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1. Introduction

The G-expectation framework, pioneered by Peng (see [1-3]), has emerged as a powerful tool
for modeling uncertainty in finance and stochastic systems. Unlike classical probability theory, G-
expectation accommodates sublinearity and positive homogeneity, enabling robust formulations in risk
management and stochastic control. Within this framework, G-Brownian motion and its associated
stochastic calculus have been extensively studied. On that basis, stochastic differential equations
driven by G-Brownian motion have been studied by many scholars. For foundational studies on such
equations, we refer the readers to [4-6]. Further developments are discussed in [7, 8].

An important problem in studying stochastic differential equations is the stability. In G-expectation
framework, many scholars have studied the stability of stochastic differential equations driven by
G-Brownian motion. In particular, by constructing a special Lyapunov function, Hu et al. [9]
derived sufficient conditions for the p-th moment stability of solutions to such equations. Zhang
and Chen [10] established sufficient conditions for exponential stability and quasi-sure exponential
stability for a specific class of stochastic differential equations driven by G-Brownian motion. The


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20251282

29152

primary stabilization strategy employed in these studies is the G-Lyapunov method. Recently, Mao
et al. [11, 12] applied discrete-time feedback control to stabilize stochastic differential equations
driven by classical Brownian motion. From Mao’s perspective, for an unstable stochastic system,
discrete-time state feedback is introduced into the drift or diffusion term to enhance stability. Notably,
Mao adopted a comparative approach rather than relying on Lyapunov function arguments. Inspired
by Mao’s work, Yin et al. [13] studied quasi-sure exponential stabilization of G-Brownian systems
via discrete-time feedback control in the stochastic term. Subsequently, Yin et al. [14] provided
verifiable stabilization criteria for stochastic differential equations driven by G-Brownian motion based
on discrete-time observations.

However, both G-Brownian motion and standard Brownian motion are continuous-path processes,
which limits their applicability in modeling real-world phenomena involving jumps. Then Hu and
Peng [15] introduced the G-Lévy process, which has a jump part. However, due to the complexity
of dependence structures, there has been little systematic development on the G-Lévy process in the
literature, which is in contrast to the extensive studies on G-Brownian motion. Ren [16] provided a
representation of the sublinear expectation as an upper expectation, while Paczka [17, 18] developed an
integration theory for G-Lévy processes and derived a corresponding 1t6’s formula. Wang and Gao [19]
proved the existence and uniqueness of solutions to the following stochastic differential equations
driven by a G-Lévy process:

dY () = b(t,Y(t))dt + h(t, Y(2))d(B), + o(t, Y(t))dB, + f K(t, Y(1), z)L(dt, dz), (1.1)

d
RO

where Y(0) = Y, is the initial value with E[|Yo*] < oo, ({(B))s=0 1s the mutual variation process of the
G-Brownian motion (B,);»0, L(-, -) is a Poisson random measure associated with a G-Lévy process X,
and the coefficients b, h, o, K do not need to satisfy the Lipschitz condition.

When (1.1) exhibits instability, a critical challenge is designing a discrete-time feedback control
u(t, Y([t/7]7)) in the drift term, such that the stochastic system under control

dY(t) = [b(t,Y(1)) + u(t, Y([t/7]7))]dt + h(t, Y (1))d{(B); + o(t, Y (¢))dB, + f K(t, Y(t),2)L(dt,dz) (1.2)

d
RO

achieves stability. Here, [#/7] is the integer part of #/7. This approach is significantly different from
the stabilization by a continuous-time feedback control, which relies on the current or delayed state,
u(t, Y(t)) or u(t,Y(t — 7)). The discrete-time strategy is not only more practical but also more cost-
effective. Several significant contributions have been made in this research direction: Shen et al. [20]
studied the mean square exponential stability and quasi-sure exponential stability for a stochastic
system driven by a G-Lévy process. Yuan and Zhu [21] discussed the exponential stability of neutral
stochastic functional differential equations driven by a G-Lévy process with discrete-time feedback
control. These studies primarily relied on the G-Lyapunov method. However, as noted in [14], for
the stability of a stochastic system with discrete-time feedback control, the Lyapunov method may not
work in the G-expectation framework sometimes, so we should resort to other methods to deal with it.

