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Abstract: In this paper, we propose and analyze a Riemannian Gauss—Newton method for the low-
rank matrix completion problem. Different from the existing second-order Riemannian optimization
methods for this problem, we adopt the approximate Riemannian Hessian of Gauss—Newton methods
instead of the true Riemannian Hessian. This approximate Riemannian Hessian has a computationally
efficient and symmetric positive semidefinite structure. Added with a regularization term, the
corresponding Riemannian Gauss—Newton equation can be solved efficiently by the linear conjugate
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1. Introduction

This paper considers the problem of low-rank matrix completion, which aims to recover a target
matrix A € R™" from a partially observed set of entries indexed by Q. We focus on the mathematical
formulation of this problem as given in [33]:

1
min F(X) := 2 [IPa(X —AE st. Xe M, (1)

where Pg : R™" — R™" is the projection that preserves entries in the observed set Q and sets others
to zero, i.e.,
Xi; (0, )) e,

0 otherwise,

[Pa(X)]; = {


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20251257

28557

|| - |Ir is the Frobenius norm, and M, := {X € R™" : rank(X) = [} is the manifold of m X n matrices of
rank /. This problem arises in numerous applications, and the reader is referred to the survey paper [24]
for concrete examples.

Riemannian optimization or manifold optimization [3, 6, 28] is a class of methodologies for
optimizing a function f over a Riemannian manifold M, i.e.,

min f(x) s.t. x e M.

Riemannian optimization has become one of the mainstream methods for solving problem (1) because
it can make full use of the manifold structure of the feasible set M.

In the seminal work [33], an efficient Riemannian conjugate gradient (CG) method was developed
based on the embedded submanifold geometry of M,;. An adaptive regularized Newton method was
developed in [14] for general optimization problems on Riemannian submanifolds, including
problem (1) as a special case. The Riemannian Newton continuation method in [29] and the
Riemannian inexact gradient descent method in [37] have also been shown to be promising for
solving problem (1) based on submanifold geometry. Submanifold-based optimization methods for
problem (1) can be extended to symmetric positive semidefinite fixed-rank matrix manifolds [34],
low-rank matrix varieties [12, 25, 38], nonnegative fixed-rank matrix set [30], fixed-rank tensor
manifolds [18, 19, 31], and low-rank tensor varieties [13].

By leveraging matrix factorizations, optimization methods on quotient manifolds were developed.
Two Riemannian Newton methods based on Riemannian quotient metrics were developed in [1].
Riemannian gradient descent and trust-region methods based on various Riemannian quotient
manifold structures were studied in [23]. A Riemannian CG method based on a Riemannian quotient
metric with scaling information was studied in [22]. The Riemannian preconditioned CG and trust
region methods in [7] and the stochastic Newton method with subsampling in [11] solved a
Grassmann manfold reformulation [10] of problem (1). Quotient manifold-based optimization
methods for problem (1) can be extended to Hermitian positive semidefinite fixed-rank matrix
manifolds [36] and fixed-rank tensor manifolds [9].

Apart from manifold-based approaches, Euclidean optimization methods based on low-rank
factorization and alternating minimization can also tackle problem (1), e.g., [16,32,35]. Additionally,
instead of the fixed-rank formulation (1), models and algorithms based on nuclear norm relaxation
have been extensively studied and widely applied [8,21,27].

In this paper, we develop a submanifold-based Riemannian Gauss—Newton method different from
the existing second-order Riemannian optimization methods such as [14,29]. Our method adopts the
approximate Riemannian Hessian of Gauss—Newton methods instead of the true Riemannian Hessian.
The approximate Riemannian Hessian has simple form and is symmetric positive semidefinite.
Adding a regularization term, we solve the corresponding Riemannian Gauss—Newton equation by the
linear CG method. After computing the search direction, a backtracking line search procedure with an
‘optimal’ initial guess of the stepsize is performed. Approximate Newton or Gauss—Newton methods
have also been applied in other optimization problems on matrix or tensor manifolds such
as [9,19,26].

The main contributions of this work are twofold. In the algorithmic aspect, we propose a
Riemannian regularized Gauss—Newton method with implementation details specifically for the
low-rank matrix completion problem. A particular CG procedure is exploited to solve the
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corresponding regularized Gauss—Newton equation. Although similar approaches have appeared in
Riemannian least-squares formulations, our approach is tailored to the matrix completion task,
presenting a special treatment of subproblem solving and parameter settings. In the theoretical aspect,
we analyze the properties of the Riemannian Hessian with its Gauss—Newton approximation and
prove the global and local convergence of the proposed algorithm. Although the convergence proofs
follow standard arguments from Riemannian optimization, we provide specific convergence analysis
for this particular problem, relying on our parameter and stepsize designs. It also yields several
special results, such as the properties of step size.

This paper is organized as follows. We review essential preliminaries on Riemannian geometry
and Riemannian optimization related to our problem and method in Section 2. Our Riemannian
regularized Gauss—Newton method with CG implementation for solving subproblems are presented in
Section 3. Section 4 is devoted to global and local convergence analysis. In Section 5, we demonstrate
the efficiency of the proposed algorithm via numerical experiments. Finally, we conclude the paper in
Section 6.

We close this section by describing some notations used later. Let M be a Riemannian submanifold
of a Euclidean space and f a twice differentiable function defined on M. T, M denotes the tangent
space to M at a point x € M. (:,-) denotes the underlying Riemannian metric, and || - || := V¢, )
the associated norm. V£, V2f, gradf, and Hessf denote the Euclidean gradient, Euclidean Hessian,
Riemannian gradient, and Riemannian Hessian of f, respectively. V also denotes the Riemannian
connection on a manifold. Tr(-) denotes the trace of a square matrix. o(-) and O(-) denote higher-order
infinitesimal quantities and same-order or lower-order infinitesimal quantities, respectively. > (>) and
< (=) are the symbols of generalized inequalities in the sense of (semi)definiteness of quadratic forms.

2. Preliminaries

These geometric foundations and optimization tools provide the necessary framework for
developing efficient algorithms for low-rank matrix completion, which we will explore in the
subsequent sections.

2.1. Basic geometry of the fixed-rank matrix manifold

The set M, forms a Riemannian submanifold of R"™" when equipped with the standard metric

Em =T ), Y&neTxM. 2)

This metric induces a norm || - || for tangent vectors, i.e., the Frobenius norm || - ||z. Below we introduce
some of its basic geometry.

