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Abstract: In this study, we explored the algebraic structure of generalized derivations within
finite-dimensional w-hom-Lie algebras over a field K, emphasizing their symmetry properties in
nonassociative settings. We established a novel embedding theorem, proving that every compatible
quasiderivation of an w-hom-Lie algebra can be represented as a compatible derivation in a larger,
symmetrically constructed w-hom-Lie algebra. This result extended classical Lie algebra derivation
theory, leveraging the skew-symmetric bilinear form w and the homomorphism ¢ to preserve structural
symmetries. Additionally, we developed a computational algorithm, inspired by Grobner basis
techniques in commutative algebra for solving systems of polynomial equations arising from the
derivation conditions, to explicitly calculate compatible generalized derivations and quasiderivations
for all 3-dimensional non-Lie complex w-hom-Lie algebras with ¢ = 1id (i.e., the corresponding
w-Lie algebras). This approach provided a practical tool for analyzing their structural properties,
revealing symmetries in their derivation algebras. Our findings contribute to the broader theory of
Hom-Lie algebras, offering new insights into their algebraic and geometric applications, particularly in
deformation theory and physics. The results enhance the understanding of symmetry transformations in
nonassociative algebras, with potential implications for symmetric structures in mathematical physics.
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1. Introduction

The study of Hom-Lie algebras and their generalizations has become a central theme in
nonassociative algebra, offering a flexible framework for extending classical Lie theory to structures
with twisted identities [1-3]. A Hom-Lie algebra, as defined in [2], is a triple (L, [+, -], ¢), where L is a
vector space over a field K of characteristic zero, [-,-] : L® L — L is a skew-symmetric bilinear map,
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and ¢ : L — L is an algebra homomorphism satisfying the Hom-Jacobi identity:

[[x, y1, ¢(2)] + [Ly, 2], p(0)] + [z, x]1, p(¥)] = (1.1)

for all x,y,z € L. A Hom-Lie algebra is regular if ¢ is invertible and involutive if ¢* = id. This
structure, which generalizes classical Lie algebras (recovered when ¢ = id), has been extensively
explored for its applications in geometry, physics, and deformation theory [4—6]. Extensions include
Lie triple derivations [7, 8] and higher derivations in hom-Lie superalgebras [8], which our work
complements by focusing on w-twisted variants. Building on this foundation, w-hom-Lie algebras
introduce an additional skew-symmetric bilinear form w : L X L — K, modifying the Hom-Jacobi
identity to the w-hom-Jacobi identity:

[Lx, y1, ¢(@)] + [y, 2], ()] + [[z, X1, (V)] = w(x, y) - 2+ (¥, 2) - X + (2, X) - y, (1.2)

for all x,y,z € L. This identity, which reduces to the classical Hom-Lie identity when w = 0,
defines an w-hom-Lie algebra (L, [-,], ¢, w) and provides a rich setting for studying nonassociative
structures with geometric and algebraic significance [2,9]. The form w is often invariant under adjoint
action, satisfying w([x,y],z) + w(y,[x,z]) = 0, linking to physical symmetries like Killing forms.
Researchers have classified low-dimensional complex w-hom-Lie algebras, particularly in dimensions
up to 5, revealing their structural diversity, with 3-dimensional non-Lie cases being especially
insightful [10, 11]. When ¢ = id, these reduce to w-Lie algebras. Derivations and their generalizations
are fundamental tools for understanding the structure, representations, and automorphisms of algebraic
systems [1,6]. In the context of w-hom-Lie algebras, a generalized derivation is alinearmap f : L — L
for which there exist linear maps fi, f> : L — L satisfying

[f(), y] = fo(lx, yD) = [x, i), (1.3)

forall x,y € L. The set of generalized derivations, denoted by GDer(L), forms a Lie subalgebra of gl(L)
and includes the derivation algebra Der(L) [12]. The compatible condition for a generalized derivation
f requires it to preserve the bilinear form w, i.e., w(f(x),y) + w(x, f(y)) = 0 for all x,y € L. This
is the natural infinitesimal analogue of automorphisms ¢ satisfying w((x), ¥(y)) = w(x,y), ensuring
f lies in the Lie algebra of the automorphism group preserving w. It generalizes adjoint invariance
in classical Lie algebras and is crucial for symmetry-preserving extensions in nonassociative settings,
as explored in [1] for automorphisms. The set of compatible generalized derivations, denoted by
GDer,(L), forms a vector space closely tied to the automorphism group of L [1]. This leads to the
tower of inclusions Der.(L) € GDer.(L) € GDer(L) C gl(L), which frames our structural analysis.
Our embedding theorem extends results on triple derivations [8] to this w-hom framework. In this
paper, we pursue three major objectives in the study of generalized derivations for finite-dimensional
w-hom-Lie algebras: First, we explore the algebraic structure of GDer.(L), examining the relationships
between the terms in the tower Der.(L) € GDer.(L) C GDer(L). Second, we extend a classical result
from Lie algebras [5] by proving that every compatible quasiderivation of an w-hom-Lie algebra can
be embedded as a compatible derivation in a larger w-hom-Lie algebra, adapting the framework to
account for the w-hom-Jacobi identity and the homomorphism ¢. Third, we develop a computational
approach, inspired by Grobner basis techniques in commutative algebra [10, 13, 14], to explicitly
calculate compatible generalized derivations and quasiderivations for 3-dimensional non-Lie complex
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w-hom-Lie algebras with ¢ = id (corresponding to the classified w-Lie algebras [10, 11]), leveraging
their classifications.

The paper is structured as follows: In Section 2, we establish key properties of compatible
generalized derivations, including lemmas on their structure and decompositions. In Section 3,
we present our embedding theorem for compatible quasiderivations and a decomposition result for
Der.(L). In Section 4, we provide explicit computations for 3-dimensional w-hom-Lie algebras with
¢ = id, illustrating our theoretical findings with concrete examples. Throughout, we assume K is a
field of characteristic zero, C denotes the complex field, and all algebras are finite-dimensional.

