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Abstract:  Pantograph integro-differential equations have many crucial applications in science
and engineering. The presence of differential behavior, scaling, and memory effects makes
pantograph integro-differential equations capable of describing complex systems in control theory and
mathematical biology. In this paper, we provide a numerical approach to the multi-pantograph integro-
differential equation. The Jacobi tau spectral approach is utilized with the help of differential, integral,
and pantograph operational matrices to solve one- and two-dimensional linear multi-pantograph
integro-differential equations. The high accuracy, convergence, and simplicity motivate one to apply
the tau spectral approach to the problem studied. Numerical results for two test problems are performed
to test the validity and superiority of the suggested numerical scheme over other numerical schemes.
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1. Introduction

It is known that the pantograph integro-differential equation serves as a critical tool for analyzing
and interpreting many real-world processes [1-3]. The pantograph integro-differential equation is a
fusion of the integro-differential equation, and the pantograph equation enables it to be a powerful tool
for dealing with processes including feedback, scaling, and memory effects [4-6]. These features
ensure the relevance of the pantograph integro-differential equation in modeling the dynamics of
populations according to the age distribution and processes of biological evolution, where the current
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behavior of the system depends on its historical behaviors at varying scales. In addition, the pantograph
integro-differential equation can help optimize and design systems that involve scaling and delayed
feedback like communication and robots systems [7—10].

Adding a pantograph term to the integro-differential equation doubles the difficulty of getting its
exact solution, so the search for an efficient numerical solution for pantograph integro-differential
equations is the main goal of a large number of researchers. In [11], the Sinc collocation approach
was applied for the pantograph delay-integro-differential equation. The Galerkin spectral approach
was implemented by the authors of [12, 13] to deal with a class of partial differential and integral
equations with arbitrary orders. For the solution of linear pantograph delay-integro-differential
equation, the authors of [14] implemented Bernstein tau spectral (BTS) and Lagrange interpolation
collocation (LIC) approaches. The authors of [15] carried out the multivariate Jacobi approximation
collocation for multi-dimensional weakly singular nonlinear integral equations with nonsmooth
solutions. The bilinear neural network method can be used for various types of partial integral
and differential equations [16-18], and neural network-based symbolic techniques are also applied
to pantograph-type delay partial differential equations [19,20]. Ji et al. [21] derived derivative and
pantograph operational matrices that are used as the basis of the Chebyshev spectral collocation
method (CSCM) to solve pantograph integro-differential equations. The pantograph nonlinear
fractional integro-differential equation was solved by Jafari et al. [22] using the operational technique
based on Legendre polynomials. Wang et al. [23] applied an operational procedure for a high-order
nonlinear two-dimensional integro-differential equation based on Jacobi polynomials. Darania and
Sotoudehmaram [24] adopted the multistep collocation technique as a numerical solution for nonlinear
delay integral equations. In recent years, the interest in finding numerical solutions of different types
of pantograph integro-differential equations has grown, see [25-27].

Our fundamental goal here is to introduce a numerical solution for the multi-pantograph integro-
differential equation. To deal with the pantograph term, we present the shifted Jacobi polynomial-based
pantograph operational matrix. Trying to make the computations simpler and faster, the shifted Jacobi
Gauss quadrature method is employed for approximating the source term of the considered problem.
Moreover, the operational matrix of integration is used to approximate the integral terms of the problem
considered. On the other hand, we apply the same numerical technique for the two-dimensional multi-
pantograph integro-differential equation and introduce the necessary operational matrices.

The rest of this manuscript is arranged as follows: In Section 2, we obtain some of the properties
needed for shifted Jacobi polynomials. In Section 3, we introduce the shifted Jacobi polynomial-
based pantograph, and the integration and differentiation operational matrices that are combined with
the Gauss quadrature and spectral tau approaches to solve the multi-pantograph integro-differential
equation. In Section 4, an extension of the numerical scheme discussed in the previous section for
the Volterra-type integro-differential equation with variable kernels is presented. In Section 5, the
numerical approach introduced in Section 3 is employed for the system of multi-pantograph integro-
differential equations. In Section 6, we extend the application of the presented numerical technique
to the two-dimensional multi-pantograph integro-differential equation. In Section 7, we carry out a
convergence analysis of the numerical scheme proposed in Section 3. In Section 8, comparisons with
the numerical results achieved by spectral methods in the literature are made. In Section 9, some
concluding remarks are highlighted.
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2. Shifted Jacobi polynomials

The shifted Jacobi polynomials defined in [0, ], denoted by S (@, b)(x) [ = 0,1,---, can be
expressed as

(ab) (=D ’F(l+b+1)F(l+z+a+b+1)
Sar (0 = ZS“ - F(z+b+1)F(l+a+b+l)l'(l—z)'a’

and satisfy
d! .. - TU+b+1)(+a+b+1)
S((ylh)(o) — (_l)l q q.
dxd I'l—q+ DI'(g+ b+ 1)at

The shifted Jacobi polynomials satisfy the orthogonality relation
f SEP@S LW (x)dx = h 6,
0

a+b+1
(a,b) b _na plab) _ a’t r(l +a+ I)F(l +b+ 1) .
where w,”(x) = x"(a — x)%, h(x,l = QvatbrDIT(+a+btl) and 9, is the well-known

Kronecker delta function.
Any function f € L?*(A,) can be expanded on the basis of the shifted Jacobi polynomials as follows:

1 107
ﬂ@—}}mw%m ﬁ=hWh£fuw“WwMMqu (2.1)
a,l

If we denote P9 by the orthogonal projection:
P} L*(A,) — 8% S} = Span{SEZ}b)(x) . 0<l< L),

we then have

L
PLf = fe0) = ) fiSUP () = Ff Sa (), (2.2)
=0
where
fo S (x)
(a b)
S ( )
7= Sor@ ="' (2.3)
: (a, b)
fr (L+1)x1) S ar X (L+1)x1)

