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1. Introduction and problem statement

Loaded parabolic equations arise in various biological and ecological processes, including
population dynamics in ecology, mathematical biology, reaction-diffusion systems, epidemiology
(such as the spread of infectious diseases), and pharmacokinetics [1-3]. These equations offer a more
realistic and flexible framework for modeling systems with memory, feedback mechanisms, or spatial
averaging.
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Over the past decades, mathematical models based on loaded parabolic equations have been
successfully applied to a variety of life science problems. These include modeling oxygen transport in
tissues [1], predicting tumor growth patterns [4], simulating disease outbreaks [2], analyzing the
propagation of neural activity [5], and investigating the mechanisms of wound healing [6]. In all these
applications, loaded parabolic equations effectively capture the essential dynamics of complex
biological systems, which highlights their broad relevance in life sciences.

In parallel with applied research, the theoretical study of loaded parabolic equations has also
attracted considerable attention. Numerous classes of such problems have been extensively studied in
works [7-9]. The solution of loaded parabolic equations and boundary value problems for loaded
pseudoparabolic equations were investigated in [10, 11], while broader theoretical issues related to
fractional, impulsive, and semilinear parabolic equations were addressed in [12—14]. These results
have established the analytical foundations necessary for developing accurate and stable numerical
methods.

To obtain numerical solutions, various well-established approaches have been proposed, including
finite difference schemes, finite element methods, spectral methods, and the method of lines. Each
method has its own advantages and range of applicability depending on the problem structure and
boundary conditions. Among these, the method of lines has proven particularly effective for parabolic-
type problems [15-17], as it allows the transformation of a partial differential equation into a system
of ordinary differential equations that can be treated with well-developed ODE techniques [18-20].

Motivated by these considerations, this paper focuses on the analysis of the following nonlocal
problem for a loaded parabolic equation:

2 m
% = af(t, x)% + b(t, X)u(t, x) + ; ki(t, 0u(t;,x)+ f(t,x), x)eQ=(0,T)xO0,w), (1.1)
B(xu(0, x) + C(x) &‘gl’ Y+ DT, ) + E) aug; Y _ ). xel0.w]. (1.2)
u(t,0) = do(0),  ult,w) = v (), 1€l0,T]. (1.3)

Let a(t, x), b(t,x), ki(t,x) (j = 0,...,m), and f(z, x) be functions that are continuous in ¢ and satisfy
Holder continuity in x; 7 > 0 and w > 0; t; € [0, T], j = 0, m are loading points. The functions B(x),
C(x), D(x), and E(x) are continuous on [0, w]. It is assumed that the functions ¢(x), ¥(), and ()
are fully smooth and fulfill the consistency conditions.

Let u(t, x) be a function that provides a solution to the problem defined by Eqgs. (1.1)—(1.3). This
function remains continuous throughout the closed domain Q. = [0,T] X [0, w]. Moreover, u(t, x)
possesses continuous partial derivatives of the first order with respect to ¢ and second order with respect
to x. It satisfies the corresponding loaded parabolic Eq. (1.1) and adheres to the conditions specified
in (1.2) and (1.3).

The method of lines transforms loaded parabolic equations into systems of loaded ordinary
differential equations by discretizing the spatial variables. To solve the resulting system, we utilize the
parameterization method introduced by D. Dzhumabaev [21, 22], which has demonstrated
effectiveness in addressing boundary value problems associated with such systems. Additionally,
many researchers have investigated a wide range of problems involving loaded ordinary differential
equations, contributing valuable theoretical and numerical insights [23-25].
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Building on these developments, several studies have explored different formulations and extensions
of the method of lines for loaded and nonlocal parabolic equations.

In particular, study [26] examines a nonlocal boundary value problem for a loaded linear parabolic
equation under dynamic boundary conditions. The authors provide results concerning existence and
uniqueness in Sobolev spaces under certain assumptions, establish a maximum principle, and apply
the method of lines to obtain numerical approximations, including convergence analysis.

A complementary approach is presented in [27], where a numerical solution to a nonlocal problem
for a loaded parabolic equation is obtained via the method of lines. The authors develop explicit
computational formulas and propose an implementable algorithm for practical calculations.

