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Abstract:  Hahn multiplicative calculus is the generalization of quantum multiplicative (g-
multiplicative) calculus. In this manuscript, we defined novel definitions for derivative and definite
integral called left Hahn multiplicative derivative and definite integral in the Hahn multiplicative
calculus. In addition, we derived fundamental results for this newly defined integral. Furthermore,
we constructed left Hahn multiplicative Hermite-Hadamard inequalities. Additionally, we defined new
definitions for the derivative and definite integral in the Hahn calculus, which enabled us to define
further definitions in Hahn multiplicative calculus called the right Hahn multiplicative derivative and
definite integral. Moreover, we construct the power rule of the newly defined definite integral in
the Hahn calculus, which assisted us in deriving the right Hahn multiplicative Hermite-Hadamard
inequalities. Finally, we gave an application of the newly established Hermite-Hadamard inequalities
through an example wherein it could be seen that these inequalities were crucial for finding the lower
and upper bounds of the range of those functions whose Hahn multiplicative definite integrals were
very difficult to find.
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1. Introduction

One of the most significant contributions to convex analysis is the Hermite-Hadamard inequality,
which has been broadly generalized and applied to other modern calculi (fractional calculus [1], g-
calculus [2—4], interval-valued calculus [5], conformable calculus [6], Hahn calculus [7], g-symmetric
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calculus [8, 9], and Hahn symmetric calculus [10]). In these generalized structures, the inequality
gives better approximations of the convex and generalized convex functions, in connection with
classical integral inequalities and the non-standard operators. These inequalities are used in numerical
integration, optimization theory, and applied sciences to provide bounds on means, error estimates,
and stability [1, 11]. Moreover, they are important in the approximation methods and quantum theory
of non-uniform lattices and in g-calculus and Hahn calculus in discrete models [12, 13]. Fractional
calculus Hermite-Hadamard type inequalities are applied to estimate solutions of fractional differential
equations and integral transforms [14].

In the 20th century, Grossman and Katz defined a novel kind of integral and derivative named
as multiplicative integral and multiplicative derivative, respectively. It substituted multiplication and
division for addition and subtraction functions. This recently developed calculus has been called
multiplicative calculus. In the literature, it is applicable only to positive functions and is also referred
to as a non-Newtonian calculus. Recently, researchers have contributed to many areas of mathematics
regarding this calculus. For instance, the fundamental theorem of multiplicative calculus [15],
multiplicative stochastic integrals [16], complex multiplicative calculus [17], multiplicative differential
equations [18], and the non-Newtonian calculus literature contain multiplicative Hermite-Hadamard
inequalities for many kinds of convex functions [19-22]. The multiplicative derivative and integral are
defined below.

Definition 1. [15] For any positive function Z with Z(¢) # 0, then the multiplicative derivative or *
derivative of a function Z at ¢ € R is defined as:

([ Z(s )
() =D Z(s) = L%(—Z(g) ) .
Additionally, ,
Z'(s) = exp (%) = exp((In Z(5)) ).

where Z (<) is the classical derivative.

Definition 2. [15] For any positive and Riemann integrable function Z : I = [v,{] — ‘R, then
*integral or multiplicative integral of Z from v to ¢ is defined as:

f Z(6) % = exp ( f (In Z(g))dg)

Properties related to multiplicative integrals of a function are described as.

for ¢ € [v, {].

Proposition 1. [15] For any positive and Riemann integrable functions Z and Y that are defined as
Z:I—RandVY : I — R withv <c < fandn € ‘R, then we have

o [[Z(o)% =1

1 ¢ .
T
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e [[Z()ds=1n (ff (eXP(Z(c)))dC)-
o [[@om = (f @iy «).

e [Z@0%=["Z)% [ Ze)*
o [[(Z©Y©) %= ["Z) % [ Yi).

ds 1
. fv"(%) = [[Z0 ([ v *)

Quantum calculus has established a strong connection between mathematics and physics, and has
found wide applications in number theory, quantum physics, combinatorics, orthogonal polynomials,
hypergeometric functions, relativity theory, and other scientific fields. Kac et al. book [23] covers a lot
of the fundamental ideas of quantum calculus. While some notable developments regarding g-analog
of the Laplace transform and summation-integral type operators can be seen in [24,25] respectively.

The generalized version of quantum calculus called Hahn quantum or simply Hahn calculus was
introduced by Hahn in 1949 [26]. Numerous mathematical and physical problems from classical and
g-calculus are explored in Hahn calculus. The fundamental concept of Hahn differential equations and
their applications have been studied by Hamza and Ahmed [27,28]. While, the Hahn Sturm-Liouville
problem was put forward by Annaby et al. [29], and the sampling theory for the same problem has been
determined by Annaby and Hassan [30]. Moreover, its symmetrical version can also be seen in [10].
The definitions of Hahn derivative and integral are defined as below. In this context, we will assume

el

that w > 0 and 0 < g < 1 across the rest of the article. Also, we set w =

—-q

Definition 3. [26] For any function Z, the Hahn derivative of Z is defined as
Z(gs +w) = Z(s)

Dq,w~Z(§‘) = w+ (q - g
Z'(w) if ¢=w,

if ¢#w,

furnished that Z is differentiable at w.

Definition 4. [31] For any function Z and vy, {; € I, the Hahn definite integral of Z can be derived as

{1 ()

Z(g) dq,wg = ) Z(g)dq,wg - f Z(g)dq,wga

Vi

where
| Z6yas = (1= = Y ¢ Z g+ (1 = g
w t=0

given the fact that u = v; and u = ¢; are the points at which the series converges. If the function Z is
Hahn integrable from v, to ¢, for every vy, {; € I, then it is Hahn integrable over /.

