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1. Introduction

The system of nonlinear equations is essential in various scientific problems. These equations
frequently arise in mathematical problems across multiple fields, such as natural sciences, social
sciences, and engineering. A typical expression for a system of nonlinear equations is represented
as follows:

F(v) = 0, v ∈ D, (1.1)

where the setD ⊆ Rn is a nonempty closed and convex set, and F : D ⊆ Rn → Rn is a nonlinear map.
In this article, Rn represents the n-dimensional real space equipped with the Euclidean norm ‖ · ‖.

Several studies have explored various iterative techniques to solve (1.1) for an extended period,
including Newton’s methods, and notably, quasi-Newton methods [2], Gauss-Newton methods [21],
Levenberg-Marquardt methods [15, 31], and trust region methods [18]. The Newton method and its
type are highly valued for their straightforward implementation and quadratic convergence. Their
general iterative technique can be described as follows:

vk+1 = vk + αkdk, k = 0, 1, . . . (1.2)

where vk+1 denotes the current iterate, while vk refers to the preceding iterate. The step size, αk > 0,
can be determined using an appropriate line search. The search direction dk can be calculated using
dk = −F(vk) + Pk, where Pk = (I − (F(vk)′)−1)F(vk), with I standing for the identity matrix and
F(vk)′ representing the Jacobian matrix at vk. It is clear that when Pk = 0, then dk simplifies to the
steepest descent direction. Despite their appealing properties, Newton’s method and its type are not
often utilized for large-scale problems. This necessity arises mainly from the requirement for iterative
calculations and the storage of derivatives for the Jacobian matrix and its inverse within the system.
However, in some cases, the derivatives of certain functions may not exist, a fact widely acknowledged
in the field. To address this challenge, numerous studies have proposed matrix-free approaches, for
more details (see [6, 14, 23]).

The double-direction method is another variant of the matrix-free method. The double-direction
method incorporates two corrections in its iterative procedure. This means that if one correction fails
during the iterative process, the second correction will still adjust the system. As a result, quite a
number of studies have explored a double-direction approach [8,9,11] to address large-scale nonlinear
equations. This concept was first introduced in [8], which utilized multi-step iteration to generate
iterates. Later, [9] developed a multi-step algorithm specifically for minimizing a non-differentiable
function using a double-direction technique building on the foundations laid by [7, 8].

Improving the theoretical and numerical convergence of the double-direction method is essential.
Recent studies indicate that hybridizing the optimization algorithm with the Picard-Mann iterative
process proposed in [13] significantly enhances its overall theoretical and numerical performance,
for more details, see [10, 26]. These findings have inspired several authors to combine the Picard-
Mann iterative process [13] with other optimization methods to develop more reliable approaches.
For example, Petrovic et al. [22] introduced a hybrid method that integrates a dynamic line search
for optimal step size with the Picard-Mann iterative process. Comprehensive numerical experiments
signify that the hybrid method outperforms traditional approaches, especially for solving large-scale
optimization problems. This indicates that the combination effectively accelerates convergence and
improves the algorithm’s robustness.
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Similarly, Halilu et al. [11] introduced double-direction techniques that integrate hybrid techniques
from [13] with an improved matrix-free method; the primary concept used in the initial algorithm
is to approximate the Jacobian matrix and derive an acceleration parameter using Taylor series
expansion, thereby proposing a robust derivative-free approach. Moreover, the second algorithm
combines the derived acceleration parameter with a Picard-Mann hybrid iterative technique. These
techniques are designed to effectively solve large-scale systems of nonlinear equations and exhibit
global convergence under certain conditions. Numerical experiments validate the efficacy of these
techniques, demonstrating notable performance improvements compared to existing methods.

Additionally, there exists a significant advancement in the realm of convex-constrained monotone
nonlinear equations with the projection technique proposed in [25]. For instance, inspired by the
projection technique [25] and the spectral gradient method [4], Yu et al. [28] improved the spectral
gradient projection method presented in [33] by adapting it from unconstrained to constrained
nonlinear monotone equations. The findings in [28] demonstrated that this new approach is highly
effective, particularly for large-scale problems. Since its inception, it has attracted significant interest,
leading to the development of various efficient methods for solving convex-constrained monotone
equations ( for more details, see [20, 24, 29]).

The existing optimization methods [11, 17, 22, 26] perform better when combined with the Picard-
Mann iterative process [13]. For this reason, this research is motivated by the work of [11], the
favorable characteristics of the Picard-Mann iterative process [13], and their absence for solving large-
scale convex-constrained monotone nonlinear equations. The study aims to apply the concepts of
the Picard-Mann iterative process to a double-direction approach for convex-constrained monotone
nonlinear equations with application in medical image recovery problems.

The following are some of this paper’s contributions.

♣ The study presents new double-direction techniques for solving the convex-constrained nonlinear
equations.

♣ The two new derivative-free search directions were developed using an acceleration parameter,
which was derived by approximating the Jacobian matrix. Additionally, the later direction was
derived via the Picard-Mann iterative procedure.

♣ The proposed method satisfies the descent condition, the global convergence, and the R-linear
convergence property under certain assumptions.

♣ The proposed algorithm is applied to solve the medical image recovery problem.

The research is structured as follows. Section 2 discusses the derivation of the proposed approaches. In
Section 3, the convergence analysis of the proposed algorithms is presented. Section 4 includes some
numerical experiments and image recovery implementations of the proposed methods. The article
concludes in Section 5.

