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1. Introduction

In 1892, Segre [1] proposed the definition of the commutative quaternion ring Qc, where

Qc = {c = c0 + c1i + c2j + c3k | c0, c1, c2, c3 ∈ R and i, j, k < R}.

Here, i, j, k obey the following rules:

i2 = k2 = −1, j2 = 1, ijk = −1, ij = ji = k, jk = kj = i, ik = ki = −j.

Commutative quaternions are extensively applied in neural networks and the fields of signal and image
processing (see, e.g., [2–4]). For example, Xia et al. [2] focused on conducting a global exponential
stability analysis of commutative quaternion-valued neural networks. Ding et al. [4] investigated the
lower-upper (LU) decomposition in commutative quaternions and gave the application to strict image
authentication.

Matrix equations are one of the research topics (see, e.g., [5–7]); they have many applications
in image processing and nerve networks (see, e.g., [8–10]). Particularly, the matrix equations over
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the commutative quaternion ring have garnered significant interest. Kösal et al. [11] derived explicit
expressions for solutions to Kalman-Yakubovich-conjugate matrix equations over the commutative
quaternion ring. Subsequently, Kösal et al. [12] established the general solution to a commutative
quaternion matrix equation. However, based on the information available, research on a constrained
Sylvester-type system over the commutative quaternion ring is relatively limited. This paper
investigates the solvability condition and general solution set for the following constrained Sylvester-
type system over the commutative quaternion ring:

A1X = C1, YB1 = D1,

A2Z = C2, ZB2 = D2,

A3X + ZB3 = F1,

A4ZB4 + A5YB5 = F2,

(1.1)

where X, Y, Z are the unknowns, and the coefficient matrices are specified with compatible dimensions.
It is widely acknowledged that Hermitian matrices are of central importance in many areas, such

as signal processing and control theory [13]; numerical analysis and optimization theory [14]; and
nonlinear matrix equations [15]. In recent years, the study of Hermitian solutions to matrix equations
over the commutative quaternion ring has attracted considerable attention from researchers. For
instance, Chen et al. [16] derived the necessary and sufficient condition for solvability and the general
solution expression for the following system over the commutative quaternion ring, as well as the
solvability condition and the general expression for the Hermitian solutions of this system:

A1X1B1 + A1X2B2 + A2X3B2 = C1,

E1X1F1 + E1X2F2 + E2X3F2 = C2,

G1X1H1 + G1X2H2 + G2X3H2 = C3.

Zhang et al. [17] established the solvability condition and general solution form for the Hermitian
solutions to the following system over the commutative quaternion ring:

A1X = C1,

YB1 = D1,

A2Z = C2, ZB2 = D2,

A3W = C3, WB3 = D3, A4WB4 = C4,

A5X + YB5 + A6ZB6 + A7WB7 = C5.

Nevertheless, currently, few researchers have investigated the Hermitian solutions problem for the
system (1.1) over the commutative quaternion ring. Therefore, we investigate the solvability condition
for the Hermitian solutions of the system (1.1) and present a set for these solutions over the
commutative quaternion ring.

Motivated by the utility of commutative quaternions, the applications of Hermitian matrices, and
the need to advance the theory of constrained Sylvester-type systems over the commutative quaternion
ring, we study the solvability of the system (1.1) over the commutative quaternion ring via two
approaches: the generalized inverse and the column-block matrix. Both methods yield a full set-
form description of the general solution. Additionally, for the Hermitian solutions case, we employ a
generalized inverse equality to obtain the solvability condition and fully characterize the solution set.
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The remainder of this paper is arranged as follows: We first provide the notation used throughout
the paper, and then present some basic definitions, lemmas, and relevant propositions in Section
2. Section 3 presents two distinct methods for establishing the solvability conditions and general
solution sets for the system (1.1) over the commutative quaternion ring. In Section 4, we leverage
our theoretical results to characterize the minimum solution of a related optimization problem. The
Hermitian solutions to the system (1.1) over the commutative quaternion ring is the focus of Section 5,
where we establish its solvability condition and general expression. A numerical example is included
in Section 6 to validate the main results. In Section 7, we summarize this paper.

