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1. Introduction

The partial transformation semigroup P(X) on a set X consists of all partial maps @ : A — B with
A, B C X under composition, where we write dom @ and X« for the domain and range of @. The
full transformation semigroup T(X) comprises those @ € P(X) with doma = X, while the symmetric
inverse semigroup 1(X) consists of all injective elements of P(X). It is well known that P(X) and 7T (X)
are regular semigroups, and /(X) is an inverse semigroup. Analogously, for a vector space V, the
partial linear transformation semigroup P(V) consists of all linear maps @ : S — T, where S and T
are subspaces of V, equipped with composition, so that both dom @ and V« are subspaces of V. The full
linear transformation semigroup L(V) comprises those @ € P(V) with doma = V, while the injective
partial linear transformation semigroup I(V) consists of all injective elements of P(V). Similarly,
P(V) and L(V) are regular semigroups and /(V) is an inverse semigroup, with Green’s relations for
these three semigroups completely characterized.

Jampachon, Saichalee and Sullivan [9] investigated factorizable and locally factorizable
subsemigroups of the partial transformation semigroup P(X) and extended these results to the full
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linear transformation semigroup L(V). In 2006, Ittharat and Sullivan [8] extended that work to the
partial linear transformation semigroup P(V) and considered the notion of local factorizability for
such semigroups.

The semigroup P(V) admits a partial order @ C 8 defined by dom @ € dom g and @ = Bl4om«, Where
Blaome 18 the restriction of 5 to dom a. Sullivan [15] compared this subset order with the natural partial
order < on P(V), determining their meets, joins and characterizing minimal, maximal and compatible
elements under each. Similar results were obtained for the semigroup L(V).

For a subspace W C V, define the subsemigroup S (V, W) of L(V) by

S(V,W)y={ae L(V): Wa C W}.

Both the identity idy and the zero map belong to S (V, W). Nenthein and Kemprasit [10] characterized
the regular elements of S (V, W), proving that @« € S(V, W) is regular if and only if Va N W = Wa
and that S (V, W) is regular precisely when W = V or W = {0}. Huisheng [7] described the L* and
R* relations on S (V, W), while Honyam and Sanwong [5] presented Green’s relations and ideals and
showed that S (V, W) is never isomorphic to L(U) for any vector space U if W is a nonzero proper
subspace of V. Chinram and Baupradist [2] gave necessary and sufficient conditions for elements
in S(V, W) to be left [right] magnifying. Chaiya [1] studied the natural partial order, compatibility,
maximal and minimal elements of S (V, W), as well as conditions for it to be factorizable, unit-regular
and directly finite. Recently, Sawatraksa and Tantong [14] examined left, right and complete regularity
in this semigroup.

Let W be a subspace of a vector space V. For a subsemigroup S(W) of L(W), Sarkar and Singh [13]
introduced

Lsny(V) = {a € L(V) : aly € S(W)),

generalizing S (V, W) and characterizing its regular, inverse and completely regular elements. They also
described unit-regular elements and gave criteria for unit-regularity in Lgy,(V).

The notation GL(V) refers to the set of all automorphisms of V, that is all bijective linear
transformations from V to itself; under composition, GL(V) forms the well-known general linear
group.

In [12], a special case of Lgw)(V) was investigated where S(W) is the general linear group of W.
So, for a subspace U of V over a field F,

Loyw)(V) = {a € L(V) : aly € GL(U)).

When U =V, Lgi (V) coincides with GL(U). A recent work [12] presented a description of Green’s
relations and ideals for this semigroup, identified its minimal ideal and all minimal idempotents, proved
an isomorphism theorem for the finite-dimensional case over a finite field, and determined a generating
set.

Analogously to Lgr)(V), define the semigroup of partial linear transformations on V whose
restriction to a subspace W is in Z(W):

P](W)(V) = {a € P(V) : CL/lW € I(W)}

This is a generalization of the injective partial linear transformation semigroup Z(W). Notably,
P7w)(V) contains the identity on V, making it a monoid.
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In this paper, we explore the semigroup Prw)(V), providing a description of its Green’s relations,
characterizing its regular elements and giving necessary and sufficient conditions for Py, (V) to be
regular, inverse, or completely regular. Moreover, the ideal structure of Pr,(V) is analyzed, with its
maximal and minimal ideals identified.

2. Preliminaries

We start by setting up notation and basic results from linear algebra and semigroup theory that will
be used throughout. Readers are referred to [3,4,6,11] for any terminology not explicitly defined here.

Throughout, W is a subspace of a vector space V and (e;) = ({e; : i € I}) denotes the subspace
generated by a linearly independent set {e;} = {e; : i € I} in V. When W = (e;), the set {e;} forms
a basis of W, so dim W = |I|. Standard results give dimW < dimV and if dim W = dimV with V
finite-dimensional, then W = V.

For subspaces M, N of V, the sum M + N is defined by

M+N={m+n|me M,n e N},

which is the smallest subspace containing both M and N. We say V is the internal direct sum of S| and
So,written V=885, if V=S,+S5,and §; NS, = {0}. If a vector space V is the internal direct
sum of a family §4,S5,,...,S5, of subspaces of V, itis denotedas V =5, @ S5,®---&S,. f V=S T,
we call T a complement of S in V. While a subspace can have many complements, all complements
are mutually isomorphic.

For a subspace W of V, the quotient space V/W consists of all cosets of W in V. All complements of
W in V are isomorphic to V/W and hence to each other. The dimension of V/W, denoted by codim(W),
is called the codimension of W in V; if V is finite-dimensional, then codim(W) = dim V — dim W.