2. Preliminaries and the proposed

method This section presents the Picard-Mann-based iterative algorithm for solving convex-
constrained nonlinear equations. It also presents the algorithm steps and some preliminaries. To begin
with, the derivation, the study considers a general iterative scheme of the double-direction defined as
follows:

vk+1 = vk + αkd̂1
k + α2

k d̂2
k , (2.1)
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where vk+1 represents the current iteration, and vk represents the previous iteration, αk is the
corresponding line search, and d̂1

k and d̂2
k represent the respective search directions defined as follows:

d̂i
k =

−δ−1
k F(vk), f or i = 1,

−F(vk), f or i = 2,
(2.2)

where δk is the acceleration parameter. Substituting (2.2) in (2.1), we obtain the following general
scheme:

vk+1 = vk − µkδ
−1
k F(vk), (2.3)

where µk = (αk + α2
kδk). Next, we derive the acceleration parameter δk. Although Taylor series

expansion has been commonly used for this purpose (for more information, see [12, 17, 26]), we focus
on using the Broyden update approximation. However, for large-scale dimensions, we cannot apply
Broyden’s update directly due to:

• accumulated errors in the Jacobian approximation from rank-one updates:
• instability and poor convergence when initial estimates are inaccurate or the problem is ill-

conditioned.

To mitigate these shortcomings, we approximate the Broyden update with a scaled identity matrix
Bk ≈ δkI, which simplifies computation and improves numerical stability. Now we consider Broyden’s
matrix updating formula given as follows:

Bk+1 = Bk +
(yk − Bksk)sT

k

sT
k sk

, (2.4)

approximating the Jacobian matrix Bk defined in (2.4) as Bk ≈ δkI, where δk is the acceleration
parameter and I stand for identity matrix. Therefore, (2.4) can be simplified to

δk+1I = δkI +
(yk − δksk)sT

k

sT
k sk

. (2.5)

The first choice of the proposed δk+1 is obtained by multiplying (2.5) by F(vk) and then by sT
k , and

simplifying further, which yields

δk+1 = δk +
sT

k (yk − δksk)
sT

k sk
=

sT
k yk

sT
k sk

. (2.6)

The second choice of the proposed δk+1 is obtained by multiplying (2.5) by sk and then by yT
k , and

simplifying further, which yields

δk+1 = δk +
yT

k (yk − δksk)
yT

k sk
=

yT
k yk

yT
k sk

. (2.7)

The δk+1 defined in (2.6) and (2.7) above can further be simplified as follows:

δk+1 = max
{

sT
k yk

sT
k sk

,
yT

k yk

yT
k sk

}
, (2.8)
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where sk = vk+1 − vk and yk = F(vk+1) − F(vk) + γsk, where γ > 0.
To this end, we present the first part of the proposed algorithm step for finding a solution to (1.1) (see
Algorithm 1.1).

Algorithm 1.1:
Definitions:
Inputs: Initial point v0 ∈ D, initial search direction d̂1

0 = −F(v0); parameters ρ ∈ (0, 1),
σ, γ > 0, 0 < w < 2, tol > 0, initial scalar δ0 = 1, and ξ > 0.

Input: v0, d̂1
0, γ > 0, ρ, σ,w, tol, δ0, ξ

Output: Solution v̂ such that ‖F(v̂)‖ ≤ tol

1: Set iteration counter k ← 0;
2: while ‖F(vk)‖ > tol do
3: Compute F(vk);
4: if ‖F(vk)‖ ≤ tol then
5: return vk

6: end
7: Set step size αk = ξρmi , where mi is the smallest nonnegative integer m such that:

− F(vk + µkd̂1
k )T d̂1

k ≥ σµk‖F(vk + µkdk)‖‖d̂1
k‖

2, (2.9)

where µk = αk + α2
kδk;

8: Set zk = vk + µkd̂1
k ;

9: if zk ∈ D and ‖F(zk)‖ ≤ ε then
10: return zk

11: end
12: Compute step size:

λk =
F(zk)T (vk − zk)
‖F(zk)‖2

(2.10)

13: Update iterate:
vk+1 = PD[vk − wλkF(zk)] (2.11)

14: Compute δk+1 using (2.8);

15: Evaluate the new search direction d̂1
k+1 using (2.2);

16: Set k ← k + 1;
17: end
18: return vk

Furthermore, the study presents a second algorithm by using a modify version of the iterative scheme
defined in (2.1), and later deriving a search direction embedded with a correction parameter by means
of the Picard-Mann iterative procedure. The correction parameter will significantly improve the overall
numerical performance of the proposed algorithm. Consider the function T (vk) defined with respect
to (2.3) as T (vk) = vk − (αk − α

2
kδk)δ−1

k F(vk). Therefore, the corresponding Picard-Mann is defined as
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follows: 
v1 = v ∈ D,

vk+1 = T (hk) = hk − αkδ
−1
k F(vk) − α2

kF(vk),
hk = (1 − λ)vk + λ(vk − αkδ

−1
k F(vk) − α2

kF(vk))
= vk − λ(αk + α2

kδk)δ−1
k F(vk), k ∈ N.

Substituting the third equation into the second equation above, we obtain a general iteration scheme
as follows:

vk+1 = vk − (λ + 1)µkδ
−1
k F(vk), (2.12)

where (λ+1) ∈ (1, 2), µk =
(
αk + α2

kδk

)
, and αk is the corresponding step length. Therefore from (2.12),

the second search direction dk is proposed as follows:

dk =

−F(vk), f or k = 0,
−(λ + 1)δ−1

k F(vk), f or k ≥ 1.
(2.13)

Remark 2.1. In the proposed search direction (2.13), we introduce a modification of the direction
in (2.2). Specifically, when the acceleration parameter δk vanishes at some iteration, Eq (2.2)
degenerates to the classical steepest descent direction, which is well known for its slow convergence.
To circumvent this limitation, we incorporate a correction parameter (λ + 1) ∈ (1, 2), ensuring that
the proposed search direction never coincides with the steepest descent direction at any iteration.
This adjustment enhances the robustness of the method by mitigating the poor convergence behavior
typically associated with steepest descent.