2. Preliminaries

Throughout this paper, R and C denote the fields of real and complex numbers, respectively. The
symbol Qc refers to the commutative quaternion ring. We denote by 0 and I, the zero matrix and the
identity matrix of appropriate dimensions. The set of all m × n matrices over Qc, C, or R is denoted by
Qm×n

c , Cm×n, or Rm×n, respectively. Additionally, SRn×n and ASRn×n represent the sets of all n × n real
symmetric and real skew-symmetric matrices. For any matrix A, we write AT and A∗ for its transpose
and conjugate transpose, respectively. Matrix A is defined to be Hermitian if and only if A∗ = A, and
the set of such matrices is denoted by HQn×n

c . For A ∈ Cm×n, Re(A) and Im(A) represent its real and
imaginary parts, while r(A) denotes its rank. The Moore–Penrose inverse of A, denoted by A†, is the
unique matrix X, satisfying the following conditions:

AXA = A, XAX = X, (AX)∗ = AX, (XA)∗ = XA.

Finally, the Kronecker product of matrices A = (ai j)m×n and Bs×t is defined as A ⊗ B = (ai jB)ms×nt.
The fundamental definitions, lemmas, and propositions underlying the results of this paper are stated

below. We first define the complex representation for a commutative quaternion matrix.

Definition 2.1. [18] Let C = C1 + C2j ∈ Qm×n
c , C1, C2 ∈ C

m×n be given. The complex representation
of matrix C is defined as follows:

G(C) :=
(
C1 C2

C2 C1

)
.

The following statements are easily verified by applying Definition 2.1.

Proposition 2.2. [18] Let A, B ∈ Qn×n
c be given. The mapping G(·) satisfies the following properties:

(1) A = B⇔ G(A) = G(B),
(2) G(A + B) = G(A) + G(B),
(3) G(AB) = G(A)G(B),
(4) G(In) = I2n.

Lemma 2.3. [19] Let matrix B = B1 + B2j ∈ Qn×m
c , B1, B2 ∈ C

n×m be given. We have

B1 + B2j = B � ΓB =
(
B1, B2

)
,

and the symbol � denotes an identification.
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The vectorization operator for B = (bi j) ∈ Qn×m
c is given by

vec(B) = (b1, b2, . . . , bm)T , where b j = (b1 j, b2 j, . . . , bn j) f or j = 1, 2, . . . , m.

This extends to

vec(B̃1) =

(
vec(Re(B1))
vec(Im(B1))

)
, vec(B̃) =


vec(Re(B1))
vec(Im(B1))
vec(Re(B2))
vec(Im(B2))

 ,
where

B̃1 =
(
Re(B1), Im(B1)

)
, B̃ =

(
Re(B1), Im(B1), Re(B2), Im(B2)

)
.

Based on Definition 2.1 and Lemma 2.3, the following lemma can be readily derived.

Lemma 2.4. [19] Let A = A1 + A2j, B = B1 + B2j ∈ Qm×n
c be given, where A1, A2, B1, B2 ∈ C

m×n.
Then

(1) A = B⇔ ΓA = ΓB,

(2) ΓA+B = ΓA + ΓB,

(3) ΓAB = ΓAG(B).

Subsequently, we define the Frobenius norm as follows.

Definition 2.5. [19] Let A = (ai j) ∈ Cm×n be given. The Frobenius norm of A is given by

‖A‖ =

√√ m∑
i=1

n∑
j=1

‖ai j‖
2, ‖ai j‖

2 = (Re ai j)2 + (Im ai j)2.

Lemma 2.6. [19] The Frobenius norm of a matrix A = A1 + A2j ∈ Qm×n
c is∥∥∥Ã

∥∥∥ =
√
‖Re(A1)‖2 + ‖Im(A1)‖2 + ‖Re(A2)‖2 + ‖Im(A2)‖2.

Therefore, we have ‖ΓA‖ = ‖vec(Ã)‖ = ‖Ã‖.

Lemma 2.7. [19] Let E = E1 + E2j ∈ Qm×n
c , F = F1 + F2j ∈ Qn×t

c , D = D1 + D2j ∈ Qt×s
c be given. Then

vec(ΓEFD) =
(
G(D)T ⊗ E1, G(jD)T ⊗ E2

)
Mtvec(F̃),

where

Mt =


Int iInt 0 0
0 0 Int iInt

Int iInt 0 0
0 0 Int iInt

 ,
and Int is the nt × nt identity matrix.
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Definition 2.8. [17] Consider a matrix K = (ki j) ∈ Qn×n
c . Let

k1 =
(
k11,
√

2k21, . . . ,
√

2kn1

)
, k2 =

(
k22,
√

2k32, . . . ,
√

2kn2

)
, . . . , kn−1 =

(
k(n−1)(n−1),

√
2kn(n−1)

)
, kn = knn.

The vector vecS (K) is represented as

vecS (K) =
(
k1, k2, . . . , kn−1, kn

)T
∈ Q

n(n+1)
2

c .