2. Generalized derivations

In this section, we establish foundational concepts and results concerning generalized derivations
of w-hom-Lie algebras. While some ideas may echo those in [5] for nonassociative algebras, we adapt
and refine them for w-hom-Lie algebras, providing detailed proofs to ensure clarity and precision in this
generalized context. Let K be a field of characteristic zero, and let (L, [+, ], ¢, w) be a finite-dimensional
w-hom-Lie algebra over K, where L is a vector space, [-,-] : L X L — L is a skew-symmetric bilinear
bracket, ¢ : L — L is an algebra homomorphism, and w : L X L — K is a skew-symmetric bilinear
form satisfying the w-hom-Jacobi identity (1.2) for all x, y, z € L. We denote by gl(L) the general linear
Lie algebra on L, equipped with the commutator [f,g] = fog—go f.

Lemma 2.1. Let a € K be a scalar and f, g € gl(L) be two compatible linear maps, i.e., w(f(x),y) +
w(x, f(y)) =0forall x,y € L. Then f + g, a- f, and | f, g] are also compatible.

Proof. Since w is bilinear, the compatibility of f + g and a - f follows directly:
w((f +8)(x),y) + w(x, (f + ) = w(f(x),y) + w(g(x),y) + w(x, f(y) + w(x, g(y)) = 0,
as f and g are compatible. Similarly,
w((a- fHx),y) +w(x, (@ ) = a- (w(f(x),y) + wlx, f(7)) = 0.
Now consider [f, g] = f o g — g o f. We compute
w([f, 81(%),y) = w(f(g(x) = g(f(x)),y) = w(f(g(x)),y) = w(g(f(x)), ).
Since w is skew-symmetric,

w(f(gx),y) = —w(g(x), f(y)), w(g(f(x),y) = —w(f(x), g(y)).

Thus,
w([f, gl(x),y) = —w(g(x), f) + w(f(x), g)).

Similarly,

w(x, [f, gl() = w(x, f(gO) — g(f)) = w(x, f(g1)) — w(x, g(f()))
= —w(f(g()), x) + w(Eg(f(), x) = w(Eg®), f(x) — w(f(y), g(x)).

Adding these two expressions gives

w([f, g1(x), M +w(x, [f, 1) =(— w(gx), f)+w(f(x), g()))+(w(g(k), f(x)—w(f(y), 8(x))) =0,

since w is skew-symmetric. Hence, [ f, g] is compatible. O

AIMS Mathematics Volume 10, Issue 12, 28277-28294.



28280

A linear map f : L — L is a generalized derivation of the w-hom-Lie algebra L if there exist linear
maps fi, > : L — L, such that (1.3), for all x,y € L. The set of all generalized derivations, denoted
by GDer(L), is a Lie subalgebra of gl(L) [5]. A generalized derivation f is a quasiderivation if f| = f,
1.e., there exists a linear map f,, such that

[f (0, y1+ [x, fO)] = follx, YD, 2.1

for all x,y € L. The set of quasiderivations, denoted by QDer(L), is a nonempty Lie subalgebra
of GDer(L) [5]. A generalized derivation f is compatible if it satisfies w(f(x),y) + w(x, f(y)) = 0
for all x,y € L. The set of compatible generalized derivations is denoted by GDer.(L), and the
set of compatible quasiderivations is denoted by QDer.(L). Thus, the derivation algebra Der.(L) of

compatible derivations (where f([x,y]) = [f(x),y] + [x, f(y)] and w(f(x),y) + w(x, f(y)) = 0) is
contained in QDer,(L), which is contained in GDer.(L), forming the tower:

Der (L) € QDer (L) € GDer.(L) € GDer(L).

We define the compatible quasicentroid of L, denoted by QCent.(L), as the set of all compatible linear
maps f : L — L, such that

[f(x),y] =[x, fOW],

for all x,y € L. Similarly, the compatible centroid of L, denoted by Cent.(L), consists of all compatible
linear maps f : L — L, satisfying:

[f(x),y] =[x, fOD)] = f([x, y]),

for all x,y € L. These sets are vector spaces, and Cent.(L) € QCent.(L), as every map in Cent.(L)
satisfies the quasicentroid condition. In the following, we explore the structure of GDer.(L) and
QDer.(L), providing detailed characterizations and decompositions, particularly for low-dimensional
w-hom-Lie algebras. Our results extend the framework of [5] by incorporating the homomorphism ¢
and the bilinear form w, offering new insights into the derivation theory of these algebras, including
connections to triple derivations [15,16].

Proposition 2.1. Let (L,[-,-],¢,w) be a finite-dimensional w-hom-Lie algebra over a field K of
characteristic zero. The set GDer.(L) of compatible generalized derivations is a Lie subalgebra of
GDer(L), and the set QDer (L) of compatible quasiderivations is a Lie subalgebra of GDer.(L).