Therefore, the algorithm steps for the proposed second algorithm are defined below (see
Algorithm 2.1):
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Algorithm 2.1:
Definitions:
Inputs: Initial iterate v0 ∈ D, initial search direction d0 = −F(v0); parameters λ, ρ ∈ (0, 1),
σ, γ > 0, 0 < w < 2, tol > 0, γ > 0, ξ > 0, and initial scalar δ0 = 1.

Input: v0, d0, λ, ρ, σ,w, tol, δ0, ξ

Output: Solution v̂ such that ‖F(v̂)‖ ≤ tol

1: Set iteration counter k ← 0;
2: while ‖F(vk)‖ > tol do
3: Compute F(vk);
4: if ‖F(vk)‖ ≤ tol then
5: return vk

6: end
7: Set step size αk = ξρmi , where mi is the smallest nonnegative integer m such that:

− F(vk + µkdk)T dk ≥ σµk‖F(vk + µkdk)‖‖dk‖
2, (2.14)

where µk = αk + α2
kδk;

8: Set zk = vk + µkdk;
9: if zk ∈ D and ‖F(zk)‖ ≤ ε then

10: return zk

11: end
12: Compute step size:

λk =
F(zk)T (vk − zk)
‖F(zk)‖2

. (2.15)

13: Update iterate:
vk+1 = PD[vk − wλkF(zk)]. (2.16)

14: Compute δk+1 using (2.8);
15: Evaluate the new search direction dk+1 using (2.13);
16: Set k ← k + 1;
17: end
18: return vk

Let D ⊆ Rn be a nonempty, closed, and convex set. Then for any v ∈ Rn, its orthogonal projection
ontoD, denoted by PD[v], is defined by

PD[v] := arg min{‖v − y‖ : y ∈ D}. (2.17)

Suppose for any v, y ∈ Rn, the mapping PD : Rn → D is known as the projection operator, which has a
non-expansive property. Then, it holds that

‖PD[v] − PD[y]‖ ≤ ‖v − y‖, ∀v, y ∈ Rn.

Consequently, we have
‖PD[v] − y‖ ≤ ‖v − y‖, ∀y ∈ D. (2.18)
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3. Convergence analysis

This section presents the global convergence of the proposed Algorithm 2.1. To proceed, consider
the following assumptions and remark.

Assumption 3.1. Consider the following assumptions:

H1. The operator F is Lipschitz continuous, that is, there exists a positive constant L > 0 such that

‖F(v) − F(y)‖ ≤ L‖v − y‖, ∀v, y ∈ Rn. (3.1)

H2. The solution set of (1.1) is nonempty and is denoted byDv.
H3. The mapping F is monotone; that is,

(F(v) − F(y))T (v − y) ≥ 0, ∀v, y ∈ Rn. (3.2)

Remark 3.2. Consider the following remark:

(a) Using Assumption H3 and the definitions of sk and yk, we have

sT
k yk = sT

k (F(vk+1) − F(vk)) + γsT
k sk ≥ γ‖sk‖

2 > 0.

(b) From Assumption H1, and the definition of yk, we have

‖yk‖ = ‖F(vk+1) − F(vk) + γsk‖ ≤ ‖F(vk+1) − F(vk)‖ + γ‖sk‖ ≤ L‖sk‖ + γ‖sk‖ ≤ (L + γ)‖sk‖.

(c) Case 1: If max
{

sT
k yk

sT
k sk
,

yT
k yk

yT
k sk

}
=

sT
k yk

sT
k sk

, from Remark 3.2(a), we have

δk+1 =
sT

k yk

sT
k sk
≥
γ‖sk‖

2

‖sk‖
2 = γ.

Since δk+1 > 0, this clearly shows that it’s positive.

Case 2: If max
{

sT
k yk

sT
k sk
,

yT
k yk

yT
k sk

}
=

yT
k yk

yT
k sk

, from Remark 3.2 (a) and (b), we have

δk+1 =
yT

k yk

yT
k sk
≤
‖yk‖

2

γ‖sk‖
2 ≤

(L + γ)2‖sk‖
2

γ‖sk‖
2 =

(L + γ)2

γ
.

Therefore, for the two cases, the bounds for δ−1
k+1 are obtained as follows:

γ ≤ δk+1 ≤
(L + γ)2

γ
= M.

Thus it implies
1
M
≤

1
δk+1

≤
1
γ
.

Hence δ−1
k+1 ∈

[
1
M ,

1
γ

]
.

AIMS Mathematics Volume 10, Issue 12, 28926–28953.



