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Abstract: Herein, we aimed to develop two hybrid inertial viscosity-type forward-backward splitting
algorithms for estimating the common solution of the variational inclusion problem and fixed point
problem in Hilbert spaces. At the beginning of each iteration, the first algorithm estimated viscosity,
fixed point, and inertial extrapolation. On the other hand, the second method estimated viscosity
and inertial extrapolation alone. We demonstrated that the sequence induced by the proposed hybrid
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also presented theoretical applications of our findings. We furnished suitable numerical examples to
validate the effectiveness of the recommended approaches.

Keywords: Hilbert space; inertial; viscosity approximation; variational inclusion; fixed point;
convergence
Mathematics Subject Classification: 49J53, 49K99

1. Introduction

Throughout the work, we express the real Hilbert space by H, and by D , ∅ the close and convex
subset of H. The strong convergence of {wk} to w is symbolized by wk → w and weak convergence by
wk ⇀ w.

A significant problem of nonlinear analysis is the fixed point problem, which offers a logical and
cohesive framework for studying a broader class of problems, including finance, network analysis, and
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optimization, for instance, see [13, 35, 39, 41] and their references. The fixed point problem (FPP) for
a nonexpansive mapping S : H→ H is as follows:

Determine õ ∈ H so that S (õ) = õ.

In the past few years, numerous approaches have been carried out to deal with the FPP. Mann’s iterative
technique [28] is the main source of motivation for most of the schemes used to approximate the fixed
point, namely, for w0 ∈ D, compute

wk+1 = ψkwk + (1 − ψk)S wk, k ≥ 0,

where S : D → D is nonexpansive and ψk is a controlling parameter, which forces the sequence
{wk} ⇀ õ, where õ is a fixed point of S . Moudafi [27] suggested the viscosity approximation method
by adding S with a contraction Q. For any w0 ∈ D and ψk ∈ (0, 1), compute wk generated by

wk+1 = ψkQ(wk) + (1 − ψk)S wk, k ≥ 0.

The sequence wk → õ, where õ belongs to the fixed point set of S .
Another important problem in nonlinear analysis is the variational inclusion problem (VInclusionP),

for the monotone mappings B : H→ H and G : H→ 2H, that is:

Determine õ ∈ H so that 0 ∈ (B +G)õ.

Numerous key ideas of applied mathematics, such as minimization, equilibrium, variational
inequality, saddle point, and split feasibility problems, are based on the study of VInclusionP. Moreover,
it represents many problems of applied sciences including image reconstruction, signal processing,
machine learning and optimal control; see [3, 4, 12, 18, 20, 22, 23, 29, 38] and the references inside.
Due to its application oriented nature, many researchers have studied VInclusionP and suggested various
iterative algorithms for solving VInclusionP.

Lions and Mercier [22] investigated the forward-backward splitting algorithm for VInclusionP:

wk+1 = RG
µk

(I − µkB)wk, k ≥ 0,

where µk > 0, (I−µkB) is termed as the forward operator and RG
µk
= (I+µkG)−1 is called the resolvent of

operator G referred to as the backward operator. They also proved the weak convergence theorem. In
the recent past, the forward-backward technique has been studied, altered, and extended by numerous
researchers; see [7, 16, 21, 23, 31, 33, 38] and the references therein.

If B = 0, we obtain the following monotone inclusion problem (MIP):

Determine õ ∈ H so that 0 ∈ G(õ).

Alvarez and Attouch [5] suggested a new technique to estimate the solution of the MIP, which is
given by:

wk+1 = RG
µ [wk + σk(wk − wk−1)],
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and the weak convergence of {wk} has been studied under the following assumption:

∞∑
k=1

σk∥wk − wk−1∥
2 < +∞.

This technique is known as an inertial proximal point method, and the expression σk(wk − wk−1) is
called inertial extrapolation. It is noted that due to its design, the sequence obtained from the inertial
proximal point method converges quickly. Therefore, the inertial term has a key role to accelerate the
convergence; hence, adopted by a number of authors, see [11, 14, 15, 17, 26] and references therein.

In [26], Moudafi and Oliny suggested the inertial proximal point technique to solve VInclusionP:{
uk = wk + σk(wk − wk−1),
wk+1 = [I + µkG]−1(uk − µkBwk),

where µk ∈ (0, 2/κ), and B is κ-Lipschitz continuous. They established the weak convergence of {wk}

using the same restriction as in [5]. Lorenz and Pock [21] proposed the following modified version
of [26] and proved the weak convergence of {wk} to the solution of (VInclusionP):{

uk = wk + σk(wk − wk−1),
wk+1 = [I + µkG]−1(I − µkB)uk,

where µk is a step-size parameter and σ ∈ [0, 1). Recently, the VInclusionP and FPP were explored by
Thong et al. [37]. They suggested the inertial viscosity method, for finding the common solutions:

Algorithm 1.1. (Algorithm 3 of [37]) Select w0 and w1 and assign k = 1.
Step 1. Compute

uk = wk + σk(wk − wk−1),
vk = [I + µG]−1(I − µB)uk.

If uk = vk, then stop. Or else, go to Step 2.
Step 2. Compute

wk+1 = ψkQ(wk) + (1 − ψk)S vk.

Assign k = k+1 and go back to Step 1, where G is a maximal monotone, B is κ-ism, S is a nonexpansive,
Q is a contraction, and µ ∈ (0, 2κ). They studied the strong convergence of {wk} using the following
assumptions on parameters:

(i) ψk ∈ (0, 1), lim
k→∞

ψk = 0,
∞∑

k=1
ψk = ∞, lim

k→∞

ψk−1
ψk
= 1,

(ii) σk ∈ [0, σ), σ > 0, lim
k→∞

σk
ψk
∥wk − wk−1∥ = 0.

Recently, Reich and Taiwo [32] have looked into the hybrid viscosity-type iterative methods to deal
with the solution of the variational inclusion problem. Tang et al. [40] presented some inertial methods
and studied their convergence analysis for solving variational inclusion problems. Numerous iterative
methods for exploring the common solution can also be seen in [1,2,9–11,14,15] and references inside.
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Following the above discussed excellent work, we develop two hybrid inertial viscosity-type
forward-backward splitting iterative algorithms for solving VInclusionP and FPP in which we compute
the viscosity, fixed point and inertial term all together in the beginning of each step. We present two
special cases of our iterative algorithms. Some theoretical applications are also obtained from the
proposed algorithms. Examples in finite and infinite dimensional Hilbert spaces are used to examine
and for comparing the suggested iterative techniques with Algorithm 3 of [37].

2. Preliminaries

For all ϱ, ϑ, η in Hilbert space H, m1,m2,m3 ∈ [0, 1] such that m1 + m2 + m3 = 1, the following
equality and inequality hold in Hilbert space H:

∥m1ϱ + m2ϑ + m3η∥
2 = m1∥ϱ∥

2 + m2∥ϑ∥
2 + m3∥η∥

2

−m1m2∥ϱ − ϑ∥
2 − m2m3∥ϑ − η∥

2 − m3m1∥η − ϱ∥
2 (2.1)

and

∥ϱ ± ϑ∥2 = ∥ϱ∥2 ± 2⟨ϱ, ϑ⟩ + ∥ϑ∥2 ≤ ∥ϱ∥2 ± 2⟨ϑ, ϱ + ϑ⟩. (2.2)

Definition 2.1. [6] A mapping S : H→ H is called

(a) averaged, if S = (1 − α)I + α f ,∀α ∈ (0, 1), where f : H→ H is a nonexpansive mapping.
(b) η-Lipschitzian, if ∥S (ϱ) − S (ϑ)∥ ≤ η∥ϱ − ϑ∥, ∀ ϱ, ϑ ∈ H, η > 0;
(c) contraction, if ∥S (ϱ) − S (ϑ)∥ ≤ θ∥ϱ − ϑ∥, ∀ ϱ, ϑ ∈ H, θ ∈ (0, 1);
(d) nonexpansive, if ∥S (ϱ) − S (ϑ)∥ ≤ ∥ϱ − ϑ∥,∀ ϱ, ϑ ∈ H;
(e) firmly nonexpansive, if ∥S (ϱ) − S (ϑ)∥2 ≤ ⟨ϱ − ϑ, S (ϱ) − S (ϑ)⟩,∀ ϱ, ϑ ∈ H;
(f) κ-inverse strongly monotone (κ-ism), if ∃ κ > 0 so that

⟨S (ϱ) − S (ϑ), ϱ − ϑ⟩ ≥ κ∥S (ϱ) − S (ϑ)∥2,∀ ϱ, ϑ ∈ H;

(g) monotone, if
⟨S (ϱ) − S (ϑ), ϱ − ϑ⟩ ≥ 0,∀ ϱ, ϑ ∈ H.

Definition 2.2. [8] A set-valued mapping G : H→ 2H is called

(a) monotone, if ⟨η − ζ, ϱ − ϑ⟩ ≥ 0,∀η, ζ, ∈ H, ϱ ∈ G(η), ϑ ∈ G(ζ);
(b) Graph(G) = {(η, ζ) ∈ H × H : ζ ∈ G(η)};
(c) maximal monotone, if G is monotone and (I + µG)(H) = H, µ > 0.

The resolvent of G is defined by RG
µ = [I + µG]−1, µ > 0, where I is the identity operator.

Definition 2.3. [8] The metric projection of H onto D is a mapping which assigns each value point
η ∈ H to a unique nearest point in D, that is

∥η − PDη∥ ≤ ∥η − ζ∥, ∀ ζ ∈ D. (2.3)
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Some properties of PD are summarized as follows:

⟨ϱ − ϑ, PDϱ − PDϑ⟩ ≥ ∥PDϱ − PDϑ∥2, ϱ, ϑ ∈ H,

and

⟨ϱ − PDϱ, ϑ − PDϱ⟩ ≤ 0, ∀ϱ ∈ H, ϑ ∈ D.

Remark 2.1. (a) Note that κ-ism mapping is monotone and 1
κ
-Lipschitzian.

(b) Every averaged mapping is nonexpansive but the converse need not be true in general.
(c) S is firmly nonexpansive if, and only if, I − S is firmly nonexpansive.
(d) If f and g are averaged, then f ◦ g is averaged.

Remark 2.2. (a) If G is a maximal monotone mapping, then RG
µ is single-valued, nonexpansive and

firmly nonexpansive.
(b) RG

µ is firmly nonexpansive if, and only if,

∥RG
µ ϱ − RG

µϑ∥
2 ≤ ∥ϱ − ϑ∥2 − ∥(I − RG

µ )ϱ − (I − RG
µ )ϑ∥2, for all ϱ, ϑ ∈ H.

(c) The operator I − RG
µ is nonexpansive and so it is demiclosed at zero.

(d) w solves (VInclusionP)⇔ w = RG
µ (I − µB)w.

Lemma 2.1. [42] Suppose that Q : H→ H is θ-Lipschitz continuous and κ-strongly monotone over a
closed and convex subset D ⊂ H. Then, the variational inequality problem

find õ ∈ D such that ⟨Q(õ),w − õ⟩ ≥ 0, ∀ w ∈ D

has a unique solution õ ∈ D.

Remark 2.3. It can be easily verified that for a nonempty closed convex subset D of H, the following
are equivalent

(a) find õ ∈ D such that PDQ(õ) = õ;
(b) find õ ∈ D such that ⟨(I − Q)(õ),w − õ⟩ ≥ 0, ∀ w ∈ D, where I is the identity operator.

Lemma 2.2. [19] Suppose ∅ , D ⊆ H and S : D→ D is a nonexpansive mapping with the properties

(a) Fix(S ) , ∅,
(b) the sequence {wk}⇀ õ and lim

k→∞
∥S wk − wk∥ = 0.

Then, S õ = õ.

Lemma 2.3. [41] If {wk} is a sequence of nonnegative real numbers for which

wk+1 ≤ (1 − ψk)wk + ψkφk, k ≥ 0,

where {ψk} ∈ (0, 1) and {φk} is a sequence of real numbers satisfying

(a) lim
k→∞

ψk = 0, and
∞∑

k=1
ψk = ∞,
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(b) lim sup
k→∞

φk ≤ 0.

Then, lim
k→∞

wk = 0.

Lemma 2.4. [30] Let {wk} be a sequence in Hilbert space H for which a closed and convex subset
D , ∅ of H exists such that

(a) lim
k→∞
∥wk − w∥ exists for every w ∈ D,

(b) any weak cluster point of {wk} falls within D.

Then there exists w⋆ ∈ D satisfying wk ⇀ w⋆.

Lemma 2.5. [24] Let {wk} be a sequence of real numbers that does not decrease at infinity in the sense
that one can find a subsequence {wkm} of {wk} satisfying wkm < wkm+1 for all m ≥ 0. Also consider the
sequence of integers {ℑ(k)}k≥k0 defined by

ℑ(k) = max{m ≤ k : wk ≤ wk+1}.

Then {ℑ(k)}k≥k0 is a nondecreasing sequence verifying limk→∞ℑ(k) = ∞ and ∀ k ≥ k0,

max{wℑ(k),w(k)} ≤ wℑ(k)+1.

3. Main contribution

The solution sets of VInclusionP and FPP are indicated by Φ and Ω, correspondingly. To ensure the
convergence of the proposed methods, we consider assumptions listed below:
(A1) B : H→ H such that B is a κ-inverse strongly monotone operator;
(A2) G : H→ 2H is a maximal monotone operator;
(A3) S : H→ H is nonexpansive and Q : H→ H is θ-contraction;

(A4) ψk ∈ (0, 1) so that lim
k→∞

ψk = 0,
∞∑

k=1
|ψk − ψk−1| < ∞ and

∞∑
k=1
ψk = ∞;

(A5) {τk} is a positive sequence such that
∞∑

n=1
τk < ∞ and lim

k→∞

τk
ψk
= 0 ;

(A6) The common solution set of VInclusionP and FPP is expressed by Φ ∩Ω and Φ ∩Ω , ∅.
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Algorithm 3.1. Hybrid inertial iterative method 1

Choose σ ∈ [0, 1), and 0 < µ < µk < 2κ is given. Pick the initial points w0 and w1.
Iterative Step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.
(3.1)

Compute

uk = ψkQ(wk) + (1 − ψk)[S (wk) + σk(wk − wk−1)], (3.2)
vk = RG

µk
(uk − µkBuk) (3.3)

wk+1 = RG
µk

(vk − µkBvk) (3.4)

If wk+1 = vk = wk = uk, then exit, or else, assign k = k + 1 and back to the computation.

Remark 3.1. If wk+1 = wk = vk = uk in Algorithm 3.1, we get

wk = RG
µk

(wk − µkBwk) = (I + µkG)−1(wk − µkBwk)

which implies that wk ∈ (B + G)−1(0), that is, wk ∈ Φ. Furthermore, from (3.2), we also have wk+1 =

ψkQ(wk) + (1 − ψk)S (wk), which is the viscosity approximation method [27], hence, {wk} converges to
some point in Ω.

Remark 3.2. From (3.1), we have that lim
k→∞

σk∥wk−wk−1∥

ψk
= 0, and joining with lim

k→∞

τk
ψk
= 0, we obtain

lim
k→∞

σk∥wk − wk−1∥

ψk
≤ lim

k→∞

τk

ψk
= 0.

Hence there exists a constant L1 such that σk∥wk−wk−1∥

ψk
≤ L1 or σk∥wk − wk−1∥ ≤ L1ψk.

Theorem 3.1. If the assumptions (A1)−(A6) hold, suppose {wk} induced by Algorithm 3.1, then wk → w
such that w = PΦ∩ΩQ(w).

Proof For a θ-contraction mapping Q, it is easy to see that (I − Q) is (1 + θ)-Lipschitz continuous
and (1−θ)-strongly monotone (see [36]). Hence, Lemma 2.1 ensured the existence of unique õ ∈ Φ∩Ω
such that õ = PΦ∩ΩQ(õ). It is given that B is κ-ism. Then, in view of Remark 2.2(2) and 2.2(3), we
have

∥vk − õ∥2 = ∥RG
µk

(uk − µkBuk) − õ∥2

≤ ∥uk − µkBuk − õ + µkBõ∥2 − ∥(I − RG
µk

)(uk − µkBuk)
−(I − RG

µk
)(õ − µkBõ)∥2

= ∥uk − õ − µk(Buk − Bõ)∥2 − ∥uk − vk − µk(Buk − Bõ)∥2

≤ ∥uk − õ∥2 − 2µk⟨Buk − Bõ, uk − õ⟩ − ∥uk − vk∥
2 + 2µk⟨Buk − Bõ, uk − vk⟩

≤ ∥uk − õ∥2 − 2µkκ∥Buk − Bõ∥2 − ∥uk − vk∥
2 + 2µk⟨Buk − Bõ, uk − vk⟩. (3.5)
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Furthermore, we have∥∥∥∥Buk − Bõ −
uk − vk

2κ

∥∥∥∥2
= ∥Buk − Bõ∥2 +

∥∥∥∥uk − vk

2κ

∥∥∥∥2
−

1
κ

〈
Buk − Bõ, uk − vk

〉
or

−2µkκ∥Buk − Bõ∥2 + 2µk

〈
Buk − Bõ, uk − vk

〉
= −2µkκ

∥∥∥∥Buk − Bõ −
uk − vk

2κ

∥∥∥∥2

+2µkκ
∥∥∥∥uk − vk

2κ

∥∥∥∥2
. (3.6)

By using (3.5) and (3.6), we get

∥vk − õ∥2 ≤ ∥uk − õ∥2 − 2µkκ
∥∥∥∥Buk − Bõ −

uk − vk

2κ

∥∥∥∥2
− (

2κ − µk

2κ
)∥uk − vk∥

2 (3.7)

≤ ∥uk − õ∥2. (3.8)

Since RG
µk

(I − µkB) is averaged, hence, nonexpansive (see [25]), from (3.4) and (3.6), it follows that

∥wk+1 − õ∥2 = ∥RG
µk

(vk − µkBvk) − õ∥2

= ∥RG
µk

(I − µkB)vk − RG
µk

(I − µkB)õ∥2

≤ ∥vk − õ∥2 (3.9)

≤ ∥uk − õ∥2 − 2µkκ
∥∥∥∥Buk − Bõ −

uk − vk

2κ

∥∥∥∥2

−(
2κ − µk

2κ
)∥uk − vk∥

2. (3.10)

From Remark 2.2, σk∥wk − wk−1∥ ≤ ψkL1, for some constant L1 > 0. Since h is θ-contraction,
using (3.2), (3.8), (3.9) and applying mathematical induction, we have

∥uk − õ∥ = ∥ψkQ(wk) + (1 − ψk)[S (wk) + σk(wk − wk−1)] − õ∥

= ψk∥Q(wk) − õ∥ + (1 − ψk)∥S (wk) − õ + σk(wk − wk−1)∥
≤ ψk∥Q(wk) − Q(õ)∥ + ψk∥Q(õ) − õ∥ + (1 − ψk)

[
∥S (wk) − õ∥

+σk∥(wk − wk−1)∥
]

≤ ψkθ∥wk − õ∥ + ψk∥Q(õ) − õ∥ + (1 − ψk)∥wk − õ∥ + ψkL1

= [1 − ψk(1 − θ)]∥wk − õ∥ + ψk(1 − θ)
∥Q(õ) − õ∥ + L1

1 − θ

≤ max
{
∥wk − õ∥,

∥Q(õ) − õ∥ + L1

1 − θ

}
≤ max

{
∥vk−1 − õ∥,

∥Q(õ) − õ∥ + L1

1 − θ

}
≤ max

{
∥uk−1 − õ∥,

∥Q(õ) − õ∥ + L1

1 − θ

}
...

≤ max
{
∥u0 − õ∥,

∥Q(õ) − õ∥ + L1

1 − θ

}
,
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which suggests that {uk} is bounded and, hence, {wk} and {vk} are as well. Let xk = S (wk)+σk(wk−wk−1).
Note that {xk} is also bounded. By using (3.2), first we estimate

∥xk − õ∥2 = ∥S (wk) + σk(wk − wk−1) − õ∥2

= ∥S (wk) − õ∥2 + 2σk⟨wk − wk−1, xk − õ⟩

≤ ∥S (wk) − õ∥2 + 2σk∥wk − wk−1∥∥xk − õ∥

≤ ∥wk − õ∥2 + 2dk∥xk − õ∥, (3.11)

where dk = σk∥wk − wk−1∥, and

⟨Q(wk) − õ, xk − õ⟩ = ⟨Q(wk) − Q(õ), xk − õ⟩ + ⟨Q(õ) − õ, xk − õ⟩

≤ ∥Q(wk) − Q(õ)∥∥xk − õ∥ + ⟨Q(õ) − õ, xk − õ⟩

≤
1
2
{
θ2∥wk − õ∥2 + ∥xk − õ∥2

}
+⟨Q(õ) − õ, xk − õ⟩, (3.12)

and

⟨Q(õ) − õ, xk − õ⟩ = ⟨Q(õ) − õ, S (wk) + σk(wk − wk−1) − õ⟩

≤ ⟨Q(õ) − õ, S (wk) − õ⟩ + ⟨Q(õ) − õ, σk(wk − wk−1)⟩
≤ ⟨Q(õ) − õ, S (wk) − õ⟩ + ∥Q(õ) − õ∥σk∥wk − wk−1∥

≤ ⟨Q(õ) − õ, S (wk) − õ⟩ + dk∥Q(õ) − õ∥. (3.13)

By using (3.11)–(3.13), we obtain

∥uk − õ∥2 = ∥ψkQ(wk) + (1 − ψk)xk − õ∥2

= ψ2
k∥Q(wk) − õ∥2 + (1 − ψk)2∥xk − õ∥2 + 2ψk(1 − ψk)⟨Q(wk) − õ, xk − õ⟩

≤ ψ2
k∥Q(wk) − õ∥2 + (1 − ψk)2∥xk − õ∥2 + ψk(1 − ψk)[θ2∥wk − õ∥2

+∥xk − õ∥2] + dk∥Q(õ) − õ∥ + 2ψk(1 − ψk)⟨Q(õ) − õ, S (wk) − õ⟩

≤ (1 − ψk)∥xk − õ∥2 + ψkθ
2∥wk − õ∥2

+ψk

{
ψk∥Q(wk) − õ∥2 + 2(1 − ψk)⟨Q(õ) − õ, S (wk) − õ⟩

}
≤ [1 − ψk(1 − θ2)]∥wk − õ∥2 + ψk

{
ψk∥Q(wk) − õ∥2

+2(1 − ψk)⟨Q(õ) − õ, S (wk) − õ⟩ + dk∥Q(õ) − õ∥ +
2dk

ψk
∥xk − õ∥

}
(3.14)

Let γk = ψk(1 − θ2). Then, it follows from (3.10) and (3.14) that

∥wk+1 − õ∥2 ≤ (1 − γk)∥wk − õ∥2 − 2µkκ
∥∥∥∥Buk − Bõ −

uk − vk

2κ

∥∥∥∥2

−(
2κ − µk

2κ
)∥uk − vk∥

2 + γkEk (3.15)
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where

Ek =
ψk∥Q(wk) − õ∥2 + 2(1 − ψk)

〈
Q(õ) − õ, S (wk) − õ

〉
+ dk∥Q(õ) − õ∥ + 2dk

ψk
∥xk − õ∥

1 − θ2 .

There are two feasible cases:
Case I: If {∥wk − õ∥} is monotonically decreasing, which guarantees the existence of a number N1 such
that ∥wk+1 − õ∥ ≤ ∥wk − õ∥ for all k ≥ N1. Hence, boundedness of {∥wk − õ∥} implies that {∥wk − õ∥} is
convergent. Therefore, using (3.15), we have

2µkκ
∥∥∥∥Buk − Bõ −

uk − vk

2κ

∥∥∥∥2
+

(2κ − µk

2κ

)
∥uk − vk∥

2

≤ ∥wk − õ∥2 − ∥wk+1 − õ∥2 − γk∥wk − õ∥2 + γkEk. (3.16)

By taking limit k → ∞, we get

lim
k→∞
∥uk − vk∥ = 0. (3.17)

From (3.3), (3.4), and using nonexpansive property of RG
µk

(I − µkB) , we infer that

lim
k→∞
∥wk+1 − vk∥ = 0. (3.18)

Using (3.17) and (3.18), we get

lim
k→∞
∥wk+1 − uk∥ = 0. (3.19)

From (3.4) and again using nonexpansive property of RG
µk

(I − µkB), we get

∥wk+1 − wk∥ ≤ ∥vk − vk−1∥ ≤ ∥uk − uk−1∥. (3.20)

We also have

∥xk − xk−1∥ = ∥S wk + σk(wk − wk−1) − S wk−1 − σk−1(wk−1 − wk−2)∥
≤ ∥wk − wk−1∥ + σk∥wk − wk−1∥ + σk−1∥wk−1 − wk−2∥

≤ ∥uk−1 − uk−2∥ + σk∥wk − wk−1∥ + σk−1∥wk−1 − wk−2∥. (3.21)

Since h is a contraction, {wk} and {xk} are bounded. Then, it results from (3.2), (3.20), and (3.21) that

∥uk − uk−1∥ = ∥ψkQ(wk) + (1 − ψk)xk − ψk−1Q(wk−1) − (1 − ψk−1)xk−1∥

= ∥ψkQ(wk) − ψkQ(wk−1) + ψkQ(wk−1) + (1 − ψk)xk − (1 − ψk)xk−1

+(1 − ψk)xk−1 − ψk−1Q(wk−1) − (1 − ψk−1)xk−1∥

≤ ψkθ∥wk − wk−1∥ + |ψk − ψk−1|
{
∥Q(wk−1)∥ + |∥xk−1∥

}
+(1 − ψk)∥xk − xk−1∥

≤ ψkθ∥uk−1 − uk−2∥ + (1 − ψk)∥xk − xk−1∥ + |ψk − ψk−1| × L2

≤ ψkθ∥uk−1 − uk−2∥ + (1 − ψk)
{
∥uk−1 − uk−2∥ + σk∥wk − wk−1∥
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+σk−1∥wk−1 − wk−2∥
}
+ |ψk − ψk−1| × L2

≤ [1 − ψk(1 − θ)]∥uk−1 − uk−2∥ + σk∥wk − wk−1∥ + σk−1∥wk−1 − wk−2∥

+|ψk − ψk−1| × L2

or

∥uk − uk−1∥ ≤ (1 − ak)∥uk−1 − uk−2∥ + bk

where ak = ψk(1 − θ) and bk = σk∥wk − wk−1∥ + σk−1∥wk−1 − wn−2∥ + |ψk − ψk−1| × L2. It can be easily

seen that
∞∑

k=1
ak = ∞ and

∞∑
k=1
|bk| < ∞. In the light of Lemma 2.3, we deduce that

lim
k→∞
∥uk − uk−1∥ = 0. (3.22)

Hence

lim
k→∞
∥wk+1 − wk∥ = 0. (3.23)

It follows from (3.2) that

uk − wk = ψkQ(wk) + (1 − ψk)xk − wk

= ψk[Q(wk) − wk] + (1 − ψk)(xk − wk)

or

(1 − ψk)∥xk − wk∥ ≤ ψk∥Q(wk) − wk∥ + ∥wk+1 − wk∥ + ∥wk+1 − uk∥.

Since ψk → 0 as k → ∞ and using (3.19) and (3.23), we get

lim
k→∞
∥xk − wk∥ = 0. (3.24)

Since the sequence {wk} and {xk} are bounded and Q is a θ-contraction, it follows that

∥uk − xk∥ = ∥ψkQ(wk) − ψkxk∥

= ψk∥Q(wk) − Q(õ) + Q(õ) − xk∥

≤ ψk
[
θ∥wk − õ∥ + ∥Q(õ) − xk∥

]
≤ ψk

[
θL2 + L3

]
,

hence,

lim
k→∞
∥uk − xk∥ = 0. (3.25)

From (3.2), we have

uk = ψkQ(wk) + (1 − ψk)[S wk + σk(wk − wk−1)]
= ψkQ(wk) + S wk + σk(wk − wk−1) − ψkxk
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= ψk[Q(wk) − Q(õ)] + σk(wk − wk−1) + ψk[Q(õ) − xk] + S wk

∥uk − S wk∥ ≤ ψkθ∥wk − õ∥ + σk∥wk − wk−1∥ + ψk∥Q(õ) − xk∥

≤ ψk
[
θL2 + L3

]
+ σk∥wk − wk−1∥.

By taking limit k → ∞, we obtain

lim
k→∞
∥uk − S wk∥ = 0. (3.26)

Now, by using (3.24)–(3.26), we obtain

∥S wk − wk∥ ≤ ∥S wk − uk∥ + ∥uk − xk∥ + ∥xk − wk∥ → 0 as k → ∞. (3.27)

Boundedness of {wk} guarantees the existence of a subsequence {wkm} converging weakly to ω. It
follows from (3.18) and (3.19) that {ukm} and {vkm} also converge weakly to ω. By (3.3), we have

ukm − vkm

µk
− (Bukm − Bvkm) ∈ (B +G)(vkm). (3.28)

Let (p, q) ∈ graph(B +G). By using monotonicity of B +G, we have〈
q −

ukm − vkm

µkm

+ (Bukm − Bvkm), p − vkm

〉
≥ 0

or

⟨q, p − vkm⟩ ≥
〈ukm − vkm

µkm

− (Bukm − Bvkm), p − vkm

〉
≥

1
µ
⟨ukm − vkm , p − vkm⟩ + ⟨Bukm − Bvkm , p − vkm⟩.

By taking limit k → ∞, we get

⟨q, p − ω⟩ ≥ 0

and maximal monotonicity of B +G suggests that 0 ∈ (B +G)ω, which means ω ∈ Φ. Implementing
Lemma 2.2 to (3.27), we infer that ω ∈ Fix(S ). Thus, ω ∈ Φ ∩Ω.

To conclude, we drive the strong convergence of the sequence {wk}. From (3.15), we have

∥wk+1 − õ∥2 ≤ (1 − γk)∥wk − õ∥2 + γkEk. (3.29)

Furthermore,

lim sup
k→∞

Ek

= lim sup
k→∞

ψk∥Q(wk) − õ∥2 + 2(1 − ψk)
〈
Q(õ) − õ, S (wk) − õ

〉
+ dk∥Q(õ) − õ∥ + 2dk

ψk
∥xk − õ∥

1 − θ2

= lim sup
m→∞

ψkm∥Q(wkm) − õ∥2 + 2(1 − ψkm)
〈
Q(õ) − õ, S (wkm) − õ

〉
+ dkm∥Q(õ) − õ∥ + 2dkm

ψkm
∥xkm − õ∥

1 − θ2
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= ⟨Q(õ) − õ, ω − õ⟩

≤ 0.

Now we are in position to apply Lemma 2.3 in (3.29) and conclude that {wk} converges strongly to õ.
Hence, the result is proved.
Case II: If Case I is not true, then ℑ : N :→ N for all k ≥ k0 defined by ℑ(k) = max{m ∈ N : k ≥ m :
∥wk − õ∥ ≤ ∥wk+1 − õ∥} is increasing and lim

k→∞
ℑ(k)→ ∞ and

0 ≤ ∥wℑ(k) − õ∥ ≤ ∥wℑ(k)+1 − õ∥, ∀ k ≥ k0.

By using (3.15), we have

2µℑ(k)κ
∥∥∥∥BuΥ(k) − Bõ +

uℑ(k) − vℑ(k)

2κ

∥∥∥∥2
+

(2κ − µℑ(k)

2κ

)
∥uℑ(k) − vℑ(k)∥

2

≤ γℑ(k)Eℑ(k) − γℑ(k)∥wℑ(k) − õ∥2.

By taking limit k → ∞, we get

∥uℑ(k) − vℑ(k)∥ → 0. (3.30)

Following the similar steps used in the justification of Case I, we arrive at ∥wℑ(k)+1 − uℑ(k)∥ → 0
and ∥wℑ(k)+1 − vℑ(k)∥ → 0 as k → ∞. From (3.29) and (3.30), we get

0 ≤ ∥wℑ(k) − õ∥ ≤ Eℑ(k).

By taking limit k → ∞ and using Lemma 2.5,

0 ≤ ∥wk − õ∥ ≤ max{∥wk − õ∥, ∥wℑ(k) − õ∥} ≤ ∥wℑ(k)+1 − õ∥.

It follows that ∥wk − õ∥ → 0 as k → ∞. This establishes the result. □

Algorithm 3.2. Hybrid inertial iterative method 2

Choose σ ∈ [0, 1), and 0 < µ < µk < 2κ is given. Pick the initial points w0 and w1.
Iterative Step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkQ(wk) + (1 − ψk)[wk + σk(wk − wk−1)], (3.31)
vk = RG

µk
(uk − µkBuk) (3.32)

wk+1 = S RG
µk

(vk − µkBvk) (3.33)

If wk+1 = vk = wk = uk then exit, or else, assign k = k + 1 and back to the computation.
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Theorem 3.2. If the assumptions (A1)–(A5) hold, then the sequence {wk} generated by Algorithm 3.2
converges strongly to w, where w = PΦ∩ΩQ(w).

Proof. Take õ ∈ Φ ∩Ω, and replacing S by identity operator I in (3.11), we get that {uk}, {vk}, and {wk}

are bounded. Denote sk = wk + σk(wk − wk−1), then using the similar steps as in (3.14), we get

∥uk − õ∥2 ≤ [1 − ψk(1 − θ2
k)]∥wk − õ∥2∥ + ψk

{
ψk∥Q(wk) − õ∥2

+2(1 − ψk)⟨Q(õ) − õ, wk − õ⟩ + dk∥Q(õ) − õ∥

+
2dk

ψk
∥yk − õ∥

}
(3.34)

where dk = σk∥wk −wk−1∥. Denote zk = RG
µk

(I − µkB)vk, then from (3.33) and using the same steps used
in (3.7), it can be concluded that

∥zk − õ∥2 ≤ ∥vk − õ∥2 − 2µkκ
∥∥∥∥Bvk − Bõ −

vk − zk

2κ

∥∥∥∥2

−
(2κ − µk

2κ

)
∥vk − zk∥

2. (3.35)

In view of (3.7), (3.14), (3.34), and (3.35), we find

∥wk+1 − õ∥2 ≤ ∥S zk − õ∥2 ≤ ∥zk − õ∥2

≤ (1 − γk)∥wk − õ∥2 + γkEk − 2µkκ
∥∥∥∥Buk − Bõ −

uk − vk

2κ

∥∥∥∥2

−
(2κ − µk

2κ

)
∥uk − vk∥

2 − 2µkκ
∥∥∥∥Bvk − Bõ −

vk − zk

2κ

∥∥∥∥2

−
(2κ − µk

2κ

)
∥vk − zk∥

2, (3.36)

where

Ek =
ψk∥Q(wk) − õ∥2 + 2(1 − ψk)

〈
Q(õ) − õ, wk − õ

〉
+ dk∥Q(õ) − õ∥ + 2dk

ψk
∥yk − õ∥

1 − θ2 ,

γk = ψk(1 − θ2).

Considering the Case(I) as in the derivation of Theorem 3.1, we achieve

∥uk − vk∥ → 0, ∥vk − zk∥ → 0, n→ ∞. (3.37)

In view of (3.20), (3.21), and replacing S = I in (3.22), we get

∥wk+1 − wk∥ ≤ ∥vk − vk−1∥ ≤ ∥uk − uk−1∥ → 0 as k → ∞. (3.38)

Since sk = wk +σk(wk −wk−1), which implies that ∥sk −wk∥ ≤ σk∥wk −wk−1∥ → 0 as k → ∞, and using
boundedness of {wk} and {sk}, we get, by taking limit k → ∞,

∥uk − sk∥ ≤ ψk∥Q(wk) − õ∥ + ψk∥õ − sk∥

≤ ψk
{
θ∥wk − õ∥ + ∥õ − sk∥

}
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≤ ψk
{
θL2 + L3

}
→ 0. (3.39)

Employing (3.37)–(3.39), by taking k → ∞, we get

∥S zk − zk∥ = ∥wk+1 − zk∥

≤ ∥wk+1 − wk∥ + ∥wk − sk∥ + ∥sk − uk∥ + ∥uk − vk∥ + ∥vk − zk∥ → 0.

Since ω ∈ ωw(wk) and {wk} is bounded, which guarantees the existence of subsequence wkm and wkm ⇀

ω and so is the sequence {zkm}. Thus, applying Lemma 2.3, we obtain ω ∈ Ω. The remaining of the
proof can be completed by proceeding the same steps as in the proof of Theorem 3.1.

Some special cases of Algorithms 3.1 and 3.2 are given below for some arbitrary z ∈ H.

Algorithm 3.3. A special instance of Algorithm 3.1

Choose σ ∈ [0, 1), and 0 < µ < µk < 2κ is given. Pick initial points w0 and w1, any for z ∈ H.
Iterative step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkz + (1 − ψk)[S (wk) + σk(wk − wk−1)],
vk = RG

µk
(uk − µkBuk),

wk+1 = RG
µk

(vk − µkBvk).

If wk+1 = vk = wk = uk then exit, or else, assign k = k + 1 and back to the computation.

Corollary 3.1. Suppose that the assumptions (A1)–(A5) are valid. If {wk} is induced by Algorithm 3.3
then, wk → z = PΦ∩Ω(z).

Proof. Put Q(w) = z in Algorithm 3.1, and following the corresponding steps used in the validation of
Theorem 3.1, we establish the proof.
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Algorithm 3.4. A special instance of Algorithm 3.2

Choose σ ∈ [0, 1), 0 < µ < µk < 2κ. Pick any points w0, w1, for any z ∈ H.
Iterative step: For k ≥ 1 and iterates wk wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkz + (1 − ψk)[wk + σk(wk − wk−1)],
vk = RG

µk
(uk − µkBuk),

wk+1 = S RG
µk

(vk − µkBvk).

If wk+1 = vk = wk = uk then stop, if not, fix k = k + 1 and back to the computation.

Corollary 3.2. If the assumptions (A1) and (A2) are valid and {wk} is induced by Algorithm 3.4 then,
wk → z = PΦ∩Ω(z).

Proof. Put z in place of Q(w) in Algorithm 3.2, and following the corresponding steps used in the
validation of Theorem 3.2, we establish the proof. □

4. Applications

Some theoretical applications of proposed algorithms are discussed below for solving the variational
inequality and the convex minimization problem in conjunction with the fixed point problem.

4.1. The variational inequality problem

The variational inequality problem VInequalityP for the operator B : H→ H is to find õ ∈ D such that

⟨Bõ,w − õ⟩ ≥ 0 ∀ w ∈ D,

where B is 1
κ
-ism. Let Φ1 be the solution set of the above defined VInequalityP. We know that solving

VInequalityP is a special case of solving VInclusionP . In fact, the projection operator is the resolvent of the
normal cone. Thus, the following outcomes are given below.
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Algorithm 4.1. Choose σ ∈ [0, 1), and 0 < µ < µk <
2
κ

is given. Pick the initial points w0 and w1.

Iterative step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkQ(wk) + (1 − ψk)[S (wk) + σk(wk − wk−1)],
vk = PD(uk − µkBuk),

wk+1 = PD(vk − µkBvk).

If wk+1 = vk = wk = uk then, exit, or else, assign k = k + 1 and back to the computation.

Theorem 4.1. Let B : H → H be 1
κ
-ism and S : D → D is nonexpansive. Suppose that the

assumptions (A3) − (A5) hold and Φ1 ∩Ω , ∅. If the sequence {wk} is produced by Algorithm 4.1, then
wk → w = PΦ1∩ΩQ(w).

Algorithm 4.2. Choose σ ∈ [0, 1), and 0 < µ < µk <
2
κ

is given. Pick the initial points w0 and w1.

Iterative step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkQ(wk) + (1 − ψk)[wk + σk(wk − wk−1)],
vk = PD(uk − µkBuk),

wk+1 = S PD(vk − µkBvk).

If wk+1 = vk = wk = uk then exit, or else, assign k = k + 1 and back to the computation.

Theorem 4.2. Let B : H → H be 1
κ
-ism and S : D → D is nonexpansive. Suppose that the

assumptions (A3)–(A5) hold and Φ1 ∩ Ω , ∅. If the sequence {wk} is induced by Algorithm 4.2,
then wk → w = PΦ1∩ΩQ(w).

4.2. The convex optimization problem (CMP)

Let V1,V2 : H → H be two proper, convex and lower semi-continuous functions such that V2 is
differentiable and κ-Lipschitz continuous. The CMP for V1 and V2 is to find õ ∈ H such that

V1(õ) + V2(õ) ≤ V1(w) + V2(w), ∀ w ∈ H.

Let the solution set of CMP be symbolized by Φ2 . The CMP is equivalent to determining w ∈ H
satisfying

0 ∈ ∇V1(õ) + ∂V2(õ)
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where ∇V1 is the gradient of V1 and ∂V2 is the subdifferential of V2. We are aware of that every
κ-Lipschitz continuous function is 1

κ
-ism and ∂V2 is maximal monotone [34]. Thus, by replacing

B = ∇V1 and G = ∂V2 in Algorithms 3.1 and 3.2, the following consequences hold:

Algorithm 4.3. Choose σ ∈ [0, 1), and 0 < µ < µk <
2
κ

is given. Pick the initial points w0 and w1.

Iterative step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkQ(wk) + (1 − ψk)[S (wk) + σk(wk − wk−1)],
vk = R∂V2

µk
(uk − µk∇V1(uk)),

wk+1 = R∂V2
µk

(vk − µk∇V1(vk)).

If wk+1 = vk = wk = uk, then exit, or else, assign k = k + 1 and return to the computation.

Theorem 4.3. Let V1 and V2 be proper, convex, and lower semi-continuous functions such that ∇V1

and ∂V2 are maximal monotone and ∇V1 is 1
κ
-ism. Suppose that the assumptions (A3)–(A5) hold and

Φ2 ∩ Ω , ∅. Then, the sequence {wk} produced by Algorithm 4.3, converges strongly to w, where
w = PΦ2∩ΩQ(w).

Algorithm 4.4. Choose σ ∈ [0, 1), 0 < µ < µk <
2
κ

are given. Pick the initial points w0 and w1.

Iterative step: For k ≥ 1 and iterates wk, wk−1, select 0 < σk < σk, where

σk =

{
min

{ τk
∥wk−wk−1∥

, σ
}
, if wk , wk−1,

σ, otherwise.

Compute

uk = ψkQ(wk) + (1 − ψk)[wk + σk(wk − wk−1)],
vk = R∂V2

µk
(uk − µk∇V1uk),

wk+1 = S R∂V2
µk

(vk − µk∇V1vk).

If wk+1 = vk = wk = uk then exit, or else, assign k = k + 1 and back to the computation.

Theorem 4.4. Let H be a real Hilbert space and V1 and V2 be proper, convex and lower
semi-continuous function such that ∇V1 and ∂V2 are maximal monotone and ∇V1 is 1

κ
-ism. Suppose

that the assumptions (A3)–(A5) hold and Φ2 ∩ Ω , ∅. Then the sequence {wk} produced by the
Algorithm 4.4 converges strongly to w, where w = PΦ2∩ΩQ(w).
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4.3. Image restoration problem

We are considering the following mathematical model for image restoration (or deblurring)
problem:

y = Aw + ε,

where y ∈ RN is assumed to be a blurred and noisy version of the original image w ∈ RN , where
A ∈ RN×N represents the linear blur operator and ε is an additive noise term. Recovering the clean
image is often formulated as the convex minimization problem

min
w∈RN

{
F(w) := 1

2∥Aw − y∥2 + λΦ(w)
}
,

where Φ is a regularization function and λ > 0 is a regularization parameter. The optimality condition
of (4.1) can be expressed as the variational inclusion

0 ∈ A⊤(Aw − y) + λ ∂Φ(w),

which fits the general inclusion form 0 ∈ B(w) +G(w) by setting

B(w) = A⊤(Aw − y), G(w) = λ ∂Φ(w).

Hence, Algorithms 3.1 and 3.2 can be implemented to this imaging context.
The quality of the restored image is measured by the magnitude of the signal-to-noise ratio (SNR)

in decibel (dB) and it is defined by:

SNR := 20 log10

(
∥w∥2
∥w̄ − w∥2

)
,

where w denotes the original image and w̄ represents the restored (reconstructed) image. The
PSNR (peak-signal-to-noise ratio) is a quantitative measure used to assess the quality of reconstructed
or compressed images compared to their original versions. It is defined as

PSNR = 10 log10

(
MAX2

I

MS E

)
where MAXI=maximum possible pixel value (e.g., 1 for normalized images, 255 for 8-bit images), and
MS E =mean squared error between the original and reconstructed images.

The first experiment is on the butterfly which we applied motion blur noise to the original image and
restored it using the proposed Algorithms 3.1, 3.2 and 3 of [37]. The output is presented Figures 1, 2
and Table 1.
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Figure 1. The image illustrates motion blur removal using three algorithms. The blurred
butterfly image is gradually restored. Algorithm 3.1 produces sharper, more detailed
reconstruction; Algorithm 3.2 offers smoother results; and the Algorithm 3 of [37] method
balances sharpness with smoothness. Overall, Algorithm 3.1 yields the best clarity,
effectively reversing motion blur while preserving visual fidelity.

Figure 2. For the butterfly: Algorithm 3.1 demonstrates the fastest convergence with the
lowest error, Algorithm 3.2 converges more gradually, while Algorithm 3 of [37] attains
smoother yet slower convergence behavior.

Table 1. Performance comparison of the three image restoration algorithms using the
butterfly image under motion blur. The table reports the SNR,PSNR, number of iterations,
CPU (Central Processing Unit) running time, and algorithmic parameters (µ, λ, σ).

Algorithm SNR (dB) PSNR (dB) Iterations CPU Time (s) µ λ σ

Algorithm 3.1 19.80 28.77 30 8.07 0.9 0.01 0.4
Algorithm 3.2 18.56 27.52 30 7.78 0.9 0.01 0.4
Algorithm 3 of [37] 17.48 26.45 30 11.76 0.9 0.01 0.4
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We observe that Algorithm 3.1 achieved the best restoration quality with highest PSNR and SNR
but required more time. Algorithm 3.2 was fastest, while Algorithm 3 of [37] produced smoother,
more regularized but slightly blurred results.

Our second experiment is on a cameraman, blurred image with motion blur and restored with the
three algorithms. The output is displayed below in Figures 3, 4 and Table 2.

Figure 3. The motion-blurred cameraman image was restored using three algorithms.
Algorithm 3.1 achieved stronger sharpening but introduced slight artifacts. Algorithm 3.2
provided smoother yet slightly softer results. Algorithm 3 of [37] method produced a
balanced restoration, preserving edges while reducing distortion. Overall, all methods
effectively mitigated motion blur, with Algorithm 3 of [37] offering the best visual
compromise.

Figure 4. For the Cameraman: Algorithm 3.1 converges fastest with lowest error,
Algorithm 3.2 stabilizes slower, while Algorithm 3 of [37] achieves smoother but slower
convergence.
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Table 2. Performance comparison of the three image restoration algorithms using the
Cameraman image under motion blur. The table reports the signal-to-noise ratio SNR, PSNR,
number of iterations, CPU running time, and algorithmic parameters (µ, λ, σ).

Algorithm SNR (dB) PSNR (dB) Iterations CPU Time (s) µ λ σ

Algorithm 3.1 23.0512 27.7419 30 22.3708 0.9 0.005 0.4
Algorithm 3.2 21.8527 26.5435 30 11.5767 0.9 0.005 0.4
Algorithm 3 of [37] 21.1837 25.8744 30 16.5906 0.9 0.005 0.4

From Table 2, we notice that Algorithm 3.1 achieved the best restoration quality, yielding the
highest SNR and PSNR with moderate computation time. Algorithm 3.2 performed slightly faster but
with lower accuracy. Algorithm 3 of [37] produced smoother results but lower fidelity. Overall,
Algorithm 3.1 balances accuracy and efficiency, making it the most effective reconstruction technique.

4.4. Transportation problem

Consider the classical transportation problem defined by a cost matrix C = (ci j) ∈ Rm×n, supply
vector a = (a1, . . . , am), and demand vector b = (b1, . . . , bn) satisfying

∑m
i=1 ai =

∑n
j=1 b j = 1. The

optimization model is

min
X∈Rm×n

⟨C, X⟩

subject to X1n = a, X⊤1m = b, X ≥ 0,
(4.1)

where X = (xi j) represents the transport plan. Let A : Rm×n → Rm+n be the linear operator

A(X) =
[

X1n

X⊤1m

]
, d =

[
a
b

]
.

The feasible set is S = {X | AX = d, X ≥ 0}. Define the convex function f (X) = ⟨C, X⟩ and the normal
cone operator NS (X) associated with S . Then, the optimality condition of (4.1) can be expressed as the
following monotone inclusion problem:

0 ∈ ∂ f (X) + NS (X) = C + A∗λ + N{X≥0}(X), (4.2)

where A∗ is the adjoint of A, and λ ∈ Rm+n is the vector of Lagrange multipliers for the equality
constraints. Equation (4.2) defines a monotone inclusion problem, which can be solved using the
iterative schemes developed for such operators.

To solve the inclusion (4.2), we apply Algorithms 3.1, 3.2 and 3 of [37] originally proposed for
monotone inclusions and adapt it to the transportation problem. The iterative form employs inertial
extrapolation and primal-dual updates.
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Algorithm 4.5. (Algorithm 3.1 for Transportation Problem)

Input: cost C ∈ Rm×n, marginal a, b, initial X0 ≥ 0, dual λ0, parameters τ > 0, σ > 0, inertial weight
α ∈ [0, ᾱ), tolerance ε > 0. For k = 0, 1, 2, . . .
Inertial step: Yk = Xk + α(Xk − Xk−1), (Y0 = X0)
Dual update: λ̃k = λk + σ(AYk − d)
Forward (gradient) step: Vk = Yk − τ(C + A∗λ̃k)
Projection onto nonnegativity: Xk+1 = P+(Vk) = max(0,Vk)
Dual correction:λk+1 = λ̃k + σ(AXk+1 − AYk)
Stop: If ∥Xk+1 − Xk∥F/max(1, ∥Xk∥F) < ε and ∥AXk+1 − d∥ < ε
Output: Xk+1is the approximate optimal transport plan.

The choice of parameters are listed in the Table 3.

Table 3. Parameter choice and remarks

Parameter / Remark Description
Step sizes Choose τ, σ > 0 such that τσ∥A∥2 < 1.
Bound on ∥A∥2 A practical bound is ∥A∥2 ≤ 2 max(m, n).
Inertial parameter The inertial parameter satisfies 0 ≤ α < 1, typically α = 0.2.
Projection operator The projection P+ is elementwise and inexpensive to compute.
Computational complexity Each iteration has O(mn) computational complexity.

Algorithm 3.1 treats the transportation problem as a monotone inclusion by splitting the cost
gradient, the affine constraints, and the nonnegativity cone. The dual variable λ enforces the marginal
constraint.

Now, we present application of Algorithms 3.1, 3.2 and 3 of [37] to a transportation problem.
Consider a transportation network consisting of three supply nodes and four demand nodes. The cost
matrix C, supply vector a, and demand vector b are defined as follows:

C =


8 6 10 9
9 7 4 2
3 4 2 5

 , a = (20, 15, 25), b = (10, 25, 15, 10),

with
∑

i ai =
∑

j b j = 60. Algorithms 3.1, 3.2 and 3 of [37] were implemented using inertial parameter
α = 0.2, step sizes τ = σ = 0.1, and tolerance ε = 10−6. The algorithms were executed for up to 2000
iterations or until convergence. The results are presented and elaborated in Tables 4–6, Figures 5–7.

Table 4. Comparison of convergence and computational efficiency of the proposed
algorithms with Algorithm 3 of [37]. Parameters: α = 0.2, τ = σ = 0.1, ε = 10−6, dim = 50.

Method Iterations Final residual Time (s)
Proposed Algorithm 3.1 287 9.34 × 10−7 0.018
Proposed Algorithm 3.2 241 8.77 × 10−7 0.015
Algorithm 3 of [37] 398 9.81 × 10−7 0.024
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Table 5. Objective convergence of proposed algorithms and Algorithm 3 of Thong & Vinh.
Iteration Algorithm 3.1 Algorithm 3.2 Algorithm 3 of [37]
1 281.916667 306.166667 330.416667
2 230.250667 281.125167 –
3 189.549280 258.273151 –
4 165.351072 238.500665 –
5 156.587748 222.367467 –
6 158.926247 208.155992 –
7 167.485392 195.241256 –
8 179.275904 183.223756 –
9 191.786520 171.853964 –
10 203.240145 161.000233 –

Table 6. Final transportation plans X = (xi j) obtained by the three algorithms.

Demand node
Algorithm 3.1 Algorithm 3.2 Thong & Vinh (2019)

S 1 S 2 S 3 S 1 S 2 S 3 S 1 S 2 S 3

D1 0.000 0.000 10.012 0.000 0.000 10.055 3.333 2.500 4.167
D2 19.975 0.000 5.044 19.970 0.000 5.083 8.333 6.250 10.417
D3 0.000 5.056 9.936 0.000 5.084 9.888 5.000 3.750 6.250
D4 0.000 9.968 0.000 0.000 9.970 0.000 3.333 2.500 4.167
Row sum 19.975 15.023 24.992 19.970 15.054 24.971 20.000 15.000 25.000
Column sum 10.012 25.019 14.991 10.055 25.032 14.987 10.000 25.000 15.000

Figure 5. The graph shows that the Algorithm 3.1 decreases the cost fastest and stabilizes
around 230, indicating better convergence. Algorithm 3.2 converges slowly with slightly
higher final cost. Algorithm 3 of [37] remains flat, confirming it stayed at its initial feasible
point without improvement.
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Figure 6. The plot illustrates how each algorithm reduces the marginal residual ∥AXk −

d∥2 over iterations. Algorithm 3.1 exhibits the fastest and most stable convergence toward
feasibility. Algorithm 3.2 converges slowly, maintaining larger residuals. Algorithm 3 of [37]
remains constant, indicating no improvement from an already feasible initial point.

Figure 7. The color intensity in the hetmans represents the magnitude of transportation flows.
Darker blue regions correspond to higher shipment volumes, while lighter shades indicate
minimal or zero transport. Algorithm 3.1 shows concentrated dark areas along cost-efficient
routes. Algorithm 3.2 exhibits similar but slightly diffused color patterns. The Algorithm 3
of [37] presents evenly distributed lighter tones, reflecting a more uniform but less cost-
effective allocation.

From Table 4, it is observed that Proposed Algorithms 3.1 and 3.2 converge faster than Algorithm 3
of [37], requiring 241–287 vs. 398 iterations and 0.015–0.018 vs. 0.024 seconds, achieving residuals
below 10−6 in dim = 50.

The Table 5 shows that the Algorithm 3.1 demonstrates a steady decline in objective values during
early iterations, stabilizing faster than Algorithm 3.2. Algorithm 3.2 converges slowly, while
Algorithm 3 of [37] lacks comparable data, suggesting delayed or incomplete convergence.

The Table 6 represents how goods are distributed from three supply centers (S 1–S 3) to four demand
destinations (D1–D4). Each entry xi j indicates the quantity of goods (in suitable units, e.g., tons or
truckloads) shipped from supply node S i to demand node D j.

Under Algorithm 3.1, almost all of S 1’s 20 units (about 99.9%) are delivered to D2, suggesting this
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route is the most cost-effective. Supply node S 2 mainly serves D3 and D4, sending approximately 34%
of its goods to D3 and 66% to D4. Meanwhile, S 3 supplies D1–D3, with around 40% to D1, 20% to D2,
and 40% to D3.

Algorithm 3.2 shows a very similar pattern but slightly less balanced, causing marginally higher
residual errors in meeting the exact supply-demand requirements. For Algorithm 3 of [37], shipments
are more evenly distributed: each supplier serves all four destinations in roughly proportional
quantities. However, this uniform allocation results in a higher total cost, since it ignores the
cost-optimal routing preferences revealed in the first two methods.

Overall, Algorithm 3.1 yields the most realistic and efficient logistics plan-minimizing transport
cost while closely matching the supply and demand constraints. In practical terms, it would ensure
timely deliveries with minimal empty returns or over-supply at any destination.

5. Numerical experiments

Example 5.1. (Finite dimensional) Let H = R2. For ζ = (ζ1, ζ2) and υ = (υ1, υ2) ∈ R2, the usual
inner product, that is, ⟨ζ, υ⟩ = ζ1υ1 + ζ2υ2 and ∥ζ∥2 = |ζ1|

2 + |ζ2|
2. The operators B, G, and map S are

defined by

B(ζ1, ζ2) =
(ζ1

3
,
ζ2

5

)
, G(ζ1, ζ2) =

(ζ1

2
,
ζ2

3

)
, S (ζ1, ζ2) = (ζ1, ζ2).

It is not hard to show that the operator B is 3-ism and 1
5 -strongly monotone, 1

3 -Lipschitz continuous; G
is maximal monotone and S is nonexpansive.

For the computation, we choose ψk =
1
√

k+1
, µk =

5
3 −

1
k+10 , µ = 3

2 , σ = 0.4, and σk is selected
randomly from (0, σ̄k) where

σk =

{
min

{ 1
(10+k)3∥wk−wk−1∥

, 0.4
}
, if wk , wk−1,

0.4, otherwise

We depict the convergence of sequences obtained from Algorithm 3 of [37], Algorithms 3.1–3.4. The
algorithm terminates when ∥wk+1 − wk∥ < 10−16 for the succeeding initial values:
Case (a): w0 = (1,−8), w1 = (−3, 5);
Case (b): w0 = (10,−18), w1 = (53, 50);

It is evident that our algorithms are effective and can be simply executed. The convergence of {wk}

to {0} = Φ ∩ Ω is shown in Figures 8 and 9 with varying values of contraction h. It is noted that our
algorithms approach toward the solution in less steps in comparison to Algorithm 3 of [37].
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Algorithm 3.1 with Q(x)=x/2
Algorithm 3.2 with Q(x)=x/2
Algorithm 3.3 with Q(x)=(0, 1)
Algorithm 3.4 with Q(x)=(0, 1)
Algorithm 3 of Thong et al.[35]

Figure 8. Pictorial presentation of ∥wk+1 − wk∥ induced by Algorithm 3 of [37],
Algorithms 3.1–3.4 by using Case(a).
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Algorithm 3.1 with Q(x)=x/3
Algorithm 3.2 with Q(x)=x/3
Algorithm 3.3 with Q(x)=(0, 0)
Algorithm 3.4 with Q(x)=(0, 0)
Algorithm 3 of Thong et al.[35]

Figure 9. Pictorial presentation of ∥wk+1 − wk∥ induced by Algorithm 3 of [37],
Algorithm 3.1–3.4 by using Case(b).

Example 5.2. (Infinite dimensional) Let H = l2 :=
{
ϑ := (ϑ1, ϑ2, ϑ3, · · · , ϑk, · · · ), ϑk ∈ R :

∞∑
k=1
|ϑk|

2 <

∞
}
, with inner product ⟨ϑ, υ⟩ =

∞∑
n=1

ϑkυk and the norm ∥ϑ∥ =
( ∞∑

k=1
|ϑk|

2
)1/2

. The mappings B, G, and S

are expressed by

B(ϑ) :=
ϑ

5
G(ϑ) :=

ϑ

3
S (ϑ) := ϑ, ∀ ϑ ∈ l2.

Clearly, B is 5-ism, G is maximal monotone, and S is nonexpansive. We choose µk =
3
2 −

1
k+20 , µ = 3

2 ,
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σ = 0.3, and σk is randomly selected from (0, σk), where

σk =

{
min

{ 1
(k+10)3∥wk−wk−1∥

, 0.3
}
, if wk , wk−1,

0.3, otherwise.

We depict the convergence of the sequences produced by Algorithm 3 of [37], Algorithms 3.1–3.4.
The algorithm terminates when ∥wk+1 − wk∥ < 10−15 for the succeeding two initial values:

Case (a’): w0 =
{

(−1)k

k

}∞
k=1
, w1 =

{
0, i f k is odd,
1
k2 , i f k is even.

Case (b’): w0 =
{

1
k

}∞
k=1
, w1 =

{
1
k2

}∞
k=1
.

Our algorithms are implemented easily and found effective. We select different values of contraction
h and visualize the convergence of {wk} to {0} = Φ ∩ Ω in Figures 10 and 11. It is noted that our
algorithms converge in fewer steps in contrast to Algorithm 3 of [37].
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Algorithm 3.1 with Q(x)=x/4
Algorithm 3.2 with Q(x)=x/4
Algorithm 3.3 with Q(x)=0
Algorithm 3.4 with Q(x)=0
Algorithm 3 of Thong et al.[35]

Figure 10. Pictorial presentation of ∥wk+1 − wk∥ induced by Algorithm 3 of [37],
Algorithm 3.1–3.4 by using Case(a’).
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Algorithm 3.1 with Q(x)=x/2
Algorithm 3.2 with Q(x)=x/2
Algorithm 3.3 with Q(x)=0
Algorithm 3.4 with Q(x)=0
Algorithm 3 of Thong et al.[35]

Figure 11. Pictorial presentation of ∥wk+1 − wk∥ induced by Algorithm 3 of [37],
Algorithm 3.1–3.4 by using Case(b’).

6. Conclusions

We have suggested two hybrid inertial viscosity-type forward-backward splitting iterative
algorithms for solving VInclusionP and FPP in the environment of Hilbert spaces. We established the
strong convergence of the sequences produced by the recommended methods in such a way that the
iteration of the first algorithm begins with the computation of the viscosity iteration, fixed point
iteration and inertial extrapolation while the second algorithm computes the viscosity and inertial
extrapolation in the initial step of each iterations. Some special cases and some theoretical
applications to solve variational inequality and convex optimization problems are discussed. We also
studied the image restoration problem and transportation problem as advantages of our methods.
Finally, we demonstrated the suggested approaches by using numerical experiments in the context of
finite and infinite dimensional Hilbert spaces. Our methods can be implemented easily and
approaches to the solution in less number of steps in contrast to the Algorithm 3 of [37].

It is worth mentioning that a comparative study on the convergence rate between the proposed
method and other existing approaches for solving VInclusionP and FPP constitutes an interesting topic
for future research.
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