Definition 2.9. [17] Let L = (li j) ∈ Qn×n
c be given and define

l1 =
(
l21, l31, . . . , ln1

)
, l2 =

(
l32, l42, . . . , ln2

)
, . . . , ln−2 =

(
l(n−1)(n−2), ln(n−2)

)
, ln−1 = ln(n−1).

The vector vecA(L) is represented as:

vecA(L) =
√

2
(
l1, l2, . . . , ln−2, ln−1

)T
∈ Q

n(n−1)
2

c .

According to the aforementioned Definitions 2.8 and 2.9, the following proposition can be
established.

Proposition 2.10. [17] Let B ∈ Rn×n be given. Then
(i) B is symmetric if and only if

vec(B) = KS vecS (B),

where KS ∈ R
n2×

n(n+1)
2 satisfies

KS =
1
√

2



√
2ε1 ε2 . . . εn−1 εn 0 0 . . . 0 . . . 0 0 0
0 ε1 . . . 0 0

√
2ε2 ε3 . . . εn . . . 0 0 0

0 0 . . . 0 0 0 ε2 . . . 0 . . . 0 0 0
...

...
...

...
...

...
...

...
...

...

0 0 . . . ε1 0 0 0 . . . 0 . . .
√

2εn−1 εn 0
0 0 . . . 0 ε1 0 0 . . . ε2 . . . 0 εn−1

√
2εn


.

Here, εi is an n-dimensional unit column vector with a 1 in the i-th entry and zeros elsewhere.
(ii) B is skew-symmetric if and only if

vec(B) = KAvecA(B),

where the matrix KA ∈ R
n2×

n(n−1)
2 is defined as follows:

KA =
1
√

2



ε2 ε3 . . . εn−1 εn 0 . . . 0 0 . . . 0
−ε1 0 . . . 0 0 ε3 . . . εn−1 εn . . . 0
0 −ε1 . . . 0 0 −ε2 . . . 0 0 . . . 0
...

...
...

...
... 0 0 0

0 0 . . . −ε1 0 0 . . . −ε2 0 . . . εn

0 0 . . . 0 −ε1 0 . . . 0 −ε2 . . . −εn−1


.

Here, εi is an n-dimensional unit column vector with a 1 in the i-th entry and zeros elsewhere.
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Lemma 2.11. [17] If X = X1 + X2j ∈ HQn×n
c , where X1, X2 ∈ C

n×n, we obtain

X ∈ HQn×n
c ⇔

{
Re(X1)T = Re(X1), Im(X1)T = −Im(X1),

Re(X2)T = −Re(X2), Im(X2)T = −Im(X2).

Evidently, Re(X1) is symmetric, while Im(X1), Re(X2), and Im(X2) are skew-symmetric.

Lemma 2.12. [17] Let B = B1 + B2j ∈ HQn×n
c be given. Then

(
vec(B1)
vec(B2)

)
= M


vecS (Re(B1))
vecA(Im(B1))
vecA(Re(B2))
vecA(Im(B2))

 ,
where

M =

(
KS iKA 0 0
0 0 KA iKA

)
.

Lemma 2.13. [20] Given matrices O = O1 + O2j ∈ Qm×n
c , P = P1 + P2j ∈ HQn×n

c , and E = E1 + E2j ∈
Qn×t

c , where Oi ∈ C
m×n, Pi ∈ C

n×n, and Ei ∈ C
n×t for i = 1, 2, we have

vec(ΓOPE) = G
[
(ET

1 ⊗ O1 + ET
2 ⊗ O2) + (ET

2 ⊗ O1 + ET
1 ⊗ O2)j

]
M


vecS (Re(P1))
vecA(Im(P1))
vecA(Re(P2))
vecA(Im(P2))

 ,
where the matrixM is defined as in Lemma 2.12.

Lemma 2.14. [21] Let B ∈ Rm×n and c ∈ Rm×1 be given. Then the matrix equation Bx = c has a
solution if and only if BB†c = c. When the equation is consistent, the general solution is given by

x = B†c + (In − B†B)u,

where u ∈ Rn×1 is an arbitrary vector. The solution is unique if and only if B has full column rank, i.e.,
r(B) = n, in which case it is given by x = B†c.

3. Solutions to the system (1.1)

In this section, we aim to derive the solvability conditions and general solution sets for the
quaternion matrix system (1.1) over the Qc by employing two different methods. Prior to presenting
the first method, we establish the following notations.

