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1. Introduction

It is widely recognized that fixed point theory is a decisive factor in nonlinear analysis. Banach
proved the well-known Banach fixed point theorem in 1922, which has remarkable applications in
mathematics and engineering.

Let E be a non-empty closed and bounded subset of a metric space (Υ,Ψ ), and Ω(Υ) represents the
class of compact subsets of Υ. Denote by CB(Υ) the family of all closed and bounded subsets of Υ.
Suppose thatD is the Hausdorff metric derived from Ψ , i.e.,

D(U,Y) = max
{

sup
g∈U
Ψ (g,Y), sup

ϱ∈Y
Ψ (ϱ,U)

}
for U,Y ∈ CB(Υ) and Ψ (g,Y) = inf{Ψ (g, ϱ) : ϱ ∈ Y}.
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A multi-valued map N : E −→ CB(E) is called non-expansive if

D(Ng,Nϱ) ≤ Ψ (g, ϱ),

∀g, ϱ ∈ E. A point g ∈ Υ is a fixed point of N if g ∈ Ng. The collection of fixed points of N is expressed
by F(N). A point g′ ∈ Υ is a common fixed point of M and N if

g
′ ∈ M

(
g
′) and g

′ ∈ N
(
g
′) .

The collection of common fixed points of the maps M and N is expressed by F(M,N), or alternatively
by F1 (for simplicity). We shall write the term common fixed point as CFP throughout the paper.

Takahashi [1] proposed the idea of a convexity in a metric space Υ, characterized by a mapW :
Υ × Υ × I −→ Υ satisfying

Ψ (s,W(g, ϱ, η)) ≤ ηΨ (s, g) + (1 − η)Ψ (s, ϱ), (1.1)

for all g, ϱ, s ∈ Υ and η ∈ I = [0, 1]. A metric space Υ having such structureW is called a convex
metric space (CMS). We denote a CMS by (Υ,Ψ,W) or simply by Υ. A non-empty subset E of Υ is
convex ifW(g, ϱ, η) ∈ E for all g, ϱ ∈ E and η ∈ I.

A CMS, (Υ,Ψ,W), is uniformly CMS if, for every ε > 0, one can find a non-negative function µ(ε)
such that ∀ζ > 0 and g, ϱ, τ ∈ Υ with Ψ (τ, g) ≤ ζ, Ψ (τ, ϱ) ≤ ζ, and Ψ (g, ϱ) ≥ ζ, we have

Ψ

(
τ,W

(
g, ϱ,

1
2

))
≤ ζ (1 − µ) .

Fixed point results for multi-valued maps in a uniformly CMS have been obtained by Kaewcharoen
and Panyanak [2].

Many researchers have investigated results related to multi-valued maps across various spaces by
employing different iterative algorithms [3–5]. For further details on numerical approaches to iterative
algorithms, interested readers can consult [6].

In 2010, Khan et al. [7] established convergence theorems of a one-step iteration scheme for multi-
valued non-expansive maps. Although, this scheme is simple, it requires the condition (C): Ψ (g, ϱ) ≤
Ψ (τ, ϱ) for ϱ ∈ Mg and τ ∈ Ng. Khan and Ahmed [8] studied an iterative scheme in CMS and proved
that this scheme converges to a unique CFP of a finite class of asymptotically quasi-non-expansive
maps.

Abbas et al. [9] presented weak and strong convergence results under certain fundamental boundary
conditions within a real uniformly convex Banach space (UCBS) for multi-valued maps M,N : E →
CB(E) that are non-expansive. Their iterative process goes as follows: g1 ∈ E,

gn+1 = gngn + hnϱn + jnτn,

where ϱn ∈ Ngn and τn ∈ Mgn such that ∥ ϱn − σ ∥≤ Ψ (σ,Mgn) and ∥ τn − σ ∥≤ Ψ (σ,Ngn) whenever
σ is a fixed point of both maps M and N, and {gn}, {hn} and { jn} are sequences in (0, 1) satisfying
gn + hn + jn ≤ 1.
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Recently, Ahmed et al. [10] studied the family of multi-valued generalized α-non-expansive maps
within Banach spaces. They proposed a new iteration scheme designed to approximate fixed points of
these maps and established weak and strong convergence results under slightly weaker assumptions.