At any X € M, with its thin singular value decomposition (SVD) X = UZVT, where U € R™/,
V € R™ and X € R™, the tangent space Tx M, to M; at X can be described as [33]

Ixl IX(n-1)
R R ] v VL]T}

TXMZ = {[U U.] RUn=hHxI 0(1—l)><( =D

={UMVT+ U, VT +UV] : M eR™, U, eR™, UJU =0,V, eR™, V]V =0}, (3)
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where U, and V, are orthogonal complements of U and V, respectively. The normal space Ny M, to
M, at X with respect to the metric (2) is given by [33]

NxM; = {ULAVI tA€ R(’”‘Z)X(”")} ={ZeR™:U'Z=0,ZV =0}.
The orthogonal projection Pr, »(, onto Tx M, is given by [33]
Prom, - R™" = Ty M, Z +— PyZPy + P,ZPy + PyZPy, 4)

where Py := UUT, Py :=1— Py, Py :=VVT, and P, :=1 - Py.

Let M be a Riemannian manifold, M a submanifold, ? a function defined on M and f the
restriction of f to M. According to (3.37) in [3], the Riemannian gradient of f is the projection of the
Riemannian gradient onto 7, M. This gives the following explicit formula of the Riemannian gradient
of the obective function in (1):

gradF(X) = Pro,m VE(X) = PryomPa(X — A). 4)

According to Proposition 5.3.2 in [3], the Riemannian connection V on a submanifold M of M relates
to the connection V on the ambient manifold M in the following manner:

Vﬂg = ?TxM (vﬁg) >

where & and 77 are smooth vector fields on M and £ and 7 are smooth extensions of £ and 7, respectively,
to some neighborhoods in M. If M is a Euclidean space, the above formula of connections reduces to

V¢ = Prv(DEL), (6)

where Dé[77] is the directional derivative of & along 7. According to Definition 5.5.1 in [3], the
Riemannian Hessian of f at x € M is a linear map from 7, M to itself defined as

Hessf(x)[n] := V,gradf(x), Vne T M. (7

Then, (5)—(7) together with (2) lead to the following explicit expression of the Riemannian Hessian of
the objective function in (1).

Proposition 2.1. The Riemannian Hessian of the objective function in (1) is given by

HessF(X)[€] = PyPa(é)Py + PH(Pa(é) + Pa(X — A)V,X" lvyhpy
+ Py(Pa(é) + UL U;SDQ(X —A)Py. )
Proof. This formula was first given by Proposition 2.2 in [33], where it was proved by property (11)
of second-order retractions. But, for self-containedness, we give a different but much simpler proof

using (5)—(7) directly in Appendix A. O
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2.2. Basic knowledge in Riemannian Optimization

Riemannian optimization extends classical nonlinear optimization methods to Riemannian
manifolds by utilizing geometric operations. The fundamental concept of retraction [3] is formally
defined as follows.

Definition 2.2 (Retraction). A retraction R on a manifold M, is a smooth map from the tangent bundle
TM:=Uyem T:Mto M such that

(1) R.(0) = x for all x e M.
(2) SR(t8)|_, = &forall x e Mand £ € T M.

If the curve y(r) = R.(t£) has zero acceleration at ¢ = 0, 1.e., V,,()y’(0) = 0, then R is called a second-
order retraction.

For the fixed-rank manifold M;, we use the projective retraction defined as [4, 5]

Rx(§) = argmin||X + & — Yllr,
YeM;

which can be expressed as the truncated SVD of X + ¢, i.e.,

!
Rx(&) = Z O'iMiV,-T,
i=1

where o; are the singular values (in decreasing order) of X + ¢ and u; and v; are the left and right
singular vectors of X + &, respectively.
If £ is available in form (3), Ry (&) can be efficiently computed as follows [5,33]. First, perform the
QR factorizations U, = Q,R, and V,, = Q,R,. Observe that
X+M R! T
} v al .

X+e=[U Q)" "

E+M R]

Obtain (U,, X, Vi) as an SVD of the 2/-by-2/ matrix [ R 0

]. Then, we have

where U, = [U O, U(:,1: D, V. =[V O,1V,(;,1 : D),and S, =X,(1 : [, 1 :]).
Given a retraction R, the Riemannian Newton method takes the following iterative scheme [3]:

xk+1 = ka (tké:k)y

where 7, > 0 is a stepsize and & € T,, M is the search direction computed by solving the Riemannian
Newton equation

Hessf(x)[¢] = —gradf(x), &€ T M. ©))

When Hess f(x;) is positive definite, the Riemannian Newton step & actually solves the quadratic
subproblem

1
min f(x) +{gradf(x), &) + S(Hessf(x)[€]. £)-

Ty M
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The pullback function f;(f) = f(R,(&)) 1s a useful tool that sometimes enables the analysis and
computation of Riemannian optimization methods to be more convenient. By Definition 2.1, it is easy
to see that

V£.(0) = gradf(x). (10)

Moreover, if R is a second-order retraction, if follows from Proposition 5.5.5 in [3] that
V2£.(0) = Hess f(x). (11)

According to Theorem 22 in [4], the above projective retraction on M, is a second-order retraction,
so (11) holds in our case.

3. The proposed method

In this section, we propose and explain our new method. In Section 3.1, a framework of
Riemannian regularized Gauss—Newton method is presented. In Section 3.2, specific implemention
details on solving subproblems are given.

3.1. A Riemannian regularized Gauss—Newton method

According to (9), the Riemannian Newton method for problem (1) iteratively solves the Riemannian
Newton equation

HCSSF(Xk)[é:] = —gradF(Xk), é: S TXle.

For the sake of saving computational cost, we adopt the following approximation. An observation
on (8) reveals that if Pq(X) =~ Pq(A), then

HessF(X)[¢] ~ PuPa(&)Py + PyPa(E)Py + PuPo(©)Py.

Then a natural idea is to replace the exact Riemannian Hessian by the right-hand side of the above
equation. For convenience, we define the linear map Hy : TxyM; — TxM, that closely resembles
HessF(X) as

Hx[€] := PromPa) = PyPa(é)Py + PiPa(é)Py + PyPa(é)Py. (12)
According to Section 8.4.1 in [3], H can actually be interpreted as the approximate Riemannian

Hessian of Gauss—Newton methods. Specifically, if we write F(X) = %||¢(X)||12:, where ¢(X) := Po(X —
A), then we have

Hy = Dg(X)" o DP(X),

where D@(X)* is the adjoint operator of Dg(X).
The approximate Riemannian Hessian Hy not only approximates the exact Hessian, but also has
nice algebraic properties according to the following proposition.

