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Abstract: We explicitly solve the following second-order system of difference equations:

ax,yn-1 aYypXp-1
Xpp1 = —————— +bx, + ¢, yp1 =

—— +PBw+t7,
Yn _ﬂyn—l - X, —bx,_1 —c

where n € Ny, a, @, and the initial conditions x_;, y_;, xo, and yo are nonzero real numbers, while
the remaining parameters b, ¢, 8, and vy are real numbers. A detailed analysis of the solutions of our
system when a = a with respect to the form, the periodicity and the limiting behavior is presented. To
support and illustrate our theoretical results, numerical examples are provided. Our study, considerably
generalizes some existing results in the literature.
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1. Introduction and some preliminary results

The search for closed formulas of the solutions of difference equations and systems, especially
for those which are nonlinear, is a topic of a major interest for many researchers, and this can be
justified by the fact that such type of equations and systems have the advantage of providing explicit
formulas of the solutions, and this permits us to understand their behavior; for example, one can consult
references [1-3].

When the difference equation or the system under study models a real phenomena, then knowing
the form of the solutions, allow us, among other to achieve the following:
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e Determine the conditions under which the phenomena presents repeated patterns so we can predict
its behavior;

e Study the limiting behavior of the solutions; this is crucial because it indicates if the phenomena
grow with oscillation, divergence, or convergence to the equilibrium point.

In the literature, we find many studies that use difference equations to conduct in-depth analyzes of
real models from different branches of modern science. For example, in [4], using the forward Euler
scheme, the authors studied a discrete-time Leslie-Gower type predator-prey model of ratio-dependent
functional response and Michalis-Menten function prey harvesting. In [5], using a non-standard
finite difference scheme, the authors investigated the stability and carried out a bifurcation analysis
of a chemical reaction system. For readers interested in more applications of difference equations in
studying concrete discrete models, we refer to the contributions of [6, 7].

Consider the following second-order rational system of difference equations:

ax,Yn—1 AYpXn-1
Xn+1l = + bxn t+C Yn+1 =

— Bt (1.1)
Yn _ﬂyn—l - Xn —bxn_l —-C ﬁ Y

where n € Ny, a, @, and the initial values x_;, y_1, xo, and y, are nonzero real numbers, while the
remaining parameters b, ¢, 5, and vy are real numbers.

Our aim is to solve system (1.1) explicitly, and then, by using the obtained formulas, we derive
explicit forms for the solutions of the system

axy,yYn-1

ay,X,—
Xpp1l = —————— +bx, + ¢, Y1 = #t@rﬁ% (1.2)
Yn _ﬁyn—l - Xp — bxn_l - C

when a = a. We then provide detailed results on the periodicity and limiting behavior for the solutions
of (1.2).
Taking b = = 01n (1.1), we get the following system:

aAxXpYn-1 _ @YpXp-i
+ C, yl’l+1 -

n=7Y n

Xpel = + v, n € Ny. (1.3)
Haddad et al. [8] showed the solvability of (1.3) and investigated the periodic nature and the limiting
behavior of its solutions. Therefore, (1.1) is a generalization of (1.3). The study in [8] was motivated
by the following difference equation:

Xn+l = mn_ll-i_lanENOa

which was solved in [9]. Later, following the methods in [8], Yazlik et al. [10] extended (1.3) to

ApXn—k+1Yn—k A Yn—k+1Xn—k
Xn+l = + Cn+ls Yn+l = + Vn+1, 1, € NO’ (14)

Yn = Vn Xn — Cp

where k € N, (a,)nenys (@n)neryy> (Cnlnenys (Ynlnen, are two periodic sequences of real numbers. More
works related to the above-mentioned contributions can be found in [11,12].
We note that if an n € N, exists such that the denominator

Yo _IByno—l —Y= O’
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and,
Xy — bXpy-1 —c =0,

then x,,,. is not defined, and respectively, y,,+1 is not defined. Based on this, we introduce the following
definition:

Definition 1.1. We say that a solution {(x,, )}, of the system (1.1) is well-defined if

n=-1
(Xp = bxy—1 =) (Yo = Byn-1 —y) #0, n € No.