Fukhar-ud-Din [11] proposed a one-step iterative scheme for non-expansive maps M,N : E →
CB(E) as follows:

gn+1 =W

(
Ngn,W

(
Mgn, gn,

θn
1 − ηn

)
, ηn

)
, (1.2)

where 0 < a ≤ ηn, θn ≤ b < 1, and ηn + θn < 1.
The algorithm (1.2) for multi-valued non-expansive maps in a CMS is described as follows:
Let N and M be a pair of multi-valued non-expansive maps from E into CB(E), where E is a convex

subset of a convex metric space. Consider and {θn} as sequences satisfying 0 < a ≤ ηn, θn ≤ b < 1, and
ηn + θn < 1. Then for g1 ∈ E, construct {gn} as

gn+1 =W(ϱn,W(τn, gn,
θn

1 − ηn
), ηn), (1.3)

where ϱn ∈ Ngn and τn ∈ Mgn such that Ψ (ϱn, σ) ≤ Ψ (σ,Ngn) and Ψ (τn, σ) ≤ Ψ (σ,Mgn) whenever σ
is a fixed point of the maps M and N.

In the Banach space setting, (1.3) becomes a one-step iterative scheme of Yao and Chen [12]:

gn+1 = ηnNgn + θngn + (1 − ηn − θn)gn.

When M = I in (1.2), it reduces to the well-known Mann iterative scheme:

gn+1 =W(Ngn, gn, ηn).

It is remarked that results of a one-step iteration process for non-expansive maps on a CAT (0) space
have been obtained by Uddin et al. [13]. In 2022, Tassaddiq et al. [14] obtained results concerning fixed
points of both single-valued and multivalued maps within the framework of a strong b-metric space.

Hussain et al. [15] proposed a multi-valued F-iteration method aimed at approximating fixed points
of a certain family of generalized non-expansive multi-valued maps within Banach spaces. For the
latest results on this topic, the reader is referred to [16–18].

In this paper, we focus on approximating CFPs of multi-valued non-expansive type maps in a CMS
by employing sequences defined in Eqs (1.3) and (3.2).

We require the following technical result.
Lemma 1.1. [11] Suppose Υ is a uniformly CMS with a continuous structure W. Let g ∈ Υ and
{ηn} be a sequence in [k, t] for some k, t ∈ (0, 1). If {κn} and {ωn} are sequences in Υ such that
limn−→∞ supΨ (κn, g) ≤ ν, limn−→∞ supΨ (ωn, g) ≤ ν, and limn−→∞Ψ (W (κn, ωn, ηn) , g) = ν for some
ν ≥ 0, then

lim
n−→∞

Ψ (κn, ωn) = 0.

2. Main results

The existence of a CFP of multi-valued non-expansive maps is provided in the example to follow.
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Example 2.1. (i) Consider C = [0, 1] with the usual metric Ψ (g, ϱ) = |g − ϱ|. Define two multi-valued
maps N,M : C → CB(R2) by

N(g) =
{[
g

2
0

]
,

[
g

2
g

4

]}
, M(g) =

{[
0
g

3

]
,

[
g

6
g

3

]}
,

for each g ∈ C.
To show that N and M are non-expansive, we compute the Hausdorff distance between their images

for any g, ϱ ∈ C.
For N, the points in N(g) and N(ϱ) are

p1 =

[
g

2
0

]
, p2 =

[
g

2
g

4

]
, q1 =

[ ϱ
2
0

]
, q2 =

[ ϱ
2
ϱ

4

]
.

The minimum distance from p1 to N(ϱ) is

min ∥p1 − qi∥ =

∣∣∣∣∣g2 − ϱ2
∣∣∣∣∣ = |g − ϱ|2

.

Similarly, the minimum distance from p2 to N(ϱ) is

min ∥p2 − qi∥ =

∣∣∣∣∣g4 − ϱ4
∣∣∣∣∣ = |g − ϱ|4

.

Taking the supremum over points in N(g), we get

sup
p∈N(g)

inf
q∈N(ϱ)

∥p − q∥ = max
(
|g − ϱ|

2
,
|g − ϱ|

4

)
=
|g − ϱ|

2
.

By symmetry, the same holds for supq∈N(ϱ) infp∈N(g) ∥q − p∥. Therefore,

D(N(g),N(ϱ)) =
|g − ϱ|

2
≤ |g − ϱ|.

For M, the points in M(g) and M(ϱ) are

r1 =

[
0
g

3

]
, r2 =

[
g

6
g

3

]
, s1 =

[
0
ϱ

3

]
, s2 =

[ ϱ
6
ϱ

3

]
.

The minimal distances from points in M(g) to M(ϱ) are

min ∥r1 − si∥ =
|g − ϱ|

3
, min ∥r2 − si∥ =

|g − ϱ|

6
.

Taking the supremum over points in M(g), we have

sup
r∈M(g)

inf
s∈M(ϱ)

∥r − s∥ = max
(
|g − ϱ|

3
,
|g − ϱ|

6

)
=
|g − ϱ|

3
.

By symmetry, the same holds for sups∈M(ϱ) infr∈M(g) ∥s − r∥. Hence,

D(M(g),M(ϱ)) =
|g − ϱ|

3
≤ |g − ϱ|.