Proposition 3.1. The map Hy in (12) is self-adjoint (symmetric) and positive semidefinite. Moreover,
(&, Hx[€]) < (&, &) forall X € My and & € Ty M,.
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Proof. Let & and i be any two tangent vectors in Tx M;. Then it follows from (12) that

(Hxl&1,m) = PrumPa@), m) = (Pa(f).n) = (Pa&), Palm)
= (& Pam) = & PromPal) = & Hxnl),

(HXI€], &) = APrymPalé), &) = (Pa(f), &) = (Pa(é), Pa(é)) = 0,
and

(Hx[£],6) = (Pa(&), Pal&)) < (£,8).

Thus, all the desired properties have been proved. O

Because Hy is only positive semidefinite according to the above proposition, it is possibly ill-
conditioned. Thus, we regularize it as

7'{)(,5 = 7’()(4‘5[, (13)

where ¢ > 0 is a regularization parameter and 7 is the identity map on Tx M,. Then, we solve in each
iteration the equation

Hy, s, [€] = —grad F(Xy). (14)

Equation (14) is called the regularized Riemannian Gauss—Newton equation. The following corollary
is an immediate consequence of Proposition 3.1, showing a satisfactory property of Hys.

Corollary 3.2. The map Hys in (13) is self-adjoint and positive definite. Moreover,
ol < 7"{)(’5 <1+ 5)]

forall X € M;and 6 > Q.
Proof. The results are straightforward from Proposition 3.1 and (13). |

Since Hy, s, is symmetric postive definite for all §; > 0, we can solve (14) efficiently by the linear
CG method. Specific implementation details of CG for solving (14) are given in Section 3.2. Compared
to the approximate Riemannian Hessian Hy, the true Riemannian Hessian HessF(X;) has a drawback
that it may be non-positive semidefinite according to Proposition 3.3. This makes HessF'(X}) rely more
heavily on the regularization parameter ¢, or use trust-region techniques [2].

Proposition 3.3. The Riemannian Hessian HessF(X) given by (8) may be non-positive semidefinite.

Proof. Define F,(X) := %HPQ(X - A)||§ with A = aX. Then, it follows from (8), (12), and the proof of
Proposition 3.1 that

(HessF,(X)I£€],€) = (Hx[€], &) + (PyPa((1 = a)X)V,X7'VT + UL U Pa((1 = a)X)Py, &)
= (Pa(é), Pa()) + (1 = aXPiPa(X)V,EZ7' VT + UL U Pa(X)Py, £).

So, (HessF,(X)[£], &) is affine with respect to a, implying that the Riemannian Hessian HessF(X) may
not be positive semidefinite. O
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Here we show an example of non-positive semidefinite Hessian following the constructive proof of

Proposition 3.3. Let
6 6 11 3 1

Then, (HessF(X)[£],¢&) = —1.
After obtaining &, we need to compute an appropriate stepsize. Following (3.3) in [33], we use the
following "optimal’ strategy for the initial stepsize:

_(Palén), PaXi — A))
(Pal&), Pal&))

Then, a backtracking procedure is performed to choose a stepsize that satisfies the Armijo-type
condition

t; = argmin F(Xy + t&) = (15)
t

F(Rx (1:60) < F(Xy) + oti{grad F (Xy), &), (16)
where o € (0, %).
Now we can formally present a framework of our Riemannian regularized Gauss—Newton method
as follows.

Algorithm 1 Riemannian regularized Gauss—Newton method (RRGN)

1: require: Xo € M;, > 0,7 € (0,2), {hary € (0,1),2,p € (0, 1), 0 € (0, 3).
2. fork=0,1,... do

3: Compute the Riemannian gradient gradF(X}).

4: Set the regularization parameter
O, = pligrad F (X" (17)

5: Solve equation (14) inexactly by CG to obtain a search direction & satisfying
lI7ill < Gillgrad F (X, (18)

6: where 7, is the residual defined as

1y i= Hy, 5[] + grad F(X,). (19)
7 Compute 7, = f;" := max({t, #;} where #; is defined by (15).
: while the Armijo condition (16) does not hold do

9: Sett;, = Pli.

10: end while

11: Update Xy = ka (tké:k)-

12: end for

Remark 1. The motivation of the regularization parameter formula (17) is threefold. First, the
regularized Hessian should converge to the true Hessian so as to ensure a fast local convergence rate.
Second, the regularization parameter should adapt conveniently to the global convergence analysis
(see the proof of Theorem 4.3). Third, such a parameter setting should be simple.
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3.2. Solving subproblem

In this subsection, we show how to solve the subproblem, i.e., the regularized Gauss—Newton
equation (14). Since (14) is a symmetric positive definite linear system on the tangent space Tx, M;,
we can implement CG to solve it. Below we present two versions of CG algorithms, which are
equivalent.

Algorithm 2 is the original CG for solving (14), and Algorithm 3 is a variant of Algorithm 2.
Motivated by [33], Algorithm 3 solves (14) while preserving the compact structure in (3), meaning
that it computes M, U,, and V), separately such that

&=UMV] + UkV; +U,V/,
where X = UkaVkT forms an SVD of X;. Algorithm 3 requires M,, U,,, and V), as input, where
gradF(Xy) = UMV, + UkV;g + UV,

is an expression of gradF'(X;) in form (3). Also note that during the process of Algorithm 3, My, ;,
Upup,j, and V,, ; can be computed separately such that

Hx, 5.lpjl = 0kpj = Hx[pjl = PromPalp))
= Uk(MHp,j - 5kMp,j)VkT + Uk(VpHp,j - 5kvpp,.i)T + (UpHp,.i - 5kUpp,j)VkT-

According to Algorithm 2 in [33], given X = UXV' € M; and Z € R™", the matrices M, U »and V),
satisfying

Prow(Z) = UMVT + U, VT + UV

can be computed efficiently as follows: M = U (ZV), U, =2V -UM,and V,=2Z"U - VM.

Algorithm 2 CG on Ty, M, (original)

1: require: rfk’() = 0, Tro = —gradF(Xk), Po = Tk, JeN.
2: for j=0,1,...,/do

(Fijolk,j)

3: a; = W
4 Erjr1 =&t ajp;.
5: Tkj+1 = Tkj — a’j?{xk,ék[l’j]-
6: if ||r j+11 satisfies (18) then
E &k = &k j-
8: return
9: end if < >
Vi j+1-Fk.j-
10: B = %
11: Djr1 = Tk jr1 + Bjs1pj.
12: end for
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Algorithm 3 CG on Tx M, (variant)

1: require: My = 0, Up’() =0, Vp’() =0, M,,o = —Mg, Upr’() = —Upg, Vpr’o = —Vpg, Mp,o = —Mg,
Uppo = =Upg, Vipo = Vi, J €N.
2: 80 = (M0, M) + (U pros Upro) + Vpros Vipro)- > 50 = {Fk0» Tk0)-
3. for j=0,1,...,J do
5 Crk ok,

. . = > ;=
+ i = Wy Mrtp )y Uptip 5+ Vg Vptip ) i = i Hxea o
5: Mj+1:Mj+ajMp,j.