28934

Lemma 3.3. Suppose Assumptions H1–H3 hold, and the sequence {vk} is generated by Algorithm 2.1,
then the search direction dk satisfies the following descent property:

F(vk)T dk ≤ −p‖F(vk)‖2, ∀k > 0. (3.3)

Proof. For k = 0, from (2.13), we have F(v0)T d0 = −‖F(v0)‖2, where p = 1.
For k ≥ 1, from (2.6) and (2.13), and the fact that λ ∈ (0, 1), we have

F(vk)T dk = −(λ + 1)δ−1
k+1‖F(vk)‖2

≤ −
(λ + 1)

M
‖F(vk)‖2

= −p‖F(vk)‖2, (3.4)

where p := (λ+1)
M . �

Next, we show the boundedness of the search direction.
For k = 0. From (2.13) and (3.17) we have ‖d0‖ = ‖F(v0)‖.
For k > 0 , using Remark 3.2(a), (2.13), and (3.17), we have

‖dk‖ =
∥∥∥−(λ + 1)δ−1

k+1F(vk)
∥∥∥ ≤ (λ + 1)

∣∣∣δ−1
k+1

∣∣∣ ‖F(vk)‖ ≤
(λ + 1)‖F(vk)‖

M
= Ω.

Taking Ω =
(λ+1)‖F(vk)‖

M , we have
‖dk‖ ≤ Ω, ∀k ≥ 0. (3.5)

Lemma 3.4. Let Assumptions H1–H3 be true, and the sequences {vk} and {zk} are generated by the
Algorithm 2.1. Then there exists a step size µk satisfies the following inequality:

µk ≥ µ := min

ξ, ρp

(L + σ‖F(zk)‖)
(λ+1)2

M2

 . (3.6)

Proof. If µk , ξ, then by the definition of µk = (αk + α2
kδk), ρ−1µk does not satisfies (2.14), that is,

− F(vk + ρ−1µkdk)T dk < σρ
−1µk‖F(zk)‖‖dk‖

2. (3.7)

Therefore, using Assumption H1, combining (3.3) with (3.7), we obtain

p‖F(vk)‖2 ≤ −F(vk)T dk

= (F(vk + ρ−1µkdk) − F(vk))T dk − F(vk + ρ−1µkdk)T dk

≤ Lρ−1µk‖dk‖
2 + σρ−1µk‖F(zk)‖‖dk‖

2

= µk(L + σ‖F(zk)‖)ρ−1‖dk‖
2. (3.8)

Therefore, from the boundedness of the search direction in (3.5), it is easy to see that (3.8), we have

µk >
ρp‖F(vk)‖2

(L + σ‖F(zk)‖)‖dk‖
2

≥
ρp

(L + σ‖F(zk)‖)
(λ+1)2

M2

. (3.9)

�
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Lemma 3.5. Suppose Assumptions H1–H3 hold. Suppose the sequences {vk} and {zk} are generated by
Algorithm 2.1, and then {vk} and {zk} are bounded. Additionally,

lim
k→∞
‖vk − zk‖ = 0, (3.10)

and
lim
k→∞
‖vk+1 − vk‖ = 0. (3.11)

Proof. The first part of the proof will focus on the boundedness of the sequences {vk} and {zk}. Suppose
v̂ ∈ Dv is any solution of (1.1). Taking into consideration that F is monotone, we have

F(zk)T (vk − v̂) ≥ F(zk)T (vk − zk). (3.12)

Utilizing the line search (2.14), and definition of zk, we have

F(zk)T (vk − v̂) ≥ F(zk)T (vk − zk) ≥ σµ2
k‖F(zk)‖‖dk‖

2 > 0. (3.13)

From the non-expensive projection (2.18), (2.16), and (3.13), it is easy to see that

‖vk+1 − v̂‖2 = ‖PD[vk − wλkF(zk)] − v̂‖2

≤ ‖vk − wλkF(zk) − v̂‖2

= ‖vk − v̂‖2 − 2wλk〈F(zk), vk − v̂〉 + w2λ2
k‖F(zk)‖2

≤ ‖vk − v̂‖2 − 2wλk〈F(zk), vk − zk〉 + w2λ2
k‖F(zk)‖2

= ‖vk − v̂‖2 − w(2 − w)
(〈F(zk), (vk − zk)〉)2

‖F(zk)‖2
(3.14)

≤ ‖vk − v̂‖2 − σ̂‖vk − zk‖
4, (3.15)

where σ̂ = w(2 − w)σ2, and 0 < w < 2. From (3.14), we obtain

‖vk+1 − v̂‖2 ≤ ‖vk − v̂‖2.

Thus, this implies the sequence {‖vk − v̂‖} is a decreasing sequence and convergent, thus {vk} is
bounded. Furthermore, utilizing (3.14) and Assumptions H1–H3, we have

‖F(vk)‖ = ‖F(vk) − F (̂v)‖ ≤ L‖vk − v̂‖ ≤ L‖v0 − v̂‖. (3.16)

Letting L‖v0 − v̂‖ = N, then we have

‖F(vk)‖ ≤ N, ∀k ≥ 0. (3.17)

Since the sequences {vk} and {dk} are bounded by the definition of {zk} in Step 3 in Algorithm 2.1 it
shows that the sequence {zk} is bounded. Therefore, using the same argument as in (3.16), we claim
that there is a positive constant P > 0 such that

‖F(zk)‖ ≤ P, ∀k ≥ 0. (3.18)
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From (3.13), we obtain

(F(zk)T (vk − zk))2 ≤
‖F(zk)‖2

w(2 − w)
(‖vk − v̂‖2 − ‖vk+1 − v̂‖2). (3.19)

Also, from (3.13) and (3.19), it is not difficult to see that

µ4
k‖F(zk)‖2‖dk‖

4 ≤
‖F(zk)‖2

σ2w(2 − w)
(‖vk − v̂‖2 − ‖vk+1 − v̂‖2). (3.20)

Since the sequence {‖vk − v̂‖2} is convergent, then using the facts thatσ > 0, 0 < w < 2, and {F(zk)} is
bounded, and taking the limit on both sides of (3.20), we obtain

lim
k→∞

µ4
k‖dk‖

4 ≤ 0.

