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Abstract: This paper investigates the fixed-time consensus control problem for strict-feedback multi-
agent systems based on reinforcement learning. First, under the observer—critic—actor framework,
neural networks are applied to the observer to address the issue of unmeasurable system states
and nonlinear functions. Furthermore, based on the backstepping method, a reinforcement learning
algorithm is constructed to obtain the optimal control input, which is then evaluated and optimized
by the critic—actor network to derive an approximate optimal control input. Second, by constructing a
Lyapunov function and utilizing the boundedness of the critic—actor network matrix trace along with
Lyapunov stability theory, the fixed-time consensus of the system is proven. Finally, the effectiveness
of the algorithm is verified through numerical simulations.
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1. Introduction

For decades, the study of multi-agent systems (MASs) has been a major focus of academic research.
As a subfield of MASs, multi-agent cooperative control has found extensive applications in spacecraft
formation flight [1], smart grids [2], and vehicle systems [3,4]. Consensus control is the core of multi-
agent cooperative control. Its main purpose is to achieve the unification and coordination of each agent
within the group under specific states or attributes, thereby enabling better communication among the
agents. With the continuous deepening of research, certain specific types of MASs, such as nonlinear
strict-feedback MASs, have gained significant attention due to their strong robustness and distributed
computing capabilities. However, the nonlinear functions in these systems are often unknown. On the
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other hand, neural networks (NNs) and fuzzy logic systems (FLSs) demonstrate unique advantages in
approximating unknown functions due to their powerful nonlinear mapping capabilities, self-learning
characteristics, and strong generalization abilities. Thus, in recent years, the use of NNs or FLSs to
approximate unknown nonlinear functions in strict-feedback systems has attracted growing research
interest. In the literature [S], NNs are used for the construction of observers and the approximation
of nonlinear functions. The literature [6] established sufficient conditions for achieving consensus in
MASSs without Zeno behavior by combining neural network technology with backstepping control. In
literature [7, 8], for nonlinear multi-agent systems subject to output constraints and denial-of-service
(DoS) attacks, the problem of unknown nonlinear functions is addressed using fuzzy logic technology,
and it is proven that the system can achieve an adaptive fault-tolerant consensus. Furthermore, if a
control algorithm can be designed to reduce the convergence time of a strict-feedback multi-agent
system to a desired value, the system will then be able to stabilize near the equilibrium point within
a preset time. Subsequently, this complex nonlinear strict-feedback system will demonstrate higher
convergence accuracy and stronger anti-disturbance capability.

Although finite-time (FT) consensus can ensure that the system converges to a stable state within
a predetermined time, its convergence time depends on the initial values of the system [9, 10]. On
the one hand, the convergence time may significantly increase as the initial state deviates further from
the equilibrium point [11], This may prevent the system from meeting the predefined rapid-response
requirements, especially when the initial deviation is large. Moreover, if the initial state of the system
is unavailable, it becomes impossible to accurately estimate the convergence time or ensure that the
system stabilizes within the preset duration [12]. To address these challenges, Polyakov introduced the
concept of fixed-time (FxT) stability in [13]. Compared with finite-time stability, its advantage lies in
that the convergence time of the system is determined solely by the control input and is independent of
the initial state. The literature [14] investigated adaptive FXT optimal formation control for uncertain
nonlinear multi-agent systems, while [15] studied the FxT consensus problem for a class of second-
order nonlinear multi-agent systems under actuator faults, proposing a fully distributed controller that
enables the considered MASs to achieve consensus. In [16], a FxT state observer was employed to
estimate the leader’s state, and a nonsingular terminal sliding mode adaptive controller was designed
to enhance system robustness and improve tracking accuracy. In [17], an edge-based adaptive control
protocol was proposed to solve the FxT consensus control problem for nonlinear leader—follower multi-
agent systems. This protocol allows for more accurate assignment of time-varying weights to different
communication edges. Research on FxT consensus control is often combined with systems such as
leader-follower multi-agent systems, second-order nonlinear multi-agent systems, and heterogeneous
multi-agent systems [18]. However, achieving a consensus achievement of strict—feedback multi-agent
systems relies on accurate feedback of the neighbors’ states, while FXT control requires precise global
synchronization as a prerequisite. Therefore, the integration of FxT consensus control with strict-
feedback multi-agent systems remains an underexplored research area. In light of this gap, establishing
a FxT consensus for such systems carries substantial theoretical importance and practical relevance.
If a more powerful control input can be obtained, it can not only shorten the system’s convergence
time but also reduce the deviations in the convergence states of each agent. In existing research, the
acquisition of such optimal control inputs is usually realized by constructing reinforcement learning
(RL) algorithms.

Optimal control based on RL was first proposed by Werbos in the literature [19]. The application of

AIMS Mathematics Volume 10, Issue 12, 30271-30306.



30273

RL algorithms to strict—feedback systems has since become a hotspot in control theory research [20—
23]. In [23], for nonlinear strict—feedback multi-agent systems with actuator faults, an adaptive RL
algorithm was proposed to effectively compensate for the impact of such faults. In [24], for a class of
nonlinear strict—feedback systems with unknown functions, the backstepping method was integrated
into the RL algorithm. By constructing virtual controllers and actual controllers, the global optimal
control of the system was achieved. In [25], an adaptive RL algorithm was developed for strict—
feedback multi-agent systems with time-varying bias. This algorithm was specifically designed to
compensate for the lack of state information and obtain control inputs, thereby achieving the optimal
control. In [26], an observer and an error derivative-based objective function were constructed, leading
to an improved optimal backstepping control method. This approach resolves the issue where the
optimal control input derived from a cost function with exponential factors fails to ensure asymptotic
error stability. In [27], a RL algorithm was proposed to address the H,, consensus problem for discrete-
time multi-agent systems under DoS attacks. The algorithm can obtain the target gain matrix without
requiring knowledge of the system’s dynamics. Numerical simulations demonstrate that in the presence
of actuator faults or DoS attacks, the designed RL algorithm can mitigate their impacts on the multi-
agent system and ensure the smooth achievement of consensus. RL algorithms have also been applied
to reduce systems’ convergence time. For example, applying RL algorithms to finite-time consensus
control in MASs helps shorten the time required for the systems to achieve convergence [28, 29].
However, as previously discussed, FT control is limited by its dependence on the system’s initial
conditions. Therefore, combining RL algorithms with FxT consensus control for MASs is of significant
research importance. On the basis of ensuring that “the system is independent of initial states”, it can
further reduce quality deviations, lower control energy consumption, and thereby achieve the dual
goals of both fast convergence and optimal control.

In summary, this paper investigates the FxT consensus problem for strict-feedback multi-agent
systems by integrating a reinforcement learning algorithm with neural network observers. By using
observer—critic—actor networks to obtain the optimal control input, the time required for the system to
achieve FXT convergence is shortened. The main contributions are as follows.

(1) Unlike the critic—actor network frameworks proposed in [23-25, 27] that primarily focus on
evaluating and tuning the derived optimal control input, this paper analyzes the conditions for the
existence of a minimum residual in the Hamilton—Jacobi-Bellman (HJB) equation. This analysis
provides a basis for enhanced evaluation and adjustment of the optimal control input.

(2) Within this critic—actor framework, by introducing an unknown nonlinear function to determine
the dimension of the framework, the originally high-complexity vector operations can be effectively
reduced to scalar computations. This transformation further enables the derivation of an upper bound
for the trace of the critic—actor network weight matrix. Compared with the methods in [18,23-25,29]
that do not account for the network’s dimensions, the weight matrix obtained by our method achieves
higher stability.

(3) For this RL algorithm, we have developed an objective function that incorporates both the error
and its derivative terms. By constructing a Lyapunov function and performing differentiation. This
function demonstrates greater stability than those in [18,24,29]. Subsequently, numerical simulations
verify that the optimal control input derived from the algorithm exhibits high stability. Furthermore,
the process of proving FxT stability validates that the proposed algorithm can shorten the convergence
time for MASs to achieve FxT stability.

AIMS Mathematics Volume 10, Issue 12, 30271-30306.



30274

Notations. The following notations are used throughout this paper. Let R denote the set of real
numbers, R” stands for the n-dimensional Euclidean space, and RV*" represents the N x N dimensional
real matrices. Let AT represents the transpose of the matrix A. I, is an n-order identity matrix,
Oy € R™¥V is a vector with all the entries being 0, diag{...} represents a diagonal matrix, and 1y
represents (1, 1,..., 1), A,;,(M) represents the minimum eigenvalues of a symmetric matrix M.

2. Preliminaries and model description

2.1. Graph theory knowledge
The communication topology of a MASs is described by an undirected graph G = (V, E, A), where

V = {vi,va,...,v,} is the set of nodes, E C V X V is the set of edges between any two nodes, and
A = [a;jluxn 1s the adjacency matrix of the system. If (v;,v;) € E, then there is an edge connecting
node v; and node v;, denoted as g;. When &;; € E with i # j, we have a;; = 1; otherwise,

a;j = 0. Since G is undirected, the adjacency matrix is symmetric; that is, a;; = aj; for all i, j.
The Laplacian matrix of the system is defined as L = A — A, where A is the degree matrix, given by
A = diag (Z’}zl aij, Z;f:l azj, ..., Z;f:l a, j). Since the graph under consideration is undirected and
connected, the associated Laplacian matrix L is symmetric and positive semi-definite. A diagonal
matrix D = diag(d;, d>, .. .,d,) is used to characterize the information exchange between the followers
and the leader. Specifically, d; = 1 if the i-th follower exchanges information with the leader; otherwise,
d,‘ = O

2.2. System model
Consider the following nonlinear strict-feedback system:
Xi j(1) = X j+1(0) + fij(%i, (1)),
Xin() = wi(t) + fin(Xin(0),

yi(t) = x;,1(1),
i = 1529"' 9N9j: 1929”' 9n_1a

2.1)

where X; (1) = [xi1(0),+ ,xi ;)] € R and %;,(t) = [x:1(2), -+, x,(t)]" € R" denote the state
vectors of the system. Except for x;(#), all other system states are unmeasurable. Here, f; j(X; ;) (i =
1,2,---,N; j=1,2,--- ,n) represents the nonlinear functions of the system, u;(f) denotes the control
input of the system, and y;(¢) stands for the control output of the i-th follower.