Similarly, for f € L*(A, X Ay) and A, = [0, a], and A, = [0, 3], we have

L M
femey) = D0 Y FSEPSEDG) = FL @), (2.4)

=0 m=0
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where ¥, 5 and C w(x,y) are defined by

Cfo S48 55" O)
fou S“”’)( )S“”’)(y)
Frm=|fom Sy = S“”(x)SW’)(y) : 2.5)
fio S<“”)(x>s<“”>(y>
T S b)(x)S ) (LA DMDXI)
and
fim = h(“”)h(“ 5[ f £ )8 LS DG W (). 2.6)

3. Multi-pantograph integro-differential equation

In this section, we study the application of Jacobi’s spectral method for the multi-pantograph
integro-differential equation in the following form:

d N s CiX X
@)+ ; yif(cix) = g(x) + ; j; wif(0dt + fo vi(Hdt, 0<x<a, (3.1)

where f(0) =0andv, 6, v, u;, ¢i; (0 <c; <1, 0<i<s)are known real numbers.
The considered approach is to find f, € 8%, such that

d N s CiX X
af£<x>+;yif£<c,-x> :g£<x>+; fo wfet)dt + fo Vfo(t)dt. (32)

Define

fr(x) = F} o (),

3.3
g:(x) = GG £(x), (3-3)

where ¥, and S, p(x) are given in (2.3), and

80
81 (@b) (a b\ @b ((@h)
gL: : ’ 8j = h(ab)ZWLka Lka S ( Lk,a)’
: v
8Ll r1yx1)
where x(z’,f)a, 0 < k < L, are the shifted Jacobi Gauss quadrature nodes on (0, @), and Wf,?,fl are the

Christoffel numbers.
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Lemma 1. [28] The derivative of the vector S, ;(x) is given by

d

—~Cas(0) = D)e, (%), (3.4)
with
Ci(l,m), m<l|,
D(l):dm <Im<Ll»> dipm =
£ = @indostnse ' 0, otherwise,
and

aPl+a+b+D(I+a+b+2),m+a+2) . Tm+a+b+1)
l-m-DI'Cm+a+b+1)

Ci(l,m)=

~l+1+m, l+m+a+b+2, m+a+1
X 3F2 ; 1
m+a+?2, 2m+a+b+2
Lemma 2. [29] The integration of the vector S, p(x) is given by:
f Cor(Mdx = 1S, £ (x), (3.5)
0
where
1) = o<imer,
and

)
DT +b+ DI+ k+a+b+ Da
Il,m = Z

HIk+b+ DIm+a+b+ 1= k)!T(k+2)

y Zml D" Tm+1l+a+b+DIa+ DIU+k+b+2)2m+a+b+ 1Dm!
= IFm+a+DI{+b+1D)(m-DIT(+k+a+b+3)

Theorem 1. For 0 < ¢ < 1, the pantograph operational matrix Py, is given by
Ca£(cX) = Pr S (%), (3.6)

_ _ k
where Pp. = (p] Jo<i,j<z, and py ; = Yo Sixc" g, -

Proof. We start by expressing SZ’j(cx) as follows:

z
S (ex) = Z Eic'x. (3.7)
i=0
We expand x' in terms of 84 (x), j=0,1,---, £, as follows:
N 1o
X = Z(; qi,ijfo’ (x); %) = fo x’SfZ’jb)(x)wﬁf’b)(x)dx. (3.8)
J= a,j
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A combination of (3.7) and (3.8) then yields

/ L L !
ng}b)(cx) = Z 8Lic‘ [Z Qi,jsﬁjf)(x)} = Z SEZ’/IJ) [Z 81,ic’qi,j)
i=0 j=0 j=0 i=0

I i i T
= [Z &ELic'qi, Zgl,icl%,la R Zal,icl%,Ll S, £(x),
i=0 i=0 i=0

which completes the proof.

Through Lemmas 1, 2 and Theorem 1, we get

dfr(x)
f.C — Z"chl)ga’ﬁ(x),

dx
f fedt = FF1,)S, 1(x),
0
fL(CX) = ¢£P£,cea,£(x)a

f fe@dt = FL1)P L S, ().
0

Using (3.10), the residual R(x) for (3.2) is given by

Re(x) = FF DY S () + D VTP oo r(0) = G r(x)
i=0

= > T PP L @0 (x) = vF L1 @4 ().
i=0

We now generate a system of £ + 1 algebraic equations in the unknowns as follows:

by Re@wi” Sy (e = 0,
I Rews? S (ndr = 0,

by Re@wg” S (ndt = 0,

FT Sy £(0) = 6.

Define the vector aOiL, i=0,1,---,L—1, as follows:

i L-i T
o =
(tOQ:: 070,”"0’W70,05' .,0

,i

The system (3.12) simplifies to

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

FIDY O, + > YiF[PreaOp = ) pF [ PL O —vF 1,0, - G707, =0, (3.14)
i=0 i=0
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withi=0,1,--- , L - 1.
If we denote C = (S, £(0)) and M;, i =0,1,---,L— 1 as

o= (05) (P2 + Y (0) = D 00) P (1) =0 (1)
i=0 i=0

then the solution of (3.1) is reduced to the system

EF; =R,
where
E =My, My, ---, Ms_4, C],
:[ g & & &1
T

er.