In 2016 [32], Tariboon et al. defined the new definitions of derivative and integral in Hahn calculus
called left Hahn derivative and integral. For this, they defined w = IL + v € I. The definition of the
—-q
left Hahn derivative is written as below.
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Definition 5. [32] For any function Z, then the left Hahn derivative of Z is defined as

Zgs+ A -qv+w)—2Z(s)
v Dyl (§) = w+(c—v)(g-1)
Z'(w) if ¢ =W,

furnished that Z is differentiable at w.

if ¢ 10,

The definition of the left Hahn definite integral is defined as below.

Definition 6. [32] For any function Z and vy, {; € I, then the left Hahn definite integral of Z is written
as
f] [1

26 dyus = [ Z6) dyus = [ Z6) s

14!

where
[ 260 dyus =1 === Y 420 + (1 - i)
w t=0

given the fact that u = v; and u = ¢, are the points at which the series converges. If the function Z is
Hahn integrable from v, to ¢, for every vy, £; € I, then it is Hahn integrable over 1.

Example 1. [33] Let a function Z(g) = ¢ over I, then the left Hahn integral of Z is stated as:

(1.1)

f —
f Z(6) vy = (€ ) (M) .

+1

The Eq (1.1) is crucial to derive the new Hermite-Hadamard inequalities in the left Hahn
multiplicative calculus. In 2023, using the theory of multiplicative and Hahn calculus, Allahverdiev et
al. introduced a novel type of calculus called Hahn multiplicative calculus and derived its fundamental
properties [34]. Moreover, the definitions of the Hahn multiplicative derivative and integral are given
below.

Definition 7. [34] For any positive function Z with Z(¢) # 0, then the Hahn multiplicative derivative
or Hahn *derivative of function Z at ¢ € R is written as:

Zgs+ w))<

o) ===
o Z(S) ( Z©

Additionally,
D;,Z(5) = exp (DI Z(<)))

holds for w = 0 and Z(s) is monomial, here D,,, is a Hahn derivative defined in [26].

Definition 8. [34] For any positive function Z : I — ‘R, then the Hahn *integral ((g, w)"-integral) or
Hahn multiplicative integral of Z from v to ¢ can be defined as:

¢ ¢ o ¢
f Z(¢) %S = exp ( f (In Z(g))dq,wg) = exp ( f (In Z($))dyws — f (In Z(g))dq,ws“)
for ¢ € [v, {].
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Properties of the Hahn multiplicative integral of a function are mentioned below.

Theorem 1. [34] For any positive and Hahn multiplicative integrable functions Z and Y that are
defined on I with v < ¢ < £ and n € ‘R, then we have

o [[ @@ s = ([ @i s

° ff Z(g) %S = fvc Z(g) Yars. jj Z(<) dars.

* ff (Z(9)Y(s)) Yans = fy[ Z(g) ans, ff Y(g) dars.
((Z() dgws B fv ¢ Z(g) Yns

2. Left Hahn multiplicative calculus with respect to the point v and related Hermite-Hadamard
inequalities

Alp et al. in 2018 introduced the first corrected version of the g-Hermite-Hadamard inequality
in [2], considering support lines and the geometrical concept of convex functions by fixing the left end
point of the interval. Later in 2020, Bermudo et al. introduced another useful approach by considering
the right endpoint of the interval in the context of quantum calculus in [3]. They not only provided
new definitions of the right quantum derivative and quantum integrals but also employed these notions
to obtain a new interpretation of the Hermite-Hadamard inequality. In the recent past, the notions of
symmetric quantum calculus [8] and the symmetric Hahn calculus [10,35] have been extended to the
left point v and the right point ¢ of the interval I. Motivated by the above studies, we are extending
the Hahn multiplicative calculus to the left point v and the right point ¢ to further generalize the results
of the quantum multiplicative calculus [36]. Inspired by Definitions 7 and 8, we introduce the new
definitions called the left Hahn multiplicative derivative and integral which are denoted by ,®, , and
(g, w)"-integral respectively.

Definition 9. For any positive function Z with Z(s) # 0, then the left Hahn multiplicative derivative
or left Hahn *derivative of function Z at ¢ € R is written as:

Zgs+ 1 -qgyv+ w))wﬂq]n(w)

v:qu,W)Z(g) = ( Z©)

Additionally,
VD0 Z(6) = exp (4D (g (In Z(5)))

holds for w = v = 0 and Z(s) is monomial, here ,D,,, is a left Hahn derivative that is defined in [32].

Definition 10. For any positive function Z : I — ‘R, then the left Hahn *integral (,(q, w)"-integral)
or the left Hahn multiplicative integral of Z from v to € can be defined as:

s s i ¢
f Z(g) s = exp ( f (In Z(s)) vdq,wg) = exp ( f (In Z(¢)) vdy s — f (In Z(s)) vdq,wg)
forg e [v,{].

AIMS Mathematics Volume 10, Issue 12, 30478-30506.



30483

Some basic results for the left Hahn multiplicative integral are shown below.

Theorem 2. For any positive and left Hahn multiplicative integrable functions Z and Y that are
defined on I with v < ¢ < € and n € R, then we have

() [ @ s = ([ ).
(2) fV[ Z(g) vdgwS — fvc Z(g) qu‘wg. fcf Z(g‘) qung.
(3) [ Z@Ye) s = [ Z(g) s, [ Y() s,

4 ! (Z(g)) s [ Z(g) s
Yo T [y s

Proof. As (1) and (2) are trivial.
Using Definition 10 to prove (3),

4
f (Z(9)Y(s)) S = exp f In(Z(s) - Y(5)) vdq,wg)

¢
= exp f {In(Z(¢)) + In(Y ()} » qu’)

{ L
=exp f ln(Z(g)) vdq,wg) Texp (f ln(y(g)) vdq,wg)

t £
= [zt [y

Now, to prove (4), again using Definition 10,

f(Z(g)) daws
y \Y(s)

Z(g)
Vd w
y@) ? g)

€XP( {In(Z(s)) — In(Y(s))} qwg)

exp

e [ 1n(Z(5) 1d )

exp ([ I (s) qu,wg)
[ 2y s
[ Y(g) s’

Example 2. Suppose Z(s) = exp(s), then using the left Hahn integral, Definition 10, and (1.1)
¢ ¢
f exp(s) S = exp ( f In(exp()) ydg.us
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(
= exp (f S vdq,wg)

f —
— exp ((5 —v) (%)) . @.1)

The multiplicative Hermite-Hadamard inequality is mentioned in [19] and is written below.