In [28], a two-point boundary value problem for a loaded parabolic equation is reduced, via spatial
discretization, to a boundary value problem for a system of loaded ODEs. The resulting system is then
solved using the Dzhumabaev parameterization method. In that work, an auxiliary theorem is proved
to establish the theoretical foundation of the approach, and solvability conditions for the discretized
problem are rigorously derived.

Further, [29] provides solvability conditions and a priori estimates for the initial-boundary value
problems involving loaded parabolic equations. A numerical experiment is provided to illustrate that
the discrepancy between numerical and exact results remains within an error of 1077, showcasing the
high accuracy of the method.

The novelty of the present study lies in the integration of the method of lines with the Dzhumabaev
parameterization method to address nonlocal boundary conditions in loaded parabolic equations. This
combination enables a rigorous analysis of convergence, stability, and error estimates while
maintaining computational simplicity and second-order spatial accuracy.  These advantages
distinguish the proposed approach from classical methods.

The present paper further develops this line of research and extends the analysis to a broader class
of nonlocal problems. The structure of the paper is as follows. Section 2 presents the application of
the method of lines to the nonlocal problem for loaded parabolic equations (1.1)—(1.3). In Section 3,
the Dzhumabaev parameterization method is applied to solve the two-point boundary value problem
for a loaded ordinary differential equation, and a theorem on the existence and uniqueness of its
solution is presented. Section 4 is devoted to the proof of convergence of the solution of the
discretized problem to the solution of the original nonlocal parabolic problem. In Section 5, the stable
convergence of the solution of the discretized problem to the solution of problems (1.1)—(1.3) is
established. Finally, Section 6 includes a numerical example that demonstrates the effectiveness and
accuracy of the proposed method.

2. Application of the method of lines

We apply the method of lines to problems (1.1)—(1.3) by discretizing it with respect to the spatial
variable x, where x; = it,i = 0, N, and N7 = w. To facilitate the formulation of the discretized problem,
we define the following notations: u;(¥) = u(t,it), a;(t) = a(t,ir), bi(t) = b(t,it), k{ (1) = kj(t,i1)
(j=0,...,m), fi(t) = f(t,ir), B; = B(it), C; = C(it), D; = D(it), E; = E(it), ¢; = ¢(it),i =0,...,N.
The reformulated form of problem (1.1)-(1.3) in terms of the introduced notations is given as follows:

du; i1 = 20 + <> .
d—b;:ai(t)MH TLZ‘ . 1+b,-(t)u,-+;k;(r)u,.(rj)+ﬁ(z), i=1,...,N—1, 2.1)
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1;+1(0) — u;—1(0) + Duy(T) + E.Mi+1(T) —u;—(T) _

Biu;(0) + C; is
u(0) + 2T 2T ¢

(2.2)

up(t) = vo(0), un(@®) =y (), 1€[0,T]. (2.3)

A solution to the discretized problems (2.1)—(2.3) is the {u;(?), ux(?), . . . , un—1(¢)} system, where u;(t)
represents an approximation of the solution u(z, x) at the spatial grid points x;. This system satisfies the
discretized Eq. (2.1) and the conditions (2.2) and (2.3).

This article aims to establish the interrelation between the nonlocal problem for the loaded
parabolic equation and its corresponding discretized problem. To achieve this goal, we analyze the
convergence, stability, and error estimates of the method of lines when applied to such problems. The
analysis builds upon and extends the results presented in our previous work [28], where the
Dzhumabaev parameterization method was employed for solving the resulting system of loaded
ODEs.

Through this investigation, we aim to provide both a theoretical foundation and practical validation
for the proposed scheme, thereby reinforcing its applicability to various types of nonlocal parabolic
problems arising in life sciences and engineering.