4. Multi-pantograph Volterra-type integro-differential equations with variable kernel functions

Here, we apply the Jacobi spectral method for a more complex extension of the multi-pantograph
integro-differential Eq (3.1) by incorporating variable kernels as follows:

%f(x) + D vifex) =g+ ) f KO ) (0t + f KOonfdn, 0<x<a, @)
i=0 i—0 YO0 0

where f(0) =6 andv, 6, v;, u;, ¢;; (0 <c¢; <1, 0<i< s)are known real numbers.
First, we approximate f(x) and g(x) as (3.3), and the kernels K ;(x, ), 0 < i < s, and K(x, ) as follows:

K en) = 8 (K So )

“4.2)
2 T 2
KD (x,1) = G (KPS, (1),
with (1,9) (L) (L) 2 (2) (2)
N I I
ko,o_ kO,IA koz_ koo ko kOL
A RO I KB @ @ jxe)
,]((l,i) _ 1,0 1,1 1,L 7((2) _ 1,0 1,1 1,.L
L - A N L - : ’
(1,9) (1,9 (LD (2) () (2)
kL,O k.C,l kL,L kL,O k.C,l kL,L
and
. 1 104 (04 .
KD = T f f ngj”(x)s CO WD WP (K (x, Hdtdx
’ ha} h,, Jo Jo ’ ’
1 L L
_ (a.b) yrr(ab) g-(10) (L (a.b)  (a,b) (a.b) (. (a,b) (a,b) (. (a,b)
- h(a,b)h(a,b) Z Z WL,r,aW.C,S,aK (x.C,r,a’ 'x.C,s,a) Sa,j ('xL,r,a) Sa/,k (x.C,s,a) ’
a,j ak r=0 5=0
| o o (4.3)
2 _ (a,b) (a,b) (a,b) (a,b) )
kj’k = —h(“’b)h(“’b) f(; j(; S Y (xS wk Ow " (xw (K (x, t)dtdx
a,j ak
1 L L
_ (a,b) yyr(a.b) ~(2) ((a.b)  (ab) (a.b) (,(a,b) (a,b) (. (a,b)
- h(g,b)h(a,b) Z Z W[,r,a WL,s,aK (xﬁ,r,a’ x.ﬁ,s,a) Soz,j (x.E,r,a) Srl,k (XL,s,a) :
a,j ak r=0 s=0
AIMS Mathematics Volume 10, Issue 12, 29380-29405.



29387

Then, we have to find f, € 8%, such that

d s s CiX ; X
Sre0+ Yot = e+ Y, [ KPwosod [ KPeofon @
i=0 i=0 Y0 0
In this regard, we have

[ P wnsod = [ (20K @000) (7 )
0 0
- f ' Sl (K Sor(DSE ()T pdt (4.5)
0

~ f Sl OKIHT S, (1),
0

with

L

H= (M)t Ho= s D) ( [ sermseraseonm ’”(r)dr)
- a,i k=0
L
(a.b) Qla, b) (@b) ) gla.b) (,(ab)) glab) ((ab)
h(ah)kZ(fZWLraSat Lra)S ( Lra)S ( Lr,a))'

Similarly,

f KD (e, 0 f(n)dt = f 0, LK H S0 (0. (46)
0 0

Lemmas 1, 2 and Theorem 1 with Eqgs (4.5) and (4.6) yield

f KO, 0 frndt = S (K HT P, S, (%),
0

(4.7)
f KD, 0 fo(tdt = &L ()KPHT, S, o(x).
0
Hence, the residual of (4.1) can be given by
Re(x) = FIDY S r(0) + D" YiF [P reBas(d) = G710 2(x)
=0 (4.8)

= &L K HIY P, B (%) = BL KD H TS, £(),
Then a system of £ + 1 algebraic equations in the unknowns is generated as in (3.12).
5. The system of multi-pantograph integro-differential equations

This section is dedicated to applying the numerical approach studied in Section 3 to the system of
multi-pantograph integro-differential equations

d ChiX r X
fl(X) + Z Z Yikifi(crix) = gi(x) + Z Z f Mg fi(Ddr + Z fo Vi Ji(t)dt, (5.1
k=1

k=1 i=0 k=1 i=0
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where f(0) = 6,and 0 < x < @, Vixi» Mikis Vkis Cri>» 6; are known real numbers with 1 < k,/ <r, 0 <
i<s,and 0 < ¢; < 1.
The problem (5.1) may be transformed to an equivalent problem of finding F(x), such that

dF(X) Ci 1 X X
y z, 0 AF(cix) = G(x) + 1, [ BFw)dw + [ CF(w)dw, 5.2
FQO) =
where
Si(x) g1(x) 0,
S2(x) g2(x) 6
Fo=| " |, ew=|"" |, e=| |
fr(x) 8- (%) 6,
Yiii Yiz2io ot Yini M Mi2; - Miri YiLi Y12t Vi
A = 7’2.,1,1' 72.,2,1' 72.,r,i . B, = #2.,1,1' /12-,2,1' ,u2‘,r,i . C = V2:1,i V2.,2,i V2.,r,i
7r,1,i )/r,Z,i e )/r,r,i ﬂr,l,i /Jr,Z,i Tt /Jr,r,i Vr,l,i Vr,2,i e Vr,r,i
Assume
F (x) = §:8,.2(%), Gr(x) = 0,6, (%), (5.3)
with
fiop fip - fig g0 81 " &ir
fo00 £y - B 20 &1 0 ¢
8r= : : .. : o Op= : : .. : ’
fr,o fr,l e ff,.[: gr,O gr,l e gr,L

andg,; (1 </ <r, 0<j< L)canbe given using the shifted Jacobi Gauss quadrature rule as follows:

a+b+1 L (+b) (a,b) (a+b) (a+b)
81 = 2a+b+1habz m ( (x X +1))g (2( +1)) 1<i<r,
such that
dF ;(x) ; . ;
de + X0 AF (cix) = Go(0) + X i BELw)dw + [ CFc(waw, (5.4)
Fr(0)=0
We recall from (5.3) that
dF ,(x d
£ 5, L (20.000) = 5DV, 1), l<i<r, (5.5)
dx dx
Fr(ex) = §Ca.r(cx) = §PcC0o £(0), I<i<r, (5.6)
f Feldr = g‘f Sas(Odt = F1} S0 1), 1<i<r (5.7)
0 0
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Ci X Ci | X

f F (dt = F; f Coc(Ndt = FAYP,, S (%), 1<i<r (5.8)