Let A1 = A11 + A12j, A2 = A21 + A22j, C1, C2 ∈ Q
m×n
c ; B1, B2, D1, D2 ∈ Q

n×k
c ; A3 = A31 +

A32j, B3, F1 ∈ Q
n×n
c ; A4 = A41 + A42j, A5 = A51 + A52j ∈ Qs×n

c ; B4, B5 ∈ Q
n×t
c ; and F2 ∈ Q

s×t
c be given.
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Assign

L =



G(I)T ⊗ A11 G(jI)T ⊗ A12

0 0
0 0
0 0

G(I)T ⊗ A31 G(jI)T ⊗ A32

0 0


Mn, J =



0 0
G(B1)T ⊗ I 0

0 0
0 0
0 0

G(B5)T ⊗ A51 G(jB5)T ⊗ A52


Mn,

H =



0 0
0 0

G(I)T ⊗ A21 G(jI)T ⊗ A22

G(B2)T ⊗ I 0
G(B3)T ⊗ I 0

G(B4)T ⊗ A41 G(jB4)T ⊗ A42


Mn, K =



vec(ΓC1)
vec(ΓD1)
vec(ΓC2)
vec(ΓD2)
vec(ΓF1)
vec(ΓF2)


,

(3.1)

K1 =



vec(Re ΓC1)
vec(Re ΓD1)
vec(Re ΓC2)
vec(Re ΓD2)
vec(Re ΓF1)
vec(Re ΓF2)


, K2 =



vec(Im ΓC1)
vec(Im ΓD1)
vec(Im ΓC2)
vec(Im ΓD2)
vec(Im ΓF1)
vec(Im ΓF2)


, η =

(
K1

K2

)
, (3.2)

L1 = Re L, L2 = Im L, J1 = Re J, J2 = Im J, H1 = Re H, H2 = Im H,

W1 =
(
L1, J1, H1

)
, W2 =

(
L2, J2, H2

)
.

(3.3)

Using the notations above, we present the first method for deriving the solvability condition and
general solution set for the system (1.1).

Theorem 3.1. Given matrices A1, A2, C1, C2 ∈ Q
m×n
c ; B1, B2, D1, D2 ∈ Q

n×k
c ; A3, B3, F1 ∈ Q

n×n
c ;

A4, A5 ∈ Q
s×n
c ; B4, B5 ∈ Q

n×t
c ; and F2 ∈ Q

s×t
c . The symbols η, W1, and W2 are defined in (3.2) and (3.3).

The system (1.1) is solvable if and only if the following condition holds:(
W1

W2

) (
W1

W2

)†
η = η. (3.4)

The general solution set of the system (1.1) can be written as

Θ1 =

(X,Y,Z)

∣∣∣∣∣∣∣∣∣

vec(X̃)
vec(Ỹ)
vec(Z̃)

 =

(
W1

W2

)†
η +

I12n2 −

(
W1

W2

)† (
W1

W2

) u

 , (3.5)

where u is an arbitrary vector with compatible dimension. Moreover, if (3.4) holds, then the system of
matrix equations (1.1) has a unique solution if and only if

r
(
W1

W2

)
= 12n2, (3.6)
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and the solution set consisting of the unique solution is

Θ2 =

(X,Y,Z)

∣∣∣∣∣∣∣∣∣

vec(X̃)
vec(Ỹ)
vec(Z̃)

 =

(
W1

W2

)†
η

 . (3.7)

Proof.

(1.1)
Lemma 2.4
⇐======⇒


ΓA1X = ΓC1 , ΓYB1 = ΓD1 ,

ΓA2Z = ΓC2 , ΓYB2 = ΓD2 ,

ΓA3X + ΓZB3 = ΓF1 ,

ΓA4ZB4 + ΓA5YB5 = ΓF2 ,

Lemma 2.7
⇐======⇒

and (3.1)
Lvec(X̃) + Jvec(Ỹ) + Hvec(Z̃) = K,

⇐⇒ (Re L + iIm L)vec(X̃) + (Re J + iIm J)vec(Ỹ) + (Re H + iIm H)vec(Z̃) = Re K + iIm K,

⇐⇒

(
Re L Re J Re H
Im L Im J Im H

) 
vec(X̃)
vec(Ỹ)
vec(Z̃)

 =

(
Re K
Im K

)
,

(3.2) and (3.3)
⇐========⇒

(
L1 J1 H1

L2 J2 H2

) 
vec(X̃)
vec(Ỹ)
vec(Z̃)

 =

(
K1

K2

)
= η,

(3.3)
⇐=⇒

(
W1

W2

) 
vec(X̃)
vec(Ỹ)
vec(Z̃)

 = η.