Thus, it holds that

lim
k→∞

µk‖dk‖ = 0. (3.21)

Therefore, combining with the definition of zk implies that (3.10) was established. In addition, from
the definition of λk and PD[.] in (2.18), we have

‖vk+1 − vk‖ = ‖PD[vk − wλkF(zk)] − vk‖

≤ ‖vk − wλkF(zk) − vk‖

= ‖wλkF(zk)‖
= w‖vk − zk‖,

which yields
lim
k→∞
‖vk+1 − vk‖ = 0.

This implies (3.11) is also established. Hence, the proof is complete. �

Theorem 3.6. Suppose Assumptions H1–H3 hold with {vk} being the sequence of iterative points
generated by Algorithm 2.1. Then {vk} converges to a solution of (1.1).

Proof. First, it can be observed from (3.6) and (3.21) that 0 ≤ µ‖dk‖ ≤ µk‖dk‖ → 0. This consistently
implies that lim

k→∞
‖dk‖ = 0. This together with (3.3) yields,

0 ≤ p‖F(vk)‖ ≤ ‖dk‖ → 0,

which implies lim
k→∞
‖F(vk)‖ = 0. Now (3.21), and the boundednes of the sequence {vk} shows that

there exists at least one cluster point of {vk}. Let {̃v} be an accumulation point of {vk} ⊂ D and let
K ⊂ {0, 1, 2, . . .} be an infinite indexing set for which

lim
k→∞, k∈K

vk = ṽ ∈ D.

SinceD is closed by Assumptions H1–H3, we have

0 = lim
k→∞
‖F(vk)‖ = lim

k→∞, k∈K
‖F(vk)‖ = ‖F (̃v)‖,
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which shows ṽ to be a solution of (1.1). Also from Lemma 3.5, we know the sequence {‖vk − v̂‖} is
convergent. Thus by letting ṽ := v̂, we obtain

lim
k→∞
‖vk − ṽ‖ = lim

k→∞, k∈K
‖vk − ṽ‖ = 0.

Hence, the sequence {vk} converges to ṽ ∈ Dv . �

4. Convergence rate

Assumption 4.1. For any v̄ ∈ D′, there exist a positive constants ϕ and ε such that

ϕdist(v,D′) ≤ ‖F(v)‖2,∀v ∈ N(v̄, ε), (4.1)

where dist(v,D′) is the distance from v to the solution setD′, and N(v̄, ε) = {v ∈ Rn : ‖v − v̄‖ ≤ ε}.

Theorem 4.2. Let Assumptions 4.1 and H2 hold. Suppose the sequences {vk} and {zk} are generated by
Algorithm 2.1. Therefore, the sequence {dist(vk,D

′)} is Q-linearly convergence to 0.

Proof. Let hk := argmin{‖vk − h‖ : h ∈ D′}. This means that hk is the nearest solution to vk,

‖vk − hk‖ = dist(vk,D
′), ∀k ≥ 0. (4.2)

Combining (3.3) with the Cauchy-Schwarz inequality, we obtain

‖dk‖ ≥ p‖F(vk)‖. (4.3)

From (3.15), (4.2), and (4.3), we have

dist(vk+1,D
′)2 ≤ ‖vk+1 − hk‖

2

≤ ‖vk − hk‖
2 − σ̂‖vk − zk‖

4

≤ dist(vk,D
′)2 − σ̂µ4

k‖dk‖
4

≤ dist(vk,D
′)2 − σ̂µ4

k p4‖F(vk)‖4

≤ dist(vk,D
′)2 − σ̂µ4

k p4ϕ2dist(vk,D
′)2

= (1 − σ̂p4ϕ2µ4
k)dist(vk,D

′)2.

Taking ϕ = 1
√
σ̂p2 , we have σ̂p4ϕ2µ4

k ∈ (0, 1) . Therefore, this indicates that the sequence {dist(xk,D
′)}

converges at a Q-linear rate to 0. �

Remark 4.3. It is essential to note that when λ = 0, the proof of Algorithm 1.1 follows immediately.

5. Numerical simulations

This section presents numerical results demonstrating the effectiveness of the proposed
Algorithms 1.1 and 2.1. The study compares the proposed algorithms with other existing methods, as
listed below. The MATLAB codes were developed using version 8.3.0 (R2023b) and run on a personal
computer with a 2.80 GHz CPU, 16 GB of RAM, and 1 TB of memory. This analysis compared
proposed Algorithm 1.1 defined in (2.2) and Algorithm 2.1 defined in (2.13), and the parameters used
are: λ = 0.4 σ = 10−4, w = 1.76, ξ = 1, (λ + 1) = 1.2, and ρ = 0.90. The search directions for the
comparison algorithms and their respective parameters are outlined as follows:

AIMS Mathematics Volume 10, Issue 12, 28926–28953.



28938

(a) HDDM proposed in [11].

dk =

−F(vk), if k = 0,
−tδ−1

k F(vk), if k ≥ 1,
(5.1)

where yk−1 = F(zk) − F(vk−1), sk = zk − vk, δk+1 =
‖sk‖

2‖yk‖
2

(αk+α2
kδk)2(yT

k δ
i
k)2 .

The parameters are given as follows: t = 1.20, σ = 10−4, ρ = 0.90, ξ = 1.
(b) IMCNS proposed in [24].

dk =

−F(vk), if k = 0,
−ηF(vk) + βksk−1, if k ≥ 1,

(5.2)

where yk−1 = F(vk) − Fk−1 + rsk−1, βk =
(‖yk−1‖

2−yT
k−1 sk−1)sT

k−1F(vk)
θk

, sk−1 = vk − vk−1,
θk = max{‖sk−1‖

2‖yk−1‖
2, N‖sk−1‖

4}, N > 0 .
The parameters are given as follows: r = 0.001, ρ = 0.30, σ = 10−6, N = 1.

