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Abstract:  Clifford analysis is a fundamental framework for extending complex function theory
to high-dimensional spaces, where k-monogenic functions (high-order generalizations of monogenic
functions) play a pivotal role in geometric function theory and partial differential equations. However,
there is a paucity of research findings regarding the M6bius transformations of k-monogenic functions
for arbitrary k. In this paper, we first derived that the composite function constructed from a k-
monogenic function and a Mobius transformation remains k-monogenic when k = 2, 3, 4, and was
generalized to the general case. Then, as applications, we proved the Schwarz-Pick-type lemma for
harmonic functions using a new method, and we gave a version of the Schwarz-Pick-type lemma
for inframonogenic functions. This work fills the gap in the transformation theory of k-monogenic
functions, enriches the family of Schwarz-Pick-type lemmas in Clifford analysis, and provides
theoretical tools to solve research related to high-dimensional geometric function theory.
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1. Introduction

The Mobius transformation is a crucial class of transformations in number theory and serves as
an important tool for solving numerous problems. The classical framework has difficulty covering
high-dimensional transformations, and there remains a research gap in the interaction between Mobius
transformations and higher-order monogenic functions within the Clifford analysis framework.

For one complex variable, we define [1]

az+b
cz+d

w=T()=

as the Mobius transformation, where a, b, ¢, d € C.
In 1985, Ahlfors [2] presented a brief introduction to the applications of Clifford numbers for
researching Mobius transformations. The transformation is generalized to high-dimensional spaces.
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In 2001, Eriksson, particularly in collaboration with Leutwiler and within the framework of Clifford
analysis, established a relationship between monogenic functions and Mobius transformations.

Lemma 1.1. [3] Let Q be an open set contained in R" and T : QO — R" be the Mobius transformation,

T(x) = (ax + b)(cx + d)~", where x = i xie;, a,b,c,d € R, and ad — bc # 0. If f is left monogenic in
i=1
T(Q), then the function F defined by

d -1
F =D pr ) (1)
lcx + d|

is also left monogenic in Q.

In 2016, Yonghong Xie et al. [4] considered the composition problem of k-hypergenic functions
and the Clifford Mobius transformation. In the same year, Zhongxiang Zhang [5] derived the Schwarz-
Pick-type lemma for monogenic functions.

Lemma 1.2. [5](Schwarz-Pick-type lemma for monogenic functions) Let B(0, 1) be an open unit ball
in R", f € C'(B(0,1),Cly,) be monogenic in B(0,1), |f(x)| < 1 for all x € B(0,1), and f(a) = 0,
la| < 1. Then for any x € B(0, 1), we have

(1 +la)"" |x—adl
21 Il—axi”

In 2021, Haiyan Wang et al. [6] generalized the M6bius transformation and the Schwarz-type lemma
to octonionic analysis.

This naturally gives rise to the question: Does a similar relationship exist between k-monogenic
functions and Mobius transformations?

The goal of this paper is to extend the classical conclusions to k-monogenic functions. We mainly
obtain the result that the composition of a k-monogenic function and a Mobius transformation is k-
monogenic when k = 2, 3, 4. It is generalized to the general case, which extends the functions
associated with Lemma 1.1, and we propose a new method to prove the Schwarz-Pick-type lemma
for harmonic functions, and obtain the Schwarz-Pick-type lemma for inframonogenic functions. The
function classes corresponding to Lemma 1.2 are generalized in this paper.

If(l <

(1.2)

2. Preliminaries

Let ey, e,,...,e, be a basis of the n-dimensional real liner space R" (n > 3,n € N*). Cly, is
a 2"-dimensional Clifford algebra, whose basis is

{ealA = (hi,ho,++ ,h,) € PN,1 <h <hy<---<h,<n},

where N = {1,2,...,n}, and PN denotes the set of all subsets of N ordered by the natural numerical
order of elements. When A = @, e4 = 1. Any element a € Cly,, can be represented as a = ) asea, as €
A

R. The basis satisfies the following:
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We also define conjugate operations as follows:

e, =—e, 1=1,2,...,n,
ab = ba, Ya,b e Cly,.
1
2

n
. When a = 3 g;e;, we have aa = aa = |a°.

For a = )’ ases, we define the norm |a| of a by | ), af\)
A A i=1

For additional details, the reader may refer to [7].