From here on, we admit that a solution of (1.1) is a well-defined solution. In the following result,
we prove x,,.y, # 0, n = —1,0, ..., and this explains our choice for the initial values to be nonzero.

Lemma 1.1. Every solution {(x,,y,)}'2>, of system (1.1), satisfies

n=-1
X,y #0,n>—1.

Proof. Assume that ny > —1 exists such that x,,, = 0. From (1.1), we get

ay"o lxno
Yno+2 = . +BYnot1 Y = BYnps1 + 7.
Xng+1 — bXpy — €
We have
AXng+2Yng+1 AXpy+2Yno+1 AXpy+2Yno+1
Xpos3 = il +bx, 2+Cc= bl +bxy p+c=—2L=0 L b, s tC.
0 0 0 0 0
yn0+2_ﬁyno+l_7 ﬁynoﬂ +7_:3yn0+1_7

Therefore, x,,.3 is not defined. Similarly, np > -1 exists such that y,, = 0, we get y,,+3 1S not
defined. O

Let us recall the following known result.
Lemma 1.2. [13] Consider the following first-order difference equation:
Snt1 = AnSy + By, n € Ny,
where sy and the terms of the sequences (A,)en, and (B,)nen, are real numbers. In this case
(HA]SO+Z[H ] e,
=0 \i=j+1
with the convention

ﬁ(ei) =1, le(ei) =0,[<k.
i=k i=k

IfA, = A, B, = B, then for n € Ny, we have

n

Sn=S0A"+B(A

1),A;é 1,s,=s9+Bn, A=1.
In the following, we justify the choice of the parameters a and « to be non-zero.

AIMS Mathematics Volume 10, Issue 11, 28077-28099.
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Lemma 1.3. (/) Ifa=a =0, the system (1.1) will be
Xns1 = DXy + €, Ypr1 = Byn +7¥, 1 € Ny,

and we have
n

b-1

xnzxob"+c( ),bil,xn:x0+cn,b=1,neNo,

"

yn:yoﬁn+7(ﬁ )aﬁilayn:yO'F'yn,b:l,neNo.

B-1
(2) Ifa=0, a # 0, the system (1.1) will be

AYpXn-1

Xn+l = bxn +c, Yn+1 = X bx p
n n—-1 7

+ By, +7v, n € Ny,

and we get
7

b-1

However, the y,-component of the solution is not defined for n > 2.
(3) Ifa # 0, @ =0, the system (1.1) will be

xn:xob”+c( ),bil,xn:x0+cn,b:1,n€NO.

aAxXyYn-1
Xpp1 = —————— + bx, + C, Ypr1 =PByn + 7y, 1 €Ny,

Yn = BYn-1 =Y

and we get
1

Y =yoﬂ”+7(/;__l

However, the x,,-component of the solution is not defined for n > 2.

)’ﬁil,yn:y0+yn,ﬁ:1,n€No.

Proof. (1) If a = a =0, then from (1.1), we get
Xn+l = bxn + C, Ynt1 :ﬁyn +vy,ne N0-

Using Lemma 1.2, for n € Nj,we get

n

b-1

x,,:xob"+c( ),b;ﬁl,xn:xo+cn,b:1,

"

)’n:)’0,3n+7’(ﬁ ),ﬂil,yn=yo+yn,b:1.

B-1
(2) If a = 0, a # 0, then from (1.1), we have

AYpXn-1

Xn+el = bxn +c, Yne1 = X bx c
n = n—-1 —

+ By, +7v, n € Ny.

From Lemma 1.2, for n € Ny, we get

n_

1
xn:xob"+c( ),b;ﬁl,xn:x0+cn,b:1.

b-1
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Thus the x,-component of the solution is defined. We will show that the y,-component of the
solution is not defined for n > 2.
If we let ng > 1, we find the denominator

Xy — bXpy-1 —c =0,

SO ayx
nong—1
Vaghl = o By +Y
will be not defined. In fact, we not the following.
e Ifb=1
Xpg — bXpy-1 —C = Xp +cng — (xp + c(nop— 1)) —c = 0.
o Ifb#£1

b — 1 bl — 1

(3) If a # 0 and @ = 0O, then from (1.1), we get

aAXpYn—

Xnil = — ol bxy + ¢, Yns1 = Byn + 7y, n € Np.
Yn = BYn-1 =Y

From Lemma 1.2, we get, for n € Ny

n

. B
Yn = Yo +7( B#ELy.=yo+yn, =1

B—1

Thus the y,-component of the solution is defined. We will show that the x,-component of the
solution is not defined for n > 2.
Let ny > 1, we find the denominator

