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Abstract: Following Spivey’s pivotal discovery of a recurrence relation for Bell numbers, significant
research has emerged concerning various generalizations of Bell numbers and polynomials. For
example, Kim and Kim established a Spivey-type recurrence relation specifically for degenerate Bell
and Dowling polynomials. In this paper, we extend this work by deriving a probabilistic generalization
of Spivey-type recurrence relations for both degenerate Bell and degenerate r-Bell polynomials.

Keywords: probabilistic degenerate Bell polynomials; probabilistic degenerate r-Bell polynomials;
Spivey-type relation
Mathematics Subject Classification: 11B73, 11B83

1. Introduction

The Stirling number of the second kind
{

n
k

}
enumerates the number of partitions of a set with n

objects into k nonempty disjoint subsets. The sum of the Stirling numbers of the second kind
{

n
k

}
,

called the Bell number and denoted by φn, counts the total number of partitions of a set with n objects.
That is, φn =

∑n
k=0

{
n
k

}
. The Bell polynomial φn(x) =

∑n
k=0

{
n
k

}
xk is a natural polynomial extension of the

Bell number φn (see [1, 2, 4, 9, 13]).
Spivey found the following recurrence relation on the Bell numbers (see [13]):

φl+n =

n∑
k=0

l∑
m=0

(
l
m

){
n
k

}
kl−mφm.

His relation was extended by Gould-Quaintance to the Bell polynomials (see [5]):

φl+n(y) =

n∑
k=0

l∑
m=0

(
l
m

){
n
k

}
kl−mykφm(y).
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Recently, in [8], the authors discovered the following relation for the degenerate Bell polynomials
(see (1.2), (1.7), (1.8)):

φl+n,λ(y) =

n∑
k=0

l∑
m=0

(
l
m

){
n
k

}
λ

(k − nλ)l−m,λykφm,λ(y), (1.1)

where the degenerate Stirling numbers of the second kind are defined as

(x)n,λ =

n∑
k=0

{
n
k

}
λ

(x)k, (n ≥ 0), (see [9]), (1.2)

with the falling factorial and degenerate falling factorial sequences respectively given by

(x)0 = 1, (x)n = x(x − 1) · · · (x − n + 1), (n ≥ 1),

(x)0,λ = 1, (x)n,λ = x(x − λ)(x − 2λ) · · ·
(
x − (n − 1)λ

)
, (n ≥ 1).

Assume that Y is a random variable whose moment generating function exists in a neighborhood of the
origin:

E
[
etY

]
=

∞∑
n=0

E
[
Yn] tn

n!
, (|t| < r), (1.3)

for some r > 0, (see [3]).
Let (Y j) j≥1 be a sequence of mutually independent copies of the random variable Y , and let

S k = Y1 + Y2 + · · · + Yk, (k ≥ 1), with S 0 = 0. (1.4)

The aim of this paper is to generalize the Spivey-type relation for the degenerate Bell polynomials
in (1.1) to that for the probabilistic degenerate Bell polynomials associated with Y (see (1.13), (1.14)).
Indeed, we obtain (see Theorem 2.1):

φY
l+n,λ(y) =

n∑
k=0

l∑
m=0

(
l
m

)
yk

k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)
(1.5)

× E
[
(S k − nλ)l−m,λ

k∏
i=1

(Yi)li,λ

]
φY

m,λ(y),

where l1, l2, . . . , lk are positive integers.
Furthermore, the relation in (1.5) is extended to the probabilistic degenerate r-Bell polynomials

associated with Y (see (2.8)) as follows (see Theorem 2.3):

φ(r,Y)
j+n,λ(y) =

n∑
l=0

(
n
l

)
(r)n−l,λ

l∑
k=0

j∑
m=0

yk

k!