Let Q be an open nonempty connected subset of the whole vector space R” and f be a function
defined in Q and valued in Cl,,. Let B(0, 1) be the unit ball in R" and B(0, 1) C Q.

In addition, let

C"(Q,Clo,n) ={flf:Q—=Cly,.f :Z faea,wWhere fyis a k-time continuously differentiable function in Q},
A

where k € N*, N* is the set of positive integers.
For x € R”, the left, right Dirac operators and Laplace operator are defined as follows:

S 0 akis
w=;@% m=;£ﬁ M=;3é
Notice that A = —D?.
Lemma 2.1. /8] If f € C*(Q,Cly,), then (Df(x))D = D(f(x)D).
We denote (Df(x))D and D(f(x)D) by Df(x)D.
Definition 2.1. If f € C*(Q,Cly,) satisfies Df(x)D = 0 in Q, then f is called an inframonogenic
Sfunction in Q, or we say that f is inframonogenic in Q.

Definition 2.2. If f € C%(Q, Cly,,) satisfies Af(x) = 0 in Q, then f is called a harmonic function in Q,
or we say that f is harmonic in Q.

Definition 2.3. [7] If f € CXQ, Cly,,) satisfies D*f(x) = 0 (f(x)D* = 0) in Q, where D* = D(D*™1),
then f is called a left (right) k-monogenic function in C, or f is called left (right) k-monogenic in Q.
When k = 1, the function is called a left monogenic function.

3. Mobius transformation

In this section, we will introduce Mdbius properties associated with k-monogenic functions.
Let Mobius transformation 7,(x) in Clifford analysis be defined as follows:

Tu(x) = (r—a)(1 —an = E- QU 10
|1 — ax]?

where x = ) x;e;, a = ). a;e;, lal# 0,1 and ax # 1.
i=1 i=1
When |a|# 0, T,(x) can be rewritten as

1
a 1—|a|2a(a ) a
alx

Tu(x) = —— + =,
lal? lal  lal |al

Furthermore, Mobius transformations can be decomposed into the following four types:
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Translations: 7,(x) = x+ a, a € R".
Dilations: T,(x) = Ax, A € R.
Reflections: T,(x) = x!, x € R", |x]# 0.
Rotations: T,(x) = axa, a € R", |a|=1

Property 3.1. If f € C*(Q, Cly,), then we have

1 1
(= f() = == [(D*NHx ]
|x] |x]

1
Proof. To begin with, we compute D(| T FxH).
X"

1 . 1 » - 1 (’9f(x‘1) (2 n)x » xe’xé)f(x1
D /) = (D) )+;eilxln_2 o e+ Z Tl

Subsequently, applying the D-operation to the first term in Eq (3.2), we have

—n|x|" = n|x"2xx x 0f(x 1

2- n)x 1 1
f) =2 -n) e S+ @2- n)Ze,xn o

D(

L OfG ]
~@2-n )Zl’j,i2 af()fl) - Q=S5 ONGL

Applying the D-operation to the second term in Eq (3.2), we get

(Z —xe;x 0f(x71)

|x|n+2 a(x—l )

n

(—lxlPe; + 2x;x)(—xe;x) P f(x")
| x| +6 A(x~1);0(x71);

_ -1
R 2)xZeOf(x )

= +
n+2 .
& i=1 x; i=l j=1

_(n- 2)x » N —xejeix 0Pf(xh
T (PDEOI G0 D a0,

i=1 j=1
(n—2)x

= |X|"+2

1
(D] + lem[(l)zfx)c‘l)].

By Egs (3.3) and (3.4), we obtain D*( |X|1_2 f(x ™) = %[(D2 HHEHL.

|x
Similar to the proof of Property 3.1, we can prove the following property.

Property 3.2. If f € C*(Q, Cly,), then we have

1 1
(f(x)—==)D* = [(fD)(x DI(=—=)
|x] |x]

Property 3.3. If f € C3(Q, Cly,), then the following equality holds:

D (s f(x) = ——=[(D*)x M].
|x] | x|

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Proof. First and foremost, we compute D( |x|)’:‘2 JE))
X _ X _ x 0f(xhH 2 _ -x Of(x7h
D MN=D = ! — .
(! 6 = DD+ Z 2 ox e T L aae,
Second, we compute Dz(m% FxH).
By Eq (3.1), we get
2 2
D(—=f(x") = == [(D*HxH]. 3.7)
| x| ||
Furthermore, performing the D-operation on the second term, we get
5 af(X‘l))
x af(x ) af(x Do, XA
D( D( e:) ej—e————
ZI Fa(x *1) Z“I A, ;; Tl 0x;
_Z Z —xex(=x)e;  Ff(x) Z": x O f(xh
T4 A Dae; A e
Performing the D-operation again, we have
(32f (xh )
“ox o ORF(x7 z Pf(xh A(x1);
D =D
(; |x|n+2 a(x—l)iz ) (; |x|n+2 a(x—l)Z Jz; le J|x|n+2 axj
N2 Pf(xh xe;  Ff(xh
= : . 3.8
; |x|n+2 5(x—1)12 Zl JZ:; |x|n+4 a(x—l)?a(x—l)j ( )
By Eqgs (3.7) and (3.8), we can obtain
X x
D3 -1 — D3 -1 )
(/67 = DN
O
Similarly, we can prove the following property.
Property 3.4. If f € C3(Q, Cly,), then we have
X 3 3y 1 x
(f(x )W)D = [(fD")(x )](lxlm)- (3.9)
Property 3.5. If f € C*(Q, Cly,), then we have
1
D f ) = T (DAL (3.10)

AIMS Mathematics Volume 10, Issue 12
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1
Proof. Step 1: We compute D(| = Fx™h).
xn—

Lo bt L) @Gemx o —xex f ()
D(IXI"‘4f(x ))—D(lxln_4)f(x )+Zei|x|"‘4 = f(x )+Z = @3.11)

i=1 dx; 1 I a(xt);
5, (4 n)x -1
Step 2: We compute D’(————f(x7)).
x|
Combining the first part of Eq (3.11) with Eq (3.6), we have
4 —n)x n)x
D¢ |x|n-2) faty =4 | |n+4) [(D° Hx D] (3.12)
)
Step 3: We compute Dg(z ))ccenx (ZJ(C)(C)_CI)Z )-
-1
First we consider D(; |))Cc|erix ‘ZJ(C )(:_C : )i)).
a(af (X‘l))
N —xeix Of(x~ ) —xe;x 6f(x h —xe;x  O(x1),
D( =D(
Z A o0, Z "o, Z; Z Tl ox; (3.13)
eix 0f(x7h) xe; 0f(x™) 1 9Pf(xY
+(n-2 - ,
— |x" (x7"); 4 ); Id* a(x1): &t (xh?
where the last equality holds because
Z Z ejxee; = Z Z(—ij — xej)ee; = —ZZ ex+(2-—n) Z xe;.
i=1 j=1 i=1 j=1 i=1 i=1
n_o_ i g -1
Then we consider Dz(; |);|enx 8];(;_61)1_)).
Performing the D-operation for the third time on the three parts of Eq (3.13), we get
eix Of(x71)
be Z || O(X‘l)
ejeie; Of(x") = xeix Of(x7h) o xejxex 0Pf(xh
=2 L -2
; ; i A i |x 2 d(x); ; ot oo
o e Af () o xex df(x) N Xegxex  Pf(h)
=2(n-2 -2 -2 , 3.14
4 )Zl a9, T Ll e, Z; Zl e aoheen, Y

where the last equality holds because

AIMS Mathematics Volume 10, Issue 12, 29132-29150.
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By means of similar computations, we derive

=y xe; <9f(x1 B x Pf(x7h
D =2) ) fg g, Zq P2 oG G139
Di- Z 1 (92f(x ! Z X sz(x . N xex o Pf(h (3.16)

|| a(x—l)z |x|n+2 (9()6_1)2 e |X|n+4 a(x—l)l?a(x_l)j- .
By Egs (3.14)—(3.16), we have

—xe;x Af (x7") e (9f(x N xeix Of(x7)

(Z o oo, _2)Z| oG e aee,
xejxeix 0P f(x7) x Pfah xeix  OPf(x7h) G-17)

B jrei X j
2;‘ JZ::‘ x|+ O(x1)0(x71); * 2; |x|+2 a(x_l),z Z:‘ JZ:‘ x4 9(x-1)?o(x");

Finally, we perform the D-operation on the five parts of Eq (3.17). After similar calculations, we
have

@)