Yng _Byno—l -y = O’

SO

Xpgsl = % + bx,, + ¢
will be not defined. In fact, we note the following
o Ifg=1
Vg =BYn-1 =¥ = Yo+ yno — (o +¥(no - 1)) -y =0.
o Ifg#1

no _ | no—1 _ 1
Yo = BYng-1 =¥ = YoB™ + )’(ﬁﬁ —3 ) —ﬁ(yoﬁ”"‘l + Y(B,BT)) -y=0.

In the rest of this work, we consider only the case aa # 0.

AIMS Mathematics Volume 10, Issue 11, 28077-28099.
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2. Expressions of the solutions for the system (1.1)

In this part, we show how to solve explicitly the system (1.1). For this, we need first to transform our
system to an equivalent solvable system, and then we use the formulas of the solutions the equivalent
system to obtain some first-order linear difference equations which are solvable using Lemma 1.2.

From (1.1), we obtain

Xpe1 — bx, —C _ ayn-1 Vi1 = BYn =Y _ aXp_
X Yo =BYn-1 =Y Vn Xy = bx,_y —
Let )
Xy —bX,—1 —C = BYVn—1 —
un:—l’ n:w,HENo.
Xn—1 Yn-1

From (2.1), we obtain
a o'
Upil = —, Va1 = —, 1 € Np.
Vn u,

It is not hard to see from (2.3) that

a\"” a (a\" a\” a (a\"
Uy =uo|—=| > Ups1 = — =) s vaa =vo|—=| » Vous1 = — | =] , n € Ny.
a Vo \@ a Ug \a

Using (2.2), we get
Xy, = (b4 up)x,—y + ¢, n € Ny,

Vo =B+ Vv)yu1 +7v, n € Ny.
Depending on the parity of n, from (2.5) and (2.6), we obtain

Xon = (b + up)xpp-1 + €, Xop1 = (b + Unpi1) X2y + ¢, 1 € Ny,

Yan = B+ V2u)Y2u-1 + Vs Yans1 = (B+ Vops1)yon + 7y, n € Np.
Now replacing by (2.4) in (2.7) and (2.8), we get

a n
Xon = (b + up (a) )X2,-1 + ¢, n € Np,

a (a\"
Xont1 = (b + — = )x2, + ¢, n € Ny,
Vo \¥

a n
Yo = (B + v (5) Wan-1 + 7, n € Ny,

a (a\"
Yo+l = (ﬁ +— (_) )yZn t+Yy,ne NO-
up \a

It follows from (2.9)—(2.12) that

n n+1 n+1
x2n+2:(b+£(ﬁ))(b+uo(ﬁ) )x2n+c(b+u0(g) +1),I’IEN0,
vo \av a a

Xon+l = (b'i'ﬁ(g) )(b+uo(g) )xz,,_l +C(b+ i(g) + 1), nENo,

2.1)

(2.2)

(2.3)

(2.4)

(2.5)
(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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a (a\" a n+1 a n+l
Vaner = (B+ 2(2) )(ﬁ+vo(—) ))’2n+7(/3+vo(—) ¥ 1), ne N (2.15)
Up \a a a
a (a\" a\" a (a\"
Yone1 = (,8+ —(—) )(,8+v0( ) )yz,, 1 +)/(ﬁ+ —(—) + 1), neN,. (2.16)
Up \a Up \a
Putting
Wn = Xon, Zn = Xon—1, 'n = Yo, tn = Yon-1, B € NO- (217)

Then Eqgs (2.13) and (2.16) become the following non-autonomous first-order linear difference
equations:

wn+1=(b+v“—o(g)")(b+uo )wn+c by (2)” 1),neNO, 2.18)
:(b+§o(g)")(b+uo - 1+c(b+_ @ ) ne N, 2.19)
w(w%e)’”) ol Joerfponf] s tfonem e
= (ﬁ 2 (g)") (w0 (%) )oer + y(ﬁ P22 1), ne . @21)