6: Upjr1 = Upj+a;Upp .
T: Voijr1 = Vo + @iV
8: M,,j+1 :M,’j—ajMHp,j.
9 Uprjrt = Uprj = @jUpnp,j.
10: Virjet = Vprj = @iVpmp,j.
11: Sist = My ji1, My jir) + (Uprjits Uprjs1) + Vprjsts Vorje1)- > Sje1 = (Fkjsts Thj1)-
12: if /s, satisfies (18) then
13: M:Mj+1,Up: Up,j_'_l,vp:Vp,]q.].
14: é:k:UkMV,:—-l-UkV;'f‘UpV]:.
15: return
16: end if
. S S o keI
17: ﬁﬂ'l st Dﬁ]“ T ()
18: Mp,j+] = Mr,j+1 +ﬁj+lMp,j
19: Upp.jr1 = Uprjer + Bjs1 Upp,j.
200 Vppjrr = Vprjrr + B Vipp .
21: end for

We close this section by comparing the computational complexities of Algorithms 2 and 3.
Algorithm 2 costs 6mnl + 2(m + n)l> + 4/Q|l flops in each iteration, while Algorithm 3
costs 2(2m + n)I? + 10|Q|I flops in each iteration. Therefore, Algorithm 3 is preferable in practice.

4. Convergence

In this section, we analyze the convergence properties of Algorithm 1. Section 4.1 focuses on global
convergence, and Section 4.2 is devoted to local convergence.

4.1. Global convergence

In this subsection, we consider the global convergence property of Algorithm 1. Before our proof,
we make the following assumption.

Assumptiom 1. There is a constant L > 0 such that for {(X}, &)}renv generated by Algorithm 1, it holds
that

L
F(Rx, (£) < F(X) + (gradF(Xy), &) + E”fk”z-

Assumption 1 is used in Lemma 4.2 and Theorem 4.3 below. This kind of assumption is commonly
used in global convergence analysis of Riemannian optimization methods.
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Lemma 4.1. If the parameter 6, in (18) satisfies

O < (1 -w) (20)

then

(gradF(X,), &) < —%ngradF(Xk)nz, @1)
+ O

where 6y, is the regularization parameter and w € (0, 1).
Proof. 1t follows from (18)—(20), and Corollary 3.2 that
—(gradF(X;), &) = (gradF(X,), Hy s [grad F(Xp) — ri])
= (gradF(X,), Hy,' 5 [grad F(Xo)]) — (grad F(Xp), Hy,' s, [12])
_1 1
= (gradF(Xy), %zjak [grad F(X,)1) — (Hy ’s [grad F(Xp)l, Hy 2, [1e])

(gradF(Xy), 7{)}:’& [grad F(X;)])

[_ ||ka5k[k]||
e, teradFN

&0k

1+ 6
> (1 — 4/ 5 )(gradF (X), Hy's, [grad F (X))

> a)(gradF (Xp), WX 5k[gradF X0l

Thus, (21) holds. |

Lemma 4.2. Suppose Assumption 1 holds. If (20) holds, then the Armijo condition (16) holds for all
sufficiently small stepsizes, and, moreover, we have for all k that

ol - 0')0)5,%}

2L(1 +6;) 22)

t; > min {z,

Proof. Tf 1, < $=2%% it follows from (18), (19), (21), Corollary 3.2, and 6 < 1 that

1
5Lt,%||gk||2 Lt,i [ Hx s

Ok

[grad F(X;) — rk]”2

1
< — Li;(llgrad F(XOI + [Irl)
252
L(1 + 6,)*t
S —
262
2Lt; 2
< ?IlgradF Xl
k
< (1 -o)wt
1+ 6

“llgrad F(Xo)IP

*llgrad F(Xo)I
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< (0 = Du(gradF (Xy), &)
Combining this and Assumption 1 yields

F(Rx, (tx&)) — F(Xp) — ti{gradF(Xy), &) < (0 — Di(gradF(Xy), ).

So, the Armijo condition (16) is satisfied. Then, (22) follows immediately from the backtracking
procedure (lines 8—10) in Algorithm 1. m|

Theorem 4.3. Suppose Assumption 1 holds and let {Xi}ew C M; be a sequence generated by
Algorithm 1. If (20) holds, then

]}im llgrad F(X)|| = 0.
Moreover, every accumulation point of { X }ren is a stationary point of f.

Proof. Since Assumption 1 holds, Lemma 4.2 is valid. Using Lemmas 4.1 and 4.2, we have

owt
F(Xin) = F(Xp) < ot (grad F(X,). &) < — 3 llgrad FXIP
k
ow c6;
— inqz, dF (X%, 23
T+o, mln{_ 1+(Sk}llgl‘a (Xl (23)
where ¢ := ’%. Then, we consider the following two cases.

If 6; > 1, it follows from (23) and (17) that

1
F(Xia1) — F(Xp) < —% min {z, Ecak} llgrad F (X,
k

ow . 1 . _r
= 7, min {z, 5 cHllgrad F(X] }IlgradF Xl (24)

If 6, < 1, it follows from (23) and (17) again that
F(Xet) = F(X) < == min {z, %cai} lgrad F(X)|P
= - min {z, %cuzngradF(Xk)nzT} lgrad F(XOIP. (25)
Combining (24) and (25), we obtain
F(Xi1) — F(Xp) < —% min {igllgradF(Xk)llz‘T, min {%c g} llgrad F(Xo)I?, %cuzllgradF(Xk)Hz*ZT} .

Since f is bounded below and 7 € (0, 2), it holds that l}im llgrad F(X;)|| = 0. O
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4.2. Local convergence

In this subsection, we consider the local convergence rate of Algorithm 1. Before our proof, we
need the following assumption.

Assumptiom 2. The sequence { X} generated by Algorithm 1 converges to X* € M, which satisfies
Po(X* —A) = 0 and Hyx = Pr,.mPa > 0. These conditions on X* are equivalent to VF(X*) = 0 and
HessF(X*) > 0.