Assumption 2.1. [25] The output of the leader in the system, y,(t), and its arbitrary-order derivative
yg)(t) are both continuous and bounded.

Lemma 2.1. [30] For arbitrary wi,wy,---,w, € R, 0 < p < 1, and 1 < g < +oo, the following
inequality holds:

(X wi? < T, wil? < n'P(E wiD)?, 2.2)
n T wiD? < B wil? < (E1L wil)?.
Lemma 2.2. [29]Ifx,y € R and a,b,c > 0 hold, the following relationship exists:
biy|c ab bre | €A ° pic
< — + — . 23
Ix”Iyl® < b+c|X| b+c|yl (2.3)
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Lemma 2.3. [30] Consider the following dynamic system:

{x(r) = f(t, x(1)), (2.4)
X(O) = Xo,
where x(t)=[x,(t), x2(1), - - - , x,()]'€ R", and f(t,x(t)) € R* x R* — R" is a nonlinear function with

the initial value f(0) = 0. It is assumed that there is a function V(x;(t),t) satisfying V(x;(t),t) > 0 and
V(x) = 0 & x = 0. The derivative of this function, V(x;(t), ), satisfies:

V(xi(£), ) < —aV (x(0), 1) — bV (xi(1), 1) + 7, (2.5)

where a,b,t > 0, c € (0,1), and d € (1,+c0), it can be concluded that system (2.4) is practically
fixed-time stable, and there is a convergence time T (xy) satisfying:

1 1
T < Thux = + , 2.6
(o) < ak(1-b)  cx(1—d) (26)
where k € (0, 1). The residual error set of the system is
{ lim xV(x(0),1) < min{a—i( Lyt pa(— )é}}. @.7)
1=T (x0) I -« 1 -«

Lemma 2.4. [31] For a positive continuous function U(t) with a bounded initial value U(0), if its
derivative satisfies. U(t) < —sU(t) + k, where s and k are positive constants, then U(t) satisfies the
Jollowing:

U(r) < —e"U(0) + %(1 ) (2.8)

2.3. Optimal control theory

The dynamic equation model for a nonlinear system is as follows [14]:

x(0) = u(x(®) + F (@), (2.9)

where y € Q € RY denotes the state of the system, u(y) € R represents the control input of the system,
and F(y) € R¥ x R* — R denotes the nonlinear function of the system. The optimal control design
entails the synthesis of a control input u(y) over the set Q (which contains the origin) to achieve the
optimization of a predefined performance index. The objective function is designed as follows:

J(y) = f R(x (1), u(y(1)))dr. (2.10)

The integrand is designed as R(x(7), u(x(7))) = Q(y) + G(u(x)), where the function Q(y) is positive
definite and satisfies Q(0) = 0 if and only if y = 0. G(u(y)) is a continuous function with respect to the
control input u(y) defined on the set Q.

To solve the optimization problem, the first step is to minimize the objective function. Next,
the minimized objective function is used to construct the Hamilton—Jacobi—Bellman (HJB) equation.
Finally, the optimal control input u*(y) is derived from the HIB equation. The main process is as
follows.
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Minimize the following objective function:

S0 = I)l(flegl f ROy (1), u* ((1))dx. (2.11)
Construct the HIB equation using J*(x) as follows:
aJ*
H (y,u*,J*) = R(y(1), u* (x(1))) + S (X)S()() =0, (2.12)

where S (y) is a continuous function defined on €, whose formulation involves Q(y). The optimal
control input u,(yo) is then derived by considering the partial derivative of the constructed HIB
equation with respect to u, and setting it to zero (W =0).

2.4. The neural network state observer design

The design of the NN state observer is mainly aimed at solving the problem of unmeasurable states
in the system (2.1). NNs are used to approximate unknown functions, and the approximate results are
applied to the design of the observer. To realize the observer design, the basic principles of NNs are
obtained from the literature [32] and applied to the observer design.

Lemma 2.5. If f(x) is a continuous function defined on a compact set Q, then there exist w*, Y(x), and
€(x) such that the following equality holds:

f) = 0Ty(x) + e(x), (2.13)
where €(x) > 0 denotes the approximation error. There is a € > 0 such that ||e(x)|| < € holds.
Morover, w* = [wy,ws, -+ ,ws] € R* is the optimal weight vector and ||w*|| < @, > 0. Y(x) =
[W1(x), -+ ,Ws(x)]" € R® is the activation function vector, which is defined as

—(x = )" (x = )
Yi(x) = exp 7 , (2.14)

where u; and n; are the center and width of the activation function, respectively.

Since there exist unknown nonlinear functions f; j(x;;) (i = 1,2,--- ,N, j = 1,2,--+,n) exist in
the system (2.1), we can approximate these nonlinear functions using the approximation principle in
Lemma 2.5, and the results are as follows:

fii(Eip) = W i (%) + €51y (2.15)

where W i Wi (%), and € ; represent the weight vector, activation function, and approximation
residual, respectively.
Rewrite the system (2.1) as follows:

X j (1) = X j1 (1) + w}iT,jlﬁfi,j(fCi) + €fi s
Xin(t) = ui(t) + wjl{nlﬂ fin(Xi) + €fin,
yi(®) = x;1(2),

i=1,2,- N,j=1,2-,n—1.

(2.16)
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Construct a NN observer as follows:

X0 j(0) = R 1 () + OF, W51 /(%)
Xin(t) = ui(0) + OA)J{M‘/’ fin(Xi),

Ji®) = %1 (0),

i=1,2,- N, j=1,2,-,n—1,

(2.17)

where %; ;(#) and Wy; ; are the observed values of x; ;(f) and w;;l.’j, respectively. Further, rewrite Eqs (2.16)
and (2.17) in the following forms:

- . o )
H; = AiH; + Biy; + Xy Qw5 Wi j(X) + Kuui + €, (2.18)
yi = Cxiy,

A _ A ~ n AT = ‘
{fli = AjHi + BYi + 2oy Qi iy Wi j(%) + Ky, (2.19)
Yi = Cxi;.

For the SyStem (218)’ where Hi:[xi,l’xi,Z’ e ’xi,n]T’ C:[l’oa e ’O]nxl’ Ei:[ei,l, e ’Ei,n]T’ Kn =

[0,---, 117 |, Bi = Wi, Wi, -+ swin)” ,and Q;; = [0,..., 1,...,0]% , define the matrix A; as follows:
\V/—/

—Wi1

The system (2.19) is the observation result of the system (2.18), where H = [Zi1, %2, , %ia]". Define
the observation error e¢; as follows:

N A

T — a
€ = [ei,l, T ,ei,n] =H -H; = Xin = Xins (2.20)
where X;,, = [Ri1,- -+ %ial”.

By combining Eqs (2.18)—(2.20), we can obtain:

e = Ae; + Z Qi j@yi jW i j(%ij) + € (221)

=1
where @i j = @i j — W, ;. Define &y j as follows:
Wpij = _Hi,jijfi,j(xi,j)wfi,j()_ci,j)@fi,j' (2.22)
Heres, 6, (i = 1,--- ,N, j = 1,---,n) is a positive constant. By selecting an appropriate vector B;,
the matrix A; can be made a strictly Hurwitz matrix. Choosing a positive definite matrix Q; = Q7 > 0
and a symmetric matrix P; = P!, we can obtain the following Riccati equation:

AlTPl + PA; = _2Qi- (223)
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3. Convergence analysis and main results

3.1. Boundedness proof

In this section, we prove that the observation error is bounded on the basis of Lemma 2.4, discuss
its impact on subsequent reinforcement learning algorithms, and elaborate on how to reduce such error.

Theorem 3.1. Assuming that the update law (2.22) holds, it can be concluded that both the observation
error e; and @y; j are bounded. Moreover, by selecting appropriate observation gain coefficients w; ;,
the observation error e; can converge to the desired precision level.

Construct the following Lyapunov function:

N
V() = = Z ' Pie; + %ZZ@Q,J@J{L,, 3.1)

according to Eq (2.23). Taking the derivative of V yields:

V() < Z el Pi(Ae; + Z Qi@ (%)) + €)

j=1

N
~T T /= - N~
+ Z @i W fi j(Xi W i (i Yy,

i=1

N
1
<> 5e Sl (ATPi+ PiAe, (3.2)
N

Z TP (Z Q’ jwflJ"l’fl](XIJ) + Ez)

n

Mz

ol T /= - \A
Wy ]91 ]lﬁﬁ,j(xi,j)l//fi,j(xi,j)wfi,j-
i=1 j=1

According to Young’s inequality, the following formula can be obtained

e Pi&; < |PIIPE” + lleill, (3.3)
0 <y, (%, j)lﬁfij()_Cij) <l (0 <li<1), (3.4)
(I)j;i,jl/ljz](xl])'ﬁflj(xlj)wflj = 21 wfljwfl] 21 wjt]wflj zlia);i,ja)fi,j’ (3.5)
el P, (Z Qi@ U (%) < —||P [ Z @ @iy + qlleil. (3.6)

J=1 J=1

Substituting (2.22) and (3.3)—(3.6) into (3.2) yields:

N N N n

. 1

V() <= Dun@lleilP + " lled? + > qlled = > ;5 0: 0}, s
i=1 i=1 i=1

i=1 ,]

=

(3.7)

N n

N n
1 o 1
+ 0 PP D@5, 1+ ) D 5000107 + Z I1P1%E
i=1 j=1

i=1 j=1
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Further rearrangement yields

N N n
V()<= dolled? = D" o, g + Mo, (3.8)

i=1 i=1 j=1
where we let g = min {9 = Apnin(Q:) — 1 — g}, and let ,uo = 11080 - l||P0||210 be the minimum value
of 31,6;; — —||P||21 fori = 1,2,--- ,N. Given 3~ L X 5l flj Wy i+ SN IPIPE < My, take 7y =

min {/10, ,uo} To summarize, Eq (3.8) can be rewritten as
V(1) < —1oV(t) + M,. 3.9

According to Lemma 2.4, we have V(f) < —e ™V(0) + Af—(?(l — e ™, Thus, V(¢) is bounded and
Theorem 3.1 is proved.