(c) Algorithm 2.1 proposed in [29]

dk =

−F(vk), if k = 0,
−

(
1 + βk

F(vk)T dk−1
‖F(vk)‖2

)
F(vk) + βkdk−1, if k ≥ 1,

(5.3)

where yk−1 = F(vk) − Fk−1, wk−1 = yk−1 + tk−1dk−1, tk−1 = 1 + max
{
0, −dT

k−1yk−1

‖dk−1‖2

}
.

The parameters are given as follows: v = 1.2, ρ = 0.55, σ = 10−6.

We conducted numerical simulations using five test problems, which are presented below. Each
problem is addressed in five dimensions with five different initial points, referred to as #Dim. For
each of the four methods, the iteration will be programmed to stop if any of the following conditions
are satisfied:
(i) when ‖F(vk)‖ ≤ 10−6, (ii) when ‖F(zk)‖ ≤ 10−6, (iv) when the iterations count exceeds 1000.
The term #Itr represents the number of iterations, #Fev denotes the count of function evaluations, #Tm
indicates the recorded CPU time in seconds (s), and #Nrm refers to the norm of the residual at the point
of termination. The initial points are given as follows:

v1 = (10, 10, · · · , 10)T , v2 = (0.1, 0.1, · · · , 0.1)T , v3 =
(
0, 1

2 ,
2
3 , ..., 1 −

1
n

)T
, v4 =

(
1,

1
2
, · · · ,

1
n

)T

,

v5 = (5, 5, · · · , 5)T .
The dimensions used for the numerical simulation are defined at n = 1000, 5000, 10000, 50000, and
100000. We utilize the following benchmark problem for our numerical simulation:
Problem 1. [32]

Fi(v) = 2vi − sin(vi), i = 1, 2, . . . , n,

where the setD = Rn
+.

Problem 2. Modified exponential function [16]

F1(v) = 2.5v1 − e
cos(v1+v2)

n+1 , (5.4)
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Fi(v) = 2.5vi − e
cos(vi−1+vi+vi+1)

n+1 , i = 2, 3, . . . , n − 1,

Fn(v) = 2.5vn − e
cos(vn−1+vn)

n+1 ,

where the setD = Rn
+.

Problem 3. [30]

F1(v) = 2v1 + sin(v1) − 1, (5.5)
Fi(v) = 2vi−1 + 2vi + 2 sin(vi) − 1, i = 2, 3, . . . , n − 1,
Fn(v) = 2vn + sin(vn) − 1,

where the setD = Rn
+.

Problem 4. [32]

F1(v) = 2v1 + sin(v1) − 1, (5.6)
Fi(v) = 2vi−1 + esin(vi) + 2vi − 1, i = 2, 3, . . . , n − 1,
Fn(v) = 2vn + esin(vn) − 1,

where the setD = Rn
+.

Problem 5. Modified exponential function [16]

F1(v) = v1 − 2.5e
cos(v1+v2)

n+1 , (5.7)

Fi(v) = vi − 2.5e
cos(vi−1+vi+vi+1)

n+1 , i = 2, 3, . . . , n − 1,

Fn(v) = vn − 2.5e
cos(vn−1+vn)

n+1 ,

where the setD = Rn
+.

The numerical information presented in Tables 1–5 is depicted graphically in Figure 1 using the
profile performance presented in [19]. The performance profiles offer a detailed comparison of the
methods, considering several aspects such as the #Itr, #Fev, and the #Tm.
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(a) Performance profile of #Itr
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(b) Performance profile of #Fev
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Figure 1. Performance profiles comparing methods with respect to #Itr, #Fev, and #Tm.
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To summarize the findings, Algorithm 2.1 outperforms the other three methods: Algorithm 1.1,
HDDM, and IMCNS in Figure 1 above. In most test scenarios, it consistently shows superior
performance in terms of iterations (#Itr), time taken (#Tm), and function evaluations (#Fev). Overall,
this Figure showcased that Algorithms 1.1 and 2.1 are the most effective and reliable methods for
solving optimization problems among those evaluated. This is highlighted by the higher curve in the
Algorithms 1.1 and 2.1 profiles, indicating that they require (#Itr), (#Fev), and (#Tm) to find a solution
across the five test problems.

The comprehensive results of our numerical experiments are presented in Tables 1–5. The methods
analyzed in these tables include Algorithms 1.1 and 2.1, HDDM, and IMCNS, all of which are integral
parts of our numerical simulation. We evaluate and record the following criteria: the number of
iterations (#Itr), the number of evaluations (#Fev), the total time taken (#Tm), and the normalization
metric (#Nrm).

In the following sections, we will discuss these metrics in detail and explain their significance.
The consistent performance of the numerical simulations indicates that the proposed Algorithms 1.1
and 2.1 remain effective throughout Tables 1–5. However, in Table 3, the IMCNS method failed to
converge to a solution, and the performance of Algorithm 2.1 in Table 3 was subpar. On the other
hand, the performance of HDDM was consistently strong throughout the experiments. In fact, it is the
only method that follows the efficiency demonstrated by the proposed Algorithms 1.1 and 2.1.