0 0
It follows from (5.4)—(5.8) that
M N _ S n e ) ()
FDVS () + ) AB P, Cor(X) = 6,80 (0 + ) BF PP, S0 r(x) + C FAy S, (),
i=0 i=0
and the residual of (5.4) can be given by
R(x) =F DV, () + D AF P, Cor(0) = ) BiF PP, S0 () = C §AY S £(0) = 618, £(0),
i=0 i=0

where
R(x) = [Riz, Rops s Res]

Application of the spectral tau approach gives a system of (L + 1) algebraic equations as follows:

I Ricows?Se)0dt = 0, I=1,2,--.r
I R oW S e = 0, [=1,2,-,r,
: (5.9)
i Ricows S (ddt =0, [=1,2,--,r,
57 Ca.£(0) = 6, [=1,2..r

Using (3.13), the system (5.9) can be simplified as follows:

FDV0, + > AF P00, — > BFAPP,,,0) - CF AP0, - 6,,0, =0,  (5.10)

i=0 i=0

with/=1,2,---,r,i=0,1,--- , L—1.
We denote M;, i =0,1,---,L—1,as
M= (00) (00) + Y (00 () - 301 () (1) € (02 (1)

i=0 i=0

in which case the solution of (5.1) is reduced to the system

E3, =R, [=1,2,---,r,

where
E, =My, My, -+, M1y, C], [=12,---,r,
T
810 811 812 81.L-1
l = b 9 9 ttt b b l b l = 15 29 b r
(a,b) (a,b) (a.b) (a,b)
haO hl haZ ha,L—l

AIMS Mathematics Volume 10, Issue 12, 29380-29405.
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6. Two-dimensional case

The current section extends the application of the numerical approach to solve the two-dimensional
multi-pantograph integro-differential equation as follows:

PrxY) o~ [
PAC )N Z Z Yijf(cix,djy) = g(x,y) + f f Hijf (1, wydtdu
0 0

0xdy ==
s 9 CiX djy
£ f f vi i f(t, wdtdu,
i=0 j=0 Y0 0

with f(0,y) = 6(y) and f(x,0) = ¥(x), where y;;, u;;, vij, ¢j, dj; (0 <i<s5,0< j< gq)are known
real numbers.
In this regard, we have to find fr m € S7 X S/jw such that

6.1)

asz,M(xa y) S Y X
axdy + Z Z Yiifem(cix,diy) = grm(x,y) + Wi jfem(t, w)dtdu
i=0 j=0 0 Jo
N q CiX djy (6.2)
+ Z Z f f vi,ifem(t, w)dtdu.
i=0 j=0 Y0 0
Suppose that
Sfem(x,y) = TLT,MSE’,M(X» y), 63)
grm(x.y) = G S (.3,
where
80,0
80,1
: 1 L M
— . — (a.b) yyr(a.b) (a,b) (a,b) (a,b) (a,b) (a,b) (a,b)
Gem=| gom | 8l = o Z Z W W aimsS o (x Uﬂ) S (xu,a) g (XLW xM’mﬁ)'
81,0 al"'Bm 1=0 m=0
8LM

Theorem 2. Assume 1, and 1 are the identity matrices of orders L and M, respectively, in which case

2

0x0y
Yy X
f fo St wdidu = TV TOSY (x,y); IV =100l IV =101,
0

SPex,dy) = PoPyaCf (6,Y) P =Pro®In, Poa =11 0Py,

S = DODVSE (nyy DY =D Ly, DY =1 @D,

y CX
fod j(: St wdtdu = IV TOP, Py 1S (x. ).

AIMS Mathematics Volume 10, Issue 12, 29380-29405.
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Using (6.3) and Theorem 3, we get

2

9 a
Gy EMOe ) = F Ly DD S (),

Yy X
j; fo femtwdidu = F[, TOTPS (x.y),
f.C M(Cx d)’) = ?‘Z;Mpx chdea,M(x )’)

f f femtwdidu = F[ TOTVP, Py 1S (. 9).

(6.4)

Then, the residual of (6.1) can be given by

s q
Rem(x,y) = FLpDVDPEE (63 + 0 D 7T FpiPrcPra, (6 y) = G S (2 )

i=0 j=0

s q
1 1 f )
— i F I I OIS (13) = D0 v FE NI DT OP Py S (5.9).

i=0 j=0

Finally, the following system of (£ + 1)(M + 1) is generated:
@ 3 b b
f f Rem(x, S >(x)3gf}. oW WP (y)dydx =0, 0<i<L-1,0<j<M-1, (6.5)
0o Jo

P05 - 0(0). 0<iem
7‘1/\4 dﬁ LD 0) =0 (x¢"),  0s<is<L

i=0,1,---,L-1, j=0,1,--- , M — 1, as follows:

(6.6)