Remark 3.1. From (3.9), we can see that the magnitude of My affects the size of the error. To minimize
the error as much as possible, we need to reduce the value of YN, P 2l wfz} 'Tha >V IPilI*€.
This can be achieved by reducing the number of network layers and neurons to decrease the number of
parameters. Thus, we adopt a one-dimensional vector wy; ; € R™'. Additionally, we reduce the value
of l; (referring to the results in [29], where I; < 1, and minimize the error ||ey; j|| by setting

0- = arg mln {SUP ”a)f; Jl//fl]('xl]) ﬁ,j()_ci,j)”} 5

Wy €% | zeS
Q; is the set containing all wy; j, and S is the set containing all % ;. Let|les; jl| < & < o7 ;

Remark 3.2. As indicated in Section 2.3, the core objective of the RL algorithm is to obtain the optimal
control input, which essentially refers to the minimum control input. When the control input reaches the
minimum value, resource consumption is also minimized, and the control input achieves the most stable
state at this time. To achieve this goal, we need to find a sufficiently small cost function, so we usually
select a cost function that includes an error term, and its minimization is relatively straightforward.
Herein, we only prove that the error is bounded, meaning there is further room to minimize the cost
function. We can reduce the error by decreasing the value of My and increasing the value of 1.

3.2. Selection of objective function
Define the following coordinate variables:

n

21 = ) au@i =9+ dii =y = 1, ,N), (3.10)
k=1

gi1 = Xi1 — Ya, (3.11)

gij=RXij=06;,,(=2-,n). (3.12)

Here, 6jfj denotes the virtual control input, with 67, = y; and Szn = it7, and 3;‘ i is the observed value
of the virtual control input.
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Differentiating Eqs (3.10)—(3.12) also yields:

N
Zia = 71 (Rig + O Wyin = Ya) = Z a;k8i,15 (3.13)

i=1
8ij = Rijo1 + Of Wiy — 67 (3.14)
According to the optimal control theory in Subsection 2.3, to obtain the optimal control input, we need
to minimize the objective function and construct the HIB equation. Therefore, the selection of the

objective function is crucial. The optimal objective function will be constructed below, based on the
coordinate changes in Eqgs (3.10)—(3.12).

Remark 3.3. In this process, the backstepping method is employed to solve for the optimal control
input 6; . The core idea of the backstepping method lies in backtracking the problem on the basis of
the assumed validity of the result. Since we need to prove the convergence of Eqs (3.11) and (3.12), the

backstepping method allows us to derive X; j — 61’.fj_1. Therefore, during the derivation of &; 7 5;51'—1 is

used to replace X; j for calculation.

(1) Based on g; ; and ¢;

.j» the objective function J'(g; ;, 6; ) is as follows:

(g 01)) = f (2,00 + 62,00 (3.15)

Minimizing Eq (3.15) yields:

1" (g31:61,) = i f (62,00 + EX00)dy. (3.16)

Here, the set €, contains the origin and all real control inputs 6, ; (i = 1,--- , N, j=1,---,n). Further,
the HJB equation is constructed as follows:

0760, _ oo, g, 98100

Hlx(gi,j’ 5i,j, ; ;
0gi.j N I 0gi;

gi;=0. (3.17)

Taking the partial derivative of Eq (3.17) with respect to the control input, one has

1 3J1X(gzp lj)

, (3.18)
0gij

" (li'+d,', =1,
where 71; ; = {?JTI 2’J ; /
7]: ) "“an

(2) Based on g; ; and g; ;, the objective function Jz(g,-, j»&ij) 1s as follows:

Pging) = f (62,00 + &,00)d. (3.19)

Minimizing the objective function yields
T (i &1j) = min f (gi,00) + &7 ,00)dx. (3.20)
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Constructing the HIB equation yields
ajzx(gi,j, 8ij) .

AJ*(gij» &ij
(8ij 8,1)) Ry — oM e =0, (3.21)

H*(g; .6, s it &
0gi, j " "/ 0g;, j

Taking the partial derivative of Eq (3.21) with respect to the control input and taking the optimal control
input value 67 at its minimum point, we obtain:
1x 5

6= _%ﬂl_’jm%w — O i + S (3.22)
Remark 3.4. The core process of deriving the optimal control input is to minimize the objective
function, where the minimization mainly refers to minimizing the control input 6;;. Therefore, the
objective function must contain 6;;. Unlike the first cost function, which directly minimizes ¢, j, the
second cost function minimizes g; j» which includes 6; ;. As a result, the optimal control input derived
from the second objective function exhibits a more complex structure compared with that obtained
from the first one. Nevertheless, the second formulation incorporates a broader set of factors, leading
to a control law that better aligns with the design expectations. To validate this claim, the following
analysis will evaluate both objective functions in terms of non-negativity, boundedness, and stability.

For the first objective function, its non-negativity is obvious, so we consider its stability and
boundedness. We construct a Lyapunov function related to the objective function and use the Lyapunov
stability theory for the proof. The selected Lyapunov function is as follows:

Vi =J} (81, 61))- (3.23)

It is always greater than 0. Taking its derivative with respect to time ¢ yields

0J! (g :,0; oJ! (g::,0::) 8e: ;. OJ. . oJ!.
V1 — l,.,(g »J ,]) _ z,j(g sJ ,j) (98:,,1 — i,] ((:)T lﬁﬁj _ Sx ) _ l(i)z (324)
ot dgi; ot Ogy; MUY T 20ag;
. 1 5-/,'1 \° . . 8]1.1 (AT .
We can only determine that —5(@‘?) < 0 holds, but cannot judge the sign of @’; (w iV rig — 5?5,‘—1)'

Therefore, the stability of the first objective function Jl.l, /(8i,j,0i,) cannot be determined. Similarly, its
boundedness cannot be determined.

For the second objective function, its non-negativity is also obvious due to the presence of squared
terms and the characteristics of the integral interval. Similar to the first objective function, we align
construct a Lyapunov function to discuss its stability and boundedness, as follows:

Vo = Jz(gi,jaéi,j)v (3.25)
V, > 0 holds. Taking its derivative yields:

0J%(gij,0i;) 0gi; 10]!‘2‘
_ 09781, 91)) 98ij _ L Zin (3.26)
ag,-,j ot 2 8gi,j

2

From Eq (3.26) and Lyapunov stability theory, it can be concluded that the second objective function
Jl.% (8i,j,0i) tends to be stable. The boundedness is also guaranteed.
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Remark 3.5. Compared with the first objective function J'(g;;,6;;), the second objective function
J*(gij» 6, ;) has its non-negativity, boundedness, and stability all guaranteed. In the process of deriving
the optimal control input 6; j, the core is to minimize the objective function to achieve the minimization
of the control input; however, reducing the error (g, ;) is also a crucial task. It can be observed that
the construction of the objective function is inherently linked to both the tracking error and the control
input. This is primarily because minimizing the objective function requires concurrently reducing the
error g ; and optimizing the control effort 0; j, which together constitute the desired design objectives.
Therefore, the objective function must include either the error and the control input directly or terms
containing the control input. Meanwhile, we need to consider the entire optimization process, and the
existence of the integral sign avoids achieving only instantaneous optimality.

Remark 3.6. The first objective function has been presented in many works such as [7, 24, 25, 31].
Moreover, it remains the most frequently adopted form of objective function in the related literature. In
contrast to previous studies, this work further analyzes the objective function from the perspectives of
non-negativity, boundedness, and stability. However, its stability cannot be determined, so we propose
a second objective function with stronger stability. Its advantages lie in enhancing the robustness of
the system; moreover, a stable objective function can make the optimization process smoother, avoid
falling into local optimality, and shorten the convergence time.

4. Reinforcement learning based on objective functions

In the previous section, we selected an objective function that is suitable for the feedback system in
this paper. In this section, we will derive specific optimal control inputs using this objective function.
We will divide the process into n steps, thereby obtaining n optimal control inputs 67 .

Step (1). The selected cost function is

mem=f (22,00 + 82100) dx. @.1)

Minimizing the objective function yields J*(g;,5;1) = min | o (zlz 0+ g?l) dy.
i, j€82x ’ ’

According to the minimized objective function, the resulting HIB equation is:

0J (zi1, &in) .
o i) = 2 + g + LG8, g 4.2)
’ ’ 821’,1
Substituting Eqs (3.10) and (3.12), using the backstepping method where x; ;.1 — &; ;, and taking the
value of ¢;; at the point where %‘_'l’g”) = (, we obtain:
A . 0J"(zi1, 8i1)
265, + W Wpin — Ya) + Mg ———— =0, (4.3)
(92,', 1
N I 0J%(zig, &) . .
il = _Eﬂi,j 071 = Wy Yrin + Va 4.4)
Next, we will reconstruct 6](52—118‘) as follows:
I (zi1,&i1)  2mia 2viy _ 2 I .
5 = (81808 + ——(8,81)" " gin + 481 + ——hiy (xi) + —J7, (4.5)
<i,1 7,1 T T i1

AIMS Mathematics Volume 10, Issue 12, 30271-30306.