For a subset {i;} of V, the notation ), a;u; denotes a finite linear combination:

a; U, + a;, Ui, + -+ a; u;, ,

where n is a positive integer, u;,, . .., u;, are elements from {«;} and a;,, ..., a;, are scalars.

For @ € P(V) and a subspace W C V, we write ker « for the kernel and Va for the range of «.
The expression Wa denotes the set of images of elements in W N dom « under a; when Wa = (w;a),
each w; is an element of W N doma and the set {w;} is linearly independent. If Va = (v;a), then
doma = kera & (v;).

We adopt the notation from [4, p. 241]: for any a € P(X),

A;
a = ,
a;
where i runs over some index set I, {a;} = {a; : i € I}, Xe = {a;} and a,a™' = A,. This notation

naturally extends to P(V). To define @ € P(V), select a basis {e;} for doma and a set {a;} C V, then
define e;a = a; for each i € [ and extend linearly. Thus, given {¢;} and {a;}, any @ € P(V) can be

represented as
]
= .
ai
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Specifically, if @ € Prw)(V), then Wa € W. In this case, the domain of « can be partitioned into three
parts so that
| Us Vi w;
a—( 0 va wja)’

where ker @ = (u,), Wa = (w;a) and Va = (v;a)®(w;a). We also note by definition that ker aNW = {0}
forall o € P[(W)(V).

Our analysis relies on the following established results from linear algebra:
Theorem 2.1. Let V and W be vector spaces over a field E. Then V = W if and only if dim V = dim W.

Theorem 2.2. Let S and T be subspaces of a vector space V such that S N'T = {0}. Then dim(S & T) =
dimS$ +dim7.

3. Green’s relations

Let S be a semigroup and let S! denote the semigroup obtained by adjoining an identity to S if it
does not already have one; if S is a monoid, then S' = S. The Green’s relations L, R, H,D and 7,
introduced by Green, are fundamental for studying semigroup structure. For any a,b € S, we have
a L b if and only if there exist x,y € S' such that @ = xb and b = ya. Dually, a R b if and only if a = bx
and b = ay for some x,y € S'. The relation a J b holds if and only if there exist x,y,u,v € S! with
a = xby and b = uav. The other Green’s relations are given by

H=LNR and D=LoR

It follows from their definitions that £, R, H and J are equivalence relations on S. Because the
composition of £ and R is commutative, D is the join L V R, that is the smallest equivalence relation
containing £ UR. Furthermore, £ is a right congruence and R is a left congruence on S. The following
inclusions alwayshold: HC LD C J and H CRC D C 9. In the case where S is commutative,
all these relations coincide, thatis, H = L =R =D =9.

Green’s relations for several semigroups of linear transformations have been characterized in the
literature. Specifically, [8, Lemma 2.2] described these relations for the semigroup P(V) of partial
linear transformations, [3, Exercise 2.2.6] characterized them for the semigroup L(V) of all linear
transformations and [12, Theorem 3.5] established the following characterization for Lgz)(V).

Theorem 3.1 ( [12, Theorem 3.5]). Let @, 8 € L w)(V). Then the following statements hold.
(1) (@,B) € Lifand only if Va = V.

(ii) (@,pB) € Rif and only if ker @ = ker 5.

(iii) (a@,B) € ‘H if and only if Va = VB and ker @ = ker 8.

(iv) (@,pB) € Difand only if dim(Va/U) = dim(VB/U).
v) D=J.

In this section, we describe Green'’s relations for the semigroup Pz (V).
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Theorem 3.2. Let o, € Prw)(V). Then a = yf for some y € Prw) (V) if and only if Va C VB and
Wa C Wp. Consequently, a LB if and only if Va = V3 and Wa = W.

Proof. Assume that @ = ¥ for some y € Prw)(V). Then Va = V(yB) C VB and Wa = W(yB) C Wg.

Conversely, assume that Va C VB and Wa C Wg. Let Wa = (w;a), Va = (via) ® (w;a). For
each i € I and j € J, we have via = v, and w;a = w'g for some v, € V and w;, € W. Thus
Wg = (w;.,B) & (wB) and VB = (Vi) ® (v, 8) & (W;,B) ® (wiB). We can write

=[5 v e )85 sy )
where ker @ = (u,) and ker 8 = (u,). Define y € P(V) by
us v wj
T ( 0 v W, ) '
It is straightforward to check that y € Pry,(V) and a = yB. |

Theorem 3.3. Let a,8 € Prw) (V). Then a = By for some y € Prw) (V) if and only if the following
conditions hold:

(1) doma C domp.
(i1) kerB C kera.
(iii) W' ndoma € Wa™l.
(iv) kera N WB™! C ker 3.
Consequently, aRB if and only if dom « = dom g, ker a = ker 8 and Wa™' = WS~

Proof. Assume that @ = By for some y € Py, (V). Itis clear that doma € dom . Let u € ker 8. Then
uB = 0 which implies that 0 = uBy = ua. Hence u € ker a. Thus ker 8 C kera. Let v € W5~! N doma.
Then vB = w for some w € W. We have var = vBy = wy € W since y|y € 7(W). Hence v € Wa! and
so W' Nndoma € Wa™'. Let u € kera N WB™!. Then ua = 0 and uS = w for some w € W. We have
0 = ua = uBy = wy which implies that w € kery|y = {0} since y|y € Z(W). Thus u8 = w = 0 from
which it follows that u € ker 8 and so kera N WB~! C kerp.

Conversely, assume that the conditions hold. We consider the following two cases.