By Lemma 2.14, the necessary and sufficient condition for the solvability of the system (1.1) is the
validity of (3.4). Under this condition, the general solution is given by the set Θ1. Moreover, if (3.4)
holds, then the solution is unique if and only if (3.6) holds, in which case the solution set becomes the
singleton set Θ2. �

Theorem 3.1 provides a method to characterize the solvability condition and general solution of the
system (1.1). To obtain an alternative form, we now consider the generalized inverse of a column-block
matrix. For this purpose, we define the following notations:

p = 4m × n + 4k × n + 2n2 + 2s × t,

S = (I12n2 −W†

1 W1)WT
2 ,

N = (Ip + (Ip − S †S )W2W†

1 W†T
1 WT

2 (Ip − S †S ))−1,

Ω = S † + (Ip − S †S )NW2W†

1 W†T
1 (I12n2 −WT

2 S †),

α1 = Ip −W1W†

1 + W†T
1 WT

2 N(Ip − S †S )W2W†

1 ,

α2 = −W†T
1 WT

2 (Ip − S †S )N,
α3 = (Ip − S †S )N.
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According to the findings of Magnus [22], we have(
W1

W2

)†
=

(
W†

1 −ΩT W2W†

1 , ΩT
)
,

(
W1

W2

)† (
W1

W2

)
= W†

1 W1 + S S †, (3.8)

I2p −

(
W1

W2

) (
W1

W2

)†
=

(
α1 α2

αT
2 α3

)
. (3.9)

Theorem 3.2. The system of matrix equations (1.1) is solvable if and only if(
α1 α2

αT
2 α3

)
η = 0. (3.10)

Under this condition, the general solution to the system (1.1) is given by the set

Θ3 =

(X,Y,Z)

∣∣∣∣∣∣∣∣∣

vec(X̃)
vec(Ỹ)
vec(Z̃)

 =
(
W†

1 −ΩT W2W†

1 , ΩT
)
η + (I12n2 −W†

1 W1 − S S †)u

 , (3.11)

where u is an arbitrary vector with compatible dimension. Furthermore, if (3.10) holds, then the
system (1.1) has a unique solution if and only if (3.6) holds, in which case the solution set is

Θ4 =

(X,Y,Z)

∣∣∣∣∣∣∣∣∣

vec(X̃)
vec(Ỹ)
vec(Z̃)

 =
(
W†

1 −ΩT W2W†

1 , ΩT
)
η

 . (3.12)

Proof. From Theorem 3.1, we combine the solvability condition (3.4) with (3.9) to derive the
alternative solvability condition (3.10), and we use the general solution (3.5) with (3.8) to obtain the
alternative general solution form (3.11). The solution is unique and is given by (3.12) if and only if
conditions (3.10) and (3.6) hold. �

4. A computational method for optimization task

Based on Theorem 3.2, we present the unique minimum-norm solution to the following problem:

min
(X,Y,Z)∈Θ3

(
‖ΓX‖

2 + ‖ΓY‖
2 + ‖ΓZ‖

2
)
. (4.1)

Theorem 4.1. Under the condition of Theorem 3.2, the optimization problem (4.1) admits a unique
minimizer (Xm,Ym,Zm), and this minimum solution satisfies

vec(X̃m)
vec(Ỹm)
vec(Z̃m)

 =
(
W†

1 −ΩT W2W†

1 , ΩT
)
η. (4.2)
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Proof. The solution set Θ3 in (3.11) is a nonempty closed convex set. Hence, according to
Definition 2.5 and Lemma 2.6, we obtain the minimization equivalence

min
(X,Y,Z)∈Θ3

(
‖ΓX‖

2 + ‖ΓY‖
2 + ‖ΓZ‖

2
)

= min
(X,Y,Z)∈Θ3

(
‖X̃‖2 + ‖Ỹ‖2 + ‖Z̃‖2

)
= min

(X,Y,Z)∈Θ3

(
‖vec(X̃)‖2 + ‖vec(Ỹ)‖2 + ‖vec(Z̃)‖2

)
= min

(X,Y,Z)∈Θ3

∥∥∥∥∥∥∥∥∥

vec(X̃)
vec(Ỹ)
vec(Z̃)


∥∥∥∥∥∥∥∥∥

2

.

(4.3)

Given that (X,Y,Z) ∈ Θ3, it follows from (4.3) that (4.2) holds. �

5. Hermitian solution to the system (1.1) over Qc

In this section, we establish the necessary and sufficient condition for the existence of a Hermitian
solution to the system (1.1) over Qc and derive its general expression.