30283

” _ 5Jx(Zi, » 8, )
JU = _277i,1(gzlgi,l)gi,l - 2Vi,1(g,-T,18i,1)p lgi,l —4gi1 —2h;1(xi1) + ﬂi,l—azl - . (4.6)
i1
Substituting Eqgs (4.5) and (4.6) into Eq (4.4), we have
X T T p-1 1 X1 ~T .
51’,1 = —Ui,l(gi,lgi,l)gi,l - Vi,1(gi,1gi,1) 81 —28i1 — hi(xiy) — EJ - wfi,llﬁfi,l + Ya, 4.7)

where 1;; and v;; are both positive constants (i=1,2,--- ,N) and P € (0, 1).

Remark 4.1. Note that h; (x;;) is an introduced unknown nonlinear function. Its introduction is to
ensure the unknownness of J*' so that NNs can be used to approximate J*', thereby handling the partial
derivative term M(gz—‘gl) In the process of approximating J*', two weight vectors &,;1 and &1 will
be obtained, which are crucial for us to achieve the FxT consensus of the system.

For the unknown nonlinear functions A;;(x;;) and J*', by combining them NNS to approximate
them, we can obtain

T
hig(xin) = wp  Wna(Xin) + €15 (4.8)
T
JU = a)jl lﬂ]l + €, 4.9)
where w; € R™™, w;ITGRm‘ZX", Ut = Waoat Wiz Wi )sand =01 oW m .

Substituting them into Eqs (4.6) and (4.7), we obtain

6 =—mia(gl 18081 — vir(gh18i)" ' it — 2811 — @)JTq,ll//fi,l + Ya

1 (4.10)
*T =T
- wh,lwh,-,l(xi,l) — €l T F Wy, WJI - <€,
i 2 2
0J*(Zi1, &) 21 2vi; _
9 = (gglgi,l)gi,l +4gi1 + —(gflg,-,l)” 18[,1
Zil i1 i1 4.11)

2 oT 2 1 oT
+ —wp WYna(Xi) + —€1 + —w; Y+ —¢€,.
i1 il Tl i1

Next, the control performance is evaluated on the basis of the following critic network

0T (zi1, 8i1) 27 2vii _
= (giT,lgi,l)gi,l +4gi1 + ﬂ__'l(giT,lgi,l)p lgi,l

91 i (4.12)

2 2 1,
+ —wp W (Xin) + — €1 + — (O 1Win),
1 Tl Tl

where @.;; denotes the weight vector of the critic network, and its update law satisfies the following
equation:
Weiy = ~Peinit¥i  Dei- (4.13)
Next, we construct an actor network based on NN technology:
6 == mia(g 1808 — via (g8 gin — 28i1 — @JTq,ll//ﬁ,l
. «T 1 ., (4.14)
+ Ya — Wy Wi (Xig) — €1 — E(wai,lwi,l),

where &, 1s the weight vector of the actor network, and its weight update law satisfies the following
equation:

. 1
Waiy = Bain Wil (@ain — Ea)ci,l)- (4.15)
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Remark 4.2. Note that m, denotes the structural dimension in the critic—actor network, i.e., the
number of neurons. The structural dimensions of the critic’s weight and the actor’s weight obtained
after evaluating and adjusting the optimal control input should have the same dimension, i.e., &.;, €
R™2>X" and &,;1 € R™M>™. It can be seen that when the critic—actor network evaluates and adjusts the
optimal control input, it actually acts on J*'. Since J*' already covers all quantities of 67 p s sufficient
to evaluate and adjust J*'.We mainly use the critic—actor framework to evaluate and adjust the control
input 6;,. The critic framework evaluates the value of the control input, while the actor framework
adapts its parameters online in response to this evaluation, thereby enabling the generated control
input to achieve superior performance. Here, 3?"1 is the control input obtained after evaluation and
adjustment by the critic—actor network. Next, we use the Bellman residual to analyze the rationality of
the obtained weights of the critic—actor network.

Define the Bellman residual as
Eiy = Hzi1, 8i1) — H'zig, &i1) = H(Zi1, 811, (4.16)

where H*(z; 1, &) is the HIB equation obtained by substltutlng I, ‘lg’ Y and 5x into H*(z; 1, g1)- The

selection of &,;; 1s such that, on the one hand, the Bellman remdual E;; O, and on the other hand,
6E, 1
Oain

Eiy =22, + (-1i1(8h 1800801 — vin(gh 80" gi
1

1
T AT 2
~ 581~ Wy W1 (Xit) — €n1 — E(wai,ll//i,l))

211 2vi) _
+ (== (gl &g + —=(gl 181" ' gi
T Tl
2 2
+agi + —w 1 (x) + —e,
gil i1 whi,lwh,,l(xt,l) i €n; 1 (417)
L
+ ﬂ_(wLTj,lWi,l)][_ni,l(g{lgi,l)gi,l
il

T —1 AT . T
—vi1(8i18i1)" 8in — 28i1 — Oy Wit + Ya — wp 1 Yn1(Xi1)
| N
AT AT ~ d
— €p1 — i(wai,l%,l)ﬂi,l + Oy Yrin — Z ai ik — diyal.
P

The specific form of 5 f:;‘l = 0 is obtained as:
O0E;, 1 T
— = = i : Aa[ —AC,' :0. 418
Doy 2’70,1%1’,,1(60 1~ Weit) (4.13)
Let Wi 1 = Wai; : — =(0and & a)a, 1 = =Bl BAW_" The update law for the weight vector is obtained as:
5 T A 1,
Waiyy = =BainWiry | (Dain — Ewci,l)- (4.19)

The weight update law for the actor network is derived on the basis of the Bellman residual, while
the update law for the critic network is subsequently designed in dependency on the actor’s weight
adjustment. This coupling stems from the fact that within the critic—actor framework, the evaluation
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and refinement of the optimal control input inherently link the learning processes of both networks.
The obtained weight vectors @,;; and &,;; are both derived from J*', and these two weight vectors are
approximately consistent. The update law for @, ; is

Weiy = ~Peiait¥i  Dei1- (4.20)

Both 8,;; and B, are constants greater than 0. To prove that the selected critic weights can converge
to the actor weights, we construct a Lyapunov function as follows:

1
Ve, = 5Tr(wflw,-,l), (4.21)

where w;; = @41 — &1 Taking the derivative of Ve, »We obtain
1,

. 1
T T . . .
Ve, = Vit win Tr(BainWain — Eﬁui,lwci,l = Bei1Wei1)- (4.22)

Taking 8,1 = min{B,; 1, %,Ba,-, 1+ Beia} = 0, and letting Apin (¢, ng) denote the minimum eigenvalue of
i1y}, we obtain:
= ﬁl 1/1mm(¢/z 1l//, I)TI"(W Wi, 1) (423)

According to the Lyapunov stability theory, the Lyapunov function is convergent, so @,;; — @i ;-
Therefore, the selected weight update law for the critic network is appropriate.

Finally, it is also necessary to design the weight vector update law &, ; for the unknown nonlinear
function fzi,l(xi,l), where both fzi,l(xi,l) and &, ; are obtained after evaluation and adjustment by the
critic—actor network. In this cases, c*uhl.,] is designed as

ewl

A _ A ~3
Onigyt = Yni18iat = Knyy eyt Wi eyt — Khiz J 19, gy 15 4.24)

where «p,, k1 > 0, Kn, 40 > 0, and &y, 4,; denotes the element in the k;-th row and /-th column of &y, ;,
Withk] = 1, , M and [/ = 1, , .

Remark 4.3. The critic-actor network framework has been applied in works [7, 8, 25, 30], but there
is no introduction to its network structure dimension or the number of neurons. Here, we mainly
demonstrate it through the weight vector &y, of the unknown nonlinear function h;(x;;). The
advantage of this approach is that after analyzing the structural dimension of the critic—actor network,
for the weight vector y, 1, each element composing the vector can be obtained for scalar calculation;
i.e., Wy, x,1 15 a scalar value, which only requires basic numerical operations in the calculation process.
However, it should be noted that the structural dimensions of the critic—actor network are different at
each backstepping step.

Step (j,j = 2,--+ ,n—1). Similar to the first step, we first select the objective function J(g; ;, &i ;)
and minimizing it yields

F (88 = min f (00 + &)dy. (4.25)
Construct HJB equation as follows:
N ) ) 0J*(gij, &i)) .
H(gij,81j) = 8+ & + —(9g{- g (4.26)
l’.]
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_1077ijp8ij)

2 og (f)zjlﬁi’ i+ ij ;-The derived optimal control input

The derived optimal control input is 6; =

is:
0J*(gij» &ij) _
—— o :277i,j(giT,j8i,j)gi,j + 2Vi,j(giT,jgi,j)p lgi,j

08i; 4.27)
+ 4gi,j + 2]’1,"}'()6,"}') + ij,
JY == 21818181 — 2vi (88" 81
0J*(gij» 8ij) (4.28)
—dg, i —2h; (x; ;) + ——————.
8i;j (i j) P
Substituting Eqs (4.27) and (4.28) into (5jfj yields:
0, =-— ni,j(nggi,j)gi,j - Vi,j(nggi,j)p_lgi,j —2gi;
| . (4.29)
= hij(Xig) = ST = O i+ 0y
By approximating 4; j(x; ;) and J*/, we obtain:
h; j(xij) = w;gjwhi,j + €, (4.30)
T = Wiy, + e, (4.31)
where wy,; € R, Y i = Wjis - s Wnjmp ) s wj,T € R"™> and y;, = Wy1, - s¥Wsm,)" . Both
€,,; and €;; are bounded; i.e., &, ; > 0 and €, > 0 exist such that ||ehl.,j||2 < E,’i’j and ||eJ_,,||2 < Efj.