Inspired by Mao’s comparative approach for classical Brownian systems [11, 12] and Yin’s
extension to G-Brownian motion [14], this work considers the stabilization of a stochastic differential
equation driven by a G-Lévy process (1.2) with discrete-time feedback. The main contributions of
this paper are as follows: First, we develop a comparative analysis framework that circumvents the
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technical difficulties associated with traditional Lyapunov methods in the G-expectation setting. While
Lyapunov-based approaches face challenges due to the sublinear nature and positive homogeneity of
G-expectations, our comparative method provides an alternative pathway for stability analysis. Second,
we establish mean-square and quasi-sure exponential stability for system (1.2), generalizing the results
of Yin et al. [14] from G-Brownian motion to G-Lévy processes. A G-Lévy process makes the analysis
more difficult owing to the complexity of dependence structures.

The rest of this paper is organized as follows. Section 2 presents essential preliminaries and
notations within the G-expectation framework. In Section 3, we establish key lemmas and rigorously
prove the main stability theorem. Section 4 provides a numerical example to validate the theoretical
results. Finally, Section 5 concludes the paper.

2. Preliminaries

This section outlines essential notations and foundational concepts required for subsequent analysis.
For G-Brownian motion and its calculus, see [3,22,23]. The theory of G-Lévy processes is developed
in [15,17,18].

Let Q := Dy(R*, R?) denote the canonical space of all cadlag functions valued in R? endowed with
the Skorohod topology. Define Q7 := {X. = w.,y : w € Q}. We consider the space L?.(Q7) of random
variables on Q; equipped with a sublinear G-expectation [, under which the canonical process is a
G-Lévy process. The norm on LZ(QT) is given by || - ||Z:: Bl - |7]. Crucially, G-expectation B is
characterized by two key deviations from classical expectation: (i) Sub-additivity, E[X + Y] < B[X] +
B[Y],X,Y € Lg(QT)(replaces linearity); (ii) positive homogeneity, B[AX] = AB[X],X € L’(’;(QT) holds
only for A > 0, unlike classical homogeneity over all 1 € R.

There exists a subset B ¢ M(Qr) of probability measures satisfying

B£] = max Ep(§) for all § € Lg(Qr).
The associated capacity C is defined as:

C(A) :=sup P(A), A € B(Q),
PeB
where B(€2) denotes the Borel o-algebra on Q. A is called a polar set if C(A) = 0. A property holding
outside a polar set is said to hold quasi-surely (g.s.).

The following spaces of stochastic processes will be useful.

o Mé’O(O, T) : Space of a simple process 17,(w) = Yo E«W),1.)(D), With & € L7(Q,),0 =1 <
h<-tyng<ty=T,p=1.

o M5(0, T) : Completion of M%°(0, T) under the norm llgllye o) = Lfy Elnl1drl7, p > 1.

° Hg([O, T] % RB’): Elementary random fields K(r,z)(w) = Z;{ >t Fraw)y, o (Mii(z), where
R4 = RI{O}, {y}, C Cpuip(R?) have disjoint supports with 4;,(0) = 0, and Fy; = ¢ Xy, ..., X, —
Xy ) i €C inp(RdX"). Here C;, 1;,(R") denotes the set of bounded Lipschitz functions on R".

e H2([0,T] x RY): Completion of H5([0, T] X R%) under the norm

T
K" = E[f sup | |K(r,9)l"v(dz)dr], p =1,
0

p dy *
HY([0,T1XRY) vev Jrt
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where V is a set of Borel measures on (R4, B(R%)) with sup, ., v(RY) < o0, and B(RY) denotes the Borel
o-algebra on RY.

For the G-Lévy process X, AX, = X, — X,- denote its jump; here, X,- is the left limit of at point u.
The Poisson random measure is defined by L(]s, ], A) := > < Ia(AX,),0 < s <t <00, A € B(Rg).

Forn € M%(0,T), K € HY([0,T] X RY), p > 2, the stochastic integrals fot nsdB, (with respect to

G-Brownian motion By) and fOT fRd K(r, z)L(dr, dz) (with respect to Poisson random measure L(-, -)) are
0

well-defined. Similarly, for n € M,(0,T), p > 1, integrals fol nsds and fot n,d{B), can also be defined,

respectively, where ((B));>o 1s the quadratic variation process of G-Brownian motion (B;);o. All of
these integrals belong to L{,(Qr) for p > 1.