Theorem 3. If Z : I — ‘R is a positive and multiplicative convex function on [v, {], then

¢
t it
z(V+ )s f (Z@)*)” < VZ0Z®) (2.2)

2

holds.

Now, we will employ the newly introduced concept of left Hahn multiplicative calculus and derive
the corresponding variant of Hermite-Hadamard inequality (2.2) and related results.

Theorem 4. If Z : I — ‘R is a positive and log-convex differentiable function on [v, {], then forw > 0
and) < g <1

1
—v

— d [ wt(l-v, —y—w
z(“v%) < ( f (Z(g»vdq’wf) < (Z)FTH - (Z(E) T (23)
q v
holds.
. o . . C+vg—w .
Proof. As we can write that the supporting line of the function Z at the point — 1 el is
q
{+vg—w
C+vg—w C+vg—w [S‘_ g+1 ]
Pi¢)=Z|——— N
© Z( q+1 )(Z ( q+1 ))
By the log-convexity of Z and for v < ¢ < ¢, we can write
{+vg—w
P = Z {+vg—w z C+vg-w\\* g+1 < Z(0)
o= q+1 qg+1 =<l
{+vg—w {+vg—w {+vg—w
InP(g) =1 _ -——1 ———] <1 )
opio = (2 s gl () 2w

Using the left Hahn integral from v to € and using (1.1),

[ C+vq - At +vg—
fvlnP(g) qu,wg:(f—v)ln(z(%))ﬂn(z (%))

4 l _ (
X (f S vdq,wg - (f - V)%) < f ln(Z(g)) vdq,wg

:([_V)ln(z(w))_,_ln(z*(w))
qg+1 q+1
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30485

¢~ t- {
x(q—+‘1/(£’+vq—w)—qT‘1/(€+vq—W))Sf; In(Z(¢)) vdyws

_ 4
:(f—v)ln(z(‘”q*#))s f IN(Z()) ydyos

f_
:ln(Z (VCI;LTW)) f IN(Z($)7 vy

Taking the exponential of both sides,

f _
z(%) < exp ( f In(Z(c)7 , qwg)

¢ =
( +qu1 W) ( f (Z(6)” ) . (2.4)

Similarly, the equation of the line segment joining the points (v, Z(v)) and (£, Z(£)) can be written as
a function of the following form

p(o) = {(Z0)™'Z(0) ™ - Z.

Since Z is log-convex, therefore, ¥ ¢ € [v, £], we have

() < p(s) = {Z(v)} ZW).

Also
In(Z(s)) < In(p(s)) = ( )[ln(Z(é’)) In(Z(v))] + In(Z(»)).

Taking the left Hahn integral from v to £ and using (1.1),
In(Z(0)) — In(Z(v))

4 1
f In(Z($)) vdgs < f In(p(s)) vdygws = (€ =) In(Z () +

{—v
X (ff Syvdgws + (v — t’)v)
< (£ =) I(Z) + (An(Z(0) - In(Z0))) (“V% - v)
= (L= V) I(Z) + (0(Z() — IN(Z0) (%)
= 0= [z + 10z -0 ZoW (5 - e )
=(L-v) [ln(Z(v)) + (ﬂ%) In(Z(0)) - lnﬁ(:)) + (;V:nl()i(i))v)}

= (t-v) [‘1 In(Z) = winZe) | (({z —(w+v)

7+1 g ni-» \grne- v))ln(zm)]
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i -w+ (v—-"~_)q t—(w+v)
== [( @+ D -0 ) 2+ ((q (- v)) l“(w))]

=(¢-v)ln [{Z(V)}w+(€—v)q . {Z(g)}é’—(ww)]wl(hv)
¢ 1
8%/ f In(Z(s)) vdyws < In [{Z(V)}w+(£’—v)q . {Z(f)}f_v_w] GO

By using the property of the log function and the first case of Theorem 2, we will get

¢ ﬁ +({-v)g (=v—w
(f (Z(g))vdq,w?) < (Z(y))(%g)(/’—)v) . (Z(f))(%l)([—v) . (2.5)

From (2.4) and (2.5), the desired result has become. O

Theorem 5. If Z : I — R and Y : [ — R are two positive and log convex differentiable functions
on [v, ], then

t+vg—w {+vg—w t Vg f Vo =
z( - )3/( - )s(fvmg)) > [ e )

< [@0)- Yoz - Yoy T 26

holds for g € (0,1) and w > 0.

Proof. As we know that the supporting line of the function Z and Y at the point + V+ 1_ Y e 0
can be written as:
[ {+vqg— w]
pl(g):Z(€+qv-c:1—w)(z*(€+qul—w))g g+1
and
{+vg—w
oa(c) = y(f +qvi1 1— w) (y* (é’ +qv_|c_] 1— W))[g—q 1 }
By the log-convexity of Z and Y for v < ¢ < ¢, we can write
[ _f +vg — wJ
pi(s) = z(%) (z* (%)) sl oz 27)
and
{ _f +vg—w
Pa(s) = Y (%) (y* (%)) Coarl oy 2.8)
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Multiplying (2.7) and (2.8) then applying In on both sides, we get

lnpl(g) + lnpz(g) = ln(Z(f-l-qvﬂ)) + (g— M)ln(z* (f +vq — W))

+1 g+1 qg+1
o )
qg+1 qg+1 q+1
< In(Z(s)) + In(Y(s)).