Using Lemma 1.2, we get the solutions of (2.18) and (2.21) as follows:

) (1) el [ O [ [ e

Jj=0 \i=j+1

=10 ; (b el (5)) (b + o (3)) re ,:) (]jl (b ; vﬁo (5)) (b T (—))) (b ; Vﬁo (g)J ; 1),
— 01 (/3+u30 (5)) (,8+v0 (ﬁ)’“)w ,; (Jll (/3+u30 (;—”)) (,3+v0 (—)1)] (,B+v0 (3)”1 +1),
el )n ) ST S 26

Now, using the fact that w, = x2,, 2, = X241, Iy = Yan, and 1, = y,,_1, We get

N e o[ o S S | O e

i=0 =0 \i=j+1

AIMS Mathematics Volume 10, Issue 11, 28077-28099.



s (o () oo (4 S5 T (o2 () oo ()2 ) 1)

i=0

oo oo 0 )or [T ) o) oon 1)
)’2n—1=)’—1g(ﬁ+%(g)i)(ﬁ+vo( ))”,Z;(ll;[l (/3+—(—)i)(ﬂwo(a))](ﬁ+—(g)j+l).

From the calculations above, we have the following result.

Theorem 2.1. The form of every solution {(x,, y,)}'=", of (1.1) is given, for all n € Ny, by the following
formulas:

S 1 ) e 3 25 v iy [ ) [ G A R

O [ [ A 5 2 [ [ )

s (e @)oo &) o 5[ T (o2 2)) o () foei (2 1)
where . o-bi—c wepa-

3. Thecasea =a

In this case the system (1.1) takes the form

axuYn—1 aynXnp-1
Xn+l = + bxn +C Yn+1 =

———— + By, + v, n € Ny. (3.1
Yn = BYn-1—7 Xn = bxyy —
We use the formulas of the solutions of (3.1) to analyze their periodicity and limiting behavior.

Theorem 3.1. For every solution {(x,,y,)}'>", of (3.1), we have the following.

n=-1

AIMS Mathematics Volume 10, Issue 11, 28077-28099.
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e Ifp#1
pr-1 n pr-1
Xon1 =X p" +c b+—+1 , Xop = xop" +c(b+ug+1) ,n €N,
Vo p—1 p—1
o lfp=1
xzn_lzx_1+c(b+ﬁ+l)n, Xo, =Xxo+c(b+uy+ 1)n, n € Ny.
Vo
o Ifqg#1
. a q" -1 " q" -1
Y1 =yaq" +c|f+—+1 s Yo =Yoq" +Y(B+vo+ 1) ,neN.
Uy qg-1 q-—1
* Ifg=1
a
y2n_1=y_1+7(,6’+u—+l)n,yzn=yo+7(,3+vo+1)n,n€No.
0
where
a a
P=(b+uo)(b+—),61=(,3+Vo)(,3+—),
Vo Up
_Xo—bx—l—C _)’0—,3)’—1—7
Up=—————,vp=—"——
X-1 Y-1
Proof. Taking @ = a in Theorem 2.1, we get
n—1 a n-1 ( n—1 a
Xon = Xo (b+—)(b+uo)+c2(n(b+—)(b+uo)](b+uo+1), (3.2)
. Vo > 2. Vo
i=0 Jj=0 \i=j+1

n—-1 n—1 n—-1
Xop = X l_[(b+ vﬁo)(bmo)HZ[ﬂ (b+ vﬁo)(muo))(m vio + 1), (3.3)

i=0 =0 \i=j+1
n—1 n—1 ( n—1
Yo :yo]_[(m—)(ﬂwo)wZ[l_[(ﬁ+uﬁo)<ﬂ+vo>]<ﬁ+m+1>, (3.4)
i j=0 \i=j+1
n—1 ( n—1
yz,H—y1]_[(/3+—)(ﬁ+vo)+y;[l];[](ﬁ+Mio)(ﬁ+vo)](ﬁ+uﬁo+1). (3.5)
Let
P=(b+uo)(b+£),q:(,8+vo)( +£).
Vo Ugp