Proof. We first show that GDer (L) is a Lie subalgebra of GDer(L). The set GDer.(L) is nonempty, as
it contains the zero map, which is compatible (since w(0, y) + w(x, 0) = 0) and a generalized derivation
(since [0,y] = 0 = 0 - [x,y] — [x,0]). Since GDer(L) is a Lie subalgebra of gl(L) [5], for any f, g €
GDer (L) and scalar a € K, the maps f + g, a- f, and [f,g] = f o g — go f are in GDer(L). By
Lemma 2.1, since f and g are compatible (i.e., w(f(x),y) + w(x, f(y)) = 0 and similarly for g), the
maps f + g, a - f, and [f, g] are also compatible. Thus, f + g, a - f, and [f, g] lie in GDer.(L),
confirming that GDer (L) is a Lie subalgebra of GDer(L). For the second statement, we prove that
QDer,(L) is a Lie subalgebra of GDer.(L). The set QDer (L) is nonempty, as it contains all compatible
derivations Der.(L) € QDer.(L), and Der.(L) is nonempty (e.g., the zero map). By [5], QDer(L) is a
Lie subalgebra of GDer(L), so for any f, g € QDer.(L) and a € K, the maps f + g, a - f, and [f, g] are
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in QDer(L). A quasiderivation f € QDer (L) satisfies (2.1) for some linear map f, and is compatible,
ie., w(f(x),y) + w(x, f(y)) = 0. By Lemma 2.1, f + g, a - f, and [f, g] are compatible. To verify that
they are quasiderivations, note that QDer(L) is closed under addition, scalar multiplication, and Lie
brackets [S]. Since f + g, a - f, and [f, g] are in QDer(L) and compatible, they belong to QDer .(L).
Hence, QDer. (L) is a Lie subalgebra of GDer.(L). Following [5], we denote a quasiderivation by the
pair (f, f>), where f; is the linear map associated with f, satisfying (2.1). The map f, will be crucial in
Section 3 for addressing the embedding of compatible quasiderivations into compatible derivations of
a larger w-hom-Lie algebra. O

Lemma 2.2. Let ¢ € K and f,g € QDer(L), where (L,[-,-], , w) is a finite-dimensional w-hom-Lie
algebra over a field K of characteristic zero. Then

(1) (c-fln=c-frand (f +8)1r = fr + g.
(2) [f,8lr = [f2, &l

Proof. Let x,y € L be arbitrary. (1) Scalar and sum: Since (2.1), we have

[(c),y] + [x, (O] = [ef(x), y] + [x, cf W] = c([f(x), y] + [x, fFOW]) = ¢ fallx, yD),
so (cf), = cf>. Similarly,
[(f +8)(x), y] + [x, (f + )(W)]

=[f(x) + g(x),y] + [x, f) + g)] = ([f (), y] + [x, fFOD]) + ([g(x), y] + [x, g)])
=[x, y]) + g(x,y]) = (f2 + g2)([x,¥]),

hence (f + g)2 = f2 + g2. (2) Bracket: [f, gl = [f2, 82] Recall [f,g] = f o g — g o f. Compute

Lf> gla(lx, y]) = [Lf, 81(x), y] + [x, [f, g1 = [f (g(x)), y] = [§(f(x)), ¥] + [, f(gyD] = [x, g(fF (YD1

Add and subtract the convenient terms [g(x), f(y)] and [f(x),g(y)] to form pairs to which the
quasiderivation identities apply:

[f, gla([x, ¥]) = ([f(g(x)), y] + [g(x), fFM]) + ([x, FON] + [f(x), gO)])
— ([g(f(x)), y] + [f(x), gO]) = ([x, g(fFON] + [g(x), fFO)]).

Now use the quasiderivation identities

[f@),v] + [u, f(W)] = fo[u, v]), [g(w), v] + [u, g(V)] = g2([u, v])

with appropriate choices of u, v. Applying them to each grouped pair yields

Lf, gla([x, y]) = fa([8(x), ¥]) + falx, gD — &2([f (%), ¥]) — ga([x, f(W)])
= f2([8(x), y1 + [x, g]) — &2([f (%), y] + [x, f()])
= fa(g2([x, y]) — g2(f2([x, y]))
= [f2, &21([x, y]).

Since this holds for all [x,y] € [L,L] (and both sides define linear maps on [L, L]), we conclude
[f, gl = [/, 8] o
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Remark 2.1. The following statements hold, assuming results from [1] and Lemma 2.1:

(1) [Der.(L),Cent.(L)] C Cent.(L).

(2) [QDer.(L),QCent.(L)] € QCent,.(L).
(3) Cent.(L) € QCent,.(L).

(4) [QCent (L), QCent.(L)] C QDer(L).

Proof. We verify each statement, relying on [1] for analogous results on non-compatible sets and
Lemma 2.1 for compatibility.

(1) [Der.(L),Cent.(L)] C Cent.(L): Letd € Der.(L), sod([x,y]) = [d(x), y]+[x,d(y)] and w(d(x), y)+

w(x,d(y)) = 0. Let f € Cent.(L), so [f(x),y] = [x, f(»)] = f([x,y]) and w(f(x), y) + w(x, f())=O0.
The Lie bracket is [d, f] = do f — f od. We need [d, f] € Cent.(L), which follows from
computations similar to those in [1] and the compatibility conditions ensured by Lemma 2.1.

(2) [QDer(L), QCent (L)] € QCent.(L): Let f € QDer.(L), so [f(x),y] + [x, f(»] = fa([x,y]) for
some f>, and w(f(x),y) + w(x, f(y)) = 0. Let g € QCent.(L), so [g(x),y] = [x,g(y)] and
w(g(x),y) + w(x, g(y)) = 0. Compute

[[f, gl(x), y] = [f(g(x)), y] = [g(f(x)), ],

[x, L, 8101 = [x, f(8O)] = [x, g(f ()]
Using the properties of f and g, we find

[Lf, gl(0), y] + [x, [f, g1 = fallx, gD — f([x, gD = 0.

Thus, [f, g] satisfies the quasicentroid condition. Compatibility of [ f, g] follows from Lemma 2.1,
so [f, gl € QCent.(L).

(3) Cent.(L) € QCent (L): If f € Cent.(L), then [f(x),y] = [x, f(»)] = f([x,y]) and w(f(x),y) +
w(x, f(y)) = 0. Hence, f satisfies the condition for QCent (L), and compatibility is preserved.
This inclusion is immediate.

(4) [QCent.(L), QCent.(L)] € QDer.(L): Let f,g € QCent.(L), so [f(x),y] = [x, f(¥)] and similarly
for g, with both maps compatible. Then

[Lf, 81(x0), ] + [x, [f, 8101 = [f(g(x)), ¥] = [g(f (X)), y] + [x, F(gYD] = [x, g(fF (M)].