Case 1: Va = {0}. Let ker 8 = (u;). By (ii), we can write ker @ = (u;) ® (u;) and

_ | Wi Uy
o= ( o )
We assert that {u;3} is linearly independent. Let ), a;u;8 = O for some a; € F. Then ) aju; € kerf8 =

(u;) which implies that a; = O for all j since {u;, u;} is linearly independent. Thus {u;5} is linearly
independent. Let V3 = (u;5) ® (vi3). We can write

| Ui uj Vi
ﬁ_(O uj,B Vk,B)'
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Define y € P(V) by
_ [ ub
()
To show that y € Prw)(V), let w € W ndomy. Then w = > aju;B for some a; € F. Then } aju; €
kera N WSB! C ker8 = (u;y which implies that a ; = 0 for all j since {u;,u;} is linearly independent.
Thus w = 0 and so W Nndomy = {0}. Hence y € Prw) (V). Moreover, it is straightforward to check
that o = By.

Case 2: Va # {0}. Let Wa = (w;a) and Va = (v;a) @ (w;a). Let ker = (u,). Then kera =
(u,) ® (uy) since ker 8 C ker . We can write

o= u, uUs Vi w;
L0 0 va wa)
We claim that {u,f, v;8, w8} is linearly independent. Consider

Zasusﬁ+ Zb,-v,-ﬁ+ chwjﬁ =0

for some ay, b;, c; € F. Then

(Z agug + me‘ + chwj)ﬁ =0
Zasus + Zbivi + Z cjw;j € ker 8 = (u,).

We obtain a, = b; = ¢; = 0 for all s, 1, j since {u,, uy, v;, w;} is linearly independent. Thus {u 83, v;3, w5}
is linearly independent. Define y € P(V) by

7:( usﬁ Viﬁ Wjﬁ )

0 via wa

which implies that

We assert that y € Py (V). Letw € W Nndomy. Then

w= Zasusﬁ+ Zbiv,ﬁ+ chwj,B = (Z asus + Zb,-vi + chwj)ﬁ

for some ay, b;, c; € F. We obtain

aus+ Y byi+ » ciw; e W ndoma € Wa™!
D asts * ) b+ ) ew;

which implies that

wy = Zbivia/ + chwja = Zasusa + Zbivia + chwja eW.

Hence Wy C W. To show that kery N W = {0}, let u € kery " W. Then u = }; a,u,S for some a, € F.
We have Y au, € kera N WB~' C ker which implies that u = 0. Thus kery N W = {0} and so
Y € Prawy(V).

Finally, we prove that @ = By. To show that dom @ = dom(By), let v € doma. Then v = ) a,u, +
2 bgug + 3, cvi + 3. d;jw; for some a,, by, c;,dj € F. ThenvB = Y b+ 3 civif + X, djw;8 € domy
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from which it follows that v € dom(By). Thus dom @ € dom(By). On the other hand, let v € dom(By).
Then vg8 € domy which implies that v8 = ), a,uf + >, biviB +  cjw,;B for some ay, b;, c; € F. Hence

v — ZasuS - Zb,-vi - chwj € ker8 = (u,),

and so v = ) d,u, + ), asus + ), bjv; + 3, c;w; for some d, € F. Thus v € doma which implies that
dom(By) € dom a. It is concluded that dom @ = dom(By). Let v € doma. Thenv = ), a,u, + ) byu, +
2. ¢ivi + ), djw; for some a,, by, c;,d; € F. We have

vBy = Zarur Yy + Z bsufy + Z civiPBy + Z dwBy = Z Civiar + Zdjwja/
va = Z au,a+ Z bsu,a + Z civia + Z diw;a = Z cvia + Z diw;a,

from which it follows that vBy = va. Therefore, a = By. O

and

Combining Theorems 3.2 and 3.3 yields the following result.
Theorem 3.4. Let o,8 € Prw) (V). Then aHB if and only if Va = VB, Wa = W, doma = domp,
kera = ker 8 and Wa™' = WB~L.

Next, we consider the relations J and D for the semigroup P, (V). To do this, we need to analyze
the dimensions of the vector spaces involved.

Lemma 3.5. Let o, € Prow) (V). Then
dim(VaB/(Vap N W)) < dim(Va/(Va N W))
and
dim(Vapg/(Vep N W)) < dim(VB/(VE N W)).
Proof. Let Vap N W = (v;af) and Vap = (viap) @ (v;af). Then dim(VapB/(Vap N W)) = |J|. We can

write
_ Ug Vi Vj
af = ( 0 viaB vjap )’
where ker(af) = (u,). We assert that {v;a}U{v;a} is linearly independent. Consider ) ajv;a+3 byv,a =
0 for some a;, b; € F. Then ) a;viaff+3; b;v,aff = 0 which implies that ) a;v;+3 bjv; € ker(af) = (u,).
Since {u,}U{v;}U{v;} is linearly independent, we obtain a; = b; = 0 for all 7, j. Thus {v,e} U {v;a} is
linearly independent.

We claim that (via) " W = {0}. Letv € (vja) " W. Then v = } a;v;a for some a; € F. We
have v = Y ajv;af € Vap N W and vB € (v;af) from which it follows that v8 = 0 since (v;af) is a
complement of Vag N W in Vap. Hence 0 = vB = } a;v;af which implies that a; = O for all j. Thus
v =0and so (v;a) " W = {0} as claimed.

It is concluded that (v;a) N (Va N W) = {0}. Let Va N W = (w). We can write Va = (v,a) ®
(vja) @ (viar). Therefore,

dim(Va/(Va N W)) = |R| + |J| > |J| = dim(VaB/(Vap N W)).
Since (v;aB) N W = {0}, it is straightforward to check that
dim(VB/(VBNW)) > |J| = dim(VaB/(Vap N W)).