(
j

m

) ∑
l1+···+lk=l

(
l

l1, . . . , lk

)

× E
[(

S k − nλ) j−m,λ

k∏
i=1

(Yi)li,λ

]
φ(r,Y)

m,λ (y).
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This mathematical framework, which integrates probability theory (through random variables
Y and their sums S k) with combinatorics (via degenerate Bell polynomials and their Spivey-type
recurrence relations), is useful for modeling complex systems involving both combinatorial structures
and stochastic processes, suggesting potential applications in:

• Stochastic Combinatorics: Modeling the expected number of random partitions or clusters in a
system where the size or weight of the elements (Yi) is random.
• Risk Modeling: Calculating compound sums of random variables (S k) in fields like insurance

or finance, especially when the number of contributing events (k) is itself linked to a combinatorial
structure.
• Theoretical Physics: Introducing stochastic fluctuations into combinatorial identities used in areas

like statistical mechanics and quantum optics.

The degenerate exponentials are defined as

ex
λ(t) =

∞∑
n=0

(x)n,λ
tn

n!
= (1 + λt)

x
λ , eλ(t) = e1

λ(t), (see [8, 9, 14]). (1.6)

The degenerate Bell polynomials are given by

φn,λ(x) =

n∑
k=0

{
n
k

}
λ

xk, (n ≥ 0), (see [9]). (1.7)

When x = 1, φn,λ = φn,λ(1) are called the degenerate Bell numbers. Note that

lim
λ→0

φn,λ(x) = φn(x), lim
λ→0

{
n
k

}
λ

=

{
n
k

}
.

From (1.7), we have

ex(eλ(t)−1) =

∞∑
n=0

φn,λ(x)
tn

n!
, (see [9]). (1.8)

For r ∈ N and n ≥ 0, the degenerate r-Stirling numbers of the second kind are defined by

(x + r)n,λ =

n∑
k=0

{
n + r
k + r

}
r,λ

(x)k, (n ≥ 0), (see [10, 11, 15]). (1.9)

In view of (1.7), the degenerate r-Bell polynomials are given by

φ(r)
n,λ(x) =

n∑
k=0

{
n + r
k + r

}
r,λ

xk, (n ≥ 0), (see [10, 11]). (1.10)

When x = 1, φ(r)
n,λ = φ(r)

n,λ(1) are called the degenerate r-Bell numbers.
We note that

g(x + t) =

∞∑
n=0

g(n)(x)
n!

tn =

∞∑
n=0

tnDn
x

n!
g(x) = etDxg(x), (see [7]), (1.11)
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where Dx = d
dx .

In [9], the probabilistic degenerate Stirling numbers of the second kind associated with Y are defined
by

1
k!

(
E
[
eY
λ (t)

]
− 1

)k
=

∞∑
n=k

{
n
k

}
Y,λ

tn

n!
. (1.12)

Thus, by (1.12), we get {
n
k

}
Y,λ

=
1
k!

k∑
l=0

(
k
l

)
(−1)k−lE

[
(S l)n,λ

]
, (0 ≤ k ≤ n).

In view of (1.8), the probabilistic degenerate Bell polynomials associated with Y are defined by

ex
(

E[eY
λ (t)]−1

)
=

∞∑
n=0

φY
n,λ(x)

tn

n!
, (see [9]). (1.13)

By (1.10) and (1.12), we get

φY
n,λ(x) =

n∑
k=0

{
n
k

}
Y,λ

xk, (n ≥ 0), (1.14)

and

φY
n+1,λ(x) = x

n∑
k=0

(
n
k

)
E
[
(Y)k+1,λ

]
φY

n−k,λ(x), (see [9]).

2. Probabilistic generalization of Spivey-type relation for degenerate Bell polynomials

Let Y, (Y j) j≥1, and S k, (k ≥ 0), be as in (1.3) and (1.4). By (1.6), we get

eY
λ (x + t) =

(
1 + λ(x + t)

) Y
λ = (1 + λx)

Y
λ

(
1 +

λt
1 + λx

) Y
λ

(2.1)

= eY
λ (x)eY

λ

( t
1 + λx

)
.

From (1.11) and (2.1), we note that

etDxey
(

E
[
eY
λ (x)

]
−1
)

= ey
(

E
[
eY
λ (x+t)

]
−1
)

= ey
(

E
[
eY
λ (x)

(
eY
λ

(
t

1+λx

)
−1
)
+eY

λ (x)]−1
)

(2.2)

= eyE
[
eY
λ (x)

(
eY
λ

(
t

1+λx

)
−1
)]

ey
(

E[eY
λ (x)]−1

)
.