Applying the left Hahn integral over / and using (1.1)
¢ ¢
{+vg—w {+vg—w f {+vg—w
1 — ] vdys +1 —— -— | ,d,.
fv n(z( q+1 )) s n(Z( q+1 )) , (g g+1 s
{+vg—w {+vg—w f€ {+vg—w
\ —— ] vdgws +1 |l - —| vy
+fn(y( q+1 )) et n(y( q+1 )) LT T s
¢ ¢
< f In(Z(¢)) vdgws + f In(Y($)) vdy s

i e G e

+1 +1
C+vg—w L+ vg—w
+(€—v)ln(y(—q+1 ))+ln(y (—q+1 ))(O)

L L
< f INZ(6) vy + f INY(S) s

fef) o)
q+1 q+1
1 t t
< o lH(Z(g‘)) vdq,wg + ln(y(g‘)) ydq,wg‘ .
t-v\J, ,
Applying the exponential function

4 — VA — 1 4 i
Z( +qvi11 W),y( +qv;11 W) <exp (m (fv In(Z(s)) vdq,wg+fv In(Y (<)) qu,wg))

1
-y

¢ ¢
= \exp ( f In(Z(s)) vdgws + f In(Y(s)) Va’q,wg))

¢ =
= exp( f In(Z(s)) qu,wc)'exp( f In(Y(s)) vdq,wg))

Ll £ =
= f (Z(s)yans - f (y(g))“d"’”‘g) : (2.9)

Additionally, it is possible to describe the lines that connect points (v,Z(v)), (¢,Z(£)), and (v,Y(v)),
(6, Y(0)) as functions are

p(s) = Z(v) [ Z(v)]
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and

PN ) i
pPs(s) = Y(v) [W]

respectively. Since Z and Y are log-convex, then

zO™
= _— 2.1
Z(s) < pls) =ZM [ Z(V)] (2.10)
and
| YO
Y(s) <p3(s) =Y () [m] . (2.11)
Multiplying (2.10) and (2.11) then applying In, we get
In Z(5) + nY() < In Z0) + 7—[I1 Z(O) ~ 1 Z0)] + Y ) + T— [0 V(D) -~ In Y ().

Applying the left Hahn integral over / and using (1.1)
4 1 4
fln Z(g) vdq,wg + f In y(g) vdq,wg < (5 - V) In Z(V) + (ln _Z(f) —1In Z(V)) (m f S vdq,wg - V)

£
L (- Y+ YO -0V ( f ¢ vds — V(L — v))

£—v

= (C=)In(Z) + In(Z(0) = In(Z())) (f T V)

+(E =) INY ) + (I (©) - InY () (f v v)

= (£ =W INZ M) + (IN(Z() - IN(Z X)) (%)
t—(w+v)

+ (= v)In(Y ) + In(Y () — In(Y (v))) (T)

= (= v)In(Z()) + (£ = v) (In(Z(0)) — In(Z(v)))
1 w

X e (1 — f_v)+(€—v)ln(y(v))

N (£ —v)(In(Y(£)) — In(Y(v))) (1 W )

qg+1 {—v

In(Z(v))

q+1

—(w+v)
(q+ (-~ v)) ()

t—(w+v)

=({-v) [IH(Z(V)) + (m
wlin(Z(v))

—(q T =) +(-v) [ln(ﬂ(v)) + (

_In(Y(») LY In(Y(v))
g+1 (g + D —v)

) In(Z(0)) -
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30489

qIn(Z(v)) N win(Z(v)) N ( t—(w+v)
qg+1 g+ D-v) \(g+ D -V

gIn(Y(v)) N win(Y(v)) N ( {—(w+v)
g+1 g+ Dl-v) \(g+D(-»)

C-v)g+w {—(w+v)
(m) In(Z(v)) + (m) h‘l(Z([))]

w+(€—v)g —(w+v)
+w—wK@+Dw_w)mwww(@+nw_wymwaﬂ

— (f _ V) In [{Z(V)}w+({’—v)q{z(€)}{’—(w+v)] m
+ (f _ V) In [{y(v)}w+([—v)q{y(€)}€—(w+v):| m

=(-v) [ )1n(Z(€))]

+(l-v) )ln(y ({’))]

= (t-v)

1 { 4 1
7= ( f In(Z(s)) vdyws + f In(Y(s)) qu,wg) <In [{Z(y)}w+(f—v)q{ Z(f)}(’—(ww)]i(qm(i—v)

+1n [{y(v)}w+(f—V)t]{y(€)}f—(W+v)] m

| [ 1

%/ (f IH(Z(g‘)) qu’wg * f ln(y(g)) quﬁwg) <In {[{Z(V)}W+(€_V)q{Z(5)}€—(w+v)] g+D(@=)
%WWMWWWWM}

Taking the exponential, we get

1

4 { - 1
(fmwwfwwqumwwwwwmwwwww-@m

Combining (2.9) and (2.12), then the (2.6) has been established. O

Theorem 6. If Z and Y are two positive and log-convex differentiable functions on [v, {], then

(+vg—w C+vg—w wguss S =
47?%'(w1)U@@ ”ﬂm»)

<[(ZO): YO ZO: YO T[T (@2.13)
holds.
Proof. Dividing (2.7) from (2.8) and then applying In, we have

B {+vg—w _ttvg-w (EHvg—w
lnpl(g)—lnpz(g)—ln(z( g+1 ))+(g g+1 )ln(Z( qg+1 ))

_ln(y(—€+vq_w))+(g——€+Vq_w)ln()/*(—€+vq_w))
qg+1 qg+1 qg+1
< In(Z(s)) - In(Y(s)).
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Applying left Hahn integral over / and using (1.1)
¢ ¢
{+vg—w C+Hvg—w f {+vg—w
1 — ] vdgs +1 —_— - —
fv n(z( q+1 )) et H(Z( q+1 )) , (g g+1 s
{+vg—w {+vg—w f€ {+vg—w
— 1 _— vd w 1 | — - - - vd w
fjn(y( q+1 )) et n(y( q+1 )) LT T s
¢ ¢
Sf ln(Z(g)) vdq,wg_f ln(y(g)) vdq,wg

el (555

+1 +1
—(t-v)In (y(—€ +qu 1_ W)) +1n (y* (—5 +qu 1_ W)) 0)