From (3.2)—(3.5), for n € N, we obtain

Xonot = X_1p" + c(b P 1) (1+p+..+p""), (3.6)
Vo
X = Xop" +c(b+ug+ 1) (1+p+..+ "), (3.7)

AIMS Mathematics Volume 10, Issue 11, 28077-28099.
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a _
Yan-1 =Y—1q"+y(,8+—+l)(l+q+...+q” 1), (3.8)
Up
Y =yoq" +yB+vo+ D(1+q+...+4"7"). (3.9)
From (3.6) and (3.7), we get
n_1 no__
Xopo1 =X pt+c b+£+1 P ,xzn:xop"+c(b+uo+1)p ,neN,
Vo p—1 p-1
if p# 1, and
Xop=Xo+c(b+uy+ 1)n, x-1 :x_1+c(b+£+1)n,n€N, (3.10)
Vo

if p = 1. The formulas in (3.10) are also correct for n = 0. Similarly, from (3.8) and (3.9), we obtain

Yan-1 :y_lq"+c(,8+ uﬁo + 1)(qq”_—11)’y2n =Yoq" +y(B+vo+ 1)(2”__11), neN,
if g # 1, and
Yon-1 = y-1 +7(,3+u£0+ 1)”’ Y =Yo+yY(B+vo+1)n, neN,
ifg=1. O

The subsequent statements follow directly from Theorem 3.1, so their proofs will be omitted.
Lemma 3.1. Let {(x,, y,)}>", be a solution of (3.1).

(1) Assume that (b + ug) (b + %) =1 and (B + vy) (B + %) = 1. The following then hold.
o Ifey(b+L+1)(b+uy+ D)(B+L+1)(B+vo+1)#0, we get

lim |xp,-1| = lim |xp,| = lim [yp,—4| = lim [yy,| = +oo,
n—+oo n—+oo n—+oo n—+oo

that is, the solution is unbounded.
o ffey=0o0r(b+ L+ 1)(b+ug+1)(B+<+1)(B+vo+ 1) =0, we get
Xon—1 = X_1, X2n = X0, Yon—1 = Y—1» Y2u = Yo, N € Ny,

and the solution will be periodic of period two, provided that (x_; — xo)(y-1 — yo) # O.

(2) Assume that (b + ug) (b + %) # 1 and (B + vp) (ﬁ + uio) # 1. In this case, if xy + %, X1+

clb+iE+1 ; y{B+L+1
%, Yo + y(ﬂ%);l), 1+ % are zero, we get
clbre+l)  chrup+
Xopo) = ————, Xop = ——F———,nEN,
1-p 1-p
y(B+i+1) y(B+vo+ 1)
Yon-1 = 1—, Yon = 1—,1’1 eN,
—-q —-q

that is, the solution is eventually periodic of period two provided that uyvy # a.

AIMS Mathematics Volume 10, Issue 11, 28077-28099.
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| b+ £ +1
c(b+ug+1) ‘( "0 ) Y(B+vo+1)
o Xt S Yot T o and y_; +

y(ﬂ+%+l)

(3) Assume that xo + p

following then hold.
o Ifl(b+uo)(b+ L) > 1,and | (B+vo) (B+£)| > 1, we get

are nonzero. The

lim x| = 1im |xz,| = Im |yy,1| = lim [yy,| = +oo,
n—+o0o n—+o0o n—+oo

n—+oo
that is, the solution is unbounded.
o If|(b+up)(b+ L)< Land|(B+vo)(B+£)|< 1, we get

ug

| CelbrErl) o chrug+ D)
lim xp,_) = ————2, lim xp, = —————=
n—+00 1-p n—+00 1-p
. _y(ﬁ+uo+1) . _7(:3+V0+1)
lim yy, ) = ———, lim y;, = ——/——,
n—+00 1-¢ n—+0o 1-¢g

that is, the solution converge to a two-period solution.

In what follows, we look for the form and the periodicity of the solutions of some specific cases of
the system (3.1).

Theorem 3.2. Assume that
(b+u0)(b+ ﬁ) = (,8+v0)(,8+ i) =—1.
Vo Up

Thus, every solution of (3.1) takes the form

a
Xan—1 = X