Now, we observe that

eyE
[
eY
λ (x)

(
eY
λ

(
t

1+λx

)
−1
)]

=

∞∑
k=0

yk

k!

(
E
[
eY
λ (x)

(
eY
λ

( t
1 + λx

)
− 1

)])k

(2.3)

=

∞∑
k=0

yk

k!
E
[
eY1+···+Yk
λ (x)

(
eY1
λ

( t
1 + λx

)
− 1

)
· · ·

(
eYk
λ

( t
1 + λx

)
− 1

)]
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=

∞∑
k=0

yk

k!

∞∑
n=k

( ∑
l1+···+lk=n

(
n

l1, . . . , lk

)
E
[
eS k
λ (x)(Y1)l1,λ(Y2)l2,λ · · · (Yk)lk ,λ

])( t
1+λx

)n

n!

=

∞∑
k=0

yk

k!

∞∑
n=k

( ∑
l1+···+lk=n

(
n

l1, . . . , lk

)
E
[
eS k−nλ
λ (x)(Y1)l1,λ(Y2)l2,λ · · · (Yk)lk ,λ

]) tn

n!

=

∞∑
n=0

( n∑
k=0

yk

k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)
E
[
eS k−nλ
λ (x)

k∏
i=1

(Yi)li,λ

]) tn

n!
,

where l1, l2, . . . , lk are positive integers.
By (1.13), (2.2), and (2.3), we get

etDxey
(

E[eY
λ (x)]−1

)
= eyE

[
eY
λ (x)

(
eY
λ

(
t

1+λx

)
−1
)]

ey
(

E[eY
λ (x)]−1

)
(2.4)

=

∞∑
n=0

n∑
k=0

yk

k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)
tn

n!

×

∞∑
j=0

E
[
(S k − nλ) j,λ

k∏
i=1

(Yi)li,λ

] x j

j!

∞∑
m=0

φY
m,λ(y)

xm

m!

=

∞∑
n=0

n∑
k=0

yk

k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)
tn

n!

×

∞∑
l=0

l∑
m=0

(
l
m

)
E
[
(S k − nλ)l−m,λ

k∏
i=1

(Yi)li,λ

]
φY

m,λ(y)
xl

l!

=

∞∑
n=0

∞∑
l=0

n∑
k=0

l∑
m=0

(
l
m

)
yk

k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)

× E
[
(S k − nλ)l−m,λ

k∏
i=1

(Yi)li,λ

]
φY

m,λ(y)
tn

n!
xl

l!
.

On the other hand, by (1.13), we get

etDxey
(

E[eY
λ (x)]−1

)
= etDx

∞∑
l=0

φY
l,λ(y)

xl

l!
(2.5)

=

∞∑
n=0

tn

n!
Dn

x

∞∑
l=0

φY
l,λ(y)

xl

l!

=

∞∑
n=0

∞∑
l=0

φY
l+n,λ(y)

tn

n!
xl

l!
.

Therefore, by (2.4) and (2.5), we obtain the following theorem.

AIMS Mathematics Volume 10, Issue 12, 29488–29497.



29493

Theorem 2.1. For n, l ≥ 0, we have

φY
l+n,λ(y) =

n∑
k=0

l∑
m=0

(
l
m

)
yk

k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)

× E
[
(S k − nλ)l−m,λ

k∏
i=1

(Yi)li,λ

]
φY

m,λ(y),

(2.6)

where l1, l2, . . . , lk are positive integers.

When Y = 1, from (2.6) we have the following relation in (1.1):

φl+n,λ(y) =

n∑
k=0

l∑
m=0

(
l
m

)(
k − nλ

)
l−m,λy

kφm,λ(y)

×
1
k!

∑
l1+···+lk=n

(
n

l1, l2, . . . , lk

) k∏
i=1

(1)li,λ

=

n∑
k=0

l∑
m=0

(
l
m

){
n
k

}
λ

(k − nλ)l−m,λykφm,λ(y).

Here we note that {
n
k

}
λ

=
1
k!