For convenience, we define the following notations: A1 = A11+A12j, A2 = A21+A22j, C1,C2 ∈ Q
m×n
c ;

B1 = B11 + B12j, B2 = B21 + B22j, D1,D2 ∈ Q
n×k
c ; A3 = A31 + A32j, B3 = B31 + B32j, F1 ∈ Q

n×n
c ;

A4 = A41 + A42j, A5 = A51 + A52j ∈ Qs×n
c ; B4 = B41 + B42j, B5 = B51 + B52j ∈ Qn×t

c ; F2 ∈ Q
s×t
c ; and

X = X1 + X2j, Y = Y1 + Y2j, Z = Z1 + Z2j ∈ HQn×n
c . Set

K1 =



G[(I ⊗ A11) + (I ⊗ A12)j]
0
0
0

G[(I ⊗ A31) + (I ⊗ A32)j]
0


M, W =


KS 0 0 0
0 KA 0 0
0 0 KA 0
0 0 0 KA

 ,

K2 =



0
G[(BT

11 ⊗ I) + (BT
12 ⊗ I)j]

0
0
0

G[(BT
51 ⊗ A51 + BT

52 ⊗ A52) + (BT
52 ⊗ A51 + BT

51 ⊗ A52)j]


M,

K3 =



0
0

G[(I ⊗ A21) + (I ⊗ A22)j]
G[(BT

21 ⊗ I) + (BT
22 ⊗ I)j]

G[(BT
31 ⊗ I) + (BT

32 ⊗ I)j]
G[(BT

41 ⊗ A41 + BT
42 ⊗ A42) + (BT

42 ⊗ A41 + BT
41 ⊗ A42)j]


M,

(5.1)
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K11 = Re K1, K12 = Im K1, K21 = Re K2,

K22 = Im K2, K31 = Re K3, K32 = Im K3,

L1 = (K11,K21,K31), L2 = (K12,K22,K32), O =

(
L1

L2

)
,

V =



vec(ΓC1)
vec(ΓD1)
vec(ΓC2)
vec(ΓD2)
vec(ΓF1)
vec(ΓF2)


, V1 =



vec(Re(ΓC1))
vec(Re(ΓD1))
vec(Re(ΓC2))
vec(Re(ΓD2))
vec(Re(ΓF1))
vec(Re(ΓF2))


, V2 =



vec(Im(ΓC1))
vec(Im(ΓD1))
vec(Im(ΓC2))
vec(Im(ΓD2))
vec(Im(ΓF1))
vec(Im(ΓF2))


,

vec(X̌) =


vecS (Re(X1))
vecA(Im(X1))
vecA(Re(X2))
vecA(Im(X2))

 , vec(Y̌) =


vecS (Re(Y1))
vecA(Im(Y1))
vecA(Re(Y2))
vecA(Im(Y2))

 ,

vec(Ž) =


vecS (Re(Z1))
vecA(Im(Z1))
vecA(Re(Z2))
vecA(Im(Z2))

 , M =


W 0 0
0 W 0
0 0 W

 , ξ =

(
V1

V2

)
.

(5.2)

Theorem 5.1. Given matrices A1, A2,C1,C2 ∈ Q
m×n
c ; B1, B2,D1,D2 ∈ Q

n×k
c ; A3, B3, F1 ∈ Q

n×n
c ; A4, A5 ∈

Qs×n
c ; B4, B5 ∈ Q

n×t
c ; and F2 ∈ Q

s×t
c , let the symbols M,O, and ξ be defined in (5.2). The system of matrix

equations (1.1) has a Hermitian solution if and only if

OO†ξ = ξ. (5.3)

The set of Hermitian solutions to the system (1.1) is

Φ1 =

(X,Y,Z)

∣∣∣∣∣∣∣∣∣

vec(X̃)
vec(Ỹ)
vec(Z̃)

 = MO†ξ + M(I6n2−3n − O†O)u

 , (5.4)

where u is an arbitrary column vector of appropriate dimension. Furthermore, if

r(O) = 6n2 − 3n, (5.5)

then the system (1.1) admits a unique Hermitian solution, and the solution set is given by

Φ2 =

(X,Y,Z)

∣∣∣∣∣∣∣∣∣

vec(X̃)
vec(Ỹ)
vec(Z̃)

 = MO†ξ

 . (5.6)

Proof.