O
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Theorem 3.6. Let a, € Prw)(V). Then a = ABu for some A, u € Prw)(V) if and only if dim(Va) <
dim(Vpg), dim(Wea) < dim(Wp) and dim(Va/(Va N W)) < dim(VB/(VE N W)). Consequently, aJ B if
and only if dim(Va) = dim(Vg), dim(Wa) = dim(Wp) and dim(Va/(Va N W)) = dim(VB/(VS N W)).

Proof. Assume that dim(Va) < dim(Vp), dim(Wa) < dim(WB) and
dim(Va/(Va N W)) < dim(VB/(VE N W)). Let Wa = (waa), Va N W = (v;a) ® (W) and
Va = (via) ® (vja) ® (wia). Let W = (w8 & (wB), VBN W = (vfB) & (w,5) & (w,B). Since
lI] = dim(Va/(Va N W)) < dim(VB/(VB N W)), we can write VB = (Vi) & (v,5) ® VB N W. Then
VB = (viB) @ (v3) & (vyB) & (w,B) ® (w,5). Hence, we can write

u, vi vVj W fug Vioove Ve oWoW,

0 vie via wa ) and § = ( 0 VB vB v w,’(kﬁ wpB )’

where ker @ = (u,) and ker 8 = (u,). Since dim(Va) < dim(Vp3), we have |I| +|J| +|K| < |I| +|R| + S|+
|K| + |T|. Consider the following two cases:
Case 1: |J| < |R| +|S| + |T|. In this case, we can write {v,8}U{v,8}U{w,8} = {v;.,B}U{v,,,B} which

implies that
fug Vv v} Vi o W
P 0 vg vp v wp )

a =

Define A, u € P(V) by

ﬂ:(”p Vi vj Wk)andu:(v’{ﬁ Vi Wiﬂ).

’ ’ ’
0 v Viowy via via wia

One can check that A, u € Prw)(V) and @ = ABu.

Case 2: |J| > |R| +|S| + |T|. Suppose to the contrary that |I| + |K] is finite. Then |I| + |J| + | K| >
7| + |R| + |S| + |K| + |T|, which contradicts our assumption. Thus |/| + |K| must be infinite. We claim
that |I| + |K| > |J]. If not, then |/| + |K| < |J|, which implies that |J| is infinite and

(] + 1+ K[ = J| = [J] + R + S|+ [T > |I] + [R| + |S| + [K| +|T|.

However, this contradicts the assumption that |I| +|J| +|K| < |I| +|R|+|S |+ |K|+|T|. Thus |I| +|K| < |/]
is impossible. Hence |I| + |K| > |J|. Consider the following two subcases:

Subcase 2.1: |/| > |K|. Then |I| must be infinite and |I| = |I| + |[K| > |J|. We can write {vI3} =
v }U{v;’ﬁ}, which implies that
( A A P P A A )

0 VB v vB VIB Wi wp

Define A, u € P(V) by

/l:(u” Vi Vi wk)andu:(vl{/’g V;IB W’Q’B).

0 v v;’ wy Vi@ via wia

It is straightforward to verify that A, u € Prw)(V) and @ = ABu.
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Subcase 2.2: |K| > |I|. Then |K| must be infinite and |K| = |I| + |K| > |J|. We can write {w;8} =
{w;.’ JU{w;'B}, which implies that
( ug Vv, v wWioowlow, )

B= 0 vig v v w;’ w/B wp

Define A, u € P(V) by

0 v w;.' wy/ Vi V@ wia

ﬂ:(up Vi v wk)and'u:(vgﬁ wiB wy )

Similar to the previous subcase, it is straightforward to check that A, 4 € Prw)(V) and @ = ABu.
Conversely, assume that @ = ABu for some A, 4 € Prw)(V). By Lemma 3.5, we have dim(Va/(Van

W) = dim(VABu/(VABu N W)) < dim(VB/ (VB N W)). Moreover, since Va = VABu C VBu, we have

dim(Va) < dim(VBu) < dim(Vg). Similarly, we obtain dim(Wa) < dim(Wp). O

Letl <r<dimV,1<s<dimWand1 <t <dimV/W. Define a subset J(r, s, 1) of Praw),(V) by
J(r, 5,1) = {a € Prony(V) : dim(Va) = r, dim(Wa) = s, dim(Va/(Va N W)) = t}.

Then J(r, s,t) is a J-class of Pz, (V).

Theorem 3.7. Let a, 8 € Prw)(V). Then aDg if and only if dim(Va/(Va N W)) = dim(VB/(VB N W)),
dim((Van W)/Wa) = dim((VB N W)/WpB) and dim(Wa) = dim(Wp).

Proof. Assume that . Then oIS since D C J. Thus dim(Va/(Va N W)) = dim(VB/(VB N W)),
dim(Va) = dim(Vp) and dim(Wa) = dim(Wp). Let Wa = (wia), W = (W 8), VanW = (via)®{wia)
and VBNW = (vB) ® (w,p). Since dim(Va/(Va N W)) = dim(VB/(VB N W)), we can write Va =
(viay® (Van W) and VB = (vi) ® (VB N W), which implies that

’ 4

fup, v vg owg 48 = ug Vv, v wy
a = 0 an ﬂ - 0 ’ / ’

Vi V@ Wi Vi v wB

where kera = (u,) and ker8 = (u,). Since aDp, there exists y € Pry)(V) such that aLyRB. By
Theorem 3.3, we have domy = dompB = (u,) ® (v)) ® (v;) ® (w,), kery = ker8 = (u,) and Wyl =
Wgl=()e (w). We assert that {viy, vy, w, v} is linearly independent. Consider

Z avy + Z by + Z awry =0

for some a;, b,, c;y € F. Then

Z av; + Z by, + Z cwy, € kery = (uy)

which implies that a; = b; = ¢, = 0 for all i,7, k since {u,, v, v;, w,} is linearly independent. Thus
{viv,viy,wyy} is linearly independent. We can write

y_(uq Vi w,’{)
0 viy viy wyy )’
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Since Wy™! = (v,) @ (wp), we obtain Vy N W = (vy) @ (w,y) from which it follows that dim((Vy N
W)/Wy) = |T|. By Theorem 3.2, we have

dim((Va N W)/Wa) = dim((Vy N W)/Wy) = |T| = dim((VB N W)/ Wp).