Next, we use the critic—actor network to evaluate and adjust the derived optimal control input 3;3.
Similar to the first step, after evaluation and adjustment, A; ;(x; ;) and J* are adjusted to iz,-, j(x;i ;) and
J%. Meanwhile, the weight of the critic network & ; and the weight of the actor network &,; ; can be
obtained, and their weight update laws satisfy

. . 1,
Wyjj = —,Bai,jl//i,jl//iT,j(wai,j - Ewci,j)’ (4.32)
Weij = —Bei i, jwl?:jd)ci, is (4.33)

where ﬁai,j > 0, ﬂci,j > 0, Wgi,j € R™2%"and Weij € R™2xn,
The update weight &, ; of the actor network is derived using the Bellman residual, and the process
is as follows:

Ei;=H"(g 8 —H(g &, =H (g8, =0. (4.34)

Substituting M(OZ;—'Ig”) and 5;51 into H*(z; 1, &i.1), the residual is obtained as follows:

Eij=gi;+ (-8l 881 — vij(gl8i)" " 8
1

1
T AT 2
= 581~ Wp Wh (X)) = € = 5 (@i i)

+ (2,81 ;8i.))81j + %(g?jgi,j)p_lgi,j
’ w7 (4.35)
+gijt ZwZ,T,j*ﬁhi,j(Xi,j) + 26, + ((Z)CT,-,,-%,/)]
[—m;, j(ggjgi,j)gi,j -, j(nggi, Vg
1

1
T AT AT
~ 58~ Wy Wn [(Xi j) — €,.j — E(wai,jwi,j) + oy Wil
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Taking the partial derivative of E; ; with respect to w,; ;, we obtain

O Dy B = 0 (4.36)
= FYi Vi j\Wai,j — Weij) = Y. .
Hwa,-,j 2 /
. . . N 0Ei,j . (9W,',j .
Similarly, taking W; ; = Wai.j s and setting o, = 0, we obtain
A T / ~ 1 A~
Wyi,j = —,Bai,jl/’i,j%,j(wai,j = QWi j)- (4.37)

2

Select the weight vector update law of the critic network as follows:
Weij = —Bei Wil Dei.). (4.38)

To prove that the critic network weight @,; ; and the actor network weight &, ; tend to be consistent,

. _1 T A N
we construct a Lyapunov function Vewu = 3Tr(w; jw,-,.,-), where w; j = W4 j — Wei ).

Vewi’j < B jAminWi bl YTr(w] jw; ;). (4.39)

Taking B;; = min{B . %ﬁai, i+ Beij} = 0and let Ain (Y, j:,bl.T’j) denote the minimum eigenvalue of y; J'wiT,j'
According to Lyapunov stability theory, it follows that w,; ; = w; ;.

Finally, we design the weight vector update law &, ; for the unknown nonlinear function h;, i(xi )
Here, both izi, i(xi ;) and @y, ; are obtained after evaluation and adjustment by the critic—actor network;
i.e., obtained by evaluating and adjusting /;,(x;;) and w;, It The design of &, j 18 as follows:

A A~ ~3
Wh et = Wi, j8ijl — Knjy k1D k;l — Khjo kil @, ;10 (4.40)

where k1 > 0, knjpu > 0, and &y, 4,1 denotes the element in the k;-th row and /-th column of &y,
withk;=1,--- ,mj,and[=1,--- ,n.

Step (n). The control input derived in the n-th backstepping step is denoted by u;. After evaluation
and adjustment by the critic-actor network, the optimal control input is: &. In the n-th step, we select
the objective function and minimize it, yielding

+00
J*(8in» §in) = min f (ginW)+g§n)dX,
t

0;,j€Q

the HJB equation as follows:

aJx(gi,n, gln) .

H (i i) = 81, + 8, + oS, (441
gi,n
From % = 0, we obtain

c aJx ins ‘in

200 + O Wi — 65, ) + O B bin) _ (4.42)
' ’ agi,n

18Jx ins ‘in A .

T = __—(g, 8in) — W Win+ 6;;1_1. (4.43)

u: =
' 2 agi,n
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ajx(gi,mgtn)

in

Rewrite as

aJx(gin»gin) T T -1
—————— = 20ix(8; 18in)&in + 2Vin in inp i,n
. Min(8in8in)8i n(8in8in)" & (4.44)

+ 4gi,n + Zhi’n(x,‘,n) + an’

T == 21,08t 8in)8in — 2Vin(8h8in) ' Gin
O (Gin» &in) (4.45)

- 4gi,n - 2hi,n(xi,n) +
agi,n

Substituting Eq (4.44) into Eq (4.43) yields

T T -1
M;C == ni,n(gi,ngi,n)gi,n - Vi,n(gi,ngi,n)p 8in

= 28in — hin(Xipn) — %J - G)ani,n + 5in_1- (440

Using NN to approximate the unknown nonlinear functions #; ,(x;,) and J*, we obtain
hin(Xin) = w;?:nwh,-,n + €nns (4.47)
JU =iy, + e, (4.48)

where wy, , € R™ i = [Wiints s Whinmy 17 s w;T eR™ and gy, = [y, 1, s Wsmnl -
Using the critic—actor network to evaluate and adjust the optimal control input u;, the obtained
weight vectors of the critic network and actor network, @,;, and @, satisfy

ajx(gimgin) T T -1
—— =2 ,n\8indin in+2Vin in i"p in T 8in
os., Nin(8;,8in)8i, 1(8in8in)" 8in + &i, (4.49)

«T ~T
+ 2wh[,l’lwhi,n + 26}1;'," + wai,nwaiﬂ’

M;C = - T]ln(ng,ngln)gtn - Vi,n(gg:ngi,n)p_lgi,n

1 ) 1
- Egi,l’l - thnWhi,n — € — E(wz,an‘i,n) (450)
- & i]:nwi,n + 5in_1 .

The weight update laws of @,;, and @,;, satisfy

A . [
Wain = _ﬁai,nwi,nwl?:n(wai,n - Ewci,n)a (451)
(j)ci,n = _ﬁci,nwi,nw,{n&)ci,w (452)

The actor network’s weight update law is derived using the Bellman residual, with the main process

as follows: .
Ei,n :Hx(gi,na gi,n) - Hx(gi,na gi,n)

e (4.53)
=H (gi,n’ gi,n) =0.
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Similar to the first n—1 steps, substituting Eqs (4.50) and (4.51) into Eq (4.42) yields E;,, = H*(gi > 8in)-

E;; =g, + (—Nin(8l,8in)8in — Vin(gl&in)" " gin

T
- Egi,n - wzi,nwhi,n(xi,n) - eh,-,n

L.
- E(wgi,nlpi,n))z + [ann(gzngln)gln

2V,‘ n _ «
+ =8l 8in)" i + Gin + 20 Wy n(Xin) (4.54)

in

+ 260 + (O Wi ~11i0(81 18181

1 o
=8in — whi,nwhi,n(xi,n)

—Vin(8la8in)" " Gin — 5

1 ~T ~T
— €y — E(wai,nwi,n) + wfj,nwfi,n]‘

A OE;, A 19W,-n A A
Let Wl}’l - wl}’la" ) a)aln = Llln Aain and a)aln ﬂal nwtnw (wazn - éwCln)
To prove @, S .y using Lyapunov stability theory, we take w;, = Wiy — Wiy and select the
Lyapunov function Ve, = ;Tr(wi,nwl,,,). It follows that
enm ﬁll’l mm(wl l’lwln)Tr(wl nwll’l) (455)

. 1 4 A A
Where IBi,n = mln{ﬁai,n’ Eﬁai,n +,3ci,n} > 0’ VeWi.n < 07 and wai,n - wci,n'
The weight vector update law @y, , for the evaluated and adjusted nonlinear function hi, is designed
as:

A _ ~ ~3
Whi kol = Yhnin8int = Ky bk Oy kol = Ky Jenl Oy g 15 (4.56)

K,y oyt > 05 Knpir > 0, and @y, i, denotes the element in the k,-th row and /-th column of &y, ,, where
ky=1,--- ,myandl=1,--- ,n.

5. Proof of fixed-time consensus

In Sections 2 and 3, the backstepping method is integrated into the observer—critic—actor network
framework. The approach proceeds in two main phases. First, the optimal control input is derived;
subsequently, it is evaluated and refined through the critic—actor mechanism, thereby achieving further
performance enhancement. In this section, we construct Lyapunov functions using the derived optimal
control input 3;3, the critic network weights &,; ;, the actor network weights @,; ;, and Wy, x; to prove
the fixed-time consensus of the multi-agent system. We still align divide the process into n steps and
construct n Lyapunov functions.