∑
l1+···+lk=n

(
n

l1, l2, . . . , lk

) k∏
i=1

(1)li,λ,

where l1, l2, . . . , lk are positive integers.
Further, letting λ→ 0 yields Gould-Quaintance extension for Bell polynomials of Spivey’s recurrence
relation for Bell numbers.

φl+n(y) =

n∑
k=0

l∑
m=0

(
l
m

){
n
k

}
kl−mykφm(y), (see [5, 7]).

Letting y = 1 in (2.6), we get the following Spivey-like relation for the probabilistic degenerate Bell
numbers associated with Y .

Corollary 2.2. For n, l ≥ 0, we have

φY
l+n,λ =

n∑
k=0

l∑
m=0

(
l
m

)
1
k!

∑
l1+···+lk=n

(
n

l1, . . . , lk

)
E
[(

S k − nλ)l−m,λ

k∏
i=1

(Yi)li,λ

]
φY

m,λ,

where l1, l2, . . . , lk are positive integers.

For r ∈ N, we define the probabilistic degenerate r-Stirling numbers of the second kind associated
with Y as

1
k!

(
E
[
eY
λ (t)

]
− 1

)k
er
λ(t) =

∞∑
n=k

{
n + r
k + r

}Y

r,λ

tn

n!
, (k ≥ 0). (2.7)
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When Y = 1, we have (see (1.9)) {
n + r
k + r

}Y

r,λ
=

{
n + r
k + r

}
r,λ
, (n ≥ k ≥ 0).

Also, we define the probabilistic degenerate r-Bell polynomials associated with Y by

ex
(

E
[
eY
λ (t)

]
−1
)
er
λ(t) =

∞∑
n=0

φ(r,Y)
n,λ (x)

tn

n!
. (2.8)

When x = 1, φ(r,Y)
n,λ = φ(r,Y)

n,λ (1) are called the probabilistic degenerate r-Bell numbers associated with Y .
By (1.8), (2.1)–(2.3), and (2.8), we get

etDx
(
ey
(

E
[
eY
λ (x)

]
−1
)
er
λ(x)

)
= ey

(
E
[
eY
λ (x+t)

]
−1
)
er
λ(x + t) (2.9)

= eyE
[
eY
λ (x)

(
eY
λ

(
t

1+λx−1
)]

er
λ

( t
1 + λx

)
ey
(

E[eY
λ (x)]−1

)
er
λ(x)

=

∞∑
l=0

l∑
k=0

yk

k!

∑
l1+···+lk=l

(
l

l1, . . . , lk

)
tl

l!
E
[
eS k−lλ
λ (x)

k∏
i=1

(Yi)li,λ

]
×

∞∑
s=0

(r)s,λ
ts

s!
e−sλ
λ (x)

∞∑
m=0

φ(r,Y)
m,λ (y)

xm

m!

=

∞∑
n=0

n∑
l=0

(
n
l

)
(r)n−l,λ

l∑
k=0

yk

k!

∑
l1+···+lk=l

(
l

l1, . . . , lk

)
tn

n!

× E
[
eS k−lλ−(n−l)λ
λ (x)

k∏
i=1

(Yi)li,λ

] ∞∑
m=0

φ(r,Y)
m,λ (y)

xm

m!

=

∞∑
n=0

n∑
l=0

(
n
l

)
(r)n−l,λ

l∑
k=0

yk

k!

∑
l1+···+lk=l

(
l

l1, . . . , lk

)
tn

n!

×

∞∑
a=0

E
[
(S k − nλ)a,λ

k∏
i=1

(Yi)li,λ

] xa

a!

∞∑
m=0

φ(r,Y)
m,λ (y)

xm

m!

=

∞∑
n=0

n∑
l=0

(
n
l

)
(r)n−l,λ

l∑
k=0

yk

k!

∑
l1+···+lk=l

(
l

l1, . . . , lk

)
tn

n!

×

∞∑
j=0

j∑
m=0

(
j

m

)
E
[
(S k − nλ) j−m,λ

k∏
i=1

(Yi)li,λ

]
φ(r,Y)

m,λ (y)
x j

j!