{ {
< f IN(Z(5)) vyt — f In(Y(€) ydy s

= ln(Z(—g-H/q_w) : y(—€+vq—w))
q+1 qg+1
) ¢
— ( f In(Z($)) vdgus — f In(Y(s)) vdq,wg)~

Applying an exponential function

4 — VA — 1 4 £
Z( +qv-€1 W) : y( +qv4c_1 : W) < exp (m (fv In(Z(s)) vdgws — j; In(Y (<)) qu,wg))

4 4 =
=\exp (f lH(Z(g‘)) vdq,wg - f ln(y(g)) qu,wg))

¢ ¢ =
= exz?( f In(Z(s)) qu,wg) : exz?( f In(Y(s)) vdq,wg))

¢ ¢ =
= f (Z(g)y s f (y(g))vdq’wg) : (2.14)

<

Likewise, dividing (2.10) and (2.11) then applying In, then

S M Z(6) - In Z0)] - In YY) — “—L[In Y(©&) - In Yv)].
£—v £—v

Applying the left Hahn integral over 7 and using (1.1)

£ 1 —1 £
f I Z(6) s — f D Y(S) s < (€= v)In Z() + 2EO VHZ(V) ( f gvdq,wg—vw—v))

InZ()-InY() <InZy) +

v v f -
£
— (f - V) In y(V) - In y(fz : Ln y(V) (f S vdq,wg - V(f - V))
= (=) INZ ) + (n(Z(O) - In(Z)) (“V% - v)
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~ (€= V) InY() ~ (Y (0) = InY ) (f e V)

t—(w+v)
q+1)
{—v—w
q+1)
= (€ —v)In(ZW)) + (£ = v) In(Z(6)) — In(Z(v)))

1 w
X(q+ . - 1)(5_v))—(f—v)ln(y(v))

= (=) In(Z()) + (In(Z(0)) - 1n(Z(V)))(

—(=v)In(Y () - In(Y () - In(Y (V)))(

1 w
-4£—wamyw»—hmyw»%q+1‘(q+nw—vJ

t—(w+v) In(Z(»))
(g+ D - +1
wIn(Z(v))

m] - (f - V) [ln(y(v)) + ( )ln(y(f))

_ln(J/ ) LW In(Y(v))
q+1 g+ D)(-v)

qIn(Z(v)) N wlin(Z(v)) N ( t—(w+v)
g+1 (g+D(l-v) \(g+D(~-v)

gIn(Y(v)) win(Y(v)) {—(w+v)
g1 grii-n " ((q - v))h’(w”]

w+ (€ —-v)q {—(w+v)
(m) In(Z(v)) + (m) ln(Z(f))]

w+(€—v)g {—(w+v)
R [((q (- v)) (Y0 + ((q (- v)) ln(W))]

= (L= V) I [(ZOIP I Z ()T
(€= VI [LYO) YD) | T

=({-v) [ln(Z(v)) + ( )ln(Z(f)) -

t—(w+v)
(g+D(-v)

:w—w[ %mzwﬁ

- -V

=(t-v)

A { 1
. (f In(Z(s)) qu,wg‘ - f In(Y(s)) qu,wg) <In [{Z(y)}w+(t’—v)q{z(f)}€—(w+v)] @D

—In[{YO 1Y ()| e

1 4 { 1
m (f ln(Z(g)) qu,wg‘ — f ln(y(g‘)) qu,wg‘) <In {[{Z(y)}W+(€—v)q{z(€)}€—(w+v)](q+|>(£—v)

Taking the exponential, we get

ey T

£ 4 — 1
( f (Z()y s : f (y(g)ydwf) < [(@0): Y (Z(): Y)Y T (@25)
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Combining (2.14) and (2.15), then the (2.13) has been accomplished. O
3. New notions in Hahn calculus

In this section, we will define the new definitions for derivative and definite integral at a point £

called the right Hahn derivative and definite integral. For this, we define a new number w = £ — T €

-9
1. The definition of the right Hahn derivative can be defined as.

Definition 11. For any function Z, then the right Hahn derivative of Z is defined as

Zgs+ A -g)t —w) - Z(s) if kW
Dy Z(s) = (I-9t-¢)—w ’
Z'(w) if ¢=W,

furnished that Z is differentiable at w.
The basic properties of the right Hahn derivative can be proved easily.

Theorem 7. For any Z and Y be two right Hahn differentiable functions on [v, ], then the following
results exist:

(1) “Diga(Z(s) £ Y($)) = “DigunZ(s) £ DY (5);

(2) For any constant v,
Dy (M1Z(6)) = vi' Dy Z(S);

(3) “Dign(Z(s) - Y($)) = Z(gs + (1 = L = w) ‘DY () + Y(5) ‘D Z();

(4) Forany Y ()Y (gs + (1 —g)t —w) # 0,
Do (Z(g)) Y($) 1Dy Z(s) — Z(s) “Digun Y ()
(g,w - .

Y() Y)Y (gs + (1 - gt —w)
Proof. Using Definition 11 of the right Hahn derivative, all of these can be proved. O

The right Hahn definite integral of a function can be defined as.

Definition 12. For any function Z and v, € I, then the right Hahn definite integral of Z is defined
as

{1 {1 V1
Z(g) qu,wg = . Z(g) qu,wg - f Z(g) [dq,wg’

Vi

where
[ 260 s == -0+ Y ¢ Zwg' + (1 - i
w t=0

given the fact that u = vy and u = €, are the points at which the series converges. If the function Z is
the right Hahn integrable from v to €y, for every v, {| € I, then it is the right Hahn integrable over 1.