Conversely, assume that dim(Va/(Va N W)) = dim(VB/(VE N W)), dim((Va N W)/ Wa) = dim((VB N
W)/Wp) and dim(Wa) = dim(Wp). Let Wa = (wia), VanW = (v,a) ®{wia) and Va = (via)® (Van
W). By the assumptions, we can write WS = (w,8), VBNW = (v}ﬁ)@(w,’{ﬁ) and VB = (viB)e (VBN W).
Hence

fu, Vi v owy | ug Vv v;. W)
a—( 0 via vie wa ) and,B—( 0 vig ViB wp )’
where ker @ = (u,) and ker 8 = (u,). Define y € P(V) by
[ ug v v;. wy
= )

Vi@ v;,a@ wia
It is straightforward to verify that y € Pry,(V) and aLyRB. Therefore, aDp. O

The following example shows that, in general, the relations O and g are not equal on Py (V).

Example 3.8. Let V = (v,vy,v3,...) and W = (v2,Vv3,Vy,...) be vector spaces over a field F. Define
a,B € Prw)(V) by

Vo V3 V4 V5 - Vi Va2 V3 V4
a = and 3 =
Vo V3 V4 V5 - Vo V3 Vg4 Vs

It is routinely verified that aJ B, but a does not D-relate to B since dim((Va N W)/Wa) =0 # 1 =
dim((VB N W)/ Wp).

We now present a necessary and sufficient condition for when the relations O and J coincide on
Prany(V).

Theorem 3.9. D = J on Prw)(V) if and only if V.= W or W = {0} or dim V is finite.

Proof. Suppose that V # W, W # {0} and dim V is infinite. We consider the following two cases.
Case 1: dim W is infinite. Then there exists a countable subset {w;,w,,...} of a basis of W.
Moreover, since V # W, there exists a vector v € V such that v ¢ W. Define a, 58 € Prw)(V) by

Wi Wy W3 Wy - V.o Wi Wy w3
a= ( ) and 8 = (
Wy Wy W3 Wgq - Wiy Wy W3 W4
We can check that @78 but @ does not D-relate to 8 since dim((Va N W)/ Wa) =0 # 1 = dim((VB N
W)/WB).

Case 2: dim W is finite. Let w be a nonzero vector in W. Since dim V is infinite, there exists
a countable linearly independent subset {v,Vv,,...} of V such that (v{,v,,...) N W = {0}. Define

Q,ﬁ (S P_[(W)(V) by

Vi V2 V3 Vg - Vi V2 V3 V4
a= and 8 =
w Vy V3 Vg - Vi Va2 V3 V4
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It is straightforward to check that a7, but a does not D-relate to S since dim((Va N W)/Wa) =1 #
0 =dim((VE N W)/Wp).

Conversely, assume that the assumptions hold. If V.= W or W = {0}, then Py (V) = 1(V)
or Praw)(V) = P(V), respectively. Hence D = J. Now, assume that dimV is finite. Let o, €
Prw)(V) be such that JB. By Theorem 3.6, we have dim(Va) = dim(Vp), dim(Wa) = dim(Wp) and
dim(Va/(Va N W)) = dim(VB/(VB N W)). We obtain

dim(Va) - dim(Va N W) = dim(Ve/(Va N W))
= dim(VB/(VBN W))
= dim(V8) — dim(VB N W)
= dim(Va) — dim(VB N W).

Thus dim(Va N W) = dim(VB N W). It follows that

dim((Va N W)/Wa) = dim(Va 0 W) — dim(Wa)
= dim(VB N W) — dim(Wp)
= dim((VB N W)/ Wp).

Therefore, aDp. |
4. Regularity

Recall that an element a in a semigroup S is regular if there exists x € S such that axa = a. The
semigroup S is called regular if every element is regular. An element b is an inverse of a if

aba=a and bab =b.

A semigroup S is called an inverse semigroup if each element possesses a unique inverse.

An element a in a semigroup S is left regular if there exists x € S such that @ = xa® and right
regular if a = a’x for some x € S. The element a is completely regular if there exists x € S such
that a = axa and ax = xa. Every completely regular element is both left and right regular, in fact, an
element is completely regular if and only if it is both left and right regular. If every element in § 1is left
(right, completely) regular, then S is called a left (right, completely) regular semigroup.

While P(V) and L(V) are regular semigroups, [12, Theorem 3.2] established that L. (V) is regular
as well.

In this section, we provide necessary and sufficient criteria for an element of Py, (V) to be regular,
left regular, or right regular. We also characterize when Pyy,(V) is regular, left regular, right regular,
or completely regular as a semigroup. Additionally, we identify the conditions under which Pz, (V)
forms an inverse semigroup.

Theorem 4.1. Let @ € Prw) (V). Then « is regular if and only if Va N W = Wa.