AIMS Mathematics Volume 10, Issue 12, 30053–30067.



30057

Since for all g, ϱ ∈ C,

D(N(g),N(ϱ)) ≤ |g − ϱ|, D(M(g),M(ϱ)) ≤ |g − ϱ|.

Therefore, maps N and M are multi-valued non-expansive maps from C into CB(R2) and F1 = {0} .
(ii) We provide an example for non-interval convex metric space and multi-valued mappings.
Let X = {(g, ϱ) ∈ R2 : g ≥ 0, ϱ ≥ 0, g + ϱ ≤ 1} be the convex metric space with the Euclidean metric

Ψ
(
(g, ϱ), (u, v)

)
=

√
(g − u)2 + (ϱ − v)2.

Define multi-valued maps N,M : X → CB(X) by

N(p) =
{(
g

2
+ θ,
ϱ

3

)
,
(
g

2
,
ϱ

3
+ θ

)}
and

M(p) =
{(
g

3
+ η,
ϱ

4

)
,
(
g

3
,
ϱ

4
+ η

)}
,

for each p = (g, ϱ) ∈ X, where θ, η ≥ 0 are fixed parameters with θ, η ≤ 1
10 .

The maps N and M are multi-valued non-expansive maps on X, i.e., for all p, q ∈ X,

D(N(p),N(q)) ≤ Ψ (p, q), D(M(p),M(q)) ≤ Ψ (p, q),

where D denotes the Hausdorff metric induced by the Euclidean metric Ψ .
Let p = (g, ϱ) and q = (u, v) be arbitrary points in X. First, we compute distances between points

n1 =
(
g

2 + θ,
ϱ

3

)
, n2 =

(
g

2 ,
ϱ

3 + θ
)

in N(p) and m1 =
(

u
2 + θ,

v
3

)
, m2 =

(
u
2 ,

v
3 + θ

)
in N(q).

Now, the Euclidean distance is given by

∥n1 − m1∥ =

√(
g

2
−

u
2

)2
+

(
ϱ

3
−

v
3

)2
=

√
(g − u)2

4
+

(ϱ − v)2

9
.

Similarly,

∥n2 − m2∥ =

√
(g − u)2

4
+

(ϱ − v)2

9
.

Using the inequality for the Euclidean norm, we get

∥ni − mi∥ ≤

√
max

(
1
4
,

1
9

)
· Ψ (p, q) =

1
2
Ψ (p, q).

For any point in N(p), the closest point in N(q) is at most 1
2Ψ (p, q) away, and vice versa. Therefore,

D(N(p),N(q)) = max
{

sup
n∈N(p)

inf
m∈N(q)

∥n − m∥, sup
m∈N(q)

inf
n∈N(p)

∥m − n∥
}

≤
1
2
Ψ (p, q) ≤ Ψ (p, q).
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Now, points in M(p) are r1 =
(
g

3 + η,
ϱ

4

)
, r2 =

(
g

3 ,
ϱ

4 + η
)
, and in M(q) are s1 =

(
u
3 + η,

v
4

)
, s2 =(

u
3 ,

v
4 + η

)
.

∥r1 − s1∥ =

√(
g

3
−

u
3

)2
+

(
ϱ

4
−

v
4

)2
=

√
(g − u)2

9
+

(ϱ − v)2

16
.

Same concerns as ∥r2 − s2∥.

∥ri − si∥ ≤
1
3
Ψ (p, q).

Thus,

D(M(p),M(q)) ≤
1
3
Ψ (p, q) ≤ Ψ (p, q).

Since for all p, q ∈ X,

D(N(p),N(q)) ≤ Ψ (p, q), D(M(p),M(q)) ≤ Ψ (p, q).

Therefore, the maps N and M are multi-valued non-expansive maps on the convex metric space X.
Lemma 2.2. Let E be a closed and convex subset of a CMS and M and N be multi-valued non-
expansive maps on E with F1 , ∅. Then, for the sequence {gn} generated by (1.3), lim

n→∞
Ψ (gn, σ) exists

for every σ ∈ F1.
Proof. Let σ ∈ F1. Applying (1.3), we have

Ψ (gn+1, σ) = Ψ
(
W

(
ϱn,W

(
τn, gn,

θn
1−ηn

)
, ηn

)
, σ

)
≤ ηnΨ (ϱn, σ) + (1 − ηn)Ψ (W(τn, gn,

θn
1−ηn

), σ)
≤ ηnΨ (ϱn, σ) + (1 − ηn)

[
θn

1−ηn
Ψ (τn, σ) +

(
1 − θn

1−ηn

)
Ψ (gn, σ)

]
= ηnΨ (ϱn, σ) + θnΨ (τn, σ) + (1 − ηn − θn)Ψ (gn, σ)
= ηnD(Ngn,Nσ) + θnD (Mgn,Mσ) + (1 − ηn − θn)Ψ (gn, σ)
≤ ηnΨ (gn, σ) + θnΨ (gn, σ) + (1 − ηn − θn)Ψ (gn, σ) ,

Ψ (gn+1, σ) ≤ Ψ (gn, σ) ,

for all σ ∈ F1.