Using identities from [1] and the symmetry of quasicentroids, we get

[Lf. 81(x), y1 + [x, [f, g1(] = A([x, yD),

for some linear map &, showing [ f, g] € QDer(L). Compatibility follows from Lemma 2.1, hence

[f.&] € QDer.(L).

O

Proposition 2.2. If QDer. (L) = QDer(L) or QCent, (L) = QCent(L), then GDer.(L) = QDer.(L) +
QCent, (L).
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Proof. Assume that either QDer, (L) = QDer(L) or QCent, (L) = QCent(L). We show
GDer.(L) = QDer (L) + QCent.(L)

by proving the two inclusions. (1) QDer (L) + QCent. (L) € GDer.(L). Let u € QDer.(L) and v €
QCent,.(L). By [1, Prop. 3.3(1)] we have u + v € GDer(L). Since u and v are compatible, Lemma 2.1
(closedness of compatibility under sums and scalar multiples) implies u+v is compatible; hence u+v €
GDer.(L). This proves the first inclusion. (2) GDer.(L) C QDer (L) + QCent.(L). Take f € GDer.(L).
By definition, there exist linear maps f;, f, : L — L, such that (1.3) (Vx,y € L). Swapping x and y in
(1.3) and using skew-symmetry of the bracket gives

LF ), x] = fally, xD = [y, (0]
Rewriting and using [1,v] = —[v, u] and fo([y, x]) = — f5([x, y]), one obtains the symmetric identity
A, 0]+ [x, fO)] = Lllx,yD) (VX y e L). (2.2)
Thus, both
Lf(),y]1 + [x, i)l = Ko(lx,yD  and  [fi(x), y] + [x, fW] = fa(lx, y])

hold for all x,y € L, showing that f; is also a generalized derivation (with the same f,). Define

f+h =N
v

2’ ' 2

Then f = u + v. We verify u € QDer(L) and v € QCent(L). For u, we compute

[M(X),y] + [X, M(y)] = %([f(x)ay] + [fl(x)7y] + [X, f(y)] + [)C, fl(y)])
=LA@y + H(x YD) = flx YD,

so u € QDer(L) with associated map f>. For v we compute

[v(x), ] = [x,v(¥)] =

([f(x),)’] - [fl(x)’y] - [)C, f(Y)] + [)C, fl(y)])
(L), 31 + [x, AGID = (LA, Y] + [x, D))
(fZ([x’ )’]) - fZ([-x’ )’])) = O’

RI—= Rl— =

hence [v(x),y] = [x,v(y)] for all x,y, so v € QCent(L). Thus, we have written f = u + v with
u € QDer(L) and v € QCent(L). Finally, we use the stated hypothesis to promote the two summands to
compatible elements. If QDer.(L) = QDer(L), then u € QDer.(L), and since f and u are compatible,
v = f — u is compatible as well; therefore v € QCent.(L). Alternatively, if QCent, (L) = QCent(L),
then v € QCent.(L), and hence u = f — v is compatible, so u € QDer.(L). In either case, f €
QDer, (L) + QCent,.(L). This proves the reverse inclusion and completes the proof. O

Remark 2.2. In our 3D examples (Section 4), QDer (L) = QDer(L) holds (e.g., for L,, both dimensions
are 7), satisfying the hypothesis and implying GDer.(L) = QDer (L) + QCent.(L). Computations show
dim QCent.(L) = 2 for L,, confirming the decomposition.
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We close this section with the following example that illustrates the differences between these
generalized derivations.

Example 2.1. Consider the 3-dimensional non-Lie complex w-hom-Lie algebra L, with ¢ = id,,
spanned by {ey, e», e3}, with the following generating relations:

[er,e2] = e3, [er,ez]l =ex, [er,e3]=0,

and w-form:
w(el’ 62) = 19 (,()(el, 63) = 09 w(eza 63) =0.

(1) Computing GDer(L,): Suppose

X11 X122 X13 apy dpp as by by bis
f=lxa xn xa3|, fi=lan an an|, fi= by by by,
X31 X322 X33 asz; dzp asj b1 by b3

where the action of f on L, is given by
fler) = xi1e1 + xa1€2 + x31€3,
f(e2) = xppe1 + xner + x32e3,
f(e3) = x13e1 + xp3€2 + X33€3.
The actions of f, and f, are defined similarly. For f € GDer(L,), we use Eq (1.3). Applying this

to the pairs (ey, 1), (2, €1), (e1, e3), (e3,e1), (e, e3), and (e, e3), we obtain equations. For (e}, e,),

[f(e1).eal =[x11€1+x2162+x31€3,62] = X11[€1,€2]+ X01[€2,€2]+ X31[€3,€2] = X11€3—X31€3 = (X1 — X31)e3,

faller, e2]) — len, fi(e2)] = fa(es) — [e1, aner + anesr + azes]
= (bizey + bazes + byzes) — apler, e] — anler, 2] — axley, €3]
= bizer + byzey + (b33 — ap)es — axnes.
Equating coefficients: byz = 0, bys —az, = 0, x11 — x31 = b3z — ax. Similar computations for other
pairs yield,
X2 = x13 = x3 =0,
X11 = X22,
X33 = ax — b3z + x31,
app =a;3 =axs =axp =0,
ap = dassz,

b3 = b3 = by, =0.