Theorem 5.1. For the multi-agent system (2.1), if the control input 6;; satisfies (4.14), (4.29),
and (4.50); the critic network weight update law ©;; satisfies (4.19), (4.32), and (4.51); the actor
network weight &, ; satisfies (4.20), (4.33), and (4.52); the critic—actor network weight coefficients

satisfy =5 Baij 5 1, ﬂ”z” > 1, and wh > 1; and wy, is the minimum values of wy, Kl then the fixed-time
consensus of the system (1) can be achzeved (i=1,--- ,N kj=1,--- ,mj,l=1,--- ,n)
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Step (1). The Lyapunov function constructed for the first backstepping step is as follows:

N myp n

Zgzlgzl"'zzzwh kil

tlk1111

~T ~ ~T ~
+ E Tr(@, @ain) + E Tr(d,; @cit),
i=1 i=1

5.1

where @p, 1,1 = Oppy1 — “)Z,-,kll’ Wail = Wy — a);il, and @1 = Weip — “’Zl- Substituting 6ij, Wai 1> Weis

and @, ;,; obtained in the first step of the previous section into Eq (5.1) yields

Vi = Z gh[-ni1(8l 18081 — vir(gh 180" ' gii
-1

1
~T AT T
= 28i1 — @p g Wn — €n1 — Ewai,llvbi,l — Wp g Wil

N myp n

+ Z Z Z Ony gy 1 Wni 18111 + Ky, ey 1O 111

i=1 k=1 I=1

~2 ~T T ~
- Khlz,kllwhi,klz) + Z T”(wci,llgci,l'»[/i,ﬂ//i,]wci,l)

i=1

_(Dci,l)]-

N
~T T /A
+ Z Trl@y; \Bainint 1 (Dai1 — 7
i=1

Using Young’s inequality and the method in [14], the following formula can be obtained:

1

1 =2
2g1]gll + 2Eh 1°

811@;1_

1 1
T T T T T
gi,1w2i,kll¢h,~,l < 5&,18&1 + 5Tr(w;,»,kllwhi,ll/’h,-,lwzi,kll)’
1
gll uzlwll = 2g11g11 azllpzllpllwatl,
~T r~ _ 1 . r o« 1.7 T ~ 1 7 T A
Wi Wiy Wain = Ewi,l@bz}l‘ﬁi,lwi,l - zwai,ll/’i,l%,lwai,l - Ewai,ll/’i,ll/’,-,lwui,l,
~T T~ 1 . r o« 1.7 T ~ 1, 7 T
Wi Wi 1 Wiy = Ewi,lwi,lwi,lwi,l - Ewd,llﬁi,llﬁi,lwci,l - Ewci,lwi,lwi,lwchl’

1 1
~T T ~ ~T T ~ AT T ~
Wi YinY 1 Wein < E%i,llﬂi,l%,lwai,l + W, Yia 1 Wi

2
mii n
T ~T _ ~
8i1 Wy, Wnin = E thi,kllwhi,lgi,ll-
ki=1 i=1

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)
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Substituting Eqgs (5.3)—(5.9) into Eq (5.2) yields

N
Vi< Z[_Ui,l(gZ1gi,l)2 - Vi,l(gzlgi,l)p]

i=1
my n

+ § th,,kll(Khn,k.lwhl,k.l ~ Kot D 1)
1 k=1 I=1
1 (5.10)

N
N
N

M

ﬁal, ﬂc‘l
Z 41Tr(wallwllwllwall) Z 1T (wulwllwllwal)
i=1

1

| =

"2

i=1

T Baia + Bein T T
wh,,kllwhi»lwhi,lw:zi,kll + Z( 3 )Tr(w;'k,l Wi,llﬁuw;l)-
i=1

Furthermore, we prove that Ky, .1 @n. k11 — Ko i1 100 1G>, can be scaled as follows:
11,k1 ikl 12,k1 ikt I k1

~ N ~ ~3
Ky Jey 19O Jey 1Oy Jey 1~ Ky ey 10 ey 1V gy 1
< Knyvkil 0 _ Kkl a0 _ Ky kal o
ST Wh, ki1 ) Wh, ki ) Wh, k1 (5.11)
%3~ *2 ~2
= Knpp o (W, 1 1Dyt = 301 Oy 1)

* ~3
_Khlz,kll(3wh,-,k]zwh,-,klz wh,,kﬂ)

11 Kyl %2 1
According to Young’s inequality and the condition = 3wy 4 Kninal — 3Knp kit — 1 2 0, we can
obtain .
Knyy Jer IO ey IO ey 1~ Khya ey 1@ ki 1O, 1
< Knikil 50 Kniy kil A2 Khy1 kil o
=75 Whp kgl — T Wkl — —2 h,,kll
*3 %2 ~
= Ko i 1Dy g~ 3Ky dey 1 W ey 1Ok 512
* ~2 ~3 .
+ 3Knyp ks 1O, 1,1 kg1 — Kt 1O, 1,1
* Knijil 16
< —(3Knya kg 1D, 1 — Ko, kll)wh T 5 Wik
Khyy kil
%3 11,K1 *2
T Knpp ey iQp gy T 5 @ikl

Furthermore, it is necessary to prove that &,; and &, are bounded. We select V;; =
[TI’((,U 1wal 1) + Tr(a)a 1wcl 1)]

. 3 .
Vit <- Zﬁai,lﬂmm('ﬁi,llﬂZl)T”(waTi,lwai,l)

- (ﬁci,l ﬁm 1 )ﬂmm(wt 1'//1 1)Tr(wct 1wct 1)

(5.13)

let B; be the minimum of 3By 1 Amin(Wi 1! 7)) and 28 1&2“ Amin(Wi1] ) Then Vi1 < =BiVi1. Here, wy
and w,;; are decreasing and tend to converge; that is, both are bounded and smaller than their initial
values. There is a p;;(0) > 0 such that Tr(a)al 1@ai1) < pia(0) and Tr(wa 1@cin) < pii(0) hold. Since
Tr(@l @41) < 2THw] Wi ) + TH®L  041) (s = a, ¢), the following inequality holds:

[TrH@% iy @601 < Giy, (5.14)
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Gi1 = 4narl Wia! P NT P (W] 0] ) + piy(0) + 2T r(w; ] ] )pia (0)]. (5.15)

From Lemma 2.1, it is known that p € (0, 1) exists such that the following inequality holds:

P < Al i DPIT R @40) + (1 —p7 (5.16)

1-p
a)i kot S O+ A =pp7. (5.17)
In summary, on the basis of the results from Eqs (5.12) to (5.17), we can obtain

N mip n

N
Z ni, l(gl 18, 1) - Z Vi, l(gz 18, 1) - Z Z Z(3Kh12 kllwh Jal — Knyy, kll)wh kil

i=1 i=1 k=1 I=1

myy n

~ff’,ﬂ, anmw,lwll)P][Tr(wa,lwm)]P Zamm[(wllw,of’][Tr(w”lwm)]

1 k=11 i=1

IBCH 1
4

'MZ

1

M=

(

- 1)/1mm(l//1 1'7[/, 1)Tr(wa, 1wal 1) Z(ﬁa ! 1)/1mm(l//1 ll//z I)Tr(wc, 1wu 1)
i=1

1

N
Aain Wi 0] AT @000 D0F = D Aain (Wi108] AT H@ @)1 + T
i=1

'Dlﬂz

Il
—_

1

(5.18)

hikil %6 %3 Khyykyl *2
2 Whggt T Ko kit Op g ¥ =7 Wpyr = =2Gi,.

On the left-hand side of the inequality, we simultaneously add and subtract ), (wsi,ll//i,ll//iﬂ@sm)p
(s=a,c) and Z Zm” D a)flpk ;» then perform scaling on the basis of Egs (5.16) and (5.17). T'; =

i Bt g Wit DTrH 0wl ) + 3 3N, & +2(1 = p)p 5 4 26,1, so we organize Eq (5.18)
according to Lemma 2.2 to obtam

Vi <-AVi - BVl + T, (5.19)
where A} = min{dn, 22536, (@), = D1, 4N a1} By = min{2Pvy, 27, 27 Ayin (1) V171 Ky 0,
and (Y1) are the minimum values of 417,Kp,,4,10; 4 AN Apain Wi} ) (0 = 1,-- N ky =
1,---,my,l=1,---,n). Here, v; is the minimum of v;;(i = 1,--- , N).
The proof of the reverse derivation process for the first step is completed.
Step (j, j = 2,--- ,n — 1). The Lyapunov function is constructed as follows:

1 N N mji n
Vi=3 28080+ 2 2 2, P

i=1 i=1 :1 =1
(5.20)

N N

+ Z Tr(a)m]wm]) + Z Tr(a)uja)w)

i=1 i=1

Among them, Oy, k1 = Wp,x;1 — wz,-j,ka’ Wqij = Wyij — W ], and @ ; = Wi j a) .. Substituting 6l o Wai s
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@i j» and &)h[.,kj, obtained in the first step of the previous section into Eq (5.20), we can get

N
= Z ng[_ni,j(nggi,j)gi,j - Vi,j(nggi,j)p_lgi,j
i=1

~T AT T
— 28— O jWhij = €nij — 5 Wai, Wij = Opp¥nl
N mji n (5.21)
+ On gt i8iit + Knoy kit @n kot — Kn k15 1)
ik )\ Wy, j8i, jl hjkil%hi k1 hjp kil %y kil
i=1 k=1 =1

N N
1
~T T (~ A~ ~T T ~
+ § Tr{@g; i i Wi j(@aij = 5 @i )] + E Tr(@g; Bei i Wi j0ci j)-
i=1 i=1

According to Young’s inequality, we can obtain

1 1
2
gl] hinj = 2gt]gl,_] 2 hi,j? (522)
o < LT gt SrrwyT ") 5.23
gi’ja)hi’kjll//hi’j = Egi,jgisj B r(wh,-,kjl‘/’hi,j‘/’hi,jwh,-,ka)a (5.23)
LW < 588+ 5 ! 5.24
8i,j@ai Wij < Egi,jgi,j + Ewai,jl/’i,j%,jwai,j, (5.24)
= T T 5.25
al,ﬁﬁ:/lﬂ Wyi,j = Ewi’j lﬁ[’jl//i’j(ui’j - —wauw, J{ﬂ W, jw”w Wai, js ( . )
~ T ~ _ 1 «T T ~ T ~ A~ T ~ 5 26
a)ci,jwi,jwi,ja)ci,j — Ewl’j lr//l',jl//l"jw j - Ewci,jl//i,jl//i,jwchj - Ea)ci,jl//i’jl//i’jwci’j, ( . )
1
‘”’le]lp, chtj — zwat le»Jwt jwalj cz ,lﬁzjlﬁ, chl,]9 (527)
mji n
Db Wi = Ok 81 (5.28)
8i,jCnk;i¥hij = hik ¥ hi,j 8, jl- .
k=1 i=1