Table 6 provides a consolidated summary of the results from Tables 1–5, highlighting the relative
performance of the five methods in terms of the number of iterations, function evaluations, processor
time, and residual norms. The results clearly indicate that the proposed Algorithm 1.1 outperforms all
other methods, achieving the lowest values across all performance measures. Proposed Algorithm 2.1
ranks second, consistently demonstrating the next-best performance in terms of iterations, function
evaluations, processor time, and residual norms. The HDDM method follows as the third-best
performer, showing moderate efficiency relative to the first two algorithms. By contrast, the IMCNS
method exhibits the weakest performance among the five, as reflected by its significantly higher
computational cost and poorer accuracy.

Table 6. Summary of the test results reported in Tables 1–5.

Methods #Itr #Fev #Tm #Nrm
Algorithm 1.1 32.032 33.632 0.345056 3.23294E-07
Algorithm 2.1 22.168 23.696 0.364256 3.27362E-07
HDDM 98.816 100.736 4.50992 264.0470989
IMCNS 267.008 9518.4 13.2575 1.45E-05
Algorithm 2.1 132.408 133.608 5.8258 1.95552E-08

5.1. Application of image recovery

Image recovery has seen significant advancements lately, particularly in restoring damaged or
degraded images. This study aims to reconstruct the original image by mimicking the degradation
process and utilizing methods for solving inverse problems. By incorporating factors such as additive
Gaussian noise and applying a Gaussian blur operator, a restoration framework can be established,
assuming that the observed image has undergone specific types of degradation.
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b = Fv + ε, (5.8)

where v ∈ RN×1 denotes the original image, b ∈ RN×1 is the adaptive noise F ∈ RN×N , and ε ∈ RN

signifies the random additive noise. Due to the severe ill-conditioning of the matrix F, a commonly
studied restoration model is formulated as follows:

min
v

{
1
2
‖Fv − b‖22 + τ‖v‖1

}
, (5.9)

where τ is a positive regularization parameter. It is important to note that there exists a well-established
equivalence between the convex-constrained nonlinear equation (1.1) and the convex-constrained
unconstrained problem represented with (5.9). (For more details, see [1, 3, 27] and the references
therein.)

In this study, we analyzed four colored images: Heart (256 x 256), Intestine (256 x 256), Kidney
(256 x 256), and Lungs (256 x 256). To simulate degradation, we applied a Gaussian blur with a
standard deviation of 10−2 alongside a Gaussian noise operator. The objective was to compare the
effectiveness of our proposed method, Algorithm 2.1, to other techniques like HDDM [11]. Evaluating
various image restoration algorithms is a fascinating field of research. To measure the quality of the
restored images, we used four primary metrics: Number of Iterations (Itr), CPU time (Tm), structural
similarity index measure (SSIM), and signal-to-noise ratio (SNR), defined as follows:

S NR = 20 × log10

(
‖̂v‖
‖v − v̂‖

)
,

where v̂ and v are the original and recovered images, respectively. The MATLAB code for calculating
the SSIM index can be found at https://www.cns.nyu.edu/˜lcv/ssim/. These metrics help
assess how closely the recovered images match the original in terms of noise, visual fidelity, and
quantitative analysis [3, 5, 27]. Higher SNR and SSIM values indicate a more effective method. Both
algorithms’ initial setup and stopping criteria are consistently defined as

| f (xk) − f (xk−1)|
| f (xk−1)|

< 10−4.

The original test images and images recovered through various methods are shown in Figures 2–
4 below. We configured the implementation of the Algorithm 2.1 and HDDM method with the
parameters set to µ = 0.04, σ = 0.00001, w = 1.2, (λ+ 1) = 1.26, and ρ = 0.5. Also, the Gaussian blur
is of filter size 4 × 4. We varied the choice of the regularization and standard deviation parameters
across three different experimental settings, as outlined below: Experiment 1: Standard deviation
σ = 0.00001, and regularization parameter τ = 0.35. Experiment 2: Standard deviation σ = 25,
and regularization parameter τ = 25. Experiment 3: Standard deviation σ = 50, and regularization
parameter τ = 50.

In the context of image restoration, Tables 6–9 indicate that Algorithm 2.1 outperforms the HDDM
method. This is evidenced by Algorithm 2.1’s fewer iterations (#Itr) and shorter time taken (#Tm),
along with its higher #SNR and #SSIM. These factors demonstrate its superior effectiveness in
recovering images.
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Original blurred

Recovered by Algorithm2.1 Recovered by HDDM

(a) Recovery by Algorithm 2.1 and HDDM

Original blurred

Recovered by Algorithm2.1 Recovered by HDDM

(b) Recovery by Algorithm 2.1 and HDDM

Original blurred

Recovered by Algorithm2.1 Recovered by HDDM

(c) Recovery by Algorithm 2.1 and HDDM

Original blurred

Recovered by Algorithm2.1 Recovered by HDDM

(d) Recovery by Algorithm 2.1 and HDDM

Figure 2. Experiment 1 results using Algorithm 2.1 and HDDM on heart, intestine, kidney,
stone, and lung.

Table 7. Numerical simulation results for Experiment 1.

Images Algorithm 2.1 HDDM
#Itr #Tm #SNR #SSIM #Itr #Tm #SNR #SSIM

Experiment 1
Heart 20 3.20 21.40 0.94 19 11.06 20.09 0.72
Intestine 37 8.20 21.02 0.92 35 8.19 21.00 0.91
Kidney 15 4.14 21.04 0.94 15 5.42 23.10 0.90
Lungs 18 5.32 22.00 0.97 33 6.77 20.29 0.97
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(a) Recovery by Algorithm 2.1 and HDDM (b) Recovery by Algorithm 2.1 and HDDM

(c) Recovery by Algorithm 2.1 and HDDM (d) Recovery by Algorithm 2.1 and HDDM

Figure 3. Experiment 2 results using Algorithm 2.1 and HDDM on heart, intestine, kidney,
stone, and lung.