-3 4450

20D Y S e 1D L DT b

=20 - n)n; R ZJ(C )(C’f ;;) £22-n) ]Z:; ; )liljii 8()60_1]; ,-(g(:zl)j’ (3.18)
(i1)

-1

ex Of(x” )_2”Zn:zn: ejxeie; df(x)

— |12 O(xh); x|+ 0(xh);

n ' —1 n n > 2 —1
£ on(n+ 2)2 xxex 0f(x™) B ZnZ Z xejeix O f(x7)
p =1 j=

- x4 a(xh); — [x|t4 A(x~1)0(x71);

n ] -1 n 2 -1
:2n(n—2)Z|xel of) 5, 1 Zaf(x ) (3.19)

1 X2 a(x1), |x]r+2 < 5(x—1)i2 ’

AIMS Mathematics Volume 10, Issue 12, 29132-29150.
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(111)

o xejxex  0Pf(x7h)
D=2 ), ) it GG,

i=1 j=1

Li Z T a0 o, L LT e hate),
N o epxejxeer 0P f(x7! ) xxejxeix  O*f(x7h)
-2 2 4
Z;; G aa, T )ZJJZI X6 90 a0, (3-20)

N N Xege jxeix af(x‘l)
=200 2 T B G

i=1 j=1 k=1

_ Sl P S xexe; 9P f(x!) FPrixh
_2(n_2);|xl”+2 A(x1y? +2An-2) ), X+ A )0(x ), Zzuw Ax o1y’

i=1 j=1 i=1 j=1

(iv)

x 82f(x1
( Z |x|n+2 a(x—l)Z
B 1 #f(xhH B xx 01 f(x7h) S xe;  Pf(xh
2”; |x+2 a(x_l)_z 2(n + )Zl |n+4 a(x- 1)2 +2 are |+ a(x—l)Za(x—l)]
3 N1 9P f(xh xe;  Of(x7)
_4; |x|"+2 a(x_1)2 IZI ]Z] |x|n+4 6(x‘1)l.28(x‘1)j’ (3.21)
(v)
N xex o P f(xh
D j
(i=1 = |xret 5()6_1),-23(?5_1)1')
_ S oex 0P f(xh s S —2ex+ (2-n)xe;  FPf(xh
AT a(x—1>$a<x-1),- N N T R e
- - (3.22)
eix  Ff(xh xeye,;x d'f(xh
””“”l Ll oG e, A Z; W6 3G 1200 ),00r )¢
_ P xe; P O fx)
,Z:,Z:wa A PaG), ),Z:,Zl [+ 8?0 le"*“;;a(x‘l)za(”l)z
By Eqgs (3.12), and (3.17)—(3.22), we get
1 1
D ——f(x") = —[(D*NHx ]
|x] |x]
m

AIMS Mathematics Volume 10, Issue 12, 29132-29150.
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Theorem 3.1. If f € C?**(Q,C lo.n), then we have

1 B 1 _
M /) = T (A

where k € N*, and 2k < n.

Proof. Mathematical induction is employed to prove the theorem.
Step 1: When k = 1, by Property 3.1, we have

1
|x|n—2

1

|x|n+2

A=) = [(AHGD]

Step 2: Suppose that

)]s (3.23)

1 1
M O = g A D) (3.24)
Then we only need to prove
1 1
M 0 = (A e (3.25)

1
First, we compute A(——— f(x™)).
xln—Zk—Z

As
2 1 -1 1 -1
(9(|X| |x|n—2kf(x )) _ 2~xi f(x_]) + |x|26( |x|n_2k f(x ))
Ax; a2 Ax; ’
2x; _ 1 _
A= (™)) = f(x™)
|1 =2 o
O0x; | x[n-2k l O0x; ’
and {
N—— )
2 |x]| 1 -1 2 1 -1
a(lx] ) A ST (g fT)

axi — 2x_ |x| + |x|2 |.X|

Ox; ' Ox; ox; ’

we have
1 1
n N——f(x") P (—— f(x")
1 _ 2 ~ |2k x]—2%
A7) = ;(W—_gkf(x D+ + |1 R
1
n O(——f(x)
2n _ | |2k 1 _

=T/ @+ 4) % o + AT )

i=1

1
Second, we compute A%( T Fxh).

AIMS Mathematics
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LT )

LI, 42 Xi

We denote
|x | 2k Ox;

get Al = 2nA(| |” o

f(x‘ )). We consider Al.