(1.1)
Lemma 2.4
⇐======⇒


ΓA1X = ΓC1 , ΓYB1 = ΓD1 ,

ΓA2Z = ΓC2 , ΓYB2 = ΓD2 ,

ΓA3X + ΓZB3 = ΓF1 ,

ΓA4ZB4 + ΓA5YB5 = ΓF2 ,
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⇐⇒


vec(ΓA1X) = vec(ΓC1), vec(ΓYB1) = vec(ΓD1),
vec(ΓA2Z) = vec(ΓC2), vec(ΓYB2) = vec(ΓD2),

vec(ΓA3X) + vec(ΓZB3) = vec(ΓF1),
vec(ΓA4ZB4) + vec(ΓA5YB5) = vec(ΓF2),

(5.1) and (5.2)
⇐========⇒

Lemma 2.13
K1


vecS (Re(X1))
vecA(Im(X1))
vecA(Re(X2))
vecA(Im(X2))

 + K2


vecS (Re(Y1))
vecA(Im(Y1))
vecA(Re(Y2))
vecA(Im(Y2))

 + K3


vecS (Re(Z1))
vecA(Im(Z1))
vecA(Re(Z2))
vecA(Im(Z2))

 = V,

⇐⇒ (Re(K1) + iIm(K1))


vecS (Re(X1))
vecA(Im(X1))
vecA(Re(X2))
vecA(Im(X2))

 + (Re(K2) + iIm(K2))


vecS (Re(Y1))
vecA(Im(Y1))
vecA(Re(Y2))
vecA(Im(Y2))


+ (Re(K3) + iIm(K3))


vecS (Re(Z1))
vecA(Im(Z1))
vecA(Re(Z2))
vecA(Im(Z2))

 = Re(V) + iIm(V),

(5.2)
⇐=⇒

(
K11 K21 K31

K12 K22 K32

) 
vec(X̌)
vec(Y̌)
vec(Ž)

 =

(
V1

V2

)
,

(5.2)
⇐=⇒

(
L1

L2

) 
vec(X̌)
vec(Y̌)
vec(Ž)

 =

(
V1

V2

)
(5.2)
⇐=⇒ O


vec(X̌)
vec(Y̌)
vec(Ž)

 = ξ.

Lemma 2.14 establishes that a solution to the system (1.1) exists if and only if (5.3) holds. Under this
condition, the general solution is 

vec(X̌)
vec(Y̌)
vec(Ž)

 = O†ξ + (I6n2−3n − O†O)u,

where u is an arbitrary column vector of appropriate dimension. Moreover, if (5.5) holds, then the
system (1.1) has a unique solution 

vec(X̌)
vec(Y̌)
vec(Ž)

 = O†ξ.

Next, we proceed to find the Hermitian solutions to the system (1.1). According to Lemma 2.3, we
obtain

X̃ = (Re(X1), Im(X1), Re(X2), Im(X2)),

Ỹ = (Re(Y1), Im(Y1), Re(Y2), Im(Y2)),

Z̃ = (Re(Z1), Im(Z1), Re(Z2), Im(Z2)),

and given that X = X1 + X2j, Y = Y1 + Y2j, Z = Z1 + Z2j ∈ HQn×n
c , it follows from Proposition 2.10
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and Lemma 2.11 that

vec(X̃) =


vec(Re(X1))
vec(Im(X1))
vec(Re(X2))
vec(Im(X2))

 =


KS 0 0 0
0 KA 0 0
0 0 KA 0
0 0 0 KA



vecS (Re(X1))
vecA(Im(X1))
vecA(Re(X2))
vecA(Im(X2))

 = Wvec(X̌).

In a similar manner, we can derive

vec(Ỹ) = Wvec(Y̌), vec(Z̃) = Wvec(Ž).

Therefore,
vec(X̃)
vec(Ỹ)
vec(Z̃)

 =


W 0 0
0 W 0
0 0 W



vec(X̌)
vec(Y̌)
vec(Ž)

 = M


vec(X̌)
vec(Y̌)
vec(Ž)

 = MO†ξ + M(I6n2−3n − O†O)u.

Moreover, when (5.5) holds, 
vec(X̃)
vec(Ỹ)
vec(Z̃)

 = MO†ξ.

To sum up, the system (1.1) admits a Hermitian solution if and only if (5.3) holds. Furthermore, the
solution is unique when condition (5.5) is satisfied.

The above proof shows that when condition (5.3) holds, the Hermitian solutions set to the
system (1.1) is (5.4). Moreover, if (5.5) is satisfied, then the unique Hermitian solution is given
by (5.6). �

6. Numerical exemplification

The main results of this paper are validated in this section through a concrete numerical example.