=

∞∑
n=0

∞∑
j=0

j∑
m=0

n∑
l=0

(
n
l

)
(r)n−l,λ

(
j

m

) l∑
k=0

yk

k

∑
l1+···+lk=l

(
l

l1, . . . , lk

)

× E
[(

S k − nλ
)

j−m,λ

k∏
i=1

(Yi)li,λ

]
φ(r,Y)

m,λ (y)
tn

n!
x j

j!
,
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where l1, l2, . . . , lk are positive integers.
On the other hand, by (2.8), we get

etDx
(
ey
(

E
[
eY
λ (x)

]
−1
)
er
λ(x)

)
=

∞∑
n=0

tn

n!
Dn

x

∞∑
j=0

φ(r,Y)
j,λ (y)

x j

j!
=

∞∑
n=0

∞∑
j=0

φ(r,Y)
j+n,λ(y)

tn

n!
x j

j!
.

(2.10)

Therefore, by (2.9) and (2.10), we obtain the following theorem.

Theorem 2.3. For n, j ≥ 0, we have

φ(r,Y)
j+n,λ(y) =

n∑
l=0

(
n
l

)
(r)n−l,λ

l∑
k=0

j∑
m=0

yk

k!

(
j

m

) ∑
l1+···+lk=l

(
l

l1, . . . , lk

)

× E
[(

S k − nλ) j−m,λ

k∏
i=1

(Yi)li,λ

]
φ(r,Y)

m,λ (y),

where l1, l2, . . . , lk are positive integers.

When Y = 1, we have

φ(r)
j+n,λ(y) =

n∑
l=0

j∑
m=0

(
n
l

)(
j

m

)
(r)n−l,λ

l∑
k=0

yk

k!

×
∑

l1+···+lk=l

(
l

l1, . . . , lk

) k∏
i=1

(1)li,λ(k − nλ) j−m,λφ
(r)
m,λ(y) (2.11)

=

n∑
l=0

j∑
m=0

(
n
l

)(
j

m

)
(r)n−l,λ

l∑
k=0

yk

{
l
k

}
λ

(k − nλ) j−m,λφ
(r)
m,λ(y)

=

n∑
k=0

j∑
m=0

n∑
l=k

(
n
l

)
(r)n−l,λ

{
l
k

}
λ

(
j

m

)
yk(k − nλ) j−m,λφ

(r)
m,λ(y).

From (2.7), we note that
∞∑

n=k

{
n + r
k + r

}
r,λ

tn

n!
=

1
k!

(
eλ(t) − 1

)ker
λ(t) (2.12)

=

∞∑
l=k

{
l
k

}
λ

tl

l!

∞∑
j=0

(r) j,λ
t j

j!

=

∞∑
n=k

n∑
l=k

(
n
l

){
l
k

}
λ

(r)n−l,λ
tn

n!
.

Thus, by comparing the coefficients on both sides of (2.12), we get{
n + r
k + r

}
r,λ

=

n∑
l=k

(
n
l

){
l
k

}
λ

(r)n−l,λ, (n ≥ k ≥ 0). (2.13)

Therefore, by (2.11) and (2.13), we obtain the following corollary.

AIMS Mathematics Volume 10, Issue 12, 29488–29497.



29496

Corollary 2.4. For j, n ≥ 0, we have

φ(r)
j+n,λ(y) =

n∑
k=0

j∑
m=0

{
n + r
k + r

}
r,λ

(
j

m

)(
k − nλ

)
j−m,λy

kφ(r)
m,λ(y).

3. Conclusions

In 2008, Spivey’s discovery of a recurrence relation for the Bell numbers φn opened a new avenue of
research. Since then, significant work has been dedicated to exploring various Spivey-type recurrence
relations (see [5–8, 12]). This includes generalizing Spivey’s relation to probabilistic Bell and r-Bell
polynomials associated with Y . Here Y is a random variable whose moment generating function exists
in a neighborhood of the origin.

In this paper, we further expanded this area by proving Spivey-type recurrence relations for
probabilistic degenerate Bell and r-Bell polynomials associated with Y . These polynomials are
degenerate versions of the aforementioned probabilistic Bell and r-Bell polynomials associated with Y.

Moving forward, our future research will focus on continuing to investigate degenerate versions and
probabilistic extensions of various other special polynomials and numbers.
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