Assumption 2 is used in Lemma 4.5 and Theorem 4.8 below.
For convenience, we define the difference of the true and approximate Hessians at X; = U, % VkT as

Ei[€] := HessF(Xp)[€] — Hy, [€] = Py, Pa(Xi — AV, E' V] + U ' U Pa(Xi — APy, (26)
According to [17], U, = Py; £V and V), = Py, €7 Uy. Therefore, by Assumption 2 and (26), we have

ELENN = o(lIE1D), (27)
showing that Hy, [¢] approximates HessF(X;)[£] well if X; is close enough to X* and £ is small enough.

Lemma 4.4. The step size t; defined in (15) can be rewritten as

t* _ <§k, gradF(Xk))
KTE, gradF(Xy) + 6i&)

Proof. It follows from (12), (13), (15), and (19) that

o _(Pal&n), PaXi — A)) _ & PaXi — A))

¢ (Palén), Palér)) (& Palér)
o PrymPaXe = A)) (&, gradF(Xy))

EaPromPa&)y  En—Hyléd)

(&, gradF(Xy))

(& —Hys & + 0k

3 (&, gradF(Xy))

(&, gradF(Xp) — rye + &)

Because & is initialized as 0 according to our CG implementation (Algorithms 2 and 3), a basic
property of CG shows that

(28)

&> 1) = 0. (29)

Hence, (28) follows immediately. |

Lemma 4.5. Suppose Assumption 2 holds. Then, t}c“i = 1, for all sufficiently large k and /}im =1
Proof. Tt follows from Assumption 2 that ||(Hy, + 6:.1)™"|| = O(1). Then, by (13) and (17)~(19), we

have
gl = ||(Hy, + 8:2) " [-grad F(X) + r]|| = O(llgrad FX)I) (30)

and
(& gradF(X,)) = ((Hy, + 6.1) ' [-gradF(X,) + 1], gradF(X)) = O(llgrad FXOIP). (31
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Additionally, (30) together with (17) implies
(& 6kée) = ollgrad F(XOIP). (32)
Then, it follows from (28), (31), and (32) that

dF(X
lim £, = lim i gradFX))
k=00 k—oo (&, gradF (Xy) + 6;&r)

Since " = max({z,#;} and ¢ € (0, 1) according to Algorithm 1, it holds that ™ = 7; for all sufficiently
large k. O

For technical use, we need to introduce a kind of Newton—Leibniz formula for gradient fields, which
involves the following basic concept in Riemannian geometry [20].

Definition 4.6 (parallel transport). Let M be a Riemannian manifold and V the Riemannian
connection. A smooth vector field V along a smooth curve y is said to be parallel along y if
VVIy'(t)] = 0. Given &, = Ty, M, there is a unique parallel vector field & along y such that £(a) = &,.
The operator P’;‘_“ sending &(a) to &£(b) is called the parallel transport along y.

Parallel transport has many good geometric properties, e.g., it preserves the norm of a vector field
along a curve.

Lemma 4.7. Let y be the curve defined by y(t) := Ry, (t&). Then,

Ik

PY~gradF (Xi1) — gradF(X,) = f P HessFO ) Wl

0

Proof. This result can be found in the literature, e.g., in the proof of Lemma 8 in [15]. But, for self-
containedness, we provide a clear proof in Appendix B. O

Theorem 4.8. Suppose Assumption 2 holds and let {Xi}yen C M; be a sequence generated by
Algorithm 1. If 6, = o(1), then {||gradF (X})||}ren converges superlinearly to 0 and {Xi}en converges
superlinearly to X%, i.e.,

llgradF (X Il = o (llgrad (X))

and
dist(Xy.1, X¥) = o (dist(Xy, X7)) .

If {6 e C (O, 0] for some constant 0e (0, 1), then {||gradF (Xy)||}rex converges at least Q-linearly to 0
and {X; }ren converges at least R-linearly to X*, i.e.,

llgradF (Xe, 1)l < 6llgrad F(X,)l|

and
dist(Xy, X*) < COdist(Xo, X*)

for all sufficiently large k, where 0 € (0,1) and C > 0 are constants.
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Proof. First, we prove that the initial stepsize t}cni is always accepted for all sufficiently large k. Since
Assumption 4.2 holds, Lemma 4.5 is valid. Then, it follows from Lemma 4.5, (10), (11), (13), (19),
(26), (27), and (29)—(32) that

F(Ry,(1{"&)) = F(X,) =ti{gradF(X,), &) + %(tz>2<HessF<Xk>[fk],§k> + o(ll&P)
=1 (gradF(Xc), &) + %(t;:)zmxk,ak [£] = Skéi + Edléi, &) + o(léP)
=t;(gradF(Xp), &) + %(rm—gradF(Xk) + 1 = O + Exl&d, &) + o(lIad )
= (gradF(X), &) + %(r;:)%—gradF(Xk) = 6iée + Exl&. &) + o(I&dP)
=(t - %(t,t)zxgradF(Xk),fo + %(r;;)%Ek[fk] — 8l &) + o)
=5 (EradF(X0), &) + ollgrad FXPIP).
The above result together with o € (0, 1) yields

F(Rx,({"&)) — F(Xy) < oti{gradF (X;), &),

implying that #;" satisfies the Armijo condition (16), for all sufficiently large k.
Second, we prove the local convergence rate of {||gradF (Xy)|[}ren and { Xy }reny. Let y(¢) be the curve
in Lemma 4.7. Then, it follows from (13), (17)—(19), (26), (27), (30), and Lemmas 4.5 and 4.7 that

lIgrad F (X1l

=P}~ grad F (X))l =

gradF(X;) + fo k P HessF (y(t)[y' (1)]dt

5 +

Tk
eradF(X,) + fo PO~ HessF(y(t) [P dr

f P)"HessF(y(0)[Py ™6 — ¥ (n]dt
0

<llgradF(Xy) + Hx, 5 [&elll +

f (tlkayék —~ P;*OHessF(y(t))P’fo) [£x]dr
0 k

—+

[ Prmessoo1py s -y ol

<llrell + N(Hx 6, — teHess F(X)) &l +

f k (HessF(X,) = PY~"HessF(y(0)Py™°) [£,]dr
0

o [ P HessFOPy 6~ ol

<lirill + (L = r)Hess F (X)) — Ey + 6 L)[&i ]Il +

f k(HessF(Xk) — P)~"HessF(y(1) Py ")[&]d
0

+

fo PY~"HessF(y(t))[ Py % — ¥/ (1)]dr

<6llgradF (X)ll + o(I&lD) + bll&dl + ballél®
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=0Ocllgrad F(X,)l| + o(l|grad F (X)) (33)

for all sufficiently large k, where the final inequality, with two positive constants b, and b,, uses
Lemmas 3, 4, and 8 in [15].
Now we consider two cases. If 6, = o(1), it follows from (33) that

llgrad F (X )l = o(llgrad F(Xo)ID. (34)
Additionally, by Theorem 7.4.8 in [3], there exist two positive constants ¢y and c¢; such that
codist(Xy, X™) < ||lgrad F(Xp)|| < ¢;dist(X;, X™) (35)
for all sufficiently large k. Combining (34) and (35) yields
dist(Xy11, X*) = o (dist(X, X7)) .
If {fihers < (0, 6] for some 6 € (0, 1), it follows from (33) that
lgrad F(Xi)Il < Bllgrad F(X)| (36)

for all sufficiently large k, where 6e @, 1). Combining (35) and (36), we can find a positive integer K
such that for all £k > K, it holds that