Define the vector , ﬁO EAM

BOLM Ol ®IBOJ, i:()al’“'aL_l’j:()715"'7M_19

The system (6.5) is then simplified to

s q
T (1) (1) i,j T i.j T iJ
7:1:,MDx Z)y aﬁOL,M + Z Z Vi,j(fz:,MPx,czPy,d./a,ﬁOL,M -G LM%BOLM

i=0 j=0

— M, JTLM (I)I(l) ZJ Z Z Vi jTLM (I)I(l)pxc Pyal aﬁO

i=0 j=0

We write M; j, i=0,1,---,L-1, j=0,1,--- , M~ 1, as follows

Mi,j:(a,ﬁoiz ) (D(l) D(]) ZZ)’I} a,BOLM ( }d]) (ch,)
i=0 j=0

N

Vij aﬁO ( y,dj)T (Px,c,-)T (_Z—;l))T (Ifrl))T ’

MQ

~ s (+00) (1) (1)

i=0 j=0
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and
a T .
Cri=(8%0.5)) .  j=0.1--.M
a T .
Gy = (8, (x.0) . j=12. M

The solution of (6.1) is reduced to the system

EF s m =R,
where
E= [Mo,o, Moy, -+ Mom-1, Mg, - s Mzoim-1, Cros Crps oo+ Cims Cots Copy -0 Cz,L],
M- T
= [hfzgz’f}f%), hfZ?%?,;“’ ,hgﬁf_:% f}_] o)., L @, @), @), ag)] .

7. Convergence analysis

This section estimates the error achieved using the numerical approach proposed in
Sections 3 and 6 for the one- and two-dimensional multi-pantograph integro-differential Eqs (3.1)
and (6.1), respectively.

7.1. One-dimensional case
7.1.1. Error bound

This subsection is devoted to obtaining the error bound resulting from applying a numerical scheme
based on shifted Jacobi polynomials to approximate any function f(x) on [0, a].

Theorem 3. Assume that f;(x) is the best approximation of the function f(x) achieved in terms

L+1
of Sff’;’)(x), 0<j<L+1,and C = max,cqq) % . We then have

T L+a+b+ DI L+a+2)

W0 = Jelle < O N r L v at b7 L+ DT@s 1) 7.1
Proof. We begin the proof by using the definition of best approximation, which is
1F () = fr()lleo < NFX) = fr(Olleos Vfr(x) € ST (7.2)

We also use f,(x) to denote the interpolating polynomials of f(x) at x%P 0 < i< £, as the roots of

. Lia’
S [(x), yielding

= _ 1 O f(n) £ (a,b)
1) = Je® = i g g<x—x£,i,a>, re0,al, (13)

which implies

n - f(o)| IMEeCx =201,
() = el < max [ °( £+lf! . oel0.al (7.4)
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=(a, b)

Introducing the variable X, where ¥ = 2 2(x—%)and x(“ b) , and the roots of S“? (%), such that X .7 =

a,L+1
(( ) a) O< < t
i« " 2) i .z,wege

L,t,a
(ab) _ —(a b)
0<F;§£§<a l—()[(x -xLl(y - 1:3?{;2) .Cla
a L+1 -(ab)
B (5) 1<I;lx%l§)<1 H(X xLla
(7.5)
) (g)m - 2£Lvr(L +a+b+ DS (x)
2 1R A o TRL+a+b+1)
LALT(L+a+b+1
_o LTLtatbl) 540 (x].
A’ARL+a+b+1) _i< <ah> < O
Additionally, one can write
I'L+a+2)
(a,b) _ Qlab) _
max |Sa,£+l(x)| - Scx,£+1(1) - (L + 1)!F(a + l)' (76)

—-1<¥%, x(” b> <1

Thanks to (7.2)—(7.6), it is clear that

AT L+a+b+ DI L+a+2)

e = Ll < CZ(L +DIRL+a+b+ 1)L+ DM@+ 1) 7.7)

At this stage, a bound on the absolute error between f(x) and f,(x) is given, based on shifted
Jacobi polynomials. O

7.1.2. Error estimation and residual correction

The current subsection is devoted to estimate the error achieved using the numerical scheme
introduced in Section 3 with the residual error function. In this regard, we define the error
function Ep(x) = f(x) — fg(x), where f(x) 1s the exact solution for the multi-pantograph integro-
differential Eq (3.1) and f,(x) is its numerical solution. We then have

d N § CiX X
L fi)+ ZO] yifrlein) = g0 + ZO fo pefe0)dt + fo Vf0di + R0, (T8)

where f,(0) = 0, and R,(x) is the residual function defined in (3.11).
Subtracting (7.12) from (3.1), we have

d N S Ci X X
TEL(0)+ ) YiE(ew) = (x) ~ 820 + fo W £(0)dt + fo VE,(Ddt = Re(x),  (1.9)
i=0 i=0

with E,(0) =0
We now solve (7.9) using the numerical technique introduced in Section 3 by approximating E /(x) as

Epau(x) = &, u(x). (7.10)

Finally, it is clear that an estimate of the absolute error function |E »(x)| = |f(x)— f£(x)| can be obtained
using the absolute error function |E ; ¢,(x)|.
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7.2. Two-dimensional case
7.2.1. Error bound

Here, we obtain the error bound of a numerical scheme based on shifted Jacobi polynomials to
approximate any function f(x,y) in [0, ] X [0, 5].