The discretized problems (2.1)—(2.3) can be written in matrix-vector notation as

auv _ o, . N-1
- =AOUD + ; M;(OU(t;) + F(1), UeR", (2.4)
BU(0)+CU(T)=®, ®eR"! te[0,T]. (2.5)

In this formulation, A(7) and M;(¢) for j = 0,...,m, are (N —1)X (N — 1) matrices, while F(¢) is a vector
functNion of size (N — 1), each defined and continuous on the interval [0, T]. The constant matrices B
and C also belongs to RV-DxV=1_

240 4 b, (1) a® . 0 0
L 220 4 by(t) ... 0 0
AQ) = : g : : ’
0 0 .. P04 p0) e
0 0 S a0 200 4 by (1)
L0 + (1) @O0 .00
£ 0 k@ ... 0 0
F(1) = : L oMo= s | IO
Fv-alt) 0 0 . k,®» 0
aN_u(th)wl(t) + fyoi(f) 0 0o ... 0 ky_ (1)
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Igzl(t) S0 0 1 + SO EroD)
~&0 B, .. 0 0 sz
B=1 : SR : o, @= : ’
0 0 ... By, -920 Ona
0 0 .. -9 By, oyt — QOB )
D, % 0 0 uy (f)
20 p, ... 0 0 u>(1)
C=| i |, v =
0 0 .. Dy, -—=50 un-(t)
0 0 ... -5 Dy, -1 (1)

The solution U(f) to the problem defined by Eq. (2.4), (2.5) is assumed to be continuously
differentiable on the interval [0, T'], satisfies the system of loaded differential equations (2.4), and
fulfills the condition (2.5).

We introduce the space C([0,T],RM~'), consisting of continuous vector-valued functions
U :[0,T] — R""!, equipped with the norm ||U]|; = max U@l

Additionally, we define the space C([0,T],t,,RN-DmDy for system functions of the form

Ult] = (U(1), Us(t), ..., Uy (1)) where each component function U,: [t,_;,t,) — RN~ is continuous
on its corresponding subinterval and satisfies the condition limO UJ(t) forallr =1,...,m+ 1. The
11—

associated norm in this space is given by ||U[-]|l, = max sup [|U,.(?)|.
r=1,m+1 te[t,_1,t,)

3. The Dzhumabaev parameterization method and conditions for unique solvability of
problems (2.4) and (2.5).

To solve the problem defined by Eqs. (2.4) and (2.5), we apply the Dzhumabaev parameterization
method. The interval [0, 7] is partitioned into m+ 1 subintervals using a set of loading points as follows:

m+1
0,7) = | Jit-1,0), where 0=ty <t <t <+ <ty =T.
r=1
For each subinterval 7 € [t,_;,t,), withr = 1,...,m + 1, we define the function U,(¢) = U(t), which
denotes the restriction of U(¥) to the r-th subinterval.
Next, we introduce the parameters A, = U,(t,_;), forr = 1,...,m + 1, and set A,,;, = lizrwnO U,1(0).
t—T-

By expressing U,(7) as U,(1) = U.(f)+A,, in each interval [#,_,, 1,), we reformulate the problem in terms
of the functions U,(¢) and the parameters A,

dU, — <
= AW, + )+ ) MDA+ F@), 1€ t1,1,), (3.1)

dt <
U(t,_;) =0, r=1,....m+1, (3.2)
BA, +CA,,.r = D, (3.3)
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A+ lim U() =1, s=1,....m+1. (3.4)

t—tg—

A pair (17, U “[¢]), where the functions 17;‘(1) are continuously differentiable on each subinterval
[t,1,t,) for r = 1,...,m + 1, and satisfy the system (3.1) along with the conditions (3.2)—(3.4) at
A, = A7, represents a solution to the problems (3.1)—(3.4).

Hence, in case the function U*(¢) is the solution to problems (2.4) and (2.5), then the pair (17, U []),
where ¥ = (U*(ty), U*(ty), ..., U (tns1)), U*l1] = U*@)-U*(ty), U (t)-U*(t1),..., U (t)-U*(t,)) will
be the solution to the problems (3.1)—(3.4). Reversely, in case (4™, U+ [7]), where 2™ = (A7",...,4".,),
U™[f] = (Ui (t),..., U (D)) is a solution to the problems (3.1)~(3.4), then the function U*(r) =
ﬁ;“*(t) +A475tet,t) (r=1,....m+1),U" (T)= A" ,,is the solution to the problems (2.4), (2.5).