In Step 1, we have already derived the scaled form of &, k1@, ky 1@hy kg1 = Kiyo ey 1R oy 1] 11 According
to the results in the first step, we can obtain

~ N ~ A3
Kh_,'[,kjlwh,',kjlwh,’,kjl - K/’le,k_/lwhi,kjla)hi,k-[

< 3 % h,,k il *6
< —( Khjo kil @p ki1 — Knjpk; l)wh Kt 5 o Whkjl (5.29)
Khjy kil
%3 JLsKj *2
+ K kit Opgit T 5 Ot

Furthermore, according to the conclusion from the reverse derivation process of the first step, we
can conclude that both Tr(wm ja)al ;) and Tr(wajwu ;) are bounded, i.e., p; j(0) > 0 exists such that
Tr! @, ) < pij(0), Tr(a)m’ jwai, i) < pi.j(0), and the following Young’s inequality holds:

ai,j
[TH@ Wi ! ;@4.)) < Gy, (5.30)
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where G; ; = 4/1max[(l//i,jl//gj)2][Trz(wngj) + pi,j(0)2 + 2T”(CUZ§CUZ,)P1',]'(0)]-
It follows from Lemma 2.1 that p € (0, 1) exist such that the following inequality holds:

[TH@T i T @05 D < Amad Wi WL )P ITH@Y o) + (1= p)p 7 (5.31)
1-p
whkl<whk1+(1 ppr. (5.32)

Substituting the results above into Eq (5.21), we can obtain

N N mji n
Vj S_Z l_](gljgl]) sz](gzjgu) _ZZZ(?’Khzklwh k;l Khjzkl)a)h k;jl
i=1 i=1 k=1 I=1

n

Z D~ Zﬁmm(w,,w, PITHEY, @)V Zﬁmm(wuw, VTH@T, @u )
:1

=1 i=1

Mz

1

Mz

(=

= DAin i WL )TH@Y; @) — Z(ﬁ 2 DA Wi W )NTH@L, e )
i=1

1

N
- mam[(d’t /‘ﬁ, ]) ][Tr(wal ]wat j) Z /lmain[(wi,ng:j)z][Tr(a)cTi,ja)ci,j)]z +I
i=1 i=1

(5.33)
By rearranging Eq (5.33), we can obtain

Vi< —-A;V; =BV +T}, (5.34)

where A; = min{4n;, — IN[3Kh/2(wh 1)]’4N_1/lmin(l//j¢’§)} B; = min{2pvj,2p,2p/1min('l’j¢",r)}, Ni» Knjys
w;‘lj, andA,,;, (¥ ﬂﬁ?) are the minimum values of 4n;, k., 11, ‘“Z,-,k,-l and /lmain(lﬁi,jl//{j)z (i=1,,Nkj=
L. ,mjy,l=1,---,n);v;is the minimumof v; ;(i = 1,--- ,N).

Step (n). The backward induction process for the n-th step is similar to that for the first n — 1 steps.
By constructing a Lyapunov function and using Young’s inequality to bound its derivative, we obtain

the form of Eq (2.5) in Lemma 2.3. The main process is as follows:

N my n

N
HZ%Z nglﬂ+zzz Wy, kel
i=1
N

i=1 k,=1 I=1

; (5.35)
Z r((;)z;i,na)ai,n) + Z Tr(&)(z;,na)ci,n)’

i=1 i=1

zn’

~ A * ~ oA * s Ax A A
where @y, k1 = Opx,1 — Wy 1 Pain = Dain — and Wejn = Weip — W;,. Substituting iy, Wuins Wcins
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and é)h,-,k,,z into Eq (5.35), we can obtain
N
V=" el l=mi(e8in)8in = Vin(ghin) ™ gin
i=1

1
~T AT «T
= 28in— Wp, o Whin = €nn = Ewai,nd/i,n — Wy o Wi

N my n

+ Z E Z Ohy jort (W hyn&ij1 T+ Ky Jend Oyl

i=1 k,=1 I=1

N
1
A2 ~T T A R
= Khyy bt @iy g ) + Z Trldoy; BainlinVi(Dain — Ewci,n)]
py

N
~T T A~
+ Z Tr(a)c[,nﬂci,nlvl’i,n'vl’i,na)ci,n)-
i=1

According to Young’s inequality, we can obtain

1 1
T =2
€ S in8in =€ 00
gl,}’l hz 2g g 2 hz»

1 1
T =T T *T T *
8inWh, o, Whin < 58in8in + ETr (Wp, ¥y @y k1)

1 1
T AT T A T A
8inWai, nwi,n < Egi,ngi,n + Ewai,nwi,nlpi,nwai,n’

1 l
T T
al n"/’l nll’l nwal n — w:in "/’l‘,i’l"/’i,ncu;< - _wal nwl I’lwl nwal n - al nwl I’lwl nwal no

1 1
T T ~T T ~ A~ T ~
cznlpl nwz antn - w;'k,n lpi,nwi,nwzn - Ewci,nwi,nlrbi,nwcin - Ewci,nwi,nwi,nwd,n’

1
al nwl I’lwl nwczn —_ zwa[ nl//l nl/ll nwall’l + (L)u nwl I’lwl nwc‘l}’l’

2
my n
T ~T _ ~
8inWh, Whin = E § O, jotWhin&inls
k=1 i=1

~ A ~ A3
K j Jenl Oy ey /O oyl — Ky Jo 1 Oy e, 10, k1
Kh; kol
* ~4 isKn *6
< _(3Khnz,knlwh,-,k,,l - Khnz,knl)whi,k,,l + ) Wh, kol

Khyy kel
%3 nls>Kn %2
+ K jnl Opy g > Wy, kol

1=p
p

P < = max[(wt n'//, n)p]Tr(a)sz nwsz n) + (1 - p)p

~2p
Wyt S wh ot =pp

[TH&L Wi, @si0)) < Gin,

Knijal = 16 3 KhJnl w2
5 Wp, kel T Knop k1O, 1 + 5 W kel =2G;,

I=p
p

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
(5.47)

(5.48)
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Similar to the first n — 1 steps, let

Gin = 4maxl Winth NI (w5 07,) + pia(0) + 2T r(w]y ;) pin(0)]. (5.49)

Substitute Eqs (5.48) and (5.49) into Eq (5.36)

V, < -A, V- B,V +T,. (5.50)
Here, An = mln{477n’ iy N[3Khn2(wh 1)]’4N_1/lmm('pnw,21)} Bn = min{2pvn,2p, 2p/lmin(wnwy{)}’nn, Khnza
w; , and i, (Yup;) are the minimum values of 417, Ku, x,1> @  » AN ApainWin],)* (0 = 1, N,k =
- ,my,l=1,---,n); v, is the minimum of v;,(i = 1,--- , N).

Up to this point, the proof for the n backstepping processes has been completed. The Lyapunov
function in each backstepping process satlsﬁes V; < -A; V2 B jVJ‘.7 +I'; (j=1,2,...,n). Furthermore,

according to Lemma 2.2, for V = }"_; V;, we have.
V < -AV? - BV’ +T, (5.51)
where pe(0,1), A = min{A,--- ,A,}, B = min{B,---,B,}, and I’ = Z’J’.zl I';. Therefore, this

completes the proof of Theorem 5.1. we can also see the MASs (2.1) is practically FxT stable with the
convergence time 7 (xy) satisfies
1 1

T(x0) < Thnax = Ax(1 - B) + 2(1 — p) (5.52)

Furthermore, the convergence set of V can also be obtained as follows:

{ Iim x|V < mm{

1=T(xo)

e )'}}. (5.53)

—K
Remark 5.1. According to Eq (5.52), to shorten the convergence time, the value of B and p can be
reduced while the value of A is increased. Specifically, the value of B can be decreased by reducing the
values of p and v; j, and the value of A can be increased by increasing the value of n; j. Since all these
values need to be obtained through the RL algorithm, the RL algorithm proposed in this paper cannot
only acquire the optimal control input but also shorten the convergence time by selecting appropriate

I 1
coefficient values. According to Eq (5.53), we have L Z, 1 & ]g,J<V< min {A P (—) B ( K)P} .

1-«

To make g; ; converge to the desired precision, the values of A and B should be as large as possible,
while the value of T should be as small as possible. According to Egs (5.18) and (5.19), it is known that
increasing the values of n; j, Kn,, x,1, and “’Z,»,k,—l can increase Aj; increasing the value of v; j can increase
Bj; and simultaneously reducing the values of B, ; and B.; j while increasing the value of p can reduce
the value of T'j. However, increasing or decreasing the parameters above does not imply that they can
be adjusted indefinitely. This is because reducing the control error typically consumes considerable
control energy. Therefore, in control design applications, a trade-off must be made between achieving
better control performance and managing the control effort requred.