» IXPAC

|x|n—2k

f(x™Y) by I, I, I, respectively. We

As
a3 x ('x'"_zkf(x_l))> N f) Pl )
= _ N\ b LN
Ox; e dx; el Ox;0x; ’
ASpr=r Qkﬂ X)) T
8(2 ) 6_,6(|x|n—2kf(x )
Ox; R dx;0x; '
and
, Pl ) L .
D o P R (A 1>)+ o, Pl )
Ox; L Ox;i0x; - oxox;
we get

1 -
AL = 8A(|xln—_2kf(x ) +4 .

i=1

In addition,

n

e Lo N+4) x

i=1

ALy = 2

Therefore,

1 1
AZ(W fxN) = @n + 8)A(|xln_2k fx ) +8

|x|"=

. 1 _
Third, we compute A3(W F(x™H).

1
We denote (4n + 8)A( FGxhy,
|x|n—2k

AIMS Mathematics

n

8> x;

1 -1
A f)

1 -1
n 5(A(|x|n—_2kf (x ))).

ax,-

1 -1
n a(A(lxln——Zkf (x7))
Hxl-

O(A(

i=1

(9x,~

+ A%

1
W—_Zkf(x_]))-

+ |x|>A2

1
W—_Zkf(x_l)))

ax,-

1
(Wf(x_l))-

1
; |x|2A2(|x|n—_2kf(x_1)) by L, Is, I,

Volume 10, Issue 12, 29132-29150.
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respectively. We have

Al = (4n + A —— F(x ),
|x|n 2k

n

1
_ 2 -1
Als = 16A (le"—Zk Fx M) +8 § x;

i=1

n

1 -
AN F)
ax,‘ ’

1
AN O

1 _ |x 1 _
So
1
n 3(A2(|Xln—_2kf(x_1))) 1
-1 2 -1 2 -1
s ) = O+ 208 ) 12 ) # A (g )

i=1

Fourth, we prove Eq (3.25). Similarly, we get

1
Ak(wf(x_l))

=k + 442~ 4N (o L faty+ 4" x;

i=1

By Eq (3.24), we obtain

1
Ak(Wf(x_]))

=(2nk + 4k> — 4k)AF1( |

We denote (2nk + 4K = 4A (o I" —F(7h), 4k z X

Lo, I_1, I3, respectively.
By Eq (3.24), we have

= Zkf(x )+ 4k > x +

i=1

o, 1 -
A 1(|x|"——2’<f(x )

6x,~

1 -
+ IXIzAk(Wf(x ).

o, | _
n O I(W——zkf(x D))

1 f o
0x; |x|n+2k-2 [(A"H(x )]

o, 1 -
A(A* 1(|X|"—_2kf(x )

ax,-

N0 by

Alyi_y = (2nk + 4k* — 4k) |x|nl+2k [(A* (D] (3.26)
We obtain .
n (9(Ak(|x|n—_2kf(x_l)))
k -1
Mgy = 8kA (- | S fT) + 4k ) x; s .

AIMS Mathematics

i=1
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Then, by Eq (3.24), we have

1
e (G LCRD))
8k ~ |x|+2k
Alseer = Tl O]+ 4k;x,- g
8k _ : x; - SRR (W) )
=LA N0+ 4k Z (=014 20 (ADGDD + 4k Zl N g

8k —4k(n+20), 4. o x O[(AY )]
=g AN )]+4/<;|x|

n+2k+2 5()6_1 )i ’

that is,

8k — 4k(n + 2k xR
Aly_s = |x|n(+”2k+ e+ 4y le"x 1S plCawl] (3.27)
i=1

+2k+2 6( X_l )i

Furthermore, we consider I3;,. We have

1 k -1
a(—|x|"+2k—2 [(ATF)(x™)D) (4 2%-2)x,
Ox; - | x| +2k

_—(n+2k-2)x
- | x|k

k oy o] 1 Al Hx]
(A PE+ =
S xl? s k -1
[(Akf)(.x_l)] + Z 6l]|x| +2xlx] a[(A f)(-x )] )
j=1

2k+2 -
|2 Ax~1);

Partial derivatives are computed for the two components of the aforementioned equalities separately.