Theorem 4. Assume that fr am(x,y) is the best approximation of the function f(x,y) achieved in
terms of SPMNSE(), 0 < j < L+1,0 <k < M+ 1,0 = MiXipe0amop | g

OxL+1
3£+M+2f(x,y)
OxL+1 yM+l

b
3M+1

C, = Max(xy)e(0,0)x(0,8) 'W . We then have

and C3 = MaXxy)c(0,0)x(0,8)

T L+a+b+ DI L+a+2)
G =femx e < Cra e e T T D+ DT+ 1)
c M Lra+ b+ DIM+a+b+ DI L+a+2)T(M+a+2)
22(L + 1Y M+ DI'RL+a+b+ DICM+a+b+ DL+ DIM+ DT 2(a+ 1)
B TMA+a+b+ DI(M+a+2)
32(/\/( +1DICM+a+b+ 1M+ DTa+ 1)

(7.11)

Proof. Following the same steps as performed in the proof of Theorem 7.1, we can complete the proof.
O

7.2.2. Error estimation and residual correction

We now use the residual error function to estimate the error using the numerical approach discussed
in Section 6. To do that, we assume E, p(x,y) = f(x,¥) — fr.m(x,y), where f(x,y) and fy pm(x,y)
are the exact and numerical solutions for the two-dimensional multi-pantograph integro-differential
Eq (6.1). We can then write

2 ,
fgfa(; 2 Z Z”' ifem(cix, dy) = grm(x,y) +f f Wi i fem(t, wydtdu

i=0 j=0
N q CiX djy
£ f f Vi jif et wdtdu + R, ),
i=0 j=0 Y0 0

with fz m(0,y) = 6(y) and fr m(x,0) = F(x).
Now, if we subtract (7.12) from (6.1), we get

azEL,M (-x’ )’)
0xady

(7.12)

Z Z%JEL mlcix,d;y) = g(x,y) — grm(x,y) +f f Wi jE o p(t, w)dtdu

i=0 j=0
s g CiX djy
Y f f Vi E et u)didi = R g yi(x, ),
i=0 j=0 Y0 0

with E; (0, ) = 6(y) and E z p(x, 0) = 9(x).
Finally, if we apply the numerical scheme discussed in Section 6 using the approximation,

Epmuv(x.y) = 84 Sgrn(x.3), (7.13)

we can estimate the absolute error function |E z p1q7/(x, ¥)|.
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8. Test problems

8.1. Convergence test
8.1.1. One-dimensional case

This subsection focuses on assessing the convergence behavior of the proposed numerical method.
In this regard, we address the following problem:

X cx (1-c)x
df;(x) = f(x) + flcx) +f f(t)dt+f f(t)dt+f S(0dt = g(x),
X 0 0 0

0<x<1, (8.1

with £(0) = 0 and the exact solution is f(x) = x*Log(1 + x)sin(x).

We apply the numerical scheme proposed in Section 3 to the current problem at (a, b) = (5, 5) with
different choices of c¢. We list the maximum absolute errors (MAEs) of the numerical solution f,(x)
in Table 1 at ¢ = {0.3,0.5,0.9} with (a,b) = (5,5). Moreover, in Figure 1, we plot the logarithmic
function of MAEs (Log;o MAEs) of f,(x) to show the convergence with various choices of L.

The numerical results shown in Table 1 and Figure 1 confirm that the MAEs of the approximate
solution decrease with increasing values of £, ensuring the high convergence and accuracy of the

considered approach.

Table 1. MAEs of f(x) with (a, b) = (5,5) for problem (8.5).

L c=0.3 c=0.5 c=0.9

2 4.8849 x 107! 5.2859 x 107! 5.8873 x 107!
4 4.6081 x 1072 4.9906 x 1072 5.9441 x 1072
6 2.5070 x 1073 2.6675 x 1073 3.2643 x 1073
8 8.7892 x 107° 9.2539 x 107 1.0771 x 1073
10 3.5186 x 1077 3.7064 x 1077 4.5861 x 1077
12 1.0734 x 1078 1.1277 x 1078 1.3894 x 1078
14 3.9307 x 10710 4.1211 x 10710 5.0415x 10710
16 1.4284 x 1071 1.4954 x 1071 1.8199 x 107!
18 5.1736 x 10713 5.4090 x 10713 6.5569 x 10713
20 1.8762 x 107 1.9872 x 10~ 2.3647 x 1071
22 1.3981 x 1071 9.9920 x 1071¢ 1.1102 x 10713
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Figure 1. Convergence of f,(x) at (a,b) = (5,5) for problem (8.5).

8.1.2. Two-dimensional case

To test the convergence of the numerical scheme discussed in Section 6, we consider the
following problem:

& f(x,y)
0x0y

where 0 < x,y < 1, f(0,y) =0, f(x,0) = log(1 + x), and g(x,y) is chosen so that the exact solution
s f(x,y) = ysinz(x) + log(1 + x). Table 2 lists the MAEs of f(x,y) at (a,b) = (0,0) with M = 2 and
various choices of L.

1 1
3 3%

1 1
+ﬂ%ﬁ—f§%§w+f1

0 0

f(t, s)dtds — fy fx f(t, s)dtds = g(x,y), (8.2)
0 Jo

Table 2. MAEs of f(x,y) for problem (8.2) at (a, b) = (0,0) with M = 2.

L 4 8 12 16 20 24
MAEs 2.150x 107% 1581 x 1077 5827 x 107! 4363 x 1074 7.771x 1071 5551 x107'¢

8.2. Comparison test
8.2.1. One-dimensional case

The present subsection is devoted to confirming the superiority of the proposed numerical
approach over other existing approaches. Therefore, we examine the following integro-differential
equation [14,21]:

df(x)
dx

+ v f(x) + v2f(cx) +,uf f(dt + vf f(dt = g(x), 0<x<a, (8.3)
0 0
with f(0) = 0 and the exact solution is f(x) =1 —e™™".
Zhao et al. [14] applied the BTS and LIC approaches to solve Problem (8.3) with y; = =3, y, =
LLu=-4,v=1,¢c=05 a=1, 6§ =0,and g(x) = 1 —3.5x, while the authors in [21] used the CSCM
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to get its numerical solution withy; =0, y, = -1, u = -1, v = -1, ¢ = 0.5, @ = 10, § = 0, and
g(x) = 1-1.5x. We applied the numerical method presented in Section 3 to solve (8.3) and compared the
absolute errors (AEs) of f,(x) at (a, b) = (1, 1) with those given using the BTS and LIC approaches [14]
in Table 3, and those at (0, 0) with those given using the CSCM [21] in Table 4. Figure 2 plots the Logig
MAESs, AEs and the approximate solution of f(x)aty; = -3, yo =1, u=-4,v=1,¢c =05, a =
1, 6 =0, with (a,b) = (2,2) and L = 24.