AIMS Mathematics Volume 10, Issue 12, 30478-30506.
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The fundamental characteristics of the right Hahn integral can be proved easily. So, their proofs are
omitted.

Theorem 8. For any Z and Y to be two right Hahn differentiable functions on [v, €], then the following
results exist for vy, €1 € I:

(1) [[MZ©) £ Y(©) dys = [} Z($) dyus £ [ Y(S) ‘dyus:

(2) For any constant v,,
0 ¢ £ p
I 72 Z@) dyus = v2 [ Z(s) “dyusy

(3) [ Z(s) ‘dys = 0;
(4) [ Z(9) tdyus = = [ Z(5) dyuus:

(5) For any constant €, such that vi < €, < €y,

¢ ¢ ¢
L, 2@ dyus = [,7 Z(s) ‘dyus + [ Z(s) “dyus.
Proof. Using Definition 12 of the right Hahn integral, all of these can be proved. O

Lemma 1. For any two real numbers v, {3 such that {3 € R \ {—1}, then

u e+l
: (I - g)u—-w)"
fw (¢ — )" 'd, 5 = lq— oy (3.1)

equality holds.

Proof. Using the definition of right Hahn definite integral
u [ee]
[ 69 s =@ = u =0+ w Y g + (1= g =

w t=0

= (1=g)u=-0+w) ) q'(q'u-w)"
t=0

= (1= qu=) ) ¢ -
t=0

— (1 _ q)(u _ ‘Z})€3+1 Z q(f3+l)t
t=0

_ (1 -gu-#)!

1 _ q[3+1
O
Corollary 1. For any vy, ¢, € I, then the (3.1) becomes
4 o NG+1 o NG+
: . (1 =6y = W)™ = (v = W)=}
(e- W0 (d, ¢ = —— P00 s ! . (32)
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(1) Put {3 = 0in (3.2), then
{1
(¢— Vc{’)o qu,wS‘ =l — .

V1

(2) Put {3 = 1in (3.2), then

[ o
: . (& = v + € = 2w)
(6 =) 'dyus = —=—— "5 (3.3)

V1

(3) Using (3.3),

£ £ 4
f (S' - 5) qu,wg = (S' - "ci)) qu,wg + f (‘Z; - 5) fd‘l’Wg

Vi Vi Vi
_ E-vvi+€ - 2w)

+W =0 -v)

q+1
f—Vl o o o
= — vi+€-2Ww+w—{+gw—ql]
£—v o
=—Ltd—q)+vi - - (1 - W]
g+1
{—v .
:—q+f[f—vl+(1—q)(w—f)]
-1
= ——[(t—v)* = (L= v)w]. (3.4)
qg+1

(4) Finally, using (3.4), we have

4 L v
f ) [d‘I»Wg = f (g - 5) gdq,wg + f 4 qu’wg

_ b e _
= = 1[(5 v = —=vw]+ £ —v)
==V o

= o [—v—-—w—{g—{]
=y +lg+w)

g (3.5)

The Eq (3.5) is crucial to derive the new Hermite-Hadamard inequalities in the right Hahn
multiplicative calculus.

4. Right Hahn multiplicative calculus with respect to the point ¢ and related
Hermite-Hadamard type inequalities

Motivated by Definitions 9-12, we introduce the new definitions called the right Hahn multiplicative

derivative and integral, which are denoted by KDZ“ . and ‘(g, w)"-integral respectively.
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Definition 13. For any positive function Z with Z(g) # 0, then the right Hahn multiplicative derivative
or right Hahn *derivative of function Z at ¢ € R is written as:

Zgs +(1- gt - w))<

Pl Z(s) = ( Z©

Additionally,
EDZI wZ(s) = exp (Zb(q,w)(ln Z(g)))

holds for w = € = 0 and Z(g) is monomial, here fﬁ(q,w) is a right Hahn derivative which is defined in
Definitionl 1.

Definition 14. For any positive function Z, then the right Hahn *integral (‘(q, w) -integral) or right
Hahn multiplicative integral of Z from v to € can be defined as:

f Z() s —exz?( f (In Z(s)) dqwg) —exz?( f (In Z(s)) ‘dyus - f (In Z(s)) dqwg)

forg e [v,{].
Some basic results for the right Hahn multiplicative integral are following as below.

Theorem 9. For any positive and right Hahn multiplicative integrable functions Z and Y that are
defined on I with v < ¢ < € and n € ‘R, then we have

(1) [1 @6 s = ([ e ).

(2) fvf Z() ldys _ fvc Z() Cys . fct’ Z() ys.
(3) [} (@) His)) s = [1 Z(s) s [[ Y() s
qw§ ¢ Z(g) [dq’wg
y(g) f Y(<) Cdyys

Proof. These can be proved to be the same as Theorem 2.
]

Inspired by (2.2) and Definition 14, we construct the Hermite-Hadamard inequality and related
results in the right Hahn multiplicative calculus.

Theorem 10. If Z is a positive and log-convex differentiable function on [v, {], then

1

) (f (-Z(S')) qwc) ” < [(Z(V))é’—(ww) . (Z(g))q(é’—v)wv] (11+I)1(€—v) 4.1)

w+v+qgl
q+1

holds.
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+v+ql
Proof. As we can write that the supporting line of the function Z at the point % el is
q

w+v+q€]

Pl(g)_Z(w+v+q€)(z*(w+v+q€))( g+ 1

qg+1 qg+1

By the log-convexity of Z and for v < ¢ < £, it can also be written as

P](g):Z(w+v+q€)(z*(w+v+q€))g_
qg+1 qg+1

T N e

+1 +1 +1

w+v+gl
q+1

< Z(s)

Using the right Hahn integral from v to £ and using (3.5),

4 y .
J o {5 el (55
f ¢
g (f § s~ (£ - V)%) = f In(Z(¢)) ‘dyus
= ([ - V) 11’1 (Z(w)) + ln (Z* (M))
q+1 g+1

Ll
((5— )M (f—v)%iq{))s f In(Z(s)) ‘d

+1
— (=)l (z(%ﬁq‘))) < f IN(Z(e)) 'dyus
:1n(z(v”q++l"‘))) f I(Z()7 ‘d, 5.