— 2k — 2)x; B
ARG

Z ox;

i=1

2k +2k=2) o NN Ol 2x; Gl(AF ) ()]
- | |2k [(ATH(x )] = (n+2k—-2) ; ; |x|+2k |x[* A(x1;
_2k(n+2k-2)

n . O[(AF -1
g LA = (1 + 2k =2) Z:‘|X|x [(A*HG DT

n+2k+2 a(x—l)i

Then

AIMS Mathematics Volume 10, Issue 12, 29132-29150.
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n =8P +2xx; AL(A* H(x ]
‘9(; |x|n+2k+2 o(x1h);

ax,-
n n

3 26 AN L oo 3 §ixi AI(A ()]
B 1

)

n+2k+2 a(x—l)j - x|”+2"+2 a(x—l)j

n

Soxx WA HDH] T 600 LA (x )]
-2(n+2k+2) ; |+ 2ked Q(xT); + ; Zl x| 22 (x1),A(x),

=26 P [(A* £)(x1)] —26ux:x; OP[(A* F)(x )]
+ Ll |x|n+2k+4 (9()6‘1) a(x 1)1 ;Z |x|n+2k+4 3()6 1)J6(x 1)1
LSS B PLARHE)
j=1 =1 |x2k+6 91 0,
and thus,
s 0yl 2x,x; OLA* )] )
n = |x|”+2k+2 a(x—l) . Ak -1 1
> — L -2k 2)Z| S G A L
i=1 ! !
Hence

A ) (x D]
a(x~1),

Al = 2K+ 24=2) |+2k[(A"f)( 7 )]- 4kZ| T

By Egs (3.26)—(3.28), Eq (3.25) holds. By mathematical induction, we draw the conclusion.

Theorem 3.2. If f € CK(Q,C lo.n), then we have

k —\k
<(|x|)n = (l’,ka [(D*HxM],

where k € N*, and k < n.

Proof. Case 1: When k = 2j, where j € N*, by Theorem 3.1, we draw the conclusion.
Case 2: When k = 2j — 1, where j € N*, we need to prove

2j-1 —\2j-1 .
L) = S D ),

DZj 1(
Step 1: For j = 1, by Eq (3.3), we have

(DA

D(

-1
| |nf( )) | |n+2

1
e (AT D] (3.28)

O

(3.29)

(3.30)

AIMS Mathematics Volume 10, Issue 12, 29132-29150.
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Step 2: Assume that Eq (3.30) holds. First, we have

x _ 2j _ x ~
DG ) = T T+ aal®@ A H].

Second, by Theorem 3.1, we get

.27 .
D”(W{zjﬂx—l)) = (1Y 2) |"+21 (A N0 = 2] |"+2f (D )],

By Eq (3.30), we have

= —2 1
N SN = (- 1)’“|(|,,+4, AP = |n+2, (DY )(xD].

Then

D( (DY /)(x D)

| |n+2]

_ el —(n + 2P oo o xeixx O[(DYf)(x)]
=— Z e; P (DY )(x )] + ; |2+ A(x ),

=— ——[(DY (> ] + —= (D Hx .

| |n+2] | |n+2]+2

By Eqgs (3.31)—(3.34), we have

(x)21+1

|xI"

(})2 j+1

———f(x)) = P (DY f)(xY].

py

Hence, Eq (3.30) holds.
By mathematical induction, we finish the proof.

(3.31)

(3.32)

(3.33)

(3.34)

O

Remark 3.1. When k is an even number, Theorem 3.2 reduces to Theorem 3.1. When k = 2,3, 4,

Theorem 3.2 is identical to Properties 3.1, 3.3, 3.5, respectively.
Lemma 3.1. [5,9]If f € CY(Q, Cly,,), then we have
D[f(T,(x))] = (Df)(T.(x)), where To(x) = x + a,a € R",

D[f(T.(x)] = AD)Tu(x)), where T,(x) = Ax,A € R,
Dlaf(T,(x))] = a(Df)T,(x)), where T,(x) = axa,a € R",|a|= 1.

By Lemma 3.1, we can prove the following property.

Property 3.6. If f € CX(Q, Cly,,), then the following equalities hold:

D*[f(T,(x)] = (D*f)(Tu(x)), where T,(x) = x +a,a € R,
D[f(To(x)] = AX(D*f)(Ta(x)), where T,(x) = Ax, A € R,
DMlaf(T,(x)] = (=Dka(D* )(T(x)), where T,(x) = axa,a € R",|a|= 1.
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Lemma 3.2. [9]If f € C1(Q, Cly,), then we have

Lf(Ta(x)]1D = (f D)Tu(x)), where T,(x) = x +a,a € R",
Lf(Ta(x)ID = A(fD)Tu(x)),  where T,(x) = Ax, A € R,
Lf(T,(x))alD = (fD)(T,(x))a, where T,(x)=axa,a € R",|a|= 1.

