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Abstract: Following Spivey’s pivotal discovery of a recurrence relation for Bell numbers, significant
research has emerged concerning various generalizations of Bell numbers and polynomials. For
example, Kim and Kim established a Spivey-type recurrence relation specifically for degenerate Bell
and Dowling polynomials. In this paper, we extend this work by deriving a probabilistic generalization
of Spivey-type recurrence relations for both degenerate Bell and degenerate r-Bell polynomials.
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1. Introduction

The Stirling number of the second kind {Z} enumerates the number of partitions of a set with n

objects into k nonempty disjoint subsets. The sum of the Stirling numbers of the second kind {Z}
called the Bell number and denoted by ¢,, counts the total number of partitions of a set with n objects.
That is, ¢, = X, {Z} The Bell polynomial ¢,(x) = >};_, {’;}xk is a natural polynomial extension of the
Bell number ¢, (see [1,2,4,9,13]).

Spivey found the following recurrence relation on the Bell numbers (see [13]):

S50

k=0 m=0

His relation was extended by Gould-Quaintance to the Bell polynomials (see [5]):
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Recently, in [8], the authors discovered the following relation for the degenerate Bell polynomials
(see (1.2), (1.7), (1.8)):

Grana(y) = ZZ( ){}(k D)1 Pma ), (1.1)

k=0 m=0

where the degenerate Stirling numbers of the second kind are defined as

n

<x>n,1:2{’,:} (D (020),  (see [9]), (12)
P

k=0

with the falling factorial and degenerate falling factorial sequences respectively given by
xX)=1, xX)p=x(x-1)---(x—n+1), (n=>1),

(Do =1, (Dpa=x(x=D(x =2+ (x= (= DA), (n>1).

Assume that Y is a random variable whose moment generating function exists in a neighborhood of the
origin:

= YESL (<), (1.3)

n=0
for some r > 0, (see [3]).
Let (Y;);>1 be a sequence of mutually independent copies of the random variable Y, and let

Si=Y1+Yr+---+Y, (k=1), with S,=0. (1.4)

The aim of this paper is to generalize the Spivey-type relation for the degenerate Bell polynomials
in (1.1) to that for the probabilistic degenerate Bell polynomials associated with Y (see (1.13), (1.14)).
Indeed, we obtain (see Theorem 2.1):

OE ZZ() > (zl,.l.@.,zk) (1.5)

k=0 m=0 11++lkn

x E[(51 = ni ﬂ(Y,-),,.,ﬂ]gb,i,A(y),
i=1

where [y, l», . . ., [; are positive integers.
Furthermore, the relation in (1.5) is extended to the probabilistic degenerate r-Bell polynomials
associated with Y (see (2.8)) as follows (see Theorem 2.3):

n

l
¢§»’+’Z?A(y>=2()(r)" ”Ziz—() 2, (l | l")
>

1=0 =0 li++l=l

k
E[(Sk —nd)jma H(Yi)li,/l] v Y)()’)
i=1
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This mathematical framework, which integrates probability theory (through random variables
Y and their sums §;) with combinatorics (via degenerate Bell polynomials and their Spivey-type
recurrence relations), is useful for modeling complex systems involving both combinatorial structures
and stochastic processes, suggesting potential applications in:

e Stochastic Combinatorics: Modeling the expected number of random partitions or clusters in a
system where the size or weight of the elements (Y;) is random.

e Risk Modeling: Calculating compound sums of random variables (S;) in fields like insurance
or finance, especially when the number of contributing events (k) is itself linked to a combinatorial
structure.

e Theoretical Physics: Introducing stochastic fluctuations into combinatorial identities used in areas
like statistical mechanics and quantum optics.

The degenerate exponentials are defined as

& n

ein = Z(x),m% = (L+a01, exr) = el(®), (see[8,9,14]). (1.6)

n=0 ’
The degenerate Bell polynomials are given by
= (n
BOEDY {k} 2 0), (see [9]). (1.7)
k=0 z
When x = 1, ¢, = ¢,.4(1) are called the degenerate Bell numbers. Note that
) . [n n
}ll_l')% ¢n,/l(x) - ¢n(x), }ll—{% {k}/l - {k}

From (1.7), we have

h_\ r"
@O = X g, (0=, (see [9]). (1.8)

s n!