The use of the initial conditions l7,(t,_1) =0, forr = 1,...,m + 1, under the assumption 4 =
(A1, A2, . . ., Ans2), leads to the following system of Volterra integral equations of the second kind:

U.(1) = f AE)TA) + A,)dé + f D M{©dEN . + f F@d, r=1...m+1. (35
tr-1 t—1 j=0 tr-1

By iteratively substituting U +(£), into the right-hand side of (3.5), we obtain a representation of the
solution U,(?), after v steps of iteration (v = 1,2, ...), in the form:

ﬁr(t) = Dv,r(t)/lr + Z Hv,r(t’ Mj)/lj+1 + Gv,r(ta ﬁr) + Fv,r(t)’ r= 1a ce.,m At 1’ (36)
Jj=0

where

D) = f AEDdE + f A@) f AE)dEdE, + ..+ f AED...

f CAG-) f AN, .. dé,

Hv,r(f,Mj)=f Mj(fl)d§1+f A(§1)f Mj(fz)dfzd§1+...+f AE)D. ..
fv A(gv_l)fv ME)dE, .. .dé, j=0,....m,

G,.(t,T,) = f AE)... f CAG-) f CAE)TENE, . d,

Ir-1 Ir-1

Foult) = f F(e)dé + f A f FE)dEde, + . + f AE)...

f CAGL) f F)dE, .. dé.
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From (3.6), we determine the left-hand side limits:

lim U(0) = Dy (t)A + ) Hylts M)At + Gy 1, U) + Frplt), r=1..om+ 1. (3.7)
t—t,—
J=0

Substituting the right-hand side of Eq. (3.7) into conditions (3.3) and (3.4), and multiplying Eq. (3.3)
by [ = max(t; —t;,_1), s=1,...,m+ 1, we derive the following set of expressions:

BA, -1+ CAppy- =D 1, (3.8)

[I + Dv,s(ts)]/ls + Z Hv,s(tS9 Mj)/lj+l - /ls+1 = _Gv,s(tsa Zj?) - Fv,s(tx)’ § = 19 RN (e 1. (39)
j=0
Here, I denotes the identity matrix of size (N — 1) X (N —1). Let Q,(l) represent the matrix that collects
the left-hand sides of Eqgs. (3.8) and (3.9). Then the system can be compactly written as

0,(DA = —F,() - G (U, 1), (3.10)
where
F,(l) = (=®L F,1 (1)), ..., Fyms1(T)), G (U, D) = (0,G,1 (U1, 1)), .. ., Gyt (Upi1, T)).

To determine the unknown pair (A, ﬁ(t)) that satisfies the systems (3.1)-(3.4), we construct a
self-consistent iterative scheme based on Eqgs. (3.5) and (3.10). The solution to the original
problems (2.4) and (2.5) is obtained via a sequence of functions U® (), for k = 0,1,2,..., computed
according to the following iterative algorithm:

Step 0.

(a) Assuming the matrix Q,(l) is invertible for a given /[ € R*, v € N, we define the initial
approximation of the parameter vector A0 = (A,...,AY ) € RNV by solving
0,(DA© = —F, (), which yields 2© = —[Q,(D)]"'F,(0).

(b) Using the components of 1 € RV=D(m+2) we solve the Cauchy problems (3.1) and (3.2) on each
interval [f,_1,¢.], ¥ = 1,...,m + 1, and obtain the functions ﬁfo)(t).

(¢) Then, the solution on each interval is given by UQ() = A2 + UQ®), ¢ € [to1,1,), r =
l,...,m+1,and UO(T) = AV

Step 1.

(a) Substituting the functions U%(1) into the right-hand side of Eq. (3.10), we compute the updated
parameter vector AV = (A\",..., A1) )y e R¥-D+2) by solving Q,()AV = —F,() - G (U, ).

(b) With the new parameters /151), we solve the Cauchy problems (3.1) and (3.2) for each
r=1,...,m+ 1, and determine the functions ﬁﬁl)(t).

(¢) The solution on each subinterval is then updated as UV(#) = A" + U (1), t e [t_1,t], r=

—_
L...om+1l,and UY(T) =2 " .

AIMS Mathematics Volume 10, Issue 12, 29454-29469.



29461

This procedure is repeated iteratively. At each step k, we obtain the approximations U®[¢]. It is
important to note that, for fixed parameter values 4,, the Cauchy problems are solved independently on
each subinterval t € [t,_y, 8], r=1,...,m+ 1.