Taking exponential,

£ |
z(%) < exp( f In(Z(g)™ qu,wg)

1

Z(W””f) ( f (Z(s‘))”"f”) - 4.2)
qg+1

Similarly, the equation of the line segment joining the points (v, Z(v)) and (¢, Z(€)) can be written as
a function is

z<>]5
Zm|

Since Z is log-convex, therefore ¥ ¢ € [v, £] we have

p(s) =Z(v )[

z<>]?.

Z(s) < pls) = Z(v )[Z( )
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Also
In(Z(s)) < In(p(s)) = ln(Z(v))+( )[1 (Z(0) - In(Z)].

Taking the right Hahn integral from v to € and using (3.5),

In(Z(£)) — In(Z(v))
{—v

£ {
f In(Z(s)) ‘d, s < f In(p(s)) ‘d,vs = (£ = V) In(Z(»)) +

4
X (f S [dq,wg - (f - V)V)

< (¢ = v)In(ZO)) + (In(Z(0)) — In(Z())) (W +v+ql ~ v)

+1

= (£ =) In(Z() + In(Z(0) - I(Z())) (%)

—(f— _ _ q w
= ({ =) In(Z(»)) + (£ = v) An(Z(0)) ln(Z(V)))(q+1 TS v))

qIn(Z(v)) _ win(Z())
q+1 (g+ D(—-v)

&-v)g+w
(g+ D -v)

= ((-v)|In(Z() + ( )ln(Z(é’)) -

L, In@Ze)  win(Ze) (= vg+w
B <q+1>(f—v>+(<q+1)<f_y))ln<z“’))]
P [l el aL—N+w

=(-v) g((q T V))ln(Z(V)) + ((q T V))ln(Z({’))]

={—-v)In [{Z(v)}f“"w . {Z(g)}q(t’—v)w]m

4

7=y In(Z(s)) vdg s < In [{Z(v)}f—v—w : {z(f)}q“—mqm ,

By using the property of the log function and the first case of Theorem 2, we will get

4 lev 1
( f (Z(c))vd‘“") < [lZop == Az T (4.3)

From (4.2) and (4.3), the desired result has become. O

Theorem 11. If Z and Y are two positive and log-convex differentiable functions on [v, €], then

Z(w+v+qf) (w+v+q5) (f (Z(S‘)) dyws f(y(g)) qg) ~
qg+1 qg+1

< [(Z(V) . y(v))f—v—w . (Z(f) . y(f))q(f—vﬂw] (q+1)1(l—v) (44)

holds.

Proof. The proof is similar to Theorem 5. m|
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Theorem 12. If Z and Y are two positive and log-convex differentiable functions on [v, €], then

w+v+gl) w+v+qgl ¢ s | ¢ [dq’wgiflv
z( o )y( o )s(fv(zw) .fvw@» )

< [@0): YN ZO: YO T @)
holds.
Proof. It can be proved as the same as Theorem 6. O
Remark 1. If we put w = 0 in all the newly obtained results, it will reduce to the results established
in [36].
5. Applications

First, we investigate Theorem 4 through an example and give a graphical representation that
supports our result.

Example 3. If we set a positive function Z(s) = exp(s) in Theorem 4 and use (2.1), then the following
cases can be obtained:

Casel. Letv=1,{=3,g=0.5,and 1 <w < 3, then

1
—v

t+vq - t S
exp( qvf ; w < f (exp(g))vdq,ws‘) < [(exp(v))w—(v—f)q . (exp(g))f_(W-H/)]((ﬁ- @)
1
35-w 7-2w\\? 14w ST
exp( G <|exp G < [(exp(l)) . (exp(3) )]
1
7-2 7 -2w)\? 1
exp|—3 d <|exp 1 5W < [(exp(1 + w)) - (exp(B(2 — w)))]?
1
7-2 7 —-2w)\\? i
exp|—3 Y\ < exp|— 5W < [exp(l +w+ 6 —3w)]3
7-2 7-2 7-2
exp 3 id < exp( 3 w) < exp( 3 W). (5.1

Case2. Letv=1,{=3,w=1.5,and 0 < g < 1, then we have

(€+vq—w
exp| —————

1
‘ ~ 1
< f (exp(g))” q,w§) < [(exp(v))w—(v—{’)q . (exp(f))f—(w-ﬂ/)](q+l)(f—v)
qg+1 y

1
2+2¢q

2 _ 1 2 _ 1 2 4q+3 1
exp( e exp(Zq—q)) <[ exp*®* - x|
(4q+3) (3)]

exp > - exp D)

1
2g — 1 2g — 1\\2
exp( 1 <lexp (2 1 )) <
AIMS Mathematics Volume 10, Issue 12, 30478-30506.
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2+2q

2-1\_ (2-1 44+ 6
ex S ex ex
P\a24) = P\2+ 24 P\

2 -1 2 -1 2 +3
)< < ) 52
exP(2+2q)—exP(2+2q)—exP(2+2q) (52)

The pictorial form of (5.2) can be seen in Figure 1.

4.5 1 —— Right side
—— Middle
Left side
4.0

W
wn

W
=}
L

exponential functions depend on g
Y Y
=} n
L

=
n
L

=
o
L

0.5 4

T T T T T r
0.0 0.2 0.4 0.6 0.8 1.0
q

Figure 1. Graphical representation of (5.2) that shows the accuracy of Theorem 4.