Remark 5.2. Unlike the finite-time forms V. < —AV — BV? + T or V. < —AV?, it does not require
achieving a higher-order form of V. (V < —AVY — BV? +T', g > 1). In fixed time, V? can be obtained
using the method for VP in finite time, such as in [7, 27]. However, obtaining the higher-order term
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V4 is the greatest challenge in this paper. We need to obtain (gl.T’jg,v, )% The term (gl.T’jgi, )8i,; obtained
when deriving the optimal control input helps solve (gzjg,-,‘,-)z. However, we have no way to obtain
[TF(G)Z,-J&)ai, j)]2 and [Tr(@fi,jd)ci, J-)]2. In finite time, they can completely rely on their own update laws to
obtain the first-order terms G)CTZ jcbci, jand &)Zl. Wi j (see [25]). To solve this problem, we first considered
boundedness. It happens that [Tr(d)fl. jd)si, j)]£ (s= a, c) satisfies boundedness. Thus, we considered how
to obtain a positive value that serves as the upper bound of [Tr(d)fi’ i@si, P s = (a,¢). The selected
unknown function h; j(x; ;) = wzzjtphi, j + e, j precisely solves this problem. Due to the arbitrariness of
w;‘li’j, we let a certain form of wZ,«,j be the upper bound of [Tr(d)fi’ 1Wsi, N1? (s=a, c). This form of w;‘”’j has
been given in the paper. Therefore, the term V4 is solved.

6. Numerical simulation

6.1. Images of fixed-time consistency

In this section, numerical simulations are conducted to verify the effectiveness and feasibility of the
proposed scheme. we propose two single-link robotic systems for this simulation.
(1) Consider the system (2.1) as follows:

xl,l =X+ O.SSin(.Xl,l)COS(XLl),
X12 = uy + 0.5sin(x; 1)cos(x12), (6.1)
Yy = X1

In contrast to the system (2.1), we set i=1 and j=1,2. Select the leader’s output as y; =
sin(t). Simultaneously select the initial values as x; = [xl’l(O),x]’z(O)]T = [0.75,0.8]7. Select
the observed value of the initial value as %;; = 0.7, %, = 0.7, g,1(0) = 0.3, g200) =
0.3, ©4(0) = [0.75,1.2,1.2,1.2]", @x»(0) = [1.1,1.1,1.1,1.1,1.1]7, &.1(0)=[0.8,0.8,0.8,0.8]7,
wa2(0) = [0.9,0.9,0.9,0.9]", @a1,1(0)=[@41(0), ©41(0)]" ©a12(0) = [@x2(0), D2(0)]", Dc1,1(0) =
[©61(0), Dc1 ()7, &c12(0) = [©2(0), D2 (O, &1y = [1,1,1,1,1], and &p1p = [1,1, 1,1, 1].

Select the matrix Q; = 2/. Then the value of P, is obtained from the Riccati equation as follows:

. _ [0.1050 0.1000
"710.1000 4.1000]"

For the weight update law parameters of the critic—actor network, 8,11=9, B412=9, Bc1.1=13, and B.1» =
13; for the update law parameters of the system’s unknown functions,, 8, =20, 6,,=20; 1, = 30,
vi2 = 0.1. The observer gain coeflicients are designed as w; ; = w;, = 40.

Based on the simulation results above, Figure 1 shows that the tracking control objective of (6.1) is
achievable. The output signal x; ; has realized tracking of the reference trajectory y,. Corresponding
to g;1 = X;1 — y4 in the article, it is proved that g; ; is convergent.

Figures 2 and 3 display the trajectory changes and their observed values of x; ; and x;, during the
two-step backstepping process. They indicate that the designed observer (2.17) can effectively observe
the unknown states, and its observation error x; ; — £; ; converges. Figure 4 shows the error between the
observed state %, ; and the true state x; ;.

Figures 5 and 6 present the variation diagrams of |||l and ||@f || during the two-step
backstepping process. It can be seen that [|Wsy]| and ||@; || tend to be stable. We can also prove
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their stability by constructing a Lyapunov function. Let V = d)]Tpi’j(D +i.j» and the proof can be completed
with the help of (:'L\)fl‘,j = —9,‘7jl//]7¢?i’j(.fi,j)l,bfﬂj(x'l"j)&)ﬁ,j.

Figures 7 and 8 depict the trajectories of the norms of the evaluator-actor weight matrices over time,
from which it can be observed that these trajectories tend to stabilize.

Figure 9 presents the optimal control input derived via the reinforcement learning algorithm.
Subsequently, the critic network evaluates this input, while the actor network refines it accordingly
on the basis of the critic’s assessment, thereby ensuring that the control law aligns with the desired
performance specifications, as illustrated in Figures 10 and 12. Figure 11 compares the trajectories of
6;; and (Aijj, showing that the optimized ij ; 1s more stable.

(2) Consider the system (2.1) as follows:

X2.1 = X202,
. Isi
Ko = A (uy — My (6.2)

Y2 = X21.

The system variables are consistent with those in reference [7, 33]. Among them, the
parameters are defined as follows: M=12kgm?, [=0.6m, g=9.8m/s’>, and m=0.08kg.
Select the the leader’s output as y;=0.6sin(1.2t) + 0.3co0s(0.8¢). Simultaneously select
the initial values as x;=[x(0), x22(0)]7=[0.9,0.8]7, and select the observed value of the
initial value as %,1(0)=0.8, £,,(0)=0.7, &,1=[0.8,0.8,0.8,0.8,0.8]", ©,,=[0.8,0.8,0.8,0.6,0.6]",
©a1(0)=[0.6,0.6,0.6,0.6,0.6]", ®.,,(0)=[0.6,0.6,0.6,0.6,0.6]", &.(0) = [0.6,0.6,0.6,0.6,0.6]" and
®:(0)=[0.6,0.6,0.6,0.6,0.6]". Here, 0.;,1(0) = [@41(0),Da1(0)]", Dp22(0) = [@a2(0), D2(0)]",
02.10) = [01(0), D1 (0)]7, and D2(0) = [@2(0), ©2(0)]7. Select the control input parameters
as 172,=30 and v,,=0.1. Select the parameters of the weight vector update law as 6, ;=10 and 6,,=3.
Select the parameters of the weight vector update law as B, 1=4, Bui2o = 4, 21 = 8, and B, = 8. The
observer gains are set as w, | = wy, = S0.
Select the matrix P, as follows:

_[0.0371 0.0365
2710.0365 4.0365|

- =Yd

1,1

o 1 2 3 4 5 6 7 8 9 10
Time (s) Time (s)
Figure 1. Tracking performance Figure 2. The curves of x;; and % ;.
of (6.1).
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Figure 3. The curves of x;, and X ,.
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Time (s)
Figure 5. The trajectory variation
diagram of ||@1 4|
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3.5 b

2.5 H B

Time (s)
Figure 7. The trajectory diagram of &, ;
and &\)cl,l .
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_e1
0.5
0
-0.5
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Figure 4. The observation error of
system (6.1).
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Figure 6. The trajectory variation
diagram of ||® »||.
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Figure 8. The trajectory diagram of
(:(\)aLz and (:L\)Cl’z.
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It can be seen from Figure 13 that the output signal x,; can track the output signal y; of the
leader. On one hand, this is because y; = x;; in the system (2.1); on the other hand, g;; = X1 — y4
converges, and the observed value %, can replace the true value x;;, enabling the trajectory of x;; to
track the trajectory of y,. Figures 14 and 15 show the trajectories of the states x,; and x,, and their
observations. Figures 16 and 17 show the time-varying trajectories of the weight vector norms ||wy; jl|
of the unknown functions f; ;(x; ;(¢)), all of which tend to stabliize in a short time. Similarly, due to
Wi =6 jlﬁ;i’j()_ci, Wi j(Xi )@y j, we can also prove their convergence through the Lyapunov stability
theory. Figure 18 shows the optimal control input derived using the RL algorithm, while Figure 19
reflects the optimal control input adjusted on the basis of the evaluation of the actor—critic network.
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6.2. Comparative analysis of the relevant figures

To more fully demonstrate the superiority of the fixed-time consensus algorithm and the advantages
of the proposed method, this paper takes the weights of the critic—actor network as the core research
object and conducts a comparative analysis with the finite-time consensus algorithm (using the control
method in this paper combined with the data from [29]) through a visual comparison.

Remark 6.1. Figures 21 and 23 present the critic—actor network weight curves obtained by the method
proposed in this paper; in contrast, Figures 22 and 24 show the weight curves simulated using the data
from [29]. The curves in this work satisfy boundedness, stability, and monotonicity, whereas those
in [29] only guarantee boundedness but fail to ensure stability and monotonicity. It is worth noting
that the monotonicity and boundedness of ||, j|| and ||, jl| are necessary conditions for obtaining
the high-order term of the Lyapunov function (V?). The upper bound obtained in this paper is the
initial values ||, j(0)|| and || j(0)|l. However, since the method in [29] cannot obtain accurate upper
bounds, it can only construct the first-order term V of the Lyapunov function required for finite-time
stability, and thus cannot achieve fixed-time convergence.

Il‘-‘val ||

18 —Hdz,,z,l” _ ’ el

| 0.015

0.01

1.4 9
~ N
0.005 | \ \
1.3 : \\ ~ ¥
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Figure 21. Norm of the critic—actor Figure 22. The norm of the critic—
network weights. actor network weights obtained through
simulation.
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7. Conclusions

This paper studies the fixed-time optimal consensus of strict-feedback multi-agent systems under
RL. The backstepping method and RL algorithm are applied to the observer—critic—actor framework to
derive the control input of the system. Through online evaluation and adjustment of the control input,
the optimal control input is obtained. Additionally, a Lyapunov function is constructed to achieve the
fixed-time consensus of the system. The novelty of this paper lies in the fact that the dimensions of
the critic—actor network are determined by introducing unknown nonlinear functions. Furthermore,
while performing scalar calculations, the upper bounds of the weights of the critic—actor network are
obtained, thereby solving the problem of the quadratic term (V?) of the Lyapunov function required for
achieving fixed-time stability. Future research will explore higher-order Lyapunov function terms (V¢,
q>?2).
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