6.1. Algorithm

Algorithm 1
1: Input: Ai, Bi (i = 1, 5), C j, D j, F j ( j = 1, 2).
2: Compute the values of W1, W2, S , N, Ω, α1, α2, α3 and η.
3: If (3.6) and (3.10) are satisfied, then the unique solution (X,Y,Z) ∈ Θ4 is calculated using (3.12).
4: If (3.10) holds, then (X,Y,Z) ∈ Θ3 is obtained through (3.11). Otherwise, terminate.
5: Output the matrix: (X,Y,Z).

If the system (1.1) is solvable, we obtain sufficiently small values for

γ1 =

∥∥∥∥∥∥∥
[
W1

W2

] [
W1

W2

]†
η − η

∥∥∥∥∥∥∥ , γ2 =

∥∥∥∥∥∥
[
α1 α2

αT
2 α3

]
η

∥∥∥∥∥∥ ,
γ3 =

∥∥∥∥∥∥∥I2p −

[
W1

W2

] [
W1

W2

]†
−

[
α1 α2

αT
2 α3

]∥∥∥∥∥∥∥ .
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6.2. Example

Consider the following commutative quaternion matrices for the system (1.1):

A1 =

(
k 0.5j − k

0.5k 1 + 0.5i

)
, A2 =

(
2 − 0.5i + 0.5j + k 2j

i + 0.5j 1 + i + j

)
,

B2 =

(
0.5 + 3i + 0.5j −2i + 2j + 2k

1 + 0.5i + k 0.5i

)
, A5 =

(
0 1 + j + 0.5k
0 1 + 2j

)
,

C1 =

(
−0.5 + 2i + 0.5j + 1.5k −0.75 + 0.5i − j
0.5 + 2i − 1.5j + 0.5k −0.5 + 0.5i + 0.25k

)
, B3 =

(
j k
0 i

)
,

A3 =

(
1 + 0.5k j

0 1 + j

)
, A4 =

(
1 j
i k

)
, B4 =

(
i + 0.5k −k
0.5 + i 0

)
,

C2 =

(
1.5 − 2i + 2j + 2.5k 0.125 + 2.5i − 0.25j + 0.125k

1.5 + 1.5i −0.25 + i − j + 1.125k

)
,

D1 =

(
0 −1.5 − i − 3j
0 −1.5 + 3.125i − 1.125j + 2.75k

)
, B1 =

(
0 i − j + k
0 0.5 + j + 0.5k

)
,

F1 =

(
1 + 2.5i + 2.5j + k −1.25 + 1.5i + 1.5j + 2k

0.5 + i + k 0.5 + 0.5i − 0.5j

)
,

D2 =

(
3.375 + 3.25i − 2.75j −4.125 + 6j
−0.75 − 0.25j + 2.5k 1 + i − 0.5j − k

)
, B5 =

(
0.5i j
0.5k 0.5i

)
,

F2 =

(
−1.625 + 3.0625i − 1.375j + 1.5k 2.375 + 0.25i + 0.375j − 1.0625k
−2.875 + 0.75i − 1.875j + k 1.875 + i + 3.75j − k

)
.

Taking

Ẍ =

(
2 + i + j i + j + k
1 + i − j 0.5j

)
, Ÿ =

(
0.5 + i + k i − k

1 + j 0.25i + k

)
, Z̈ =

(
1 − i + k 0.25i

0.5j k

)
.

Let
ΓA1G(Ẍ) = ΓC1 , ΓŸG(B1) = ΓD1 ,

ΓA2G(Z̈) = ΓC2 , ΓZ̈G(B2) = ΓD2 ,

ΓA3G(Ẍ) + ΓZ̈G(B3) = ΓF1 ,

ΓA4G(Z̈)G(B4) + ΓA5G(Ÿ)G(B5) = ΓF2 .

Leveraging Algorithm 1 and MATLAB (R2021b), we get

r
(
W1

W2

)
= 44 < 12n2 = 48, γ2 = 2.6796 × 10−14.

Since the given coefficient matrices satisfy condition (3.10), the system (1.1) is solvable. The condition

r
(
W1

W2

)
< 48 implies that the system (1.1) has infinitely many solutions in Θ3. Additionally, we get

γ1 = 2.2837 × 10−14 and γ3 = 2.7979 × 10−14.
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7. Conclusions

This paper investigates, via two distinct approaches, the necessary and sufficient conditions for the
solvability of the system (1.1) over Qc and derives its general solution sets. As a key application,
we prove that the optimization problem (4.1) admits a unique minimum solution. Furthermore, the
solvability condition and general solution set for the Hermitian solutions of the system (1.1) over Qc

are characterized. Finally, we provide an algorithm and a numerical example to validate our main
results.
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