The estimates used in the convergence analysis are provided below:

Cio(0) + Ero(T) Cn-1¥1(0) + Ex_1yn(T) )

I0l] < max (|1 + ol sl Lol w1 -

2T 2T
IC1l - o (O)] + |Ey] - Iyro(T)| il - 101 (O)] + |En-y - gy (D)
< max (Jlgy | + PO WO o gl by — ot WO Bl WA
2T 2T
|Cil + |Eq| |Cn-1| + |En-1l
< : - R S S e
_i$2§1|¢,l+ > max o (D) + 7 max 1 (o),
jar (1)) - o(0)] lan_1()] - |1 (D)
IFll = max |[F()] < max (————— VOl o, max (i), LW + | fyv-1(@))
tE[O T] T i=2,N-2 T

1
< max — =l @) lay 1 ()) - max (Yol 1 (D + max max_ /i

< (max max —|a ()] + 1) - max (- max (o(l (1)), max max_|£i(0)).

te[0,T] ;= IN-1T tel0, t€[0,T] i=I.N—1

The convergence of the proposed iterative scheme, along with the existence and uniqueness of the
solution to problems (2.4) and (2.5), is ensured by the following result.

Theorem 1. Let the matrix Q,(I) : RW-D+2) s RIN=-Dn+2) po inyertible for all 1 € R*,v € N. Suppose

the following conditions are satisfied:

IOl < puld), (3.11)

(al)’ o O (adf
&0 =pD-| Z Zﬁ, )k )] <1 (3.12)
Under these assumptions, the two-point boundary value problem associated with the loaded differential
equations (2.4) and (2.5) admit a unique solution U*(t), and the following estimate holds:

Ul < Ko(D) max(|IF )y, 1), (3.13)

= (a0 P @) D) (el
RO={(e =1 e 2B 205 o Togm

m v—1 ; -1
(e = 1+ e Bil)po(d) - max (1, Y —(‘;l'y) + e+ p,(1) - max Z “l)J
i=0 j=0 : !

j=0
where ||A(?)|| < @ = const, ||M;(t)|| <B; =const, i=0,...,m.

The proof of this Theorem 1 is omitted as it is analogous to that of Theorem 2 in [28].

Theorem 1 provides sufficient conditions ensuring the existence and uniqueness of the solution to
problems (2.4) and (2.5). The matrix Q,([) is a constant matrix constructed through repeated definite
integrals of the matrices A(t), M;(?), B, and C. Therefore, by using computational software packages,
the invertibility of O, (/) and the fulfillment of conditions (3.11) and (3.12) can be constructively verified
for specific problems, since all matrices A(f), M;(t), B, and C are explicitly defined by the given
coeflicients and boundary data of the original problems (1.1)—(1.3).
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4. Convergence of the method of lines

We now establish the convergence of the solution to the discretized problems (2.1)—(2.3) toward the
solution of the original nonlocal problems (1.1)—(1.3).

Theorem 2. Let a(t, x), b(t,x), ki(t,x) for j = 0,...,m, and f(t,x) be continuous in the domain Q.
Suppose the functions B(x),C(x),D(x), E(x) are continuous on the interval [0,w], and that
©(x), Yo(t), Y1(t) are sufficiently smooth and satisfy the necessary consistency conditions. Then the
solution of the discretized problems (2.1)—(2.3) converges to the solution of the nonlocal problem for
the loaded parabolic equations (1.1)—(1.3) with an accuracy of order O(r*) as T — 0.

Proof. Let u;(t) be the solution of the discretized problems (2.1)—(2.3), and u(z, x;) be the solution at
the grid points of problems (1.1)—(1.3).
The function u(z, x) at x; satisfies the following relation:

out,x;) 0u =
o a(t, xi)ﬁ'x:)q + b(t, xp)u(t, x;) + JZ:(; ki(t, xpu(tj, x;) + f(1, x;),
T
Bou0,5) + Ce) ™|+ x4 B0 ™| =gy, =1 N
X X=X; X X=X

The second-order accurate central difference formula for approximating the second derivative of a

function u(t, x) at a point x; is given by [30]: 227’:? = M) duta)rutaic) 4 0(72), while the central
X=X;