Property 3.7. If f € CX(Q, Cly,,), then the following equalities hold:

Lf(T, (x))]DF = (ka)(T (x)), where T, (x) = x+a,a € R",
Lf(T, (x)]DF = /lk(ka)(T (x)), where T,(x) = Ax,A € R,
(T (x))alD* = (=D*(fD*)(T.(x))a, where T,(x) = axa,a € R",|a|= 1.

Theorem 3.3. Let T, : B(0,1) — B(0, 1) be the Mébius transformation, T,(x) = (x + a)(1 + ax)™},
where x = ), x;e;. If f is a left 2-monogenic function in B(0, 1), then the function F defined by
i=1
1

a
F(x) = Wm(f 0 Ta(x)) (3.35)

is also left 2-monogenic in B(0, 1).

Proof. Lety = T,(x) = (x+a)(1 +ax)™! (x+a)—xa2. Theny = — +
|1 + ax| lal lal  lal

which maps B(0, 1) onto B(0, 1). Notice that T, = TS o T> o T4 o T3 o T? o T, where

— —|alx
|al

a 1-laf* a (—a )‘1 a
lal”

1-— 2
T6(x) =X+ az’ Tj(x) = 4 X; T;(x) = ixi;
lal Ial lal  lal
Tj(x) =x; Tz(x) =x—-— T;(x) = —l|a|x.

| k
As f is left 2-monogenic in B(0, 1) and by Property 3.6, f o T® is left 2-monogenic in 73 o T# o
T3 o T? o TX(B(0,1)). By Property 3.6, f o T® o T3 is left 2-monogenic in T o T3 o T2 o T}(B(0, 1)).
Similarly, by Property 3.6, h foT8oT>oT?is left 2-monogenic in T3 o T? o T}(B(0, 1)). Applying

|al
Property 3.1, the function

8@ =1 |,,2(—f 0Ty 0Ty 0T, 0 TH(x)

is left 2-monogenic in T2 o T!(B(0, 1)). Then, by Property 3.6, the function

1
(— foT6oT50T4oT3oT2)(x)

80T = o

v = fal
is left 2-monogenic in T} (B(0, 1)). Consequently, by Property 3.6, the function

1 a
goT2oT,(x) = — — f 0 Tu(x)
| = lalx - &1"2 |al
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is left 2-monogenic in B(0, 1). As

ax + 1
lalx + i —a(ax )

lal lal

we draw the conclusion. O

= |1 + ax|,

After similar calculations, we can achieve the following theorem.
Theorem 3.4. Let T, : B(0,1) — B(0, 1) be the Mébius transformation, T,(x) = (x + a)(1 + ax)™},
where x = ), x;e;. If f is a left 3-monogenic function in B(0, 1), then the function F defined by
i=1
(1+

FO == |n S(f o Tu() (336)

is also left 3-monogenic in B(0, 1).
Theorem 3.5. Let T, : B(0,1) — B(0, 1) be the Mébius transformation, T,(x) = (x + a)(1 + ax)™},
where x = ), x;e;. If f is a left 4-monogenic function in B(0, 1), then the function F defined by

i=1

1

F —_—
™ = e ial

(f o Ty(x)) (3.37)

is also left 4-monogenic in B(0, 1).
Theorem 3.6. Let T, : B(0,1) — B(0, 1) be the Mébius transformation, T,(x) = (x + a)(1 + ax)™},
where x = Y, xie;. If f is a left k-monogenic function in B(0, 1), then the function F defined by

i=1

(<lalx = 2 4
F(x) = Wm(f o T,(x)) (3.38)
is also left k-monogenic in B(0, 1).

Remark 3.2. 7o clarify the relationships among Theorems 3.3-3.6, the function F in these theorems is
denoted as F; withi = 3.3,3.4,3.5,3.6. When k = 2, F3¢(x) = —F33(x); when k = 3, F34(x) = F34(x);
and when k = 4, F36(x) = F35(x).