Lemma 2.1. [17] For K(r,z) € Hé([O T] X Rd) then:
B f f K(r,2)L(dr, d2)’] < CrE[ f sup K2<r, v(dz)dr],
veV
where Cr = 2(T + 1).
For K(r,z) € HZ([0,T] x R), by Theorem 13 in [18], we know that P? := [ Jes K 2)L(dr, dz) -
fot Sup, fRd K(r,7)v(dz)dr is a G-martingale. Moreover, by [19], we have the following BDG-type
0

inequality:

t T
B[ sup | f K(r, 2)L(dr, d2)/*] < 2(C + T)E[ f sup f K2(r, )W(dz)dr], @2.1)
0 JRr¢ 0 RY

0<t<T 5 veV

where C is a positive constant.
Lemma 2.2. (Markov’s inequality) Let X € L}.(Qr), p > 1. Then, for each constant M > 0:
E[X]"]

Mr

C(X|> M) <

Lemma 2.3. [3,4] For p > 2, 1€ M(0,T). Then:

T
B[ f n,1*dr] < BJ| f n,dB,I*] = B[ f In,*d(B),] < B[ f In,|*dr],
0

E[ sup | nrdBrl 1<C, T f Eln, |7 dr,

0<u<T 0

where constants c* < 32, C,, > 0 is a constant that is only dependent on p.

Lemma 2.4. [4] For p > 1, n € M{(0,T). Then there exists a positive constant C ', depending on p,
such that:

U

T
Blsup | | md(B)I1<C,T" f Bl 7dr.
0

0<u<T 0

Remark 2.1. When there exists a unique probability measure P € B, the G-expectation B collapses to
the classical linear expectation Ep. As a result, the G-Brownian motion coincides with the classical
Brownian motion under P, and the G-Lévy process reduces to a classical Lévy process with the Lévy
measure given by the unique measure v € V. In this case, the volatility parameters satisfy o> = 72,
and the quadratic variation of the Brownian motion becomes (B), = t.
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3. Stability of controlled stochastic systems

Consider an n-dimensional unstable system:

dX(t) = b(t, X(2))dt + h;j(t, X(1))d(B', B'), + oi(t, X(¢))dB. + K(t, X(1), z)L(dt, dz), (3.1)
R

S

with initial condition X(0) = X, € R". Here, ((B', B’),)so represents the mutual variation process
of d-dimensional G-Brownian motion (B,);»0, i, j = 1,2,--- ,d. For x € R", b(-, x), h;;(-, x),0i(-, x) €
MZ([0,T1;R"), K(-, x,-) € HA([0,T] x R R"), where MZ([0,T];R") and HA([0,T] X R4; R") denote
the spaces of n-dimension stochastic processes where each element belongs to MZ(0,7) and
Hé([O, T] x Rg), respectively. In this paper, we use the Einstein convention, i.e., the above repeated
indices of i and j within one term imply the summation form 1 to d,

: d
fhij(S,Yx)d<Bi,Bj>s :=thij(s, Y,)d(B', B'),,
0 0

i,j=1

f d f
oi(s, Y)dB. := f ai(s,Y,)dB..

Remark 3.1. Under standard regularity conditions from Wang and Gao [19], Eq (3.1) admits
a unique solution X. Furthermore, if there exists a Lyapunov-type function V(t,x) €
C"2([0, +o0] X R™, RY) satisfying Ci|x|> < V(t,x) < C,|x|* and the differential inequality V,(t,x) +
VI, 0)b(t,x) + supyeq trl(VI(t, 0)hij(t,x) + 07 (1, )Viult, X)o (1, ))Q0"] + sup,, ng(V(t, X +
K(t,x,2)) — V(t,x))v(dz) > AV(t,x), then [20, Theorem 3.4] establishes mean-square exponential
instability. Here, C"*([0,+o0] X R", R") is the space of positive functions such that V,, V., V,. are
continuous on [0, +00) X R", V., satisfies local Lipschitz condition, Cy, C», A are positive constants, Q
is a set of all dxd-dimensional positive definite symmetric matrices in the space of all dXd-dimensional
symmetric matrices, and x” denote the transpose of x.