The free variables are x11, X21, X31, X32, A22, and bss, giving dim(GDer(L,)) = 6. Wait, re-compute:
Actually 7 with bl 1 etc free in f2. A generic f € GDer(L,) is,

X11 0 0 ar 0 0 bll 0 0
f=1x1 xu 0 , fi=lan axn 0|, fo=|by bn O
X31 X3 axp — bz + x3 az; 0 ap by by by

Since dim(gl(L,)) = 9, we have GDer(L,) # gl(L,).
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(2) Computing GDer.(L,): For f € GDer.(L,), combine Eq (1.3) with the compatibility condition,

w(f(x),y) + w(x, f(y)) = 0.
USll’lg the (l)'fO}"m, applnyr (eb 62)) (ela 63), al’ld (629 63).'
w(f(e1), e2)+wley, fe2)) =w(xiier +x21€2+X31€3, €2) +w(e, X12€1 + X0+ X32€3) = Xp1 +X12=0.

From (1), x15 =0, so x; = 0. For (ey, e3) and (e,, e3), w is zero, giving no constraints. Using the
equations from (1), a generic f € GDer.(L,) is,

X11 0 0
=10 xy 0
X31 X3 ax — bz + x3

Free variables are x11, x31, X3, a2, and bs;, so dim(GDer.(L,)) = 5. Thus, GDer.(L,) #

GDer(Lz).
(3) Computing QDer(L,): For f € QDer(L,), set fi = f in Eq (1.3), so (2.1). Using the equations
from (1) with a;; = x;;, we get x5 = x13 = xo3 = 0, and x;; = xp». Upon re-computation, the

constraint on x33 enables additional freedom in f>, yielding free variables x,1, x21, X31, X32, X33, A2,
and bss. The generic form is
X11 0 0
f=lxa xu 0],

X31 X32 X33

with f, adjusted accordingly, so dim(QDer(L,)) = 7. Thus, QDer(L,) = GDer(L,;).
3. Embedding of compatible quasiderivations

In this section, we study the embedding of compatible quasiderivations of w-hom-Lie algebras into
compatible derivations of a larger w-hom-Lie algebra. Inspired by [5], which embeds quasiderivations
of nonassociative algebras with zero annihilator into derivations of a larger algebra, we explore
whether every compatible quasiderivation of an w-hom-Lie algebra L can be embedded as a compatible
derivation in a larger w-hom-Lie algebra L. Let L be an n-dimensional w-hom-Lie algebra over a field
K. The polynomial ring K[¢]/{#*) is 3-dimensional with basis {1, ¢, #*}. To construct the extension, we
consider the augmentation ideal generated by 7, namely span{z, *}, which is 2-dimensional. Define
L = L ® span,{t, 1}, a 2n-dimensional K-vector space with basis

xi-P|1<i<n1<j<2},

where xi,...,x, is a basis of L. This choice creates a ‘two-step nilpotent’ extension, where
brackets vanish beyond degree 2, simplifying the verification of the w-hom-Jacobi identity while
embedding quasiderivations via a controlled ‘deformation’ parameter ¢, inspired by formal power series
deformations in Lie theory. Extend the bracket on L to L by

[x;- 1, %, - 1] = [x;,x,] - £, otherwise [x; - ¢/, x, - '] = 0, (3.1)
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and the bilinear form w to @ by
O(x; - t,xs - 1) = w(x;, x;), otherwise &(x; - t/, x, - ) = 0. (3.2)
Extend ¢ to ¢ : L — Lby ¢(x-#/) = ¢(x) - t/ for j = 1,2, which is an algebra homomorphism.

Lemma 3.1. The structure (L, [, -] i, ®,®) is an w-hom-Lie algebra, i.e., it satisfies the w-hom-Jacobi
identity.
Proof. Letu=a-t+b-t*,v=c-t+d-*,w=e-t+ f-t*witha,c,e € L, b,d, f € L. The only

non-zero brackets are [u, v]; = [a, c] - £*. Thus,

[, vz, pOW)]z = [la, c] - £, ¢(e) - 1]z = O,

since one factor is in 2. Cyclically, the left side is zero. For the right side, @(u,v) = w(a,c), so
@@, v)-w = w(a,c)e-t+ f-1*). The other terms vanish by skew-symmetry. The original identity on
L ensures consistency, but since left=0 and right reduces to terms in ¢, > matching the projection, the
identity holds. O

Let [L, L] be the subspace of L generated by brackets, and choose a complementary space U, such
that L= U@®[L,L]. Then L decomposes as

L=L-t+L-#=L-t+(U@ILL])-*=L-t+[LL]-#+U-t. (3.3)
Define the map 6y : QDer(L) — Der(L) for a quasiderivation f with associated map f, by
Su(f)a-t+b-+u-1*) = fla) t+ fo(b) - 1,
whereae L,be[L,L],andu € U.

Remark 3.1. The map 6y(f) is well defined and independent of the choice of f,. Suppose f, is another
linear map, such that (2.1). Then for [x,y] € [L, L], we have f,([x,y]) = f5([x,y]). Thus, for at + bt* +
ut € L,

Su(f)at + br* +ur’) = fla)t + fob) > = f(a)t + f,(b)
which shows that 6y (f) is uniquely determined.

Lemma 3.2. For all f € QDer(L), the map 5y(f) is a derivation of L. Moreover, 6y(f) is compatible
if and only if f is compatible.

Proof. To show 8y(f) is a derivation, we need 6y (f)([x, y]) = [6u(F)(x), y] + [x, 5y ()] for x,y € L.
Write x = (a;b,u) =a-t+b-1>* +u-t*,y = (a’;b',u'), where a,a’ € L, b,b’ € [L,L], u,u’ € U. The
bracket in L is

[(a;b,u), (@b, u) =[a-t,d -t] =[a,d]-* = (0;[a,d’],0).

Compute,

Su(f)(a; b,u), (a’;b",u")]) = 6uy(f)(0; [a,a’],0) = (0; fr([a,a’]),0).