This shows that {gn} is non-increasing and bounded below; it means the sequence cannot
decrease indefinitely without limit. This guarantees the sequence converges to some limit. Hence,
limn−→∞Ψ (gn, σ) exists for each σ ∈ F1.
Theorem 2.3. Let E be a non-empty closed and convex subset of a CMS Υ equipped with a continuous
structureW. Suppose that M and N are multi-valued non-expansive maps on E with F1 , ∅. Then,
for the sequence {gn} generated by (1.3), the following holds:

lim
n−→∞

Ψ (gn,Mgn) = 0 = lim
n−→∞

Ψ (gn,Ngn).

Proof. By Lemma 2.2, limn→∞Ψ (gn, σ) exists for each σ ∈ F1. Assume that limn→∞Ψ (gn, σ) = c.
If c = 0, then the result is straightforward.
For c > 0, limn−→∞Ψ (gn+1, σ) = c gives that

lim
n→∞
Ψ

(
W

(
ϱn,W

(
τn, gn,

θn
1 − ηn

)
, ηn

)
, σ

)
= c. (2.1)
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As N is non-expansive,
D (Ngn,Nσ) ≤ Ψ (gn, σ) ,

and so
lim

n−→∞
supD (Ngn,Nσ) ≤ lim

n−→∞
supΨ (gn, σ) = c. (2.2)

Since
Ψ

(
W

(
τn, gn,

θn
1−ηn

)
, σ

)
≤

θn
1−ηn
Ψ (τn, σ) +

(
1 − θn

1−ηn

)
Ψ (gn, σ)

= θn
1−ηn
D (Mgn,Mσ) +

(
1 − θn

1−ηn

)
Ψ (gn, σ)

≤
θn

1−ηn
Ψ (gn, σ) +

(
1 − θn

1−ηn

)
Ψ (gn, σ) ,

Ψ
(
W

(
τn, gn,

θn
1−ηn

)
, σ

)
≤ Ψ (gn, σ) .

Therefore,

lim
n−→∞

supΨ
(
W

(
τn, gn,

θn
1 − ηn

)
, σ

)
≤ c. (2.3)

By Lemma 1.1, with g = σ, ν = c, gn = ηn, κn = ϱn, ωn =W
(
τn, gn,

θn
1−ηn

)
and using (2.1)–(2.3), we

have

lim
n−→∞

Ψ

(
ϱn,W

(
τn, gn,

θn
1 − ηn

))
= 0. (2.4)

Now,
Ψ (gn+1, ϱn) = Ψ

(
W

(
ϱn,W

(
τn, gn,

θn
1−ηn

)
, ηn

)
, ϱn

)
≤ ηnD (Ngn,Ngn) + (1 − ηn)Ψ

(
W

(
τn, gn,

θn
1−ηn

)
, ϱn

)
≤ ηnΨ (gn, gn) + (1 − ηn)Ψ

(
W

(
τn, gn,

θn
1−ηn

)
, ϱn

)
≤ (1 − ηn)Ψ

(
W

(
τn, gn,

θn
1−ηn

)
, ϱn

)
given by (2.4),

lim
n−→∞

Ψ (gn+1, ϱn) = 0. (2.5)

Since M is non-expansive, therefore, it follows that

lim
n−→∞

supΨ (τn, σ) ≤ c.

Now by the triangular inequality, we obtain Ψ (gn+1, σ) ≤ Ψ (gn+1, ϱn) + Ψ (ϱn,W(τn, gn,
θn

1−ηn
)) +

Ψ (W(τn, gn,
θn

1−ηn
), σ).

Taking lim infn→∞ and using (2.4) and (2.5), we get

c ≤ lim
n−→∞

inf Ψ
(
W(τn, gn,

θn
1 − ηn

), σ
)
,

which is given by (2.3),

lim
n−→∞

Ψ

(
W(τn, gn,

θn
1 − ηn

), σ
)
= c. (2.6)

By Lemma 1.1, it follows that
lim

n−→∞
Ψ (gn, τn) = 0. (2.7)
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Further note that

Ψ (gn+1, gn) ≤ Ψ (gn+1, ϱn) + Ψ (ϱn,W(τn, gn,
θn

1−ηn
)) + Ψ (W(τn, gn,

θn
1−ηn
, gn)).