For r € N and n > 0, the degenerate r-Stirling numbers of the second kind are defined by
N (n+
CRTREDY {” r} (D (n20),  (see[10,11,15]). (1.9)
k=0 k+r),,
In view of (1.7), the degenerate r-Bell polynomials are given by
", N\ [n+T

G, (%) = ; {k N r}MXk’ (n>0), (see[l0,11]). (1.10)

When x =1, ¢£l’ l = ¢§[jl(l) are called the degenerate r-Bell numbers.
We note that

(o)

(n) X mnyn
grrn=D = 3 0 = P, (see 7)), (1.11)

| |
= n. prs n.
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where D, = £,
X dx
In [9], the probabilistic degenerate Stirling numbers of the second kind associated with Y are defined

by
kl'( [ed(t)]—l) :Z{Z} z (1.12)

|
oy mn.

Thus, by (1.12), we get

| &
{} _k_Z()( D'E[(SDual, (O <k<n).
YA

=0

In view of (1.8), the probabilistic degenerate Bell polynomials associated with Y are defined by

ex(E[eﬁ(t)]—l) — ZO#’/’A(X)%’ (see [9]). (1.13)
By (1.10) and (1.12), we get
¢! (x) = {"} * (20, (1.14)
’ = K]y,

and

- n
¢LmthQﬁWMQ¢Mm (see [9]).
=0
2. Probabilistic generalization of Spivey-type relation for degenerate Bell polynomials

Let Y, (Y;);>1, and S, (k> 0), be asin (1.3) and (1.4). By (1.6), we get

Y

Y At T
Yt =(1+2 w:la%(l ) 2.1
et =(1+Ax+0)7 =1+ (1+ @.1)
t
=€ (x)eﬁ(l n /lx)'
From (1.11) and (2.1), we note that
P (Elel]-1) _ (el een]-1) _ p(Elef@lel(55)-1)+ef@1-1) 2.2)

— pElef (el ()-1)] p(Etef 1)

Now, we observe that

it -5 Lol L))

el ol () 1) () )
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where [y, b, ..., [; are positive integers.
By (1.13), (2.2), and (2.3), we get

e[D}cey(E[e,}{(X)J_l) = €yE[e/}{(x)(e/}{(ﬁ)_l)]eY(Ele}{(x)J—l) (2'4)
~ o) n yk ( n tn
=0 k=0 " li+th=n Li,.... k/n!

X i E[(Sk —nd);a 1_ Y, /l] Z¢m/1(y)—

= i
= Y n 1
=22 Z_(zl,...,zkﬁ

S S ()

ll+ +lk n
l

x E[(Sk N ]_[(Y)z a] mﬂ(y)

e
On the other hand, by (1.13), we get
oo !
(E[eX (x)]- X
oDr @ (EI01-1) — yiD, Z ¢z/1()’)ﬁ (2.5)
(o] t‘n [ee]
= ZO] D, ; ¢u()’)
(o] (o) l
" x
= Z Z¢z+nz(y) | l’
n=0 1=0

Therefore, by (2.4) and (2.5), we obtain the following theorem.
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Theorem 2.1. For n,l > 0, we have

l l yk n
PranaV) = Z(m)y 2 (ll,...,lk)

’ L +-+lg=n

. (2.6)
E|(S1 = nrm ];[m)z,.,ﬂ]rp,i,ﬂ(y),

where 1, 1, ..., 1, are positive integers.

When Y = 1, from (2.6) we have the following relation in (1.1):

Grena(y) = Z Z ( )(k = 1),y Bma )

k=0 m=0

1 n k
X — 1);.
k! Z (ll,lz, .. ,lk) ll_—][( ied

' 11+ +lk=n

n

2,

1
( ){ } (k n/l)l m,AY ¢m/l(y)
k=0 m=0

k
yl (D5
{k}l k! IZI A rll

where [y, [, . . ., [ are positive integers.
Further, letting 4 — 0 yields Gould-Quaintance extension for Bell polynomials of Spivey’s recurrence
relation for Bell numbers.