The numerical results shown in Tables 3 and 4 and Figure 2 indicate that the AEs of the
numerical solution achieved using the proposed method are lower than those achieved using the BTS
and LIC approaches [14] and the CSCM [21] at the same £ values, which ensures the high accuracy
and convergence of our numerical scheme compared with the BTS and LIC approaches [14] and
the CSCM [21].

Table 3. AEs of f(x) withy, = -3, o =1, u=-4,v=1,¢=05, a=1,and 6 = 0 for
problem (8.3).

L£=3 L£L=6 L£=38 L£=10 L£L=12
BTS [14] (x = 0.5) 2401 x 1074 9.175x 1078 2.573x 10710 4.907 x 1073 5.551 x 10716
Our method (x = 0.5) 4946 x 107 1.611x 107 1.542x 10710 9580 x 1074 2.220 x 107'6
L£=2 L=4 L£=6 £=38 £=10
LIC [14] (x = 1) 5200x 1073 2.033x 1075 3.540x 108 3463 x 107!  2.986 x 10714
Our method (x = 1) 2746 x 1072 1.620x 1075 2.520% 107  2.044x 1072 1.110 x 10713

Table 4. AEs of f(x) withy; =0, y, =-1, u=-1, v=-1, ¢ =0.5, @ = 10, and 8 = 0 for
problem (8.3).

CSCM [21] Our method

x L=16 L =20 L=24 L=16 L£=20 L=24

1 2321x10° 6.569%x 108 1.673x10°'2 5760x 107 1.463x107'2  1.110 x 107'6
2 3.665x107° 8.041x10°% 3.101 x 107" 2.000x 108 5.175x107'2  4.163 x 107'°
3 2102x107° 8.005x10°% 2551 x 107" 6206 x 1078 1.662x 10" 1.769 x 1071
4 3.001x10° 7.561x10°% 3.101 x 107" 1.861 x 1077 4973 x 107" 5.818 x 10713
5 2061x10° 8.021x10% 3.536x 107! 5359x 1077 1.431x1070 1727 x 107*
6 2983x10° 8553x10% 4.013x 107" 1.509 x 107°® 4.032x 1071 4910x 10714
7 2332x107° 1.479x 1077 3.836x 107! 4.197x107° 1.121x107° 1369 x 1073
8 2863x107° 7350x107% 4.462x 107! 1.156 x 10> 3.090x 10™°  3.778 x 10713
9 1.153x107° 8.102x10°% 3.205x 107" 3.172x 1075 8472x 107  1.036 x 10712
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Figure 2. Log,) MAEs, AE, and approximate solutions of f(x) for problem (8.3).

8.2.2. Two-dimensional case

To test the validity of the numerical approach for solving two-dimensional Volterra-type integro-
differential equations, we consider the following problem:

2 1y Ix X

TN | vy - 1 Ly + f Tt s - f ' f F(t. s)dtds = g(xy),  (84)
0xdy 3°2 o Jo o Jo

where 0 < x,y < 1, f(0,y) = f(x,0) = 0, and g(x,y) is chosen so that the exact solution is f(x,y) =

(e -1).

We apply the numerical scheme discussed in Section 6 to solve this problem with £ = 4 and various
values of M. Table 5 gives the AEs of f(x,y) at (a,b) = (2,2) and M = {4, 8, 12, 16}. Figure 3 plots
the AEs of f(x,y) at (£, M) = (4, 16) and (a, b) = (1,0). Figure 4 obtains the contour plots of the AEs
of f(x,y) at (a,b) = (1,0) and various values of £ and M.

The results in Table 5 and Figures 3 and 4 confirm the high accuracy and convergence
of the proposed numerical scheme when applied to a two-dimensional Volterra-type integro-
differential equation.

Table 5. AEs of f(x,y) for problem (8.4).

(x,y) M=4 M=38 M=12 M=16
(0.1,0.1) 6.3085 x 1073 3.1577 x 1077 6.7570 x 10713 9.1200 x 1071
(0.2,0.2) 2.0864 x 1072 7.4917x 1077 1.4439x 107" 1.3810x 1071
(0.3,0.3) 3.8636 x 1072 1.1806 x 1076 2.2253 x 10712 1.7590 x 101
(0.4,0.4) 5.6723x 1072 1.6389x107% 3.0490 x 1012 2.1718 x 1071
(0.5,0.5) 7.4414 x 1072 2.1158 x 107% 3.9319x 1072 3.0253 x 10713
(0.6,0.6) 93176 x 1072 2.6376 x 107 4.8913 x 107> 4.1078 x 1071
(0.7,0.7) 1.1656 x 107! 3.2346 x 107 5.9539 x 1072 5.6066 x 101
(0.8,0.8) 1.5008 x 107" 3.8594 x 1076 7.1522x 1072 7.2164 x 1071
(0.9,0.9) 2.0097 x 107" 4.6940 x 107° 8.4501 x 10~'"  9.9920 x 10713
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Figure 3. AEs of f(x,y) at (L, M) = (4, 16) with (a, b) = (1, 0) for problem (8.4).
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Figure 4. AEs of f(x,y) at (a,b) = (0, 1) for problem (8.4).
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8.3. Equation with irregular solution

Here, we evaluate the reliability of the considered numerical approach discussed in Section 3 for a
problem with an irregular solution. Consider the following

df(x)— = f P PR N o g 0 1, (8.5
f( x)— | f(odt | fde 5% 2 28\/_ <x<1, (85)

with f(0) = 0, and the exact solution is f(x) = x3. Table 6 lists the MAEs of f(x)at(a,b) = (2,2) with
various choices of L.