-
—  ultXip)—u(t.Xi1) + 0(7‘2),

difference approximation for the first derivative at x; is expressed as g—z

we get o i
au((;;xl-) M) = 2u(;; ) Ut
¥ Zml ke, xu(tj, xi) + f(t, %) + O, b
=
Blx)u(0, x7) + Cry 11O - 41O L b, x)
+ E(x,-)”"“(T)z_T”f‘l(T) = () + 0@, i=1,....N-1, -
uo(t) = Yo(t), un(®) =yi(0), t€[0,T]. (4.3)

Subtracting the discretized problems (2.1)—(2.3) from problems (4.1)—(4.3) by subtracting the
corresponding equations and boundary conditions gives the error evolution equation
6i(t) = u(t, x;) — u(1)

66,' 0iy1 — 20, + O <
—, = alt.x) ‘ > L+ b(t, x;)5; + /Z:; ki(t, x)5(t;) + O(T2), (4.4)
B(x,)6(0) + C(x,.)éi”(o)z_fi‘l(o) + D(x)6(T) + E(xl-)(s"“(T)z_Téi‘l(T) =0, i=1,...,N-1,
(4.5)
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0o(r) =0, on(®) =0, r€]0,T] (4.6)
Here, the term O(7?) represents the truncation error introduced by the finite difference approximation.
The corresponding error equation, derived from (4.4)—(4.6), retains the structural form of the original
discretized problems (2.1)—(2.3).
Therefore, the estimate provided in Theorem 1 can be applied directly, leading to

max max |50 < K,()-0@%), i=1,...,.N—1,
t€[0,T] i=1,....N—1

which completes the proof of Theorem 2. O

It should be noted that the overall accuracy of the method of lines depends both on the spatial
discretization and on the numerical accuracy of solving the resulting system of ordinary differential
equations.

In this work, the ODE system is solved using the Dzhumabaev parameterization method, whose
convergence properties are given in Theorem 1. Since this method provides an approximation of the
ODE solution with an error of order O(7?), the total convergence order of the method of lines remains
o).

Thus, the accuracy of the ODE solution does not reduce the overall precision of the proposed
approach.

5. Investigation of stability and error analysis

Suppose that the discretized systems (2.1)—(2.3) is solved using perturbed input data rather than
exact values. Let the approximated coefficients and functions be denoted by

a(0), bi(), fi0), K@), @i, §o(0), d(0), B, Ci, Dy, E,
where j = 0,...,m and i denotes the spatial grid index.
Let #;(r) denote the solution of the discretized problem with the perturbed data and define the total
error as 0,(f) = u(t, x;) — it;(t), where u(t, x;) is the exact solution evaluated at the grid point x;.
Assume that the perturbed discretized problem admits a unique solution. Following [15], define the
perturbations in the data as
da = a(t,x)) = @), 6b=b(t,x)=b(r), &6f = f(t,x) = fi(0),
Ok; = ki(t, x) —Kl(t) (j=0,....m), 3@ =(x)—F () = Yo(®) — (1),
SYn(0) = ¢ () = dn (), 6B =B(x)~B;, 6C=C(x)-Ci
8D = D(x;) - D;, 8E = E(x;) - E..
For example, the quantity da represents the deviation between the exact coefficient a(z, x;) and its
perturbed value a(t, x). The remaining perturbations are interpreted similarly.

Definition 1. The discretized problems (2.1)—(2.3) are said to converge stably to the nonlocal
problems (1.1)—(1.3) if the following conditions hold:

max [6;()) >0 as T—0,
1<i<N~1
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and

|6al, 1b1, 16 £1,16k;1, 16¢l, 16ol, 16411, 16 BI, 16C1, 16D, I6E| — 0, j=0,...,m.

Theorem 3. The solution of the discretized problems (2.1)—(2.3) converges stably to the solution of the
nonlocal problem for loaded parabolic equations (1.1)—(1.3).