Table 8. Numerical simulation results for Experiment 2.

Images Algorithm 2.1 HDDM
#Itr #Tm #SNR #SSIM #Itr #Tm #SNR #SSIM

Experiment 1
Heart 20 3.20 21.40 0.94 19 11.06 20.09 0.72
Intestine 37 8.20 21.02 0.92 35 8.19 21.00 0.91
Kidney 15 4.14 21.04 0.94 15 5.42 23.10 0.90
Lungs 18 5.32 22.00 0.97 33 6.77 20.29 0.97
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(a) Recovery by Algorithm 2.1 and HDDM (b) Recovery by Algorithm 2.1 and HDDM

(c) Recovery by Algorithm 2.1 and HDDM (d) Recovery by Algorithm 2.1 and HDDM

Figure 4. Experiment 3 results using Algorithm 2.1 and HDDM on heart, intestine, kidney,
stone, and lung.

Table 9. Numerical simulation results for Experiment 3.

Images Algorithm 2.1 HDDM
#Itr #Tm #SNR #SSIM #Itr #Tm #SNR #SSIM

Experiment 3
Heart 22 70.72 5.89 0.24 32 102.05 4.60 0.23
Intestine 48 189.94 2.47 0.05 53 190.41 2.00 0.04
Kidney 17 67.33 11.62 0.07 23 93.16 8.08 0.04
Lungs 28 115.39 4.06 0.07 47 188.20 2.95 0.06
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6. Conclusions

This research presents two efficient algorithms for solving constrained monotone nonlinear
equations. These techniques were developed by approximating a Jacobian matrix using a diagonal
matrix via an acceleration parameter. The second algorithm was derived using the Picard-Mann
iterative procedure, which enhances overall numerical convergence compared to existing algorithms.
The proposed algorithms satisfy the descent condition, an integral requirement that aids in proving
their global convergence. The study also demonstrates the R-linear convergence rate of the proposed
method. The study conducted numerical simulations on large-scale problems, with results documented
in Tables 1–5. These research findings indicate that Algorithm 2.1 solves all problems with the fewest
iterations #Itr and time #Tm, while Algorithm 1.1 demonstrates efficiency in terms of #Fev. Figure
1 illustrates the numerical data trends. Notably, Algorithm 2.1 consistently outperforms the others.
Moreover, the proposed algorithm performs excellently in application problems related to image
recovery, successfully reconstructing images of the kidney, intestine, and lungs. In future work, the
researchers plan to integrate inertial techniques to enhance the robustness of the numerical algorithms.

Author contributions

M. Abdullahi: Investigation, software, writing-original draft, methodology; A. Al-Yaari:
Investigation, software, revising, methodology; A. B. Abubakar: Conceptualization, software, writing-
review, and editing; A. S. Halilu: Conceptualization, revising, writing-review, and editing; M. A.
Muhamed: Methodology, software, writing-review, and editing. All authors have read and approved
the final version of the manuscript for publication.

Use of Generative-AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgment

The third author acknowledges with thanks the Department of Mathematics and Applied
Mathematics at the Sefako Makgatho Health Sciences University.

Conflict of interest

The authors declare that there is no competing interest regarding the publication of this paper.

Supplementary materials

Details of the results of numerical / application experiments are provided in the following
link https://drive.google.com/drive/folders/1zP5i7h9sAoL1-Kub0K-AoZ_whFNxCurL?

usp=sharing.

AIMS Mathematics Volume 10, Issue 12, 28926–28953.

https://drive.google.com/drive/folders/1zP5i7h9sAoL1-Kub0K-AoZ_whFNxCurL?usp=sharing
https://drive.google.com/drive/folders/1zP5i7h9sAoL1-Kub0K-AoZ_whFNxCurL?usp=sharing


28951

References

1. M. Abdullahi, A. B. Abubakar, K. Muangchoo, Modified three-term derivative-free projection
method for solving nonlinear monotone equations with application, Numer. Algorithms, 95 (2024),
1459–1474. https://doi.org/10.1007/s11075-023-01616-8

2. M. Abdullahi, A. S. Halılu, A. M. Awwal, N. Pakkaranang, On efficient matrix-free method via
quasi-Newton approach for solving system of nonlinear equations, Adv. Theor. Nonlinear Anal.
Appl., 5 (2021), 568–579. Available from:
https://atnaea.org/index.php/journal/article/view/225.

3. A. B. Abubakar, A. H. Ibrahim, M. Abdullahi, M. Aphane, J. Chen, A sufficient descent LS-PRP-
BFGS-like method for solving nonlinear monotone equations with application to image restoration,
Numer. Algorithms, 96 (2024), 1423–1464. https://doi.org/10.1007/s11075-023-01690-4

4. J. Barzilai, J. M. Borwein, Two-point step size gradient methods, IMA J. Numer. Anal., 8 (1988),
141–148. https://doi.org/10.1093/imanum/8.1.141

5. A. C. Bovik, Handbook of image and video processing, 2Eds., Academic Press, New York, 2010.
https://doi.org/10.1016/B978-0-12-374648-1.00069-2

6. R. H. Byrd, P. Lu, J. Nocedal, C. Zhu, A limited memory algorithm for bound constrained
optimization, SIAM J. Sci. Comput., 16 (1995), 1190–1208. https://doi.org/10.1137/0916069
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