To counteract system instability, we introduce discrete-time feedback control u(z, [¢/7]7) in the drift
term, yielding the controlled dynamics:

dX(t) = [b(t, X(t)) + u(t, X(6,)))dt + h;;(t, X(1))d{B', B},
+0i(t, X(1))dB: + f K(t, X(1), z2)L(dt, d7), (3.2)

d
RO

with the initial value X(0) = X, € R" such that B[|1Xo?] < oo. Here, §, = [t/7]r, T > O is
a constant which stands for the duration between two consecutive state observations, and [t/7] =
sup{k € Z;k < t/7} denotes the integer part.

For comparative analysis, we simultaneously examine the reference system with
continuous feedback:

dY(t) = [b(t, Y (1) + u(t, Y()dt + h (¢, Y(1))d(B', B'),
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+oit, Y))dB + | K, Y(t),z)L(dt, d7),
R}

with the same initial value Y(0) = X, € R" such that B[|1X,*] < oo.
The analysis proceeds under the following assumptions:
(H1) For x,y e R",i,j=1,2,--- ,d, there exists a constant M > 0 such that

b2, x) = D, WV Nhij(t, x) = hif(, Y|V o, x) — o, Y|V {ult, x) — u(t, y)l < Mlx -y

and

sup | |K(t,x,2) — K(t,y,2)I*v(dz) < M|x — y*.
veV Rg

(H2) For a constant > O and x,y € R",i,j = 1,2,--- ,d,

sup 1r[(2x" hyj(t, x) + o (8, )0 (1, X)) Q0" ]
0eQ

+ x"[b(t, x) + u(t, x)] + sup f [lx + K(t, x, 2)I* = |x*Iv(dz) < -7l
veV Rg

(3.3)

(3.4)

Remark 3.2. Fort > 0, we suppose that b(t,0) = u(t,0) = h;j(t,0) = 0:(t,0) = K(¢,0,z) = 0 to ensure
the existence of the zero solution. Under assumption (H1), it follows from [19] that the stochastic
systems (3.2) and (3.3) admit unique solutions, denoted by X and Y respectively, with finite second
moments. The Lipschitz constant M in (H1) bounds the system’s sensitivity to state variations, thereby
ensuring well-posedness. The decay rate 1 in (H2) defines the minimum guaranteed stabilization

strength and the exponential convergence rate of the feedback control.

Lemma 3.1. Under (HI) and (H2), the solution Y of the reference system satisfies
E[Y(OP] < E[IXoPle™.

Proof. Consider the application of G-Itd’s formula to ™Y (¢)|*, we have:

'Y = |1Xo) + f ne” Y (r)dr + f 2" YT (D[b(r, Y(r) + u(r, Y(r)]dr
0 0

+ f e"2Y (Nhij(r, Y(r) + o (r, Y(r)ori(r, Y (1)1d(B', B),
0

+ f 2Y"(r)ori(r, Y(r))dB. + f f [IlY() + K(r, Y(r), 2)|* = |[YOO)PP1L(dr, d7)
0 0 Jrd

= 1Xo)* + f ne™ Y (r)dr + f 2" YT (N[b(r, Y(r) + u(r, Y(r)]dr
0

0

+ f " sup tr[QY" (Nhij(r, Y(r) + o7 (r, Y(N))oi(r, Y () Q0" 1dr
0 0eQ '

+ f sup f EMNIY(r) + K(r, Y(r), 2> = YO Iv(dz)dr
0 Rg

veV
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+f 2" YT (P)oi(r, Y(r))dBi + M? + P?’ 3.5)
0
where

M; = f e”’[QYT(r)hij(r, Y(r)) + O'Jr(r, Y(r))o(r, Y(r))] d(Bi, BJ')r

- f sup € [ QYT (Nhij(r, Y(r) + o (r, Y(N)oi(r, Y (1)) QQ"  dr,

0eQ

P = f f e"[IY(r) + K(r, Y(r), 2 = [Y(r)FP|L(dr, dz)
s Rg

- f sup f e"(IY(r) + K@, Y(r), 2> = YO v(dz) dr.
K Rg

veV

It is known that {M?},Zo is a G-martingale. Moreover, by [18, Theorem 13], {P?}eo is also a G-
martingale.
By assumption (H2) and taking G-expectation on both side of (3.5), we obtain:

E[Y(OP] < E[IXoPle™.
Lemma 3.2. Let assumption (H1) hold, then the solution X of stochastic system (3.2) satisfies
EH X(t)lz] < E[|X0|2] e(6M+2M(7'2+M25'2+supveq, VR
and