Now, we will give an application of the newly obtained inequalities that are used to find the range
of Hahn multiplicative integrals of functions that are very difficult to solve. For instance, the left or
right Hahn multiplicative integrals of Z(g) = exp(s?) are difficult to calculate. However, using the
Hahn multiplicative Hermite-Hadamard inequalities, we can find the lower and upper bounds of their
ranges:

5.1. The left Hahn multiplicative integral

From Theorem 4, we have

1

() < [ e o) <@z e

q+1

Taking power (€ — v),

_ (t-v) 1
(Z (%)) (f (Z(g))qu wS‘) [(Z(V))w+(€ v)q (Z(g))[ (w+v)] g+

’ L
() [ <™ e

AIMS Mathematics Volume 10, Issue 12, 30478-30506.
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+vg—w\ t Vg )
exp ((5 —v) (q—fl) ) < ( f (exp(s?) g) < [exp(P(w + (€ = v)g) - exp(E2(€ = (w + V)™ .
(5.3)
Case 1. Putv =1, =3and g = 0.5in (5.3), we have
7-2w\’ s 2
exp (2( 3 W) ) < (f (exp(g2))1d0'” g) < [exp(l + w) - exp(18 — 9w)]§
1
98 — 56w + 8w? 3 v 38 - 16
exp W ow < f (exp(gz))1do'5’ } < exp 207 oW . 5.4
9 1 3
Case 2. Putv=1,{=3and w = 1.5 1n (5.3), we have
2+ 3\ 3 iy 56 4g +3 9\|#
2 < 2y) ) < . Z
2555 < (] e s[esn(*5) (3]
9+ 12¢ + 44> fS 5 \1datss 2 +6
——— P < . 5.5
exp(2+4q”q2)_( en) T | < exp( T (5.5)

Graphic visualizations of the lower and upper bounds of (5.4) and (5.5) can be seen in Figures 2 and 3
respectively.

—— Upper Bound
300000 Lower Bound

250000

200000

150000

Bounds depend on w

100000

50000 -

T T T T T T T T T
0.00 0.25 0.50 0.75 100 125 1.50 175 2.00
w

Figure 2. Graphical representation of the lower and upper bounds of (5.4).
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400 4 —— Upper Bound
Lower Bound

350 A

300 A

]

v

o
L

Bounds depend on g
N
(=]
o
|

150 4

100 4

50 1

T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
q

Figure 3. Pictorial form of the lower and upper bounds of (5.5).

5.2. The right Hahn multiplicative integral
From Theorem 10, we have

1

(o) < f @) <[ @on o,

qg+1

Taking power (€ — v),

( - (w Fyv+ qf))“"”
q+1

< ( f (Z()™ f) [(Zop™ - @@y ]
w+v+agl )2 o < f [( ( 2))‘%@ < [( ( 2))[_V‘W - (52))q<f-v>+w]qil
exp e =\J exp(s < |(exp(v exp
2 ¢ ¢ €L
exp ((f -v) (w) ) < (f (exp(§2)) s ) [exp(v (€ —v—w))-exp(t*(q(t —v) + w))] "
q+1 v
(5.6)
Case 1. Putv =1,¢£ =3 and g = 0.5 in (5.6), we have
2 3 3 5
exp [2 (5 +32W) ) < (V[ (exp(gz)) do's’wg) < [exp(2 —w) - exp(9 + Iw)]3
2 3 3
exp(so i 409W + 8w ) < ( f (exp(gz)) do’s’wg) < exp (—22 +316w). (5.7)
1
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Case 2. Putv=1,=3andw = 1.51in (5.6), we have

6g+5\ 3 15
o35 ) ([ )

1
g+1

(1) (36q+27)
exp|=| exp| ———

2 2
25 + 60g + 364> f 5\ a6 18q + 14
< < _. .
exp( EY Ty )_( (eapeh) T < ewn | = (5.8)

Graphic visualizations of the lower and upper bounds of (5.7) and (5.8) can be seen in Figures 4 and 5
respectively.

—— Upper Bound
300000 Lower Bound

250000 -

200000

150000 A

Bounds depend on w

100000 -

50000 +

T T T T T T
0.0 0.2 0.4 0.6 0.8 10

Figure 4. Graphical representation of the lower and upper bounds of (5.7).

le7

-
~
a

1 —— Upper Bound
Lower Bound

Bounds depend on q
o o = = =
w ~ [=] [ w
o w o w o

e
[N}
v

0.00 4

T T T T T T T T T
0.00 0.25 0.50 0.75 100 1.25 1.50 175 2.00
q

Figure 5. Pictorial form of the lower and upper bounds of (5.8).
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6. Concluding remarks

In this article, we established new definitions for derivative and definite integral, known as left Hahn
multiplicative derivative and definite integral in the Hahn multiplicative calculus. We also obtained
basic results for this recently defined integral. The left Hahn multiplicative Hermite-Hadamard
inequality was developed and we gave an example that endorses the correctness of this inequality.
After that, we derived the product and quotient of the left Hahn multiplicative Hermite-Hadamard
inequalities. Furthermore, we provided new definitions for the derivative and definite integral in the
Hahn calculus, allowing us to construct further definitions for the right Hahn multiplicative derivative
and the definite integral in the Hahn multiplicative calculus. In addition, in order to help us derive
the right Hahn multiplicative Hermite-Hadamard inequalities, we constructed the power rule of the
recently defined definite integral in the Hahn calculus. We concluded by providing an example of how
the recently developed Hermite-Hadamard inequalities can be used to determine the lower and upper
bounds of the range of functions whose Hahn multiplicative definite integrals are extremely challenging
to find. These newly obtained definitions, as well as the results in Hahn multiplicative calculus, will
play a key role in finding further inequalities. For example, this article can assist in deriving the Hahn
multiplicative midpoint-type and trapezoidal-type inequalities in future research. Moreover, it would
be helpful to merge the research of generalized quantum multiplicative calculus and advanced research
in number theory [37].
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