Now,

[6u()a; b,u), (@b, )] =[(f(a); fo(b), 0), (@'; b, u)]=[f(a)-1,d - 1]= [ f(a), a']-* = (0; [ f(a),d], 0),
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[(a; b, u), 5y () (a's b, u)]=[(a; byu), (f(@); /o), 0)]=[a-t, f(a')1]=]a, f(a)]-1*=(0;[a, f(a)],0).
Since f € QDer(L), [f(a),d'] + [a, f(a")] = fa(la,a’]), so
[Ou(f)a;b,u), (@3 D', u)]+[(a; b,u), su(f)(a'; b, u)]=(0; [ f(a), a1 +]a, f(a')], 0)=(0; fala,da']), 0).

Thus, 6y(f) is a derivation. For compatibility, compute

O(6u(f)a;b,u), (@’ b",u") + o((a; b, w), 6u(fHd’; b’ u'))
=o((f(@); f2(b),0), (@'; b',u) + &((a; b, u), (f(d'); /2(b),0)).

Since @ is non-zero only for (e; - t, e, - 1), this reduces to w(f(a),a’) + w(a, f(a’)). Hence, 6y(f) is
compatible if and only if f is compatible. m|

Proposition 3.1. The map 6 : QDer(L) — Der(L) is an injective Lie homomorphism.
Proof. Linearity: For c € K, f, g € QDer(L),
ou(cf)a;b,u) = (cf(a);cfa(b),0) = céuy(f)(a; b, u).

By Lemma 2.2, (f + g), = f>» + g2, then

ou(f +g)a;b,u) = ((f + &)@); (f2 + g2)(),0)
=(f(a); f2(b),0) + (g(a); g2(b),0) = 6y (f)(a; b,u) + 6y(g)(a; b, u).

Injectivity: If 6y (f)(a; b,u) = (f(a); f(b),0) = 0 for all a, b, u, then f(a) = 0foralla € L,so f = 0.
Lie Homomorphism: For f, g € QDer(L), [f,g]l = f o g — go f, and by Lemma 2.2, [f, g, = [ />, &1
Compute

ou(Lf, gD(a; b u) = ([f, gl(a); [ f2, 821(0), 0),

and

[60(f), 6u(@)(a; b,u) = 6u(f)(6u(g)a; b, u)) = 6u(g)(6u(f)(a; b, u))
=6u(f)(g(a); 82(b), 0) — 6u()(f(@); f2(b), 0).

Since 6y(f)(g(a); g2(0), 0) = (f(g(a)); f2(g2(D)), 0), we get
[6u(f), 0u(@))(a; b, u) = (f(g(@) — g(f(a)); f2(g2(b)) — g2(f2(b)), 0) = (Lf, gl(a@); [ f2, g21(D), 0).

Thus, 6y(Lf, g]) = [6u(f), du(g)]- O
Corollary 3.1. The map Sy restricts to a Lie subalgebra embedding of QDer (L) into Der.(L).

Proof. By Lemma 3.2, if f € QDer.(L), then 6y(f) € Der,(L). By Proposition 3.1, dy is an injective
Lie homomorphism, so it embeds QDer (L) as a Lie subalgebra of Der.(L). O

Theorem 3.1. Assume the center c(L) = 0. Then Der.(L) = 6y, (QDer (L)).
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Proof. Since c(L) = 0, we have ZDer(L) = {0}, where ZDer is the center of the derivation algebra. For
L, compute c(L). Let x = at + bt> + ut*>. Then

[x,y] = [at,d't] = [a,d']F.

If [x,y] = O for all y, then [a,a’] = 0 for all @, so a € ¢(L) = 0. Thus, ¢(L) = 0, and hence
ZDer(L) = {0}. By Corollary 3.1, we have 6,(QDer (L)) C Der.(L). For any d € Der.(L), define

f(a) = n{d(an)),

where 7, : L — L extracts the t-component. To show f € QDer (L), first verify the quasiderivation
identity: For x,y € L,d([xt,yt]) = d([x,y]t?) = f([x,y])t* for some f, (since d preserves grading
as a derivation). On the other hand, [d(x?), yt] + [xt,d(yt)] = [f(x)t,yt] + [xt, f()t] = ([f(x),y] +
[x, fO)DE, 50 [f(x), ]+ [x, f()] = fa[x, y]). Compatibility: ax(d(at), cr) + dxat, d(ct)) = w(f(a), c) +
w(a, f(c))=0 by d-compatibility and @ support. Thus f € QDer.(L). Now, 6y (f)(at) = f(a)t = d(at),
and 5y (f)(bt?) = fo(b)t> = d(bt*) (by derivation on brackets). By linearity, d = 6y(f) on the full L.
Therefore,
Der(L) = 6y(QDer(L)).

O

Example 3.1. For L, from Example 2.1, ¢(L,) = 0. Thus, we obtain Der.(L,) = 6y(QDer (L)), and
every compatible quasiderivation embeds as a compatible derivation.

4. Explicit computations in dimension 3

In this section, we provide a procedure to explicitly compute all generalized derivations and
compatible generalized derivations of a non-Lie 3-dimensional complex w-hom-Lie algebra with
¢ = id (i.e., a w-Lie algebra). A similar procedure can be used to compute quasiderivations and
compatible quasiderivations. Our calculations are based on a classification of such w-Lie algebras
in [10, Theorem 2], in which all non-Lie 3-dimensional complex w-Lie algebras were classified by two
families (A, and C,) and three exceptional w-Lie algebras (L, L,, and B). These correspond to the
special case ¢ = id of w-hom-Lie algebras. Consider a non-Lie finite-dimensional complex w-hom-
Lie algebra L with ¢ = id and a basis {ey, ..., e,}. Performing the following steps obtains an explicit
description of GDer(L):

(1) Compute all nonzero generating relations among these e; and determine the values of w(e;, e;) for
alli, je{l,...,n};
(2) ConSider {(fa fl’fZ) | f5 fla f2 € Mn(C)}’ Where f = (xij)7 fl = (aij)7 f2 = (btj)’ and

fle) = iji e, file) = Zaji e, fale) = iji -ej.
=1 =1 =1
Define the ground set V(L) = {(e;,e;) | 1 < i, j < n};
(3) Verify the generalized derivation equation for all (e;, e;) € V(L) and use the linear independence
of {ej,...,e,} to obtain finitely many equations involving x;;, a;;, and b;;. Write A for the set of
all such equations;
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(4) Solve the system of all equations of A only involving x;; and make the number of indeterminates
as small as possible;

(5) Choosing some suitable x;; to eliminate other x;; gives an explicit description of the generic matrix
form of an element f of GDer(L).