E[X (1) — X(6,)1*]

< AMT[AMT + M(Cyt + G2) + 27 + 2]B[|X, 2] M +2M7" +supey vRO+7*M1

Proof. Applying G-1td’s formula to |X(#)|*, we derive that:

X0 = | X, + f 2XT(N[b(r, X(r)) + u(r, X(5,))]dr + f 2X" (r)oi(r, X(r))dB.
0 0

+ f [2X" ()hyj(r, X (1)) + 7} (r, X(r)ai(r, X(r))]d(B', B'),
0

+ P+ f sup | [IX(r) + K(r, X(r), 2)I* = IX( )P Iv(dz)dt, (3.6)
0

veV Rg

where P! = | t ng[|X(r‘) + K(r, X(n), 2)P — [X(r)P1L(dr, dz) — . " sup, .y ng[IX(r‘) + K(r, X(r), 2)]? -
|X(r")*1v(dz)dr is a G-martingale.
Taking G-expectation on both sides of (3.6), by assumption (H1) and Lemma 2.3, we have:

BIX] < E[1Xo)*] + BM + 2M&? + M*57) f BNX () 1dr + M f BIIX(S,)1dr
0 0
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+E[ f sup [2X(r-)K(r,X(r),z)+K2(r,X(r),z)]v(dz)dr]
0

veV Rg

< BlIXol*1+ BM + 2M&? + M*5?%) f BOX(HP1dr + M f BIX(6,)*1dr
0

+sup v(RY | BOX(HPdr +2M f (X"
= B[IXoP] + (5M + 2M&* + M*G* + sup V(RY)) E[lX(r)l ldr
+M fo BOXGP1dr
E[1Xol*] + (6M + 2M&* + MG + sup v(RY)) t sup E[|X(s)]1dr. (3.7)

veV 0 0<s<r

Noting that fot SUP(< <, E[IX (s)[*1dr is increasing in ¢, we obtain that:

sup E[|1X(s)*] < B[|Xo[*] + (6M +2M&* + M*5* + sup v(RY)) f sup B[1X(s)[*1d (3.8)
0<s<t veV 0<s<r
Then, by Gronwall’s inequality, we have:
E[IX(I)lZ] < E[IXO|2]e(6M+2M&2+M2(-rz+supVEq, v(Rg))z_ (3.9)

For ¢t € [It,(l + 1)7), where [ > O is an integer, we have ¢, = [t/7]t = [r. According to Eq (3.2),
we obtain:

X (1) = X(6)1* = 1X(1) = X(I0)P®

= [ | [b(r, X(r)) + u(r, X(6,)]dr + f hij(r, X(r))d(B', B),

It It

l

+ f oi(r, X(r))dB. + f f K(r, X(r), 2)L(dr, d?). (3.10)
T It JRY

By elementary inequality, it holds that:

IX() - X6,
<4 | [b(r, X(r) + u(r, X@Ndr* + 4] | hij(r, X(r))d(B', B'),I*

It It

+ 4] 0',(r X(r)dB.* + 4| f f K(r, X(r), 2)L(dr, d?). (3.11)
It g

Taking G-expectation on both sides, by (H1), Lemmas 2.1, 2.3, and 2.4, we have:
ElIX(1) - X(6)I]

!
< [8M*1 + 4M*(Cy7 + &%) + 8MT1 + 8M] f ElIX(r)*1dr + SM*T*E[|IX (1)1, (3.12)

It
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where C'2 is the constant in Lemma 2.4.
Together with (3.9), this implies that:

EIX(0) - X(6)]
< [16M>7 + 4MP(Cyt + T)T + 8MT> + 8MT]B[|Xo 2] OM+2MT ™+ M0 +sup.coy v(ROY (3.13)
Lemma 3.3. Let assumptions (HI) and (H2) hold, then:
EIX(1) - Y(1)P]
< J(T)E[l X0|2]( e(l3M+4M(3'2+2 SUp ey V(RD+257 M)t _ )

, (3.14)

2M16M> T2 +4M*(Cr+52)T+8MT*+8 MT]
6M+2M 52 +M2G2+sup cqy v(RD)

where J(T) =
Proof. Applying G-1td’s formula to |X(f) — Y(#)]>, we have:
1X(1) - YO

