, Issue 12, 30696-30717.


https://dx.doi.org/https://doi.org/10.3390/axioms14030149
https://dx.doi.org/https://doi.org/10.1186/s13660-020-2308-z
https://dx.doi.org/https://doi.org/10.1186/1687-1812-2014-146
https://creativecommons.org/licenses/by/4.0

	Introduction
	Elementary tools
	Fixed-point method and main results for Yosida inclusions with logical operators
	Yosida resolvent equation involving logical operation
	Numerical result
	Comparative analysis of the proposed algorithm and the established method
	Conclusions