Taking the limit on both sides

lim
n→∞
Ψ (gn+1, gn) ≤ lim

n→∞
Ψ (gn+1, ϱn) + lim

n→∞
Ψ (ϱn,W(τn, gn,

θn
1−ηn

)) + lim
n→∞
Ψ (W(τn, gn,

θn
1−ηn
, gn)).

By (2.4) and (2.5), we get

lim
n→∞
Ψ (gn+1, gn) ≤ lim

n→∞
Ψ

(
W(τn, gn,

θn
1−ηn

), gn
)

≤ lim
n→∞

θn
1−ηn
Ψ (τn, gn) + lim

n→∞
(1 − θn

1−ηn
)Ψ (gn, gn) .

Using (2.7), it follows that
limn−→∞Ψ (gn+1, gn) = 0. (2.8)

As
Ψ (gn, ϱn) ≤ Ψ (gn, gn+1) + Ψ (gn+1, ϱn) .

So, (2.5) and (2.8) imply
lim

n−→∞
Ψ (gn, ϱn) = 0. (2.9)

Now,
Ψ (gn,Ngn) ≤ Ψ (gn, ϱn),

and
Ψ (gn,Mgn) ≤ Ψ (gn, τn).

Hence, by (2.7) and (2.9),
lim
n→∞
Ψ (gn,Mgn) = 0 = lim

n→∞
Ψ (gn,Ngn).

Theorem 2.4. Let E be a non-empty closed and bounded subset of a complete CMS and let M and N
be multi-valued non-expansive maps on E with F1 , ∅. Then, {gn} in (1.3) converges strongly to a CFP
of M and N iff

lim
n−→∞

inf Ψ (gn, F1) = 0.

Proof. The necessity is straightforward. Conversely, suppose that

lim
n−→∞

inf Ψ (gn, F1) = 0.

As in the proof of Lemma 2.2, we have

Ψ (gn+1, σ) ≤ Ψ (gn, σ) ,

for all σ ∈ F1. This implies that Ψ (gn+1, F1) ≤ Ψ (gn, F1) so that lim
n→∞
Ψ (gn, F1) exists.

We show that {gn} is Cauchy. Let ε > 0 be an arbitrary real number.
By lim

n→∞
Ψ (gn, F1) = 0 , ∃ a positive integer n0 such that Ψ (gn, F1) < ε4 , ∀n ≥ n0. In particular,

inf
{
Ψ

(
gn0 , σ

)
; σ ∈ F1

}
<
ε

4
.
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Thus, ∃ a σ∗ ∈ F1 such that Ψ
(
gn0 , σ∗

)
< ε2 . Now, ∀m, n ≥ n0, we have

Ψ (gm+n, gn) ≤ Ψ (gm+n, σ∗) + Ψ (σ∗, gn) ≤ 2Ψ
(
gn0 , σ∗

)
≤ 2( ε2 ),

Ψ (gm+n, gn) ≤ ε.

Hence, {gn} is Cauchy. As Υ is complete so, {gn} converges to ȷ.

Ψ ( ȷ,M ȷ) ≤ Ψ ( ȷ, gn) + Ψ (gn,Mgn) +D (Mgn,M ȷ)
≤ Ψ ( ȷ, gn) + Ψ (gn,Mgn) + Ψ (gn, ȷ) .

In this inequality, taking limit as n→ ∞ and using Theorem 2.3, we have

Ψ ( ȷ,M ȷ) = 0,

which is given by the closeness of M ȷ that ȷ ∈ F(M).
In the same way, we can prove that Ψ ( ȷ,N ȷ) = 0 and ȷ ∈ F(N).

Theorem 2.5. Suppose Υ is a complete CMS and E is a non-empty compact and convex subset of Υ. If
M,N : E → CB(E) are non-expansive multi-valued maps and F1 , ϕ. Then, the iterative process (1.3)
is convergent to an element of F1.
Proof. By Lemma 2.2, limn−→∞Ψ (gn, σ) exists, and limn−→∞Ψ (gn,Ngn) = 0 by Theorem 2.3. Since E
is compact; therefore, a subsequence

{
gnk

}
of {gn} exists such that limn−→∞

{
gnk

}
= σ ∈ E.