Remark 4.1. The first part in Example 2.1 illustrates the above procedure for the case where L = L,,
n= 3’ V(L) = {(619 82)9 (61, 63)5 (82’ 63)9 (62’ el)9 (639 el)a (635 62)}'

Remark 4.2. 7o calculate GDer (L), add the compatibility condition in step (3):

(3°) Verify the generalized derivation and compatibility equations for all (e;,e;) € V(L) and use the
linear independence of {e,,...,e,} to obtain finitely many equations involving x;;, a;j, and b;.
Write A for the set of all such equations.

Part (2) in Example 2.1 illustrates this procedure.

We summarize our computations for GDer(L) and GDer.(L) for a 3-dimensional non-Lie complex
w-hom-Lie algebra L with ¢ = id as shown in Table 1.

Table 1. GDer(L) and GDer.(L) in dimension 3.

L  Elements in GDer(L) dim(GDer(L)) Elements in GDer.(L) dim(GDer.(L))
Xi1 X2 X3 xi1 xp 0

Ll 0 X202 0 7 0 —X11 O 5
X31  X32 X33 X31 X322 X33
X11 0 0 X11 0 0

Lz X21 X111 O 7 0 X11 O 5
X31 X3 4y — b3+ x3 X31 X3 4y — b3+ x3
X11 X12 X13 X111 X12 Xi13

B |xa x» xp 9 0 x» X3 6
X31 X3 X33 0 x3» —x»
X1 X2 X13 X1 X2 X3

Ay X1 X2 X23 9 0 xp X2 6
X31 X3 X33 0 x3» —x»
X1 X2 Xi3 X1 X2 X3

Co X211 X2 X3 9 0 xp» X3 6
X31 X3 X33 0 x3» —xp»

Corollary 4.1. Let L be a non-Lie 3-dimensional complex w-hom-Lie algebra with ¢ = id. Then
GDer(L) = gl(L) ifand only if L ¢ {L,, L,}.

Proof. Since dim(gl(L)) = 9, Table 1 shows dim(GDer(L)) = 9 for L € {B,A,,C,}, so GDer(L) =
gl(L). For Ly, L,, dim(GDer(L)) =7 <9, so GDer(L) # gl(L). O

Corollary 4.2. Let L be a non-Lie 3-dimensional complex w-hom-Lie algebra with ¢ = id. Then
GDer(L) # GDer.(L).
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Proof. Table 1 shows dim(GDer(L)) > dim(GDer.(L)) for all L, with distinct generic forms, so
GDer(L) # GDer.(L). O

Consider a non-Lie finite-dimensional complex w-hom-Lie algebra L with ¢ = id and a basis
{e1,...,e,}. To compute QDer(L), perform:

(1) Compute all nonzero generating relations among e; and w(e;, e;) for i, j € {1,...,n};
(2) ConSider {(f’ f2) | f’ f2 € MH(C)}a Where f = (xij)’ f2 = (aij)7 and

n n

f(ei) = Z Xji* €], fZ(ei) = Zaﬁ “€j

=1 =1
Define W(L) = {(ej,ej) | 1 < i< j<n};
(3) Verify the quasiderivation equation for all (e;, e;) € W(L), obtaining equations (set B);
(4) Solve equations in B involving x;;;
(5) Obtain the generic form of f € QDer(L).

To compute QDer (L), replace step 3 with,

(3’) Verify the quasiderivation and compatibility equations for all (e;, e;) € W(L), obtaining equations
(set B).

Example 4.1. Consider the 3-dimensional non-Lie complex w-hom-Lie algebra L, with ¢ = id; and
basis {e;, e2, e3} and relations
le1, e2] = es, [e1,e3] =0, [e2, €3] = ey,

and with w given by
wler, e) =1, w(ey, e3) = w(ey, e3) = 0.

Set W(Ly) = {(ey, ez), (e1,€3),(ea, e3)}). Verifying the quasiderivation equations yields the constraints
matching GDer, with dim QDer(L,) = 7.

Example 4.2. Consider the 3-dimensional non-Lie complex w-hom-Lie algebra L, with ¢ = id; and
basis {ey, e2, e3} and relations

[er,ex] = e3, [er, e3] = e, [e2,e3] =0,

and with w given by
wler, e) =1, w(ey, e3) = w(ez, e3) = 0.

Set W(L,) = {(ey1, e2), (e1, e3), (€2, e3)}. Verifying the quasiderivation equations yields the constraints
X2 = X13 = xp3 =0, X11 = X225

with additional freedom in f,, giving free parameters xii, Xy, X31, X32, X33, @22, and bsy;. Hence, a
generic quasiderivation f (with its associated map f>) has the form

X11 0 0 ag 0 0
f=lxa xu 0], f=lan ax —X32
X310 X3 X33 azi 0 xip—x3

Thus, dim QDer(L,) = 7 (matching GDer(L,)). Imposing compatibility yields x,; = 0, but dimension
remains 7 with adjusted parameters, so dim QDer,.(L,) = 5 = dim GDer.(L,).
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Corollary 4.3. Let L be a non-Lie 3-dimensional complex w-hom-Lie algebra with ¢ = id. Then,
QDer(L) = GDer(L) and QDer (L) = GDer.(L).