Proof. Let i1;(t) denote the solution of the discretized systems (2.1)—(2.3), where the input coeflicients
and boundary data are subject to perturbations.
The governing equations for ii;(¢) take the form:

% = a(nt 27”2‘ FU L B + D Hou) + fin,  i=1..,N-1, (D)
7=0

Bii0) + aﬁi+1(0);rﬁi—1(0) + DT + E:iftHl(T)z—Tﬁi—l(T) - &, (5.2)

fo(t) = Yo(®),  din(t) = Yn(), 1€[0,T]. (5.3)

Using the perturbed data along with the identities @(t, x;) = @i(1), b(t,x;) = bi(1), k;(t, x;) = K@),
f(t, X)) = ﬁ(t), B(x;) = B;, C(x;) = C;, D(x;) = D;, E(x;) = E;, we reformulate the problem in the form
of systems (4.1)—(4.3) with perturbed data:

ou(t,x;) _ u(t, xiv1) — 2u(t, x;) + u(t, xi—1)
o = af(t, x;)

Ut xyut, x) + > Fi(e, xoutt, x;) + F(t, x1)

2
T =

5.4
+ Sau(t’ Xir1) — 2u(t, x;) + u(t, xi_1)

72

+ 8bu(t, x) + Y 8kt xpulty, x) + 3f(t, x) + O(T),

J=0

i+1(0) — u;_1(0) + Doeu(T, x) + E(x) Ui (T) — u;(T)
2T 2T

(0) — u;_1(0) 4 3DC(T. x) + SE (x,-)”"“(T) —u;-1(T) (5.5)
2T 2t

Blxpu(0, x;) + Clx)

+ 3B(x)u(0, x;) + 5C(x;) L

= @(x) +0p(x) + O(T*), i=1,...,N—1,

uo(t) = Yo(r) + So(),  un(®) = §1 () + 61 (1), 1 €[0,T]. (5.6)

We subtract the equation of the problems (5.4)—(5.6) from that of the problems (5.1)—(5.3), and subtract
the corresponding boundary conditions as well. As a result, we obtain

dSi . S,ur] - 25,' + Si—l ~ o~ 2 =i — L
— =@ = + bi(1)0; + JZ:(; k! (1)0,()) + Ri(1), i=1,....,N—1, (5.7)
55.0) + 2 00O 55y 4 LD 00T _ 5 (5.8)
2t 27
So(t) = dYo(t),  On(t) = oy (1), tel0,T]. (5.9)
where
=Y = i - 2 s A 5 Aj— =% - ~ ~
Rl(t) _ 5au(l, x+1) M(lZX) + M(f X 1) + 6bl/l(t, xi) + Z 5/{](1‘, xi)u(tj, xi) + é‘f(t, xi) + 0(7_2),
T

J=0
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P, = 5BGx)u(0, x;) + 6C(x) -
ui+1(T) - ui—l(T)
2T

+ SD(X,)M(T, Xl')

i+1(0) — u;—1(0)
2T

+ SE(XI)

+ 590(x,-) + O(‘rz).

The subsequent analysis proceeds in a manner analogous to that used for the problems (2.4) and (2.5).
By applying the estimate from Eq. (3.13) to the solution of the perturbed problems (5.7)—(5.9), we
obtain:

max max |0;()| = [|o°[l; < K,(I) max(||R]|;,[|P]), (5.10)
te[0,T] 1<i<N-1
a3 . = C16yo(0)+E18yo(T
al()ﬂlﬁ(ji) +R1(l) P, + 1 lpﬁf );T 10%0(T)
Rx(1) Py
R() = : , P= :
Ry(2) _ Pyo
an-1()3 Y Y _1 En_ 10y (T
ay 1(;)2 210 Ry_1(0) Py, — Cn 15¢1(0);T N-16¢1(T)

— — 1 N N —
= < —\a: . .
IRl = max IR < (max max —[a(n)] + 1) max ( max(o(dl 161 (0. max max [R(0)).

Croil + |En- -
|Cn-1| + |EN 1|max|(51//1(t)|.

— —  |Ci| +|E,
IP|| < max |Pi|+M
TN-1 2T t€[0,T]

max [0yo(1)] +
i=T.N-1 T 1€[0,T] ¥

Using estimate (5.10), in combination with Definition 1, we complete the proof of Theorem 3. O

The method of lines is proven to be both convergent and stable, provided that the coefficients and
boundary data meet the required regularity conditions. Under such assumptions, the solution obtained
from the discretized system approaches the exact solution with an error of order O(1?) as T — 0.

Moreover, stability guarantees that minor perturbations in the problem’s input data produce only
small variations in the resulting solution, thereby ensuring the robustness of the discretized scheme.