Now,
Ψ (σ,Nσ) ≤ Ψ

(
σ, gnk

)
+ Ψ

(
gnk ,Nσ

)
= Ψ

(
σ, gnk

)
+D

(
Ngnk ,Nσ

)
≤ Ψ

(
σ, gnk

)
+ Ψ

(
σ, gnk

)
= 2Ψ

(
σ, gnk

)
gives that Ψ (σ,Nσ) ≤ 0, which in turn gives that σ ∈ F(N). Similarly, σ ∈ F(M). As

{
gnk

}
converges

strongly to σ and limn−→∞Ψ (gn, σ) exists, so the sequence {gn} converges strongly to σ ∈ F1.
Abbas et al. [9] introduced a multi-valued variant of condition (A′), which is less restrictive than the

compactness, as follows:
Let M,N : E → CB(E) be two multi-valued non-expansive maps. These maps fulfill condition (A′)

if ∃ a non-decreasing function ϕ : [0,∞) −→ [0,∞) with ϕ (0) = 0, ϕ (r) > 0 for all r ∈ (0,∞) such
that either Ψ (g,Ng) ≥ ϕ (Ψ (g, F1)) or Ψ (g,Mg) ≥ ϕ (Ψ (g, F1)), ∀g ∈ E.
Theorem 2.6. Let Υ be a complete CMS, E and {gn} be as in the statement of Lemma 2.2. Let M and
N be non-expansive maps on E which satisfy (A′) . Then {gn} converges strongly to a CFP of M and N.
Proof. By Lemma 2.2, limn−→∞Ψ (gn, σ) exists ∀ σ ∈ F1. Now, Ψ (gn+1, σ) ≤ Ψ (gn, σ) gives that

inf
σ∈F1
Ψ (gn+1, σ) ≤ inf

σ∈F1
Ψ (gn, σ) ,

which means that limn−→∞Ψ (gn, F1) exists. By condition (A′) , either

lim
n−→∞

ϕ (Ψ (gn, F1)) ≤ lim
n−→∞

Ψ (gn,Ngn) = 0

or
lim

n−→∞
ϕ (Ψ (gn, F1)) ≤ lim

n−→∞
Ψ (gn,Mgn) = 0.
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In both cases, we have
lim

n−→∞
ϕ (Ψ (gn, F1)) = 0.

Since ϕ is monotonically increasing and ϕ (0) = 0, it follows that

lim
n−→∞

ϕ (Ψ (gn, F1)) = 0.

The remaining part of the proof is that of Theorem 2.4 and is thus omitted.
We give an example in support of Theorem 2.5.

Example 2.7. Consider E = [0, 1] with the usual metric Ψ (g, ϱ) = |g − ϱ|σ, where σ ≥ 1. Define
multi-valued maps N,M : E → CB(E) as

Ng =
[
g

2
,
g + 1

2

]
, Mg =

[
g

3
,
g + 1

3

]
.

It can be easily verified that common fixed point σ ∈ [0, 1
2 ]. For any g, ϱ ∈ E,

D(Ng,Nϱ) = max
(∣∣∣ g

2 −
ϱ

2

∣∣∣σ , ∣∣∣ g+1
2 −

ϱ+1
2

∣∣∣σ) = (
|g−ϱ|

2

)σ
=
|g−ϱ|σ

2σ

=
Ψ (g,ϱ)

2σ ≤ Ψ (g − ϱ)

and
D(Mg,Mϱ) = max

(∣∣∣ g
3 −

ϱ

3

∣∣∣σ , ∣∣∣ g+1
3 −

ϱ+1
3

∣∣∣σ) = (
|g−ϱ|

3

)σ
=
|g−ϱ|σ

3σ

=
Ψ (g,ϱ)

3σ ≤ Ψ (g − ϱ)
are multi-valued non-expansive maps.

SetW(g, ϱ, t) = (1 − t)g + tϱ. Choose ηn = θn =
1
3 , where ηn + θn < 1. Then using (1.3), we get

gn+1 =
2
3
ϱn +

1
3

(
1
2

zn +
1
2
gn

)
=

2
3
ϱn +

1
6

zn +
1
6
gn. (2.10)

Let ϱn ∈ Ngn = 2gn+1
4 and zn ∈ Mgn = 2gn+1

6 .

Substitute the value of ϱn and zn in (2.10) to get

gn+1 =
2
3
·

2gn + 1
4

+
1
6
·

2gn + 1
6

+
1
6
gn =

2gn + 1
6

+
2gn + 1

36
+

1
6
gn =

5
9
gn +

7
36
.

The coefficient of gn is 5
9 < 1, so the iteration is a contraction on the interval [0, 1]. Since [0, 1] with

the usual metric is complete, the sequence {gn} converges to a unique fixed point g∗. Now, the fixed
point g∗ is found as follows:

g
∗ =

7
16

and

N(g∗) =
[

7
32
,

23
32

]
.

As
7
16
∈

[
7

32 ,
23
32

]
, so g∗ ∈ N(g∗). In the same way,

M(g∗) =
[

7
48
,

23
48

]
.