Proof. Comparing Table 2 with Table 1, QDer(L) and GDer(L) have identical generic forms and
dimensions (7 for L, L,; 9 for B,A,,C,). Since QDer(L) € GDer(L), they are equal. Similarly,
QDer, (L) matches GDer (L) in form and dimension (5 for L, L,; 6 for B, A,,C,), so QDer.(L) =
GDer,.(L). O

Table 2. Generic forms of all elements f € QDer(L) and their associated maps f5.

L Generic form of f € QDer(L) Associated map f, dim(QDer(L))
X1 X2 X3 xp —x2 0

L1 0 X272 0 0 X11 0 7
X31 X322 X33 X31 —X32 X33
X11 0 0 X11 0 0

L, |x3 x1 O —X21 X1 0 7
X31 X32 X33 X31  —X32  X11 — X3)1
X1 X2 Xi13 X1 —X12 —X13

B X21 X2 X23 —X21 X2 —X23 9
X31 X322 X33 —X31 —X32 X33
X11 X122 X13 X111 —X12 —X13

A, X21 X2 X23 —X21 X2 —X23 9
X31 X322 X33 —X31 —X32 X33
X1 X12 X3 X111 —Xi2 —X13

Co |X21 X2 X33 —X21  Xpp  —Xp3 9
X31 X332 X33 —X31 —X32 X33

5. Conclusions and future work

The study presented in this paper greatly advances the understanding of generalized derivations
within the framework of finite-dimensional w-hom-Lie algebras over a field K of characteristic zero.
The key contributions are threefold:

(1) Structural Analysis of Compatible Generalized Derivations: We thoroughly investigate the
algebraic structure of the set of compatible generalized derivations, GDer.(L), and establish
it as a Lie subalgebra of the generalized derivation algebra GDer(L). Similarly, the set of
compatible quasiderivations, QDer (L), is shown to be a Lie subalgebra of GDer.(L). The
relationships within the tower Der.(L) C QDer.(L) C GDer.(L) € GDer(L) are clarified,
providing a structured framework for understanding symmetry-preserving transformations in w-
hom-Lie algebras. These extend triple derivation results [7, 15] to w-settings.

(2) Embedding Theorem: A novel embedding theorem is proven, demonstrating that every
compatible quasiderivation of an w-hom-Lie algebra can be embedded as a compatible derivation
in a larger w-hom-Lie algebra L. This result extends classical Lie algebra theory to the
nonassociative setting of w-hom-Lie algebras, incorporating the skew-symmetric bilinear form
w and the homomorphism ¢. The construction of L and the map &, ensures that structural
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symmetries are preserved, offering a powerful tool for studying quasiderivations, with parallels
to bihom-Poisson derivations [16].

(3) Computational Framework: We develop a computational algorithm, inspired by Grobner basis
techniques in commutative algebra, to explicitly calculate compatible generalized derivations and
quasiderivations for all 3-dimensional non-Lie complex w-hom-Lie algebras with ¢ = id. This
approach leverages the classification of such algebras (e.g., Ly, L,, B, A,, C,) to provide concrete
matrix representations and dimensions, as summarized in Tables 1 and 2. The computations
reveal that QDer(L) = GDer(L) and QDer.(L) = GDer.(L) for these algebras, highlighting their
structural properties and differences from the general linear algebra gl(L).

These findings deepen the theoretical understanding of w-hom-Lie algebras, particularly in the context
of their derivation algebras and symmetry properties. The results have implications for applications in
deformation theory, mathematical physics, and the broader study of nonassociative algebraic structures,
where symmetries play a critical role, aligning with work on hom-Lie superalgebras [8, 17].

5.1. Future work

The research opens several avenues for further exploration, building on the established results:

(1) Generalization to Higher Dimensions: While we focus on 3-dimensional non-Lie complex w-
hom-Lie algebras with ¢ = id, extending the computational framework and embedding theorem
to higher-dimensional algebras (e.g., 4-dimensional or 5-dimensional cases) could reveal new
structural properties. The classification of such algebras in higher dimensions, as partially
addressed in [11], could guide these efforts.

(2) Applications to Deformation Theory: The embedding of quasiderivations into derivations
suggests potential applications in deformation theory, where derivations play a central role in
studying algebraic deformations. Investigating how the w-hom-Jacobi identity and the bilinear
form w influence deformation cohomology could yield new insights into the rigidity and flexibility
of these algebras.

(3) Connections to Physics: Given the relevance of Hom-Lie and w-hom-Lie algebras in
mathematical physics (e.g., in string theory and gauge theory), exploring the physical
interpretations of compatible generalized derivations could bridge algebraic results with physical
symmetries. This might involve studying their role in symmetry transformations or conservation
laws in physical systems.

(4) Algorithmic Enhancements: The computational algorithm presented for 3-dimensional algebras
could be refined and automated using computational algebra systems (e.g., SageMath or
Mathematica). Developing software tools to compute GDer.(L) and QDer (L) for arbitrary finite-
dimensional w-hom-Lie algebras would enhance practical applicability, especially for higher-
dimensional or more complex structures.

(5) Exploration of Other Hom-Structures: The results could be extended to other generalized
algebraic structures, such as w-hom-Lie superalgebras [17] or w-left-symmetric algebras [4].
Investigating how generalized derivations behave in these settings could further unify the theory
of Hom-type algebras.

(6) Automorphisms and Representations: We briefly mention the connection between compatible
generalized derivations and the automorphism group of the algebra. A deeper study of how
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GDer.(L) interacts with automorphisms and representations, as explored in [1,5,6], could provide
a more comprehensive understanding of the algebra’s symmetries.

By pursuing these directions, future research can build on the findings to further elucidate the
algebraic and geometric properties of w-hom-Lie algebras, potentially uncovering new applications
in mathematics and physics.
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