Table 6. MAE:s of f(x) for problem (8.5) at (a, b) = (2, 2).

%2
X2 —=x
7

L 4 8 12 16 20 24

MAEs 4750x 107 2453 x10™* 4.321x 107 1.231x 107 4.577x107° 2.016 x 107°

8.4. Equation with variable kernel functions

This subsection tests the performance of the proposed numerical scheme for Volterra-type integro-
differential equation with variable kernel functions, so we consider the following problem [21]:

P w0+ fGn+ f Cenpwdi+ [ = g (8.5
0 0

with f(0) = 0 and where the exact solution is f(x) = e* — 1.

To obtain the numerical solution of the current problem at p = 1, Zhao et al. [11] applied the
Sinc collocation method (SCM), and Ji et al. [21] applied the CSCM. Table 7 lists the MAEs of f,(x)
at (a,b) = (0.5,0.5) and various choices of £ = {4, 8, 12, 16}, and compares them with those given by
the SCM [11] with N = {4, 8,12, 16} and CSCM [21] with N = {10, 20, 30, 40}.

The numerical results shown in Table 7 confirm that the proposed numerical scheme is a good

choice for dealing with Volterra-type integro-differential equations with variable kernel functions and
is more accurate than SCM [11] and CSCM [21].

Table 7. Comparing the MAEs of f(x) versus the SCM [11] and CSCM [21] for
problem (8.6) at p = 1.

SCM [11] CSCM [21] Present scheme
N MAE N MAE L MAE
10 2.2328 x 107* 4 8.1760x 107 4 9.4465x 107
20 5.7215%x 107 8 7.7913x 107 8 2.3189x107°
30 2.8939 x 1077 12 2.8315%x 1071 2 7.9621 x 1071
40 2.2096 x 1077 16 3.3316x107'6 16 6.0704 x 10716

[S—

Remark 1. To verify the applicability of the proposed numerical scheme to a weakly singular
kernel Volterra integro-differential equation, we test the numerical approach presented in Section 4
to problem (8.6) at p = -0.5. In Table 8, we list the MAEs of f(x) with (a,b) = (0,0) and
L =1{4,8,12,16,20}.
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The MAEs shown in Table 8 are not as good as those shown in Table 7, nor is the convergence
rate, indicating that the proposed numerical scheme is not optimal for handling weakly singular kernel
Volterra integro-differential equations. However, the numerical scheme presented here can be modified
to suit this case by using a graded mesh or by considering another basis function that is not generally
smooth, such as a generalized Jacobi function.

Table 8. MAEs of f(x) for problem (8.6) at p = —0.5.

L 4 8 12 16 20
MAEs 1.8591 x 1073 3.3511 x 10™* 1.1046 x 10™* 4.9910 x 107>  2.6622 x 107

8.5. System of equations

Here, we test the accuracy and convergence of the proposed numerical scheme when applied to a
system of Volterra-type integro-differential equations. Consider the following problem:

D) = A0+ A0+ AED+ [*Hode+ [ i

D) = A0+ @ + itk + AGD + [ Aode+ [ podi— [ Ao,

D) = )+ A+ A0 + AG0 + [ Awd+ [ pwd- [ A,
HO0) =1, £0)=0, f0)=0, 0<x<1.

(8.7)

with an exact solution f;(x) = €*, f>(x) = log(x + 1), and f3(x) = x*.

Table 9 shows the MAEs of fi(x), f>(x), and f3(x) at (a,b) = (3,3) with different choices
of L. Figure 5 obtains the Log;y MAEs, AEs, and approximate errors of fi(x), f>(x), and f3(x)
at (a,b) = (3,3) with £ = 22.

The results in Table 9 and Figure 5 confirm the high accuracy and convergence of the scheme
presented here when applied to solve a system of Volterra-type integro-differential equations.

Table 9. MAEs of f(x), f2(x), and f;3(x) for problem (8.7).

L fi(x) f(x) f3(x)

4 5.1937 x 107 6.5436 x 107 6.1314 x 1073
8 32437 x107°  4.9448 x 10°®  4.1493 x 107°
12 39716 x 107 6.0504 x 10  5.0764 x 107°
16 4.5750 x 10712 6.9659 x 1072 5.8434 x 1072
20 5.3290 x 107°  8.3266 x 107°  6.4581 x 1071>
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Figure 5. Log,) MAEs, AEs, and approximate solutions of fi(x), f>(x) and f;3(x) for
problem (8.7).

9. Conclusions

The current study introduces a numerical method for the multi-pantograph integro-differential
equation. The operational matrices of integration, differentiation, and pantographs are implemented
together with the shifted Jacobi Gauss quadrature rule and the spectral tau approach to convert the
problem into a simpler one of solving a system of algebraic equations. According to the authors’
research, this is the first work that discusses a numerical solution of the studied problems based on
the tau spectral approach, and the operational matrices of integration, differentiation, and pantographs.
Application of the spectral tau method together with the operational matrix technique guarantees a
numerical solution of high accuracy and rapid convergence using a small number of Jacobi polynomial
terms. The presented approach is extended to handle the two-dimensional case of the studied problem.
The numerical results confirm the superiority of the presented numerical approaches compared with
other spectral methods. Our future extension of the numerical scheme is the tempered fractional
differential equations [30]. While the numerical results confirm exponential convergence for smooth
solutions, a rigorous theoretical convergence analysis will be explored in subsequent work. This
analysis will use established frameworks for Jacobi spectral methods, including those of [31,32].
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