Proof. Assume that « is regular. Then there is 8 € Pruw)(V) such that @ = a¢fa. Letw € Van'W. Then
w = va for some v € V. We have w = va = vaBa = wBa. Since w € W, we obtain wBa € Wa. Thus
w € Wa, which implies that Va N W € Wa € Va N W. Therefore, Va N W = Wa.
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Conversely, assume that Va N W = Wa. We can write Va N W = (w,a). Let Va = (v;a) & (wa).
Then

where ker @ = (u;). Define 8 € P(V) by

_ | v wa
p= ( Vi Wk )
It is straightforward to check that 8 € Prw)(V) and @ = aBa. Thus «a is regular. m|

Theorem 4.2. The semigroup Pruw)(V) is regular if and only if V.= W or W = {O}.

Proof. 1t is clear that if V. = W or W = {0}, then Pruw,)(V) is regular since Prw,(V) = I(V) or
Praw)(V) = P(V).

Conversely, suppose that V. # W and W # {0}. Then there exist nonzero vectors w € W and
v € V\ W. Define @ € Prw)(V) by @ = (;) We obtain by Theorem 4.1 that « is not regular since

w € Va N W but w ¢ Wa. Therefore, Py (V) is not regular. ]
Theorem 4.3. P;uw)(V) is an inverse semigroup if and only if V.= W.

Proof. Suppose that V # W. Then there exists a nonzero vector v € V' \ W. Define o, € Prw)(V)
by a = (8) and g = ((v)) It is clear that @ = aaa, @ = @fa and B = Baf. Hence both @ and S are
distinct inverse elements of @. Thus Py, (V) is not an inverse semigroup. The converse is clear since
if V.= W, then Prw)(V) = Z(V), which is an inverse semigroup. O

Theorem 4.4. Let « € Py (V). Then a is left regular if and only if Va = Va? and Wa = Wa>.

Proof. Assume that « is left regular. Then there exists 8 € Pryy(V) such that @« = Ba®. By
Theorem 3.2, we have Va C Va? and Wa € Wa?. On the other hand, it is clear that Va? C Va and
Wa? € Wa. Thus Va = Va? and Wa = Wa?.

Conversely, assume that Va = Va? and Wa = Wa?. Again by Theorem 3.2, there exists 5 €
Praw)(V) such that @ = Ba?. Therefore, a is left regular. O

Theorem 4.5. Py (V) is left regular if and only if dim V < 1.

Proof. Assume that dim V > 1. Then there exist nonzero vectors u and v in V such that {u, v} is linearly
independent. Define a € Pry,(V) by

a:{(g) if ve W,

(;) otherwise.

It follows from Theorem 4.4 that « is not left regular since Va = (u) or Va = (v), but Va? = {0}.

Conversely, assume that dimV < 1. If dimV = 0, then Py (V) = {(8)} which is trivially left

regular. Now, suppose that dimV = 1. If dim W = 0, then V = (v) and W = {0}, which implies that

Pran(V) = P(V) = {(8)} y {(avv) ac P}.
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By direct computation, we can verify that Va = Va? and Wa = Wa? for all a € Prown(V). If
dimW =1, then W = ({w) = V and so

0
Pron(V) = I(V) = {( 0)} U {(;:V) aeF\ {0}}.

Again, it is straightforward to check that Va = Va? and Wa = Wa? for all a € Prow)(V). Therefore,
Prw)(V) 1s left regular. O

Theorem 4.6. Let @ € Py (V). Then a is right regular if and only if dom @ = dom o?, ker @ = ker a?
and Va\ W)ya C V\ W.

Proof. Assume that « is right regular. Then there exists 8 € Pray)(V) such that @« = o?8. By
Theorem 3.3 (i), we have dom & € dom o € dom @ which implies that dom & = dom o?. In addition,
we have by Theorem 3.3 (ii) that ker a®> C kera C kera? and so kera = kera?. Let va € Va \ W. If
va? € W, then var = va®8 € W, which is a contradiction. Thus va* ¢ W and so (Va\ W) C V \ W.

Conversely, assume that doma = doma?, kera = kera? and (Vo \ W)a € V \ W. Let v € Va?.
Then there exists v/ € Va such that v = v'a. Define a function 8 : Va?> — V by v8 = V' for all
v € Va?. First, we assert that 3 is well-defined. Let v € Va? be such that v = v'a and v = v"« for some
v,v" € Va. Then v = v'a and v’ = u”« for some v, u” € V. We obtain

2
W -uHa=Wa-u'a)a=0 -—VvVHa=0,

which implies that u” — u” € ker a® =kera. Then v = w'a = u”a = v”. Thus 8 is well-defined. Next,
we show that 3 is a linear function. Let u,v € Va? and a,b € F. Then u = w'a and v = V'« for some
u',v' € Va. We have au + bv = (au’ + bv')a, which implies that (au + bv)B = au’ + bv' = auf3 + bvp.
Therefore, S is linear. To show that ker = {0}, let v € kerf. Then v = v'a for some v' € Va. We
have v/ = vB = 0, which implies that v = 0. Thus ker 8 = {0}. Finally, we show that W3 C W. Let
we WNVa? Thenw = w'a forsome w’ € Va. If w € Va\ W, thenw = wa e (Va\ W)a CV\ W,
which is a contradiction. Thus w’ € W, which implies that w8 = w’ € W and so WS C W. Therefore,
B € Prany(V).

It is straightforward to verify that & = 8. Thus «a is right regular. O

The proof of the following theorem is similar to that of Theorem 4.5, so we omit it.
Theorem 4.7. Pruy)(V) is right regular if and only if dimV < 1.
By combining Theorem 4.5 and Theorem 4.7, we obtain the following result.