= fo t 2(X(r) = Y(r) [b(r, X(r) = b(r, Y (1) + u(r, X(8,)) — u(r, Y(r)]dr
+ j; t 2(X(r) = Y(r) (hij(r, X(r)) = hij(r, Y (r)))d(B', B'),
+ fo [(O-j(r’ X(r)) = o i(r, YN (i(r, X(r)) = o7i(r, Y(r)))d(B', B'),
+ fo [ 2(X(r) = Y(r)! (a:i(r, X(r)) = (1, Y (r)))d B,
+ j: j;d[lX(r_) —Y(r7) + K(r,X(r),2) = K(r, Y(r), 2)* = |X(r") = Y(r")*1L(dr, d2). (3.15)

Taking the G-expectation on both sides and using assumption (H1), similarly to that in (3.7), we have:
E[IX(0) - Y(0)

< (3M +2M&* + M*3?) f BIX(r) = Y(P)Pldr + M f E[1X(8,) — Y(r)1dr
0 0

!

+B[ | sup [ [IXG7) = Y() + K(r, X(r), 2) = K(r, Y(r), 2 = [X(r") = Y(r")PIv(d2)dr]

0 veV JRY

< (5M +2M&* + M*G?) f BIX(r) — YO)PP1dr + 2M f BX(5,) — X(r)*1dr
0 0

+ (sup v(RY) + 2M) f BIX(r) = Y()[*1dr
veV 0

= (TM +2M&* + M*&* + sup v(RY)) f BIX(r) = Y(H)[*1dr + 2M f BlX(6,) — X(H[*1dr. (3.16)
veV 0 0

By Gronwall’s inequality, we deduce:

!
BX(1) = Y(1)] < 2MTM#2MT MG wsup,cy vB)x f E[X(6,) — X(r1dr. (3.17)
0
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Substituting the bound from Lemma 3.2 yields the desired comparison estimate:

BIX (D) - Y (0]
< 2M[16M*7* + 4M2(C'27' + 331+ 8M7* + 8MT]
6M + 2MF? + M?3? + sup,.q, V(R3)
) E[|XO|2](6(13M+4M&2+2 Sup ey VIRD+252 M)t _ 1. (3.18)

2M16M> T2 +4M*(Cr+52)T+8M T +8 M)
6M+2M5?+M>G2+sup .y v(RD)

Let J(1) =

, then the proof is complete.

Lemma 3.4. Given a suitable constant 6 € (0, 1) and assuming the conditions of Lemma 3.1 hold, then
for 0 < T < T, the system (3.2) satisfies

BIX (k)] < E[1Xo[2 e . (3.19)

Here, T is the unique root to the following equation:

In(2)

2J(T)(e(l3M+4M6'2+2Supve(VV(Rg)+25'2M2)(T+T9) _ 1) _ 1 _ 0 (3.20)

where y > 0, [ and k are positive integers and n is the constant in Lemma 3.1.

Proof. It is obvious that J(7) is continuous and increasing on 7 > 0, J(0) = 0, and lim,_,., J(7) = +co.
Then it is easy to see that the left side of (3.20) is continuous and increasing on 7 > (0. Therefore,
Eq (3.20) admits a unique solution 7. Let X(I7) = X; for[ =0, 1,2,--- , where T € (0, 7). It is clear that

—IKT
e =3,
if the following inequality
In(2 In(2
© <k<l+ @) (3.21)
nr nr
holds for a positive integer «.
By Lemma 3.1, we know that:
[ S —1KT 0+
E[IY, "] < B[ X[ le™ < EE[|X0|2], (3.22)
where Y, = Y(k71).
Moreover, by elementary inequality, Lemma 3.3, and (3.22), we have:
ElIX.P)
< 2B[IX, — Y.’] + 2B[|Y,f’]
< [2J(T)(e(13M+4M6'2+2Supve(vv(Rg)+26'2M2)KT — 1)+ H]E[IXOIQ]. (3.23)

By (3.21), it is easy to show that:

n(2
S(IBMAAME 2 5up, o VRO MOT . (13M+4MG+2 5up,coy VR +252 M) (r+ )
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Then it follows from (3.20), we have:

0+ 2J(1)( e(l3M+4M5-2+2 SUp ey VIRD+257 M)kt _ H<l.