As
7

16
∈

[
7

48 ,
23
48

]
, so g∗ ∈ M(g∗), which shows that (1.3) converges to a common fixed point of M

and N.
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3. Multi-valued asymptotically non-expansive maps

The family of asymptotically non-expansive (ANE) maps has garnered consideration in the realm of
fixed point theory since the seminal work of Goebel and Kirk [19]. Kirk and Xu [20] investigated these
maps within the setting of uniformly convex Banach spaces. Their findings were further generalized
by Hussain and Khamsi [21] to encompass metric spaces. Subsequently, Khamsi and Kozlowski [22]
extended these results to the broader context of modular function spaces.

Consider E to be a closed and convex subset of a CMS. A mapping N : E −→ CB(E) is said to be
multi-valued ANE if there is a sequence Kn ⊂ [1,∞) such that limn−→∞Kn = 1 and

D(Nn
g,Nnϱ) ≤ KnΨ (g, ϱ). (3.1)

In this section, we introduce a modification of iteration scheme (1.2) for multivalued asymptotically
non-expansive mappings as follows:

gn+1 =W

(
Nn
gn,W

(
Mn
gn, gn,

ηn

1 − θn

)
, θn

)
, (3.2)

where 0 < a ≤ θn, ηn ≤ b < 1, and θn + ηn < 1 .
We generalize, Theorem 2.3 for two asymptotically non-expansive mappings on a complete convex

metric space.
Theorem 3.1. Let E be a nonempty closed, bounded, and convex subset of a complete convex metric
space Υ. Let M,N : E −→ CB (E) be multivalued asymptotically non-expansive maps with F1 , ϕ.
Then

lim
n−→∞

Ψ (gn,Mn
gn) = 0 = lim

n−→∞
Ψ (gn,Nn

gn) (3.3)

for the sequence {gn} in (3.2).
Proof. For σ ∈ F1,

Ψ (gn+1, σ) ≤ Ψ
(
W

(
Nngn,W

(
Mngn, gn,

ηn
1−θn

)
, θn

)
, σ

)
≤ θnΨ (Nngn, σ) + (1 − θn)Ψ

(
W(Mngn, gn,

ηn
1−θn

), σ
)

≤ θnD(Nngn,Nσ) + (1 − θn){ ηn
1−θn
Ψ (Mngn, σ)+(1 − ηn

1−θn
)Ψ (gn, σ)}

≤ θnKnΨ (gn, σ) + (1 − θn){ ηn
1−θn
D(Mngn,Mσ)+(1 − ηn

1−θn
)Ψ (gn, σ)}

= θnKnΨ (gn, σ) +KnηnΨ (gn, σ) + (1 − θn − ηn)Ψ (gn, σ)
≤ [θnKn +Knηn + (1 − θn − ηn)]Ψ (gn, σ).

Taking the limit on both sides and Kn → 1 as n→ ∞ gives

Ψ (gn+1, σ) ≤ Ψ (gn, σ).

This gives that {gn} is a non-increasing and bounded sequence of numbers and hence is convergent. So
limn−→∞Ψ (gn, σ) exists for each σ ∈ F1.

Now, to prove limn−→∞Ψ (gn,Mngn) = 0 = limn−→∞Ψ (gn,Nngn), we follow the procedure used in
proof of Theorem 2.3.

By applying Theorem 3.1, we derive the following convergence result:
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Theorem 3.2. Let E be a non-empty, complete, and compact convex subset of complete CMS Υ. Let
M, N, and {gn} be as in the statement of Theorem 3.1. If F1 , ϕ , then there is a subsequence of {gn}
that converges to a CFP of M and N.
Proof. By Theorem 3.1, we have

lim
n−→∞

Ψ (gn,Mn
gn) = 0 = lim

n−→∞
Ψ (gn,Nn

gn).

As E is complete and compact, we have a subsequence
{
gnk

}
of {gn} with gnk −→ q in E. Continuity of

M and N implies Ngnk −→ Nq and Mgnk −→ Mq as nk −→ ∞.
Thus,

Ψ (Mq, q) = 0 = Ψ (Nq, q).

Therefore,
Nq = Mq = q.

In 1994, Rhoades [23, Theorem 2.2] studied strong convergence of a sequence for a single-valued
completely continuous ANE self-map on a UCBS. A mapping N : E → CB(E) is completely
continuous if it is continuous and, for any bounded subset of E, its image under N is relatively compact
within E.

We now obtain a multi-valued version of the above theorem by using our iteration scheme (3.2).
Theorem 3.3. Let Υ be a complete CMS, and let E be a non-empty closed, bounded, and convex subset
of Υ. Suppose that N is a completely continuous multi-valued ANE mapping of E with {Kn} satisfying
Kn ≥ 1 and

∑∞
n=1

(
K2

n − 1
)
< ∞. Let {ηn} , {θn} ⊂ [0, 1] satisfy

(i) 0 < lim infn→∞ ηn ≤ lim supn→∞ ηn < 1,
(ii) lim supn→∞ θn < 1.