Brin(y) = ZZ( ){ }k’ "), (see[5,7D).

k=0 m=0

Here we note that

Letting y = 1 in (2.6), we get the following Spivey-like relation for the probabilistic degenerate Bell
numbers associated with Y.

Corollary 2.2. Forn,l > 0, we have
Blona = ZZ( ) 2 (zl,..., ) [(Sk—nﬂ)m]_[mz, i
k=0 m=0 11+~~'+lk:n
where 1, 1, ..., 1, are positive integers.
For r € N, we define the probabilistic degenerate r-Stirling numbers of the second kind associated

with Y as ,

1 . o (n+r)

S(Elefo] - 1) e = Z; {k N r} k=0 2.7)
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When Y = 1, we have (see (1.9))

Y
{n+r} :{n+r} iz k>0)
k+rM k+rm

Also, we define the probabilistic degenerate r-Bell polynomials associated with Y by
Eld0l-1) g () = Z 8D (x ) (2.8)
n=0

When x =1, ¢<r n - ¢(r (1) are called the probabilistic degenerate r-Bell numbers associated with Y.
By (1.8), (2.1)—(2.3), and (2.8), we get
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where [y, [, . . ., [ are positive integers.
On the other hand, by (2.8), we get

esz(ey(E [efco]-1) o (x))

i ‘D i¢(rY) ii(ﬁ(fﬁ)ﬂ@)gj—j

n=0 Jj=0 n=0 j=0

~

S

Therefore, by (2.9) and (2.10), we obtain the following theorem.

Theorem 2.3. Forn, j > 0, we have

" 1 :
OEDY (’;)mn_u »y y—,(,f,) 2 l(zl, . l . zk)

=0 I +-+l=

X E[(Sk - n/l)j_m,x H(Yi)li,/l] v, Y)(y)
i=1

where [}, 1, ..., I, are positive integers.

When Y = 1, we have

noJj Lk
¢§r+)n 0 = Z (’Z)(,il)(r)”‘l’/l Z y_Y
=0 m=0 k=0
k
x > (zl )]‘[(1)1 Ak = ) adyO)
li+otle=l NV i=1
n J n [
= Z Z (l)( )(V)n MZyk{k} (k n/l)J m/1¢ (y)
=0 m=0 k=0
NS & (n ! ®)
=2 2 20 J o, y (k= 1) jomad (V).
2

From (2.7), we note that

o (n+r) 1 -
Z {k+ r}ma = k_!(e/l(t) - 1)e
Z{ } Z( ),A

l

S ot

n=

Thus, by comparing the coefficients on both sides of (2.12), we get

n+r " (n\(1
{k + r}m = Z (Z){k}/l(r)n—l,/b (n>k=0).

1=k

Therefore, by (2.11) and (2.13), we obtain the following corollary.

(2.10)

(2.11)

(2.12)

(2.13)
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Corollary 2.4. For j,n > 0, we have

5.0-3 {Z X :} ( )(k nA), )

k=0 m=0

3. Conclusions

In 2008, Spivey’s discovery of a recurrence relation for the Bell numbers ¢, opened a new avenue of
research. Since then, significant work has been dedicated to exploring various Spivey-type recurrence
relations (see [5-8, 12]). This includes generalizing Spivey’s relation to probabilistic Bell and r-Bell
polynomials associated with Y. Here Y is a random variable whose moment generating function exists
in a neighborhood of the origin.

In this paper, we further expanded this area by proving Spivey-type recurrence relations for
probabilistic degenerate Bell and r-Bell polynomials associated with Y. These polynomials are
degenerate versions of the aforementioned probabilistic Bell and r-Bell polynomials associated with Y.

Moving forward, our future research will focus on continuing to investigate degenerate versions and
probabilistic extensions of various other special polynomials and numbers.
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