Hence, for some positive constant y, we obtain:

0 + 2J(1)(e! 31 F4ME 242 5up, ) VR)+25? M)k _ 1) = e,

Consequently, we get:
ElX*] < B[IXolle ™. (3.24)

In the following, we analyze the solution of (3.2) on ¢t > k7. X(x7) can be regarded as the initial
value at time ¢ = k7. It follows from (3.24) that:

BlIXa"] < BIXP1e™ < BlIXo[le™. (3.25)
Repeating the same process as above, we derive that:
BIIX,P] < BlIXq-nele™ < BlIXoPle™. (3.26)

Now, we will show the main result of our work.

Theorem 3.1. Let the conditions of Lemma 3.1 hold and for T < T, then the solution of stochastic
system (3.2) is mean square exponentially stable:

E[IX(0P] < CE[IXolle™,
where C > 0 is a constant.
Moreover, the solution is quasi-sure exponentially stable:

In |X(¢
hr,rlil,lp nlt()ls_%’

where T and 'y are defined in Lemma 3.4.
Proof. Let T € (0,7). For t € [Ikt, (I + 1)kt),l=1,2,--- , it follows from Lemma 3.2 that:
E[lX(t)lz] < E[|X1K|2]€(6M+2M5—2+M26-2+SHPVE(V V(Rg))(t—lKT)

N =2 a2=2 d
< E[|XIK|2]€(6M+2M0' +M<“G-+sup,cqy V(RO))KT‘ (327)

Combining with Lemma 3.4, we have:

EH X)) < EH Xol] pOM+2MG+ MG +5up, ey VR)KT ,—YIKT
< EH Xol] o OM+2MG 4 M2 G2 +5Up, ey VR +YKT =yt

< CE[1Xo*le™, (3.28)

where C = e(6M+2M5'2+M25'2+supVE(V v(Rg)+y)KT'
exponentially stable.

Therefore, the solution of (3.2) is mean square
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In the following, we prove that the solution of (3.2) is quasi-sure exponentially stable. For Ikt <t <
u < (I + 1)xt, by using assumption (H1), Lemmas 2.3, 2.4, and BDG-type inequality (2.1), we have:

E[ sup IX()]
IkT<t<u
!

< SE[IX(IkT)P1+ SB[ sup | | [b(r, X(r) + u(r, X(6,)]dr|*]
IkT<t<u Ikt

+5B[ sup | | hij(r, X()d(B, B’), "1+ 5E[ sup | | oi(r,X(r)dB]

IkT<t<u Ikt IkT<t<u Ikt

+ SB[ sup | f f K(t, X(r), D L(dr, d2)P]
Ikt R‘é

IkT<t<u

< SBIX(IkT)*] + [20M>kT + SM*k7Cy + SM*C5 + 10M(C + k7)) f Bl sup [X(H)P1ds, (3.29)
Ikt

IkT<t<s

where C,, C,, and C are constants in Lemmas 2.3, 2.4, and inequality (2.1), respectively.
By the Gronwall’s inequality, we have:

Bl sup |IX(0P] < CE[X(IkT)[*], (3.30)

Ikr<t<(l+1)kt

where C = 5l20Mkr+5M*Cy+SMPCo+ 10M(C+xkT) Ikt

By Lemma 3.4, forall / =0,1,2,--- , we have:

B[ sup X0 < CEXoP e . (3.31)

Ikr<t<(l+1)kt

In view of Markov’s inequality, we obtain:

C( sup X = e 2" < CE[IX,[ e 2.

Ikt<t<(l+ 1)kt

Using the Borel-Cantelli lemma, we deduce that there exists a [o(w), such that for [ > lo(w),

1
sup  |IX@)IF < e 2™ g.s.
Ikt<t<(I+ 1)kt

Then for Ikt <t < (I + D)k,

2 2 Insup,. ... X(@))?
In[X@)| _ In|X()] < In | X(2)| < Picr<i<i+1ye X @) <Y (3.32)
t 2t 2kt 2kt 4

Taking limsup in (3.32) results in a quasi-sure exponential estimate, i.e.,

S InX@l __y

lim su

t—00 t 4 ’
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4. Example

To illustrate the theoretical framework, we analyze the following stochastic differential equation
driven by a G-Lévy process with time-dependent coeflicients:

dX(t) =b(t, X(t))dt + h;;(t, X(¢))d{B', B'),

+0i(t, X(1))dB! + f K(t,X(1), z)L(dt, d?), “4.1)

Ry

with initial value X(0) = X, such that B[|X,|*] < co.