Then, {gn} in (3.2) is strongly convergent to a fixed point of N.
Proof. By Theorem 3.1,

lim
n→∞
Ψ (gn,Nn

gn) = 0,

Ψ (gn+1,Nngn+1) ≤ Ψ (gn+1, gn) + Ψ (gn,Nngn) + Ψ (Nngn,Nngn+1)
= Ψ (gn+1, gn) + Ψ (gn,Nngn) +D(Nngn,Nngn+1)
≤ Ψ (gn+1, gn) + Ψ (gn,Nngn) +KnΨ (gn, gn+1)
= (1 +Kn)Ψ (gn, gn+1) + Ψ (gn,Nngn),

Ψ (gn+1,Nngn+1) ≤ (1 +Kn)Ψ (gn, gn+1) + Ψ (gn,Nngn)
≤ (1 +Kn)Ψ

(
gn,W(Nngn,W(Mngn, gn,

ηn
1−θn

), θn
)
+ Ψ (gn,Nngn)

≤ (1 +Kn){θnΨ (gn,Nngn) + (1 − θn)Ψ (gn,W(Mngn, gn,
ηn

1−θn
)} + Ψ (gn,Nngn)

= (1 +Kn)θnΨ (gn,Nngn) + (1 +Kn)(1 − θn){ ηn
1−θn
Ψ (gn,Mngn)

+ (1 − ηn
1−θn

)Ψ (gn, gn)} + Ψ (gn,Nngn)
= (1 +Kn)

[
ηnΨ (gn,Mngn) + (1 − θn − ηn)Ψ (gn, gn)

]
+ Ψ (gn,Nngn) + (1 +Kn)θnΨ (gn,Nngn).

Taking the limit and using (3.3), we get

lim
n→∞
Ψ (gn+1,Nn

gn+1) = 0. (3.4)
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Thus,

Ψ (gn,Ngn) ≤ Ψ (gn, gn+1) + Ψ (gn+1,Nngn+1) + Ψ (Nngn+1,Ngn)
≤ Ψ

(
gn,W(Nngn,W(Mngn, gn,

ηn
1−θn

), θn
)
+ Ψ (gn+1,Nngn+1) + Ψ (Nngn+1,Ngn)

≤ θnΨ (gn,Nngn) + (1 − θn)Ψ (gn,W(Mngn, gn,
ηn

1−θn
) + Ψ (gn+1,Nngn+1) + Ψ (Nngn+1, gn+1)

≤ θnΨ (gn,Nngn) + (1 − θn){ ηn
1−θn
Ψ (gn,Mngn) + (1 − ηn

1−θn
)Ψ (gn, gn)}

+ Ψ (gn+1,Nngn+1) + Ψ (gn+1,Nngn+1)
= θnΨ (gn,Nngn) + ηnΨ (gn,Mngn) + (1 − θn − ηn)Ψ (gn, gn) + Ψ (gn+1,Nngn+1)
+ Ψ (gn+1,Nngn+1).

Taking the limit in the above inequality and using (3.3) and (3.4), we get

lim
n→∞
Ψ (gn,Ngn) = 0. (3.5)

Since N is completely continuous and {gn} is bounded, there exists a subsequence {gnk} of {gn} such
that

{
Ngnk

}
converges. Therefore, from (3.4), {gnk} converges. Let limk→∞ gnk = σ; it follows from the

continuity of N and (3.3) that σ ∈ Nσ (i.e., σ is a fixed point of N). We know that limn→∞Ψ (gn, σ)
exists and

{
Ngnk

}
converges to σ, so limn→∞Ψ (gn, σ) = 0; that is, limn→∞ gn = σ.

Remark 3.4. Based on Kuhfittig’s work [24, p. 137], our iteration scheme (3.2) for ANE maps can be
reduced to his scheme (1), which he employed to solve a system of equations of the form

g − Mig = fi, i = 1, 2, 3, . . . , n,

where each Mi is a non-expansive self-mapping on Υ, and each fi is a fixed element of Υ. As in
Kuhfittig’s work [24], our iteration scheme (3.2) can be applied to find solutions of similar systems of
the type

g − Mn
i g = fi, i = 1, 2,

where the maps Mi form a pair of ANE maps on a CMS.

4. Conclusions

In this paper, we have established common fixed point results for multi-valued non-expansive and
asymptotically non-expansive maps using a one-step iteration scheme. We have extended the results of
Fukhar-ud-Din [11] from single-valued to multi-valued mappings. Two examples, one for R2 and the
other for non-interval convex metric spaces, are presented. Example 2.7 is presented, which validates
our one-step iteration scheme for multi-valued non-expansive mappings. In Remark 3.4, we have
provided an avenue for the application of our work on asymptotically non-expansive maps on convex
metric spaces.
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