1 1
dist(Xp, X*) < —|lgrad F(Xp)ll < —6K||grad F (X )|
Co Co

< S Kdist(Xg, X°) < Cdist(Xo, X,
Co

107K dist(Xg.X*)

where C := codist(Xo,X*)

. The proof is complete. O
S. Numerical experiments

In this section, we report the numerical results of Algorithm 1 and several existing algorithms.
All numerical experiments were conducted in MarLaB R2024b on a workstation equipped with an
Intel® Core™ 19-14900K processor (24 cores @ 3.19 GHz) and 64 GB RAM, running Windows 11
Professional.

5.1. Experimental details

We compare Algorithm 1, denoted as RRGN, against several Riemannian optimization algorithms,
including:

e RRN: a Riemannian regularized Newton method;

e RCG: a Riemannian conjugate gradient method [33];

e RGD: a Riemannian gradient method;

e ARNT™: the adaptively regularized Newton method in [14].

“https://github.com/optsuite/ ARNT
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RRN, RCG, and RGD were programmed by us. RRN replaces the approximate Riemannian Hessian
in RRGN with the true Riemannian Hessian. RCG is an implementation of the algorithm in [33]
without the C language code part XY. c for partial matrix multiplication (to ensure a fair comparison
in a pure MATLAB environment). RGD is just an ordinary Riemannian gradient descent method.
ARNT is the original code in [14]. In RRGN and RRN, Algorithm 3 is invoked as the CG solver for
the Newton-type equations. In RRN and ARNT, the true Riemannian Hessian is used.

In our experiments, we performed the above algorithms on synthetic random instances. Given m,
n, and [, the tested matrices A were generated as A = LR", where L € R™ and R € R"™ were random
matrices with entries sampled independently from the standard normal distribution. The observation
set 0 was generated by uniform random sampling, with the sampling density determined by an
oversampling factor OS = 3, where
_ 19
S 2n-1)

The implementation leverages MarLAB’s sprandn function to generate a sparse random matrix. The
initial point X, € M, was set as Xy = U,V,j, where U, and V|, were matrices with orthonormal columns
obtained randomly via orth(randn(-)).

The stopping criterion for the first four algorithms is

OS

llgrad F(X,)|| < 107, (37

ARNT was implemented with its default stopping criterion, which is that one of (37) and other
conditions is satisfied. The parameters in RRGN were settou = 10, 7 = 1, 6, = 0.1, o = 1078,
p=0.2,t=10""" and o = 107%. In RRN, we set 7 = 0.3 and replaced y with g = 107® + 300 x (0.6)
since we found it hard to fix u while getting good numerical results. The other parameters of RRN
were the same as those of RRGN.

5.2. Numerical results on synthetic problems

In this subsection, we evaluate the performance of the above algorithms through randomly
generated synthetic problems. To rigorously assess the performance of the algorithms, the matrices
were randomly generated with various sizes and ranks, and each experimental setting was tested on
10 random instances. In Tables 1-3, average results of all 10 random trials of the following items are
reported. Time(s) represents the average CPU time (in seconds) that the algorithms spent to reach the
stopping criterion. NormGrad represents the average norm of the Riemannian gradient at the final
iterate. Recovery represents the average absolute error of the final iterate X;, which is defined as
recovery = ||X; — A||. Iteration represents the average number of outer iterations. The numbers in
parentheses in RRGN, RRN, and ARNT are the total numbers of inner iterations for solving
subproblems throughout the whole process. Note that the numbers of iterations of ARNT are very
small because the iteration couting of ARNT is quite different from those of the other four algorithms

Table 1 shows the results of matrix size 5000 x 5000, Table 2 shows the results of matrix size
7500 x 7500, and Table 3 shows the results of matrix size 10000 x 10000. The ranks in these tables
were chosen as 30, 50, and 70. In addition, Figures 1-3 (corresponding to Tables 1-3, respectively)
show the plots of log,,(llgrad F (X, )||) versus iterations of the first four algorithms. We did not plot such
a curve for ARNT because its iteration counting is quite different.
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We highlight the top performer for each setting in Tables 1-3 using bold text. It can be observed
that RRGN performed best in all our cases. RRGN reached the stopping criterion within the least CPU
time for all cases. The numbers of outer iterations of RRGN ranged from 23 to 29. RRN and ARNT
are Newton-type algorithms as well, but use the true Riemannian Hessian. They performed slightly
worse than RRGN. There might be two major reasons. One is that the true Riemannian Hessian has
higher computational cost than that of the approximate Riemannian Hessian. The other is that it is more
difficult to choose a good regularization parameter in the two algorithms because the true Riemannian
Hessian is possibly non-positive semidefinite according to Proposition 3.3. RGD was obviously the
worst one among all the five algorithms. RCG performed similarly to RRGN for ranks 30 and 50 and
unsatisfactorily for rank 70. According to case (c) in Figures 1-3, the norm of the Riemannian gradient
of RCG fluctuated and hardly made progress when it was close to 107!!. The reason might be that RCG
only utilizes first-order information like RGD.

Table 1. Numerical comparison for matrix size m = n = 5000.