Let b(t,X(1)) = (0.1 + 0.05sin1)X(1), h;j(t, X(1)) = (0.08 + 0.02cos )X(1),oi(t,x) = (0.12 +
0.03 sin 21)X(1), and K(t, X(t),z) = (0.15 + 0.05 cos 1) X(1)R(z).

In the G-expectation framework, the uncertainty parameters sup,cq tr(QQ") and sup, ., ng(lR(Z)l +

IR(z)|*)v(dz) characterize the volatility and jump uncertainty, respectively. We choose:

suptr(QQ") = 0.9, supf (IRQ)| + |R2)*)v(dz) = 0.7.
Rd

0eQ veV 0

These values represent a system with moderate uncertainty in both the diffusion and jump components.
Then assumption (H1) is satisfied with M = 2.5.
Consider the Lyapunov functional V(z, x) = |x|>. For the uncontrolled system:

Vi(t, x) + VI(t, x)b(t, x)

+suptr [(Vj (t, X)h;(t, x) + %af(r, X)Vult, X)oit, x) 00"
0eQ

+ supf (V(t,x + K(t,x,2)) — V(t, x))v(dz)
veV Rg

= (0.2 + 0.1 sin)|x]* + (0.16 + 0.04 cos t + (0.12 + 0.03 sin 2¢)%) x 0.9|x]?
+ ((0.15 + 0.05 cos £)% + 2(0.15 + 0.05 cos 1)) x 0.7|x|?
> (0.1 +0.1153 + 0.147)|x|> = 0.3623|x[*.

Since the total expression is bounded below by 0.3623|x|?, the uncontrolled system is mean-square
exponentially unstable according to Remark 3.1.
Introducing the feedback control u(¢, x) = —2.5x, we obtain the controlled system:

dX(t) =[b(t, X(0)) + u(t, X([t/7]7T))]dt + hij(t, X(£))d{B', B),
+0i(t, X(t))dB! + f K(t,X(1), 2)L(dt,dz), t=>0. 4.2)

Ry

For the controlled system, we verify assumption (H2):

x"[b(t, x) + u(t, x)] + sup tr[(2x" h;(t, x) + o (¢, )0 (1, X)) Q0" |
0eQ

+sup | [lx+ K x 2 — xv(dz)
veV Rg
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=[(0.1 +0.05sinz — 2.5) + (0.16 + 0.04 cos ¢ + (0.12 + 0.03 sin 2£)*) x 0.9
+((0.15 + 0.05 cos 1)* + 2(0.15 + 0.05 cos 1)) x 0.7]|x]*
< (=2.35 + 0.2003 + 0.308)|x|* = —1.8417|x.

Thus, assumption (H2) is satisfied with n = 1.8417.
We compute the maximum allowable sampling interval T using:

M=25 n=18417, &*=09,

supv(R) =0.7, C,=0.8, 6=0.25.
veV

The function J(7) becomes:
2M[16M*7* + 4M*(Cyt + 3T + 8MT? + 8M7]

6M + 2MF? + M?3? + sup,.q, V(RS)
=27.117% + 8.237.

J(1) =

The critical equation is:

2J(7) (eA<T+B> - 1) =1-6,

where
A =13M +4M&* + 2 sup v(R)) + 26°M* = 54.15,
veV
p= @O _ In®) g
n 1.8417
Thus,

2(27.117% + 8.237) (e54~15<f+1~129> - 1) = 0.75.

The numerical solution yields 7 ~ 0.0021. Therefore, for any sampling interval = < 0.0021, the
controlled system is both mean-square and quasi-sure exponentially stable according to Theorem 3.1.

5. Conclusions

In this paper, we consider the stabilization problem for stochastic systems driven by a G-Lévy
process via discrete-time feedback control. The main contribution lies in establishing verifiable criteria
under which the controlled system achieves both mean-square and quasi-sure exponential stability. We
prove that there exists a maximum allowable sampling interval T > 0 such that the stochastic system is
stabilized when the discrete step size 7 < T, extending existing results from G-Brownian motion to the
more general G-Lévy framework. The proposed methodology demonstrates potential applicability in
systems subject to discontinuous dynamics, such as financial models addressing sudden market shocks
or networked control systems with intermittent observations.
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