Lemma 1. The total error A can be expressed as the sum of two components: A = 8;(t) + 6,(t). where
5:(t) represents the discretization error, and 6,(t) denotes the error introduced by perturbations in the
input data. The former arises from the finite-difference approximation of spatial derivatives, while the
latter is caused by inaccuracies in the coefficients, boundary values, or initial conditions.

As the grid spacing 7 — 0, the solution of the discretized problem converges to the exact solution
with an error of order O(7?). This confirms that the method of lines possesses second-order accuracy
in space.

The stability of the method ensures that small perturbations in the input data do not cause large
deviations in the numerical solution. That is, the total error remains uniformly bounded over the time
interval of interest. Consequently, the total error A satisfies the estimate |A| < O(7?), which shows that
the method is both convergent and stable, and the overall error converges at a rate of O(7%) as T — 0.

In the next section, we present example to demonstrate the efficiency, accuracy, and practical
relevance of the proposed method for solving nonlocal problems involving loaded parabolic
equations. The numerical experiment was carried out using Mathcad, which offers a convenient
environment for both symbolic manipulation and numerical computation.
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6. Example

Let us consider the following nonlocal problem for the loaded parabolic equation defined on the
domain (¢, x) € Q = (0;0.5) x (0;0.25):

Ou s0%u

ar = xt Eri xtu(t, x) + u(0.1; x) + xu(0.2; x) + tu(0.3, x) — u(0.4, x)

(6.1)
X 191 4 4 5 191te* X
+ 3260 + 91086 + 32% - ;—5 +0x8° - 128x + ?Oi)e - % — X" + xe”, (t,x) € Q,
. . . 1 X
=30u(0, x) + ZOaug)’ ») —20u(0.5; x) + 30x% =25x* = 5¢° + S;e , x € [0;0.25], (6.2)
i 1

. _ 42 . —_ 2,z - .

u(t;0) =1, u®05) =t (e4 + 256)’ t € [0;0.5]. (6.3)

The exact solution of given problems (6.1)—(6.3) iS Upraei(t, X) = (e* + x*)1%.

We discretize the spatial variable uniformly (N = 4) and use a time step 7 = 0.0625. This reduces
the problems (6.1)—(6.3) to a system of loaded differential equations with nonlocal boundary conditions
for a vector function U(¢). The exact vector solution corresponds to the samples of uey, at

1 , 81
53536) (€' *+ q09g) (e + 65536))T'

e

[ g e Ul = (Ple +

Following the approach described in Section 3, we apply the Dzhumabaev parametrization method.
The interval [0, 0.5] is divided by the loading points. For the parameters @ = 0.1827, 8, = 1, B, =
0.1875, B3 = 0.5, B4 = 1, and [ = 0.1, the corresponding operator Q;(0.1) : R'"® — R!8 satisfies
I[Q:(0.1)]7"|| < 4.7144 and g,(0.1) = 0.0241 < 1. According to Theorem 1, these conditions guarantee
the existence and uniqueness of the solution to the problem.

We then run the iterative algorithm introduced in Section 3 on the time nodes &; = 0.0125 - j,
Jj=0,...,40. The error decreases rapidly from the initial iteration to the next ones, and by the second
iteration the desired accuracy is already achieved; thus, the computation is stopped at that point. The
final approximation uppox satisfies the uniform bound

-5
J$a§0 113’35’%’ ||uexact(§ja xi) - uapprox(fja xi)” <6.47x10 ’
which indicates that the obtained accuracy is satisfactory for practical computations and confirms the
efficiency of the proposed method.

7. Conclusions

This paper is devoted to the study of a nonlocal problem for a loaded parabolic equation. We
investigated the convergence, stability, and error behavior of the method of lines applied to such
problems.

The method of lines has been shown to be a reliable and effective approach for solving parabolic
partial differential equations. It provides second-order accuracy in space, stability, and robust error
control, making it particularly suitable for problems with smooth solutions and well-posed boundary
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conditions. The method is both consistent and stable, which ensures its convergence to the exact
solution. Under appropriate smoothness assumptions on the coefficients and boundary data, the total
error decays at the rate of O(r?) as the grid is refined.

These theoretical results lay a solid foundation for the further application of the method to a wider
class of nonlocal problems involving loaded parabolic equations. In future work, a more detailed
numerical analysis will be conducted to further explore the method’s practical performance and extend
it to more complex problem settings.
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