Rank Algorithm Time(s) NormGrad Recovery Iteration
RRGN 23.6 5.01e-12 3.36e-10 23.7(108.4)

RRN 27.2 5.65e-12 2.95e-10  34.5(96.6)
30 RCG 24.2 8.17e-12 5.58e-10 81.7
RGD 70.7 9.43e-12 1.38e-09 285.0

ARNT 29.1 6.39¢-12 4.42e-10  2.8(12.0)
RRGN 23.6 6.95e-12 1.69¢-10  23.1(96.6)

RRN 28.1 6.47e-12 1.26e-10  34.0(91.2)
50 RCG 26.2 8.95e-12 3.13e-10 76.2
RGD 69.6 9.62e-12 5.94e-10 251.7

ARNT 29.2 7.48e-12 2.67e-10  3.2(11.4)
RRGN 30.6 9.56e-12 1.15e-10  25.6(101.0)

RRN 35.7 9.60e-12 1.12e-10  35.4(97.6)
70 RCG 56.3 9.74e-12 1.34e-10 118.3
RGD 99.0 9.78e-12 1.66e-10 286.7

ARNT 32.7 9.94e-12 1.79e-10  4.8(15.4)

Matrix size m=n=5000 and rank r=30 Matrix size m=n=5000 and rank r=50 Matrix size m=n=5000 and rank r=70

——RRGN
- --RRN

—RRGN
- -'RRN

. —RRGN
i, - - “RRN

Iogm(Gradient Norm)
Iogw(Gradient Norm)
Iogw(Gradient Norm)

10710

10712
50 100 150 200 250 300 50 100 150 200 250 50 100 150 200 250 300 350 400

Iteration Iteration Iteration

(a) rank r=30 (b) rank r=50 (¢) rank r=70
Figure 1. Gradient norm convergence for matrix size m = n = 5000.
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Table 2. Numerical comparison for matrix size m = n = 7500.

Rank Algorithm Time(s)

NormGrad Recovery Iteration

RRGN 48.9 4.98e-12 3.75e-10  25.5(109.3)
RRN 56.8 5.19e-12 4.30e-10  35.6(101.8)
30 RCG 49.5 8.24e-12 8.33e-10 83.6
RGD 143.8 9.60e-12 2.15e-09 285.6
ARNT 63.1 8.23e-12 8.79¢-10  3.0(14.0)
RRGN 49.0 7.22¢-12 2.77e-10  24.5(95.7)
RRN 584 6.99¢e-12 2.61e-10  34.7(92.8)
50 RCG 52.0 8.72e-12 4.52e-10 77.2
RGD 142.7 9.48e-12 8.54e-10 253.8
ARNT 588 8.53e-12 4.96e-10  3.1(11.8)
RRGN 64.2 9.66e-12 1.54e-10  27.9(108.7)
RRN 69.7 9.55e-12 1.62e-10  36.1(96.8)
70 RCG 91.1 9.87e-12 2.01e-10 105.0
RGD 196.6 9.83e-12 2.35e-10 289.5
ARNT 68.4 1.16e-11 2.53e-10  5.6(15.9)

Table 3. Numerical comparison for matrix size m = n = 10000.

Rank Algorithm Time(s)

NormGrad Recovery Iteration

RRGN 81.7 5.16e-12 5.64e-10  27.2(106.9)
RRN 91.5 5.41e-12 6.09e-10  36.0(100.0)
30 RCG 83.4 8.26e-12 1.10e-09 84.9
RGD 241.9 9.60e-12 2.68e-09 288.8
ARNT 123.5 8.38e-12 1.17e-09  2.7(12.0)
RRGN 84.3 6.56e-12 2.48e-10  26.0(99.2)
RRN 95.7 7.91e-12 4.05e-10  35.1(93.2)
50 RCG 87.2 8.79%-12 5.94e-10 78.7
RGD 240.8 9.63e-12 1.12e-09 256.2
ARNT 102.7 8.22e-12 7.12e-10  3.4(12.6)
RRGN 105.0 9.60e-12 2.15e-10  28.8(104.5)
RRN 124.5 9.68e-12 2.20e-10  38.9(102.5)
70 RCG 311.9 9.87e-12 2.59%¢-10 196.0
RGD 358.3 9.88e-12 3.13e-10 314.8
ARNT 115.8 1.13e-11 347e-10  5.5(15.1)
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Matrix size m=n=7500 and rank r=30

Matrix size m=n=7500 and rank r=50 Matrix size m=n=7500 and rank r=70
&, ——RRGN A% ——RRGN ——RRGN
100k |4 - - ‘RRN ol 1% - - ‘RRN . - - ‘RRN
E | RCG g0 i RCG E 10 RCG
L T e R R RGD T R T RGD S oeble e b RGD
H -4 ' T 1 i3
2 10 | S q0* 1 L 44
IR H ! 3
G 10 ! S 10 | S 10°
e ' . ] , e
g 108 |I . ) 2 108 'I 4 1078
-10 ' 2 -10 ! -10
10 ' 10 LI N 10 Rp—
1012 1072 ' 1072
50 100 150 200 250 300 50 100 150 200 250 50 100 150 200 250 300 350
Iteration Iteration Iteration
(a) rank r=30 (b) rank r=50 (¢) rank r=70

Figure 2. Gradient norm convergence for matrix size m = n = 7500.

Matrix size m=n=10000 and rank r=30

Matrix size m=n=10000 and rank r=50 Matrix size m=n=10000 and rank r=70
M. M5
-, —RRGN .. —RRGN R —RRGN
4 - - ‘RRN X - - 'RRN oLl - - ‘RRN
E i RCG £ i RCG E 07| RCG
g R A RGD S e RGD L s RGD
H ! T 1 ] 1
2 1 2 1 2 o4t
o © o 1
S ! o ! g 1
[S) ! G} 1 G 108 .
= ' = ' % .
g 1 g 1 2 108 |v
- ! - ! ol s
A 1 107 !
' . v USRI
10712
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Iteration Iteration Iteration
(a) rank r=30 (b) rank r=50 (¢) rank r=70

Figure 3. Gradient norm convergence for matrix size m = n = 10000.

5.3. Numerical results on image recovery

In this subsection, we evaluate the performance of the above algorithms through an image recovery
task. To adapt the image to our experiments, we performed scaling and rank truncation on the original
image, constructing three matrix recovery problems of different scales. Specifically, we considered
three scenarios: matrix sizes m = n = 2500 with rank » = 50, matrix size m = n = 5000 with
rank » = 70, and matrix size m = n = 7500 with rank » = 100. In each experiment, we randomly
sampled 20% of the data for image recovery.

Figure 4 presents the visual recovery results of all five algorithms alongside the degraded image in
one trial of random sampling with m = n = 5000 and r = 70. All methods successfully recovered the
original image from severely incomplete data (80% missing entries), demonstrating their effectiveness
for practical image recovery tasks. The visual recovery results are similar in the other two settings, so
we do not display them.

Tables 4-6 show average results of 5 trials of random sampling in each case. These results
demonstrate the superiority of the proposed method. Compared to RCG and RGD, RRGN achieved
significantly faster convergence, which can be attributed to the advantage of utilizing second-order
information when facing high-precision stopping criteria. When compared to the other second-order
algorithms, RRN and ARNT, RRGN shows better performance in terms of computational efficiency.
This improvement may stem from the reduced computational cost of the Gauss—Newton
approximation of Hessian. Moreover, the positive semidefiniteness of the approximate Hessian makes
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it easier to choose the regularization parameter. The gradient norm convergence curves in Figure 5
further verify these observations.