4. Applications for Mobius transformations

Example 4.1. Let f(x) = x € C*(B(0, 1), Cly3), where B(0,1) € R®. Then f(0) = 0, D*f(x) = 0, and
1
If(x)| = |xI< 1 for Vx € B0, 1). T,(x) = (x +a)(1 + ax)~!, where x € B(0, 1). Taking a = Eel’ we find

that f(T,(x)) is not left monogenic. But ﬁ( f o T.(x)) is left monogenic.
axlla

Lemmad.1. [5]Iff € C*(B(0,1),Cly,),Af = 0in B(0,1), f(0) = 0, and for any x € B(0, 1), we have
|f(x)| < 1, then for any x € B(0, 1), we have

lf(0l <

|x].

1
V2-1
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Theorem 4.1. (Schwarz-Pick-type lemma for harmonic functions) If f € C*(B(0,1),Cly,), Af = 0
in B(O, 1), f(a) = 0 for some a € B(0, 1), and for any x € B(0, 1), we have |f(x)| < 1, then for any
x € B(0, 1), we have

(IL+la)"? |x-d

|f ()| < —.
/ 2-1 H—axp!
— 1 1 — 1 +Yya
Proof. Lety=T,(x)=(x—a)(l —ax)" . Thenx =T, ()= +a)1 +ay) = (y+a)|1 TP
ay
Let
F(y) = (1 = a2 ————( T, ().
g Trap2ia? ° T O
By Theorem 3.3, F is harmonic in B(0, 1) with respect to y. In addition, F(0) = 0, |F(y)|< 1, and
according to Lemma 4.1, we draw the conclusion. m]

Remark 4.1. Theorem 4.1 is the same as the result in [10]. However, [10] is derived using conclusions
from several complex variables, whereas we provide a direct calculation of its four types of basic forms
within the framework of Clifford analysis.

Based on the relationship between harmonic functions and inframonogenic functions, we can obtain
a version of the Schwarz-Pick-type lemma for inframonogenic functions as follows.

Theorem 4.2. (Schwarz-Pick-type lemma for inframonogenic functions) If f € C*(B(0, 1), Cly,) is
inframonogenic in B(0, 1), f(a) = 0 for some a € B(0,1), |f(x)| < 1 for any x € B(0, 1), then for any
x € B(O, 1), we have

(1+la)"? |x—adl

V2-1 11 —axp™!

1 1 1
@l < @+ 5k + 3 I(fD)( lal) + Skld+51(fD)@)llal.

where k = sup |(fD)(x)|.

xeB(0,1)

1 1 1 1 )
Proof. Let g(x) = (f) + S[(FD)Y0x = S[(FDY@]a)1 + sk + SI(FD)@lal™, where f is
inframonogenic in B(0,1), kK = sup [(fD)(x)|. Then g is harmonic in B(0, 1). The detailed proof
xeB(0,1)
can be found in [11]. In addition, g(a) = 0, |g(x)|< 1 holds for any x € B(0, 1).
By Theorem 4.1, we have
(I +la)"? |x—d

2-1 I1—axt’

lg(x)] <
that is,

(1+la)™? |x—dl

2-1 I1—axt

I(f(x) + [(fD)(x)]x — —[(fD)(a)]a)(l + k + > I(fD)(a)Ilal) <

From the properties of inequalities, we conclude

(1+laD)" |x—adl

1 M—axp"
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Furthermore, we have

(1 +la)™? |x—al

1 1 1 1
@l A+ Sk + ZI(fD)@)llal) + S DY@+ SI(FD)@)llal

2-1 IL-axi!
1 1 (1+la)? |x—ad 1 1
<+ gkt S DY@l — == + FHab DY@l
where k = sup |[(fD)(x)|. O

xeB(0,1)

5. Conclusions

In this paper, we have discussed that the composite function of a k-monogenic function and
a Mobius transformation when k& = 2, 3, 4 and in the general case, which extends the functions
associated with Lemma 1.1, we proved the Schwarz-Pick-type lemma for harmonic functions through
calculations in Clifford analysis rather than methods from several complex variables, and we obtained
the Schwarz-Pick-type lemma for inframonogenic functions. The function classes corresponding to
Lemma 1.2 were generalized.

In future studies, we will focus on the Schwarz-Pick-type lemma for k-monogenic functions,
explore its applications, and examine relevant fuzzy algorithms.
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