Theorem 4.8. P;y)(V) is completely regular if and only if dimV < 1.
5. Ideals

Let I be a nonempty subset of a semigroup S. Recall that 7 is called an ideal of S if ST C I and
IS < I. In particular, the entire semigroup S and, if § has a zero element 0, the set {0} are both
examples of ideals. An ideal I is said to be proper if {0} C I € S. For any a € S, the smallest ideal
of S containing a is the set S 'aS!, called the principal ideal generated by a. An ideal I is minimal if
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there does not exist an ideal J with J C 1. Conversely, I is maximal if there is no proper ideal J with
1¢J.
Ideals of L(V) are described in [3, Exercise 2.2.6], while [8] showed that proper ideals of P(V) are
precisely
P, ={ad e P(V) :ranka < r},

where 2 < r < dim V. For L 1y(V), [12] provided the following characterization.

Theorem 5.1 ( [12, Theorem 3.6]). The proper ideals of Lg1)(V) are precisely the sets
O(k) = {a € Lorw)(V) : dim(Va/U) < k},
where 1 < k < dim(V/U).

In this section, we present a detailed description of all the ideals of Prw)(V) and discuss their
properties. Additionally, we examine the principal, minimal and maximal ideals associated with these
semigroups.

Let p be an arbitrary cardinal number and define

p’ =min{g : g > p}.

This value p’ always exists because cardinal numbers are well-ordered; specifically, if p is finite, then
p’ = p + 1, which is simply the next cardinal after p.
To characterize the ideals of Py, (V), set

dimV=aq, dmW=5b, and dimV/W =c.
For any cardinals r, s,z suchthat 1 <r<a’,1 <s<b"and 1 <1 < ¢/, define
o(r, s,1) = {a € Prany(V) : dim(Va) < r, dim(Wa) < s, dim (Va/(Va N W)) < t}.
When r = a’, s = b" and t = ¢/, this gives Q(r, s,1) = Q(a’,b’,c") = Prw)(V). Observe that if r < u,
s <vandrt <w,then Q(r, s,t) C O(u, v, w).

Theorem 5.2. The set Q(r, s,t) is an ideal of Prw,(V) for any cardinals r, s,t such that 1 < r < a’,
1<s<bandl <t<c.

Proof. Leta € Q(r, s,t) and B € Prw) (V). Thendim(Va) < r, dim(Wa) < s and dim(Va/(VanW)) <
t. We obtain dim(Vaep) < dim(Va) < r and dim(WepB) < dim(Wa) < s. By Lemma 3.5, we have
dim(VaB/(Vap N W)) < dim(Va/(Va N W)) < t. Therefore, aff € Q(r, s,t). Similarly, we can show
that Ba € Q(r, s,t). Thus Q(r, s, t) is an ideal of Pz (V). O

Nevertheless, the following example illustrates that there exists an ideal in Pzy,(V) which does not
have the form Q(r, s, t) for any choice of r, s, 1.

Example 5.3. Let V = (vi, vy, wi,wa) and W = (wy,wy). One can easily verify that Q = Q(3,3,1) U
04,2,3) is an ideal of Prw(V). We will show that Q does not have the form Q(r, s,t) where 1 <r <5,
1 <s<3and1 <t <3. Suppose to the contrary that Q = Q(r, s,t). Define a, 8 € Prow) (V) by

a:(Wl Wz)andﬂ:(vl V2 Wl)‘

wy Wz Vi V2w
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Obviously, @ € Q(3,3,1) C Q = Q(r,s,t) and B € Q(4,2,3) C Q = Q(r, s,1). If r <4 ort < 3, then
B¢ Or,s,t). If s <3, then a ¢ Q(r,s,t). Thus we must have r > 4, s > 3 and t > 3. We can see that
Y € Praw)(V) defined by

Vi w1 wy

y:( VioWrowa )e 0(4,3,3) C Or, s, 1)

buty ¢ Q. This is a contradiction.

For each nonempty subset Z of Pruw)(V), we define the set

0(Z) ={a € Prw)(V) : dim(Va) < dim(Vp), dim(Wa) < dim(Wp)
and dim(Va/(Va N W)) < dim(VB/(VB N W)) for some § € Z}.

It is straightforward to verify that Z C Q(Z) and Q(Z,) C Q(Z,) for any two nonempty subsets Z; C Z,
of P](W)(V).

Theorem 5.4. The ideals of Prw)(V) are precisely the sets of the form Q(Z) for some nonempty subset
Z OfP](W)(V).

Proof. First, we assert that Q(Z) is an ideal of Py (V) for any nonempty subset Z of Py, (V). Let
« € Q(Z) and B € Prw)(V). Then there exists y € Z such that dim(Ve) < dim(Vy), dim(Wa) <
dim(Wvy) and dim(Va/(Va N W)) < dim(Vy/(Vy N W)). We obtain dim(Vap) < dim(Va) < dim(Vy),
dim(Wap) < dim(Wa) < dim(Wy) and dim(VaB/(Vap N W)) < dim(Va/(Van W)) < dim(Vy/(VynN
W)). Thus aB € Q(Z). Similarly, we can show that fa € Q(Z).

Conversely, let I be an ideal of Prw,(V). We will show that I = Q(/). As we mentioned earlier,
I € Q). Now, let @ € Q(I). Then there exists 8 € I such that dim(Va) < dim(Vp), dim(Wa) <
dim(Wg) and dim(Ve/(Va N W)) < dim(VB/(VS N W)). By Theorem 3.6, there exist A, € Pry(V)
such that @ = ABu. Since I is an ideal, we have @ = ABu € I. Therefore, Q(I) C I which implies that
I =0U). O

Let A be any nonempty subset of a semigroup S. The intersection of all ideals of S that contain A
(including S itself) yields an ideal of S that contains A and is contained in every ideal that includes A.
This is known as the ideal of S generated by A. It is well known that this ideal is exactly S'AS'. By
using this result together with Theorem 3.6, the following corollary follows immediately.

Corollary 5.5. The set Q(Z) is the ideal of Prw)(V) generated by Z for any nonempty subset Z of
Prow\(V). In particular, the principal ideals of Pruw),(V) are precisely the sets of the form Q(Z) for
some singleton subset Z of Pruy) (V).

We end this section with a discussion of the minimal and maximal ideals of Pz, (V).

Theorem 5.6. Let W be a nonzero proper subspace of V. Then the set J(0,0,0) is the unique minimal
ideal OfP](W)(V).

Proof. 1t is straightforward to verify that J(0,0,0) = Q ({(8)}) is an ideal of Pr)(V).

To show that J(0, 0, 0) is minimal, let / be an ideal of Py (V) such that I € J(0,0,0). Let @ €
J(0,0,0). Since [ is an ideal, [ is nonempty, which implies that there exists § € I € J(0,0,0). Then
aJB. By Theorem 3.6, there exist A, u € Pru,(V) such that @ = ABu. Since 8 € I and [ is an ideal, we
have a € I. Thus J(0,0,0) C I, which implies that 7 = J(0, 0, 0).
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Finally, we show that J(0, 0, 0) is the unique minimal ideal of Py, (V). Let I be a minimal ideal of
Prow(V). Let @ € J(0,0,0). Then dim(Va) = 0, dim(Wa) = 0 and dim(Va/(Va N W)) = 0. Since 1
is an ideal, / is nonempty. There is 8 € I. Hence dim(Va) = 0 < dim(Vp), dim(Wa) = 0 < dim(Wp)
and dim(Va/(Va N W)) = 0 < dim(VB/(VS N W)). By Theorem 3.6, we have @ = ABu for some
A, 1 € Prayy(V). Since [ is an ideal, we obtain a € . Thus J(0, 0,0) C I, which implies by minimality
of I that I = J(0, 0, 0). Therefore, J(0, 0, 0) is the unique minimal ideal of Py, (V). O

Observe that J(0, 0, 0) consists exactly of those elements « in P(V) for which doma N W = {0} and
every vector in the domain of @ is mapped to the zero vector.

Theorem 5.7. Py, (V) \ J(a, b, c) is the unique maximal ideal of Py, (V).

Proof. 1tis routine to verify that Pyywy(V) \ J(a, b, c) = Q(Prw)(V) \ J(a, b, c)) is an ideal of Py (V).
To prove maximality, let / be a proper ideal of Pzy)(V) such that Pz, (V) \ J(a, b, c) C I. Suppose to
the contrary that I # Prw)(V) \ J(a, b, c). Then there exists @ € I such that & ¢ Prw)(V) \ J(a,b,c).
We have a € J(a,b,c). Hence dim(Va) = dimV, dim(Wa) = dim W and dim(Va/(Va N W)) =
dim(V/W). Let B € Prw)(V). Then dim(Vp) < dim(Va), dim(Wp) < dim(Wa) and dim(VB/(VB N
W)) < dim(Va/(Va N W)). By Theorem 3.6, there exist A, u € Prw)(V) such that § = Aau. Since I is
an ideal, we have g € I. Thus I = Prw)(V), which contradicts the assumption that / is proper.

Finally, we show that Py, (V) \ J(a,b,c) is the unique maximal ideal of Py, (V). Let I be a
maximal ideal of Py, (V). Note that I does not contain the identity map idy otherwise I = Pz, (V).
We obtain I U (Prw) (V) \ J(a, b, c)) is an ideal of Pru,(V) such that idy ¢ I U (Prw) (V) \ J(a, b, c)).
Thus I U (Prw)(V) \ J(a,b,c)) is a proper ideal of Pruw)(V). Since I € I U (Prw)(V) \ J(a,b,c))
and / is maximal, we must have I = I U (Prw)(V) \ J(a,b,c)). In a similar manner, we can prove
that Prawy(V) \ J(a,b,c) = I U (Prw)(V) \ J(a,b,c)). Hence I = Prw)(V) \ J(a,b,c). Therefore,
Prow (V) \ J(a, b, ¢) 1s the unique maximal ideal of Pz (V). O

6. Conclusions

In this paper, we have conducted a comprehensive study of the semigroup Pr,(V) of partial linear
transformations on V whose restrictions to W belong to the injective partial linear transformation
semigroup (W), establishing complete characterizations of Green’s relations £, R, H, D and J in
terms of dimensional and structural properties of the associated vector spaces. Our analysis revealed
that an element @ € Pruy)(V) is regular if and only if Va N W = Wa, that Pr)(V) is regular as a
semigroup precisely when V. = W or W = {0} and that Py, (V) forms an inverse semigroup if and
only if V = W, while both left and right regularity occur if and only if dimV < 1. We completely
described the ideal structure of Prw)(V), showing that all ideals have the form Q(Z) for some
nonempty subset Z of Prw,) (V) and identified the unique minimal ideal as J(0,0,0) when W is a
nonzero proper subspace of V and the unique maximal ideal as Prw,(V) \ J(a, b, c) where J(a, b, c)
denotes the J-class of the identity transformation. These results contribute significantly to
transformation semigroup theory, providing a well-understood example that demonstrates the
interplay between vector space structure and algebraic semigroup properties and establishing a
foundation for future investigations into the natural partial order on Pru)(V), including
characterizations of when elements are comparable, identification of maximal and minimal elements
and analysis of compatibility relations within the ordered structure.
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