1
1
| 08

06
2500

04
3500
El 02
4500

0

1000 200 00

0 3000 4000 5000 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

(a) Degraded image (b) RRGN (¢) RRN

(d) RCG (e) RGD (f) ARNT

Figure 4. Visual comparison of recovery results by different algorithms for m = n = 5000
and r = 70.

Table 4. Numerical comparison for matrix size m = n = 2500 and rank r = 50.

Algorithm Time(s) NormGrad Recovery Iteration

RRGN 10.1 6.57e-12 1.57e-10 21.4(140.4)
RRN 13.6 4.43e-12 1.54e-10  29.2(131.6)
RCG 13.0 8.72e-12 2.12e-10 107.8
RGD 53.9 9.63e-12 7.67e-10 571.8
ARNT 12.4 7.55e-12 2.62e-10  3.0(18.6)

Table 5. Numerical comparison for matrix size m = n = 5000 and rank r = 70.

Algorithm Time(s) NormGrad Recovery Iteration

RRGN 43.8 1.98e-12 4.72e-11 22.4(107.4)
RRN 49.4 4.36e-12 1.03e-10  28.0(97.2)
RCG 45.1 8.41e-12 1.38e-10 77.2
RGD 146.1 9.35e-12 4.26e-10 304.4
ARNT 45.5 7.93e-12 2.10e-10  2.8(13.6)
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Table 6. Numerical comparison for matrix size m = n = 7500 and rank r = 100.

Algorithm Time(s) NormGrad Recovery Iteration

RRGN 99.1 5.00e-12 7.05e-11 22.6(107.8)
RRN 135.2 7.58e-12 9.32e-11 29.8(114.6)
RCG 115.6 7.48e-12 1.45e-10 81.4
RGD 358.3 9.40e-12 4.89¢-10 322.6
ARNT 1159 6.82e-12 1.39e-10 2.6(11.0)
100 Matrix size m=n=2500 and rank r=50 1007k Matrix size m=n=5000 and rank r=70 1007w Matrix size m=n=7500 and rank r=100
——RRGN ‘r ——RRGN | —RRGN
_ 102} - - RRN 102k - - RRN 102k - - RRN
£ A RCG € 1 B RCG B s RCG
% 10 ' - RGD S ot - RGD S 1o ' - RGD
Falh
% oo SRy St ™ %ot
~ 10 I| 2 10710 ! = 1010 !
1072 12 12
LB S 10 50 100 150 200 250 300 350 400 450 10 50 100 150 200 250 300 350 400 450
Iteration Iteration Iteration
(a) matrix size 2500 x 2500 (b) matrix size 5000 x 5000 (¢) matrix size 7500 x 7500.

Figure 5. Gradient norm convergence.

6. Conclusions

We proposed and analyzed a Riemannian regularized Gauss—Newton method for low-rank matrix
completion. Inspired by Gauss—Newton methods, the true Riemannian Hessian in Newton’s method
was replaced with a simple symmetric positive semidefinite operator. Adding a regularization term,
we solved the corresponding Riemannian Gauss—Newton equation by the linear CG method. The
approximate Riemannian Hessian has several advantages. First, it has lower computational cost than
the true Riemannian Hessian. Second, it approximates the true Riemannian Hessian when the
observed entries of the variable matrix are close to those of the data matrix. Third, the positive
semidefiniteness of the approximate Riemannian Hessian makes it easy to choose an appropriate
regularization parameter. We have also established global and local convergence of our method under

mild assumptions. Numerical results on synthetic and image recovery problems demonstrate the
efficiency of our method.
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Proof of Proposition 2.1

Proof. From (5)—(7), we have

HessF(X)[€] = PromDgrad F(X)[€] = Prym DProm,Pa(X — A)[E]. (A.1)
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The defining formula (4) of P, s, reads
PTXM[(Z) = PUZPV + PJI}ZPV + PUZP¢ (AZ)

In what follows, we denote the directional derivative of a variable along & by a dot notation for
convenience, e.g., DU[¢] = U.
Using (A.2), we have

DPrymPa(X — A)€] = PyPo(X — APy + PyPo(E)Py + PyPo(X — APy
— PyPo(X — A)Py + P Po(E)Py + PLPo(X — APy
+ PyPa(X — APy + PyPa(§)Py — PyPa(X — A)Py
= PyPa(©)Py + PiPa(é)Py + PyPa(é)Py
+ P5Po(X — A)Py + PyPo(X — APy,
= PyPa(©)Py + PiPa(é)Py + PyPa(é)Py
+ PPo(X - A)VVT + VVT) + (UUT + UUT)Po(X — A)Py.

Combining this with (A.1), U, = Uz, and V, = VX, we have

HessF(X)[€] = PrymDPromPa(X — A)I€]
= PyPa(©)Py + PyPa(é)Py + PyPo(é)Py
+ PiPo(X — A)VVT + VVTPy + Py(UUT + UUT)Po(X — APy,
= PyPa(©)Py + PiPa(é)Py + PyPo(é)Py
+ PiPo(X —A)VVT + UU Po(X — A)Py;
= PyPa(&)Py + PyPa(é)Py + PyPo(é)Py
+ PyPo(X — AV, VT + US'U, Pa(X - APy,

which is the desired formula. O

B. Proof of Lemma 4.7

Proof. Define G(t) := Pg‘_fgradF (y(®) € Tx M, for t € R. It follows that G(0) = gradF(X;) and

G = Pg‘_tk gradF (X;,1). Then, we have from the fundamental theorem of calculus in vector spaces
that

Ik
P)""*gradF (Xg,1) — gradF(X) = G(1) — G(0) = f G'(r)dt.
0
The proof is completed by finding the derivative of G(¢) with respect to ¢. In fact,

G'1) = li_r)r(% G(t+e)—-G@)

Pg‘_”ggradF()/(t + 8)) — Pg&’gradF(y(l))

= lim
-0 E

. P)(Py*egradF (y(1 + &) — P)~'grad F (y(1)))
-0 &
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_ pOet
= P)/

d
_ pOet
= Py

lim

P gradF(y(1 + €)) — gradF (y(1))

&—0

de

e=0

&

P gradF(y(t + &)

= PPV grad F(y(1))
= P)"'HessF(y )y ()],

where the 6th equality uses Theorem 4.34 in [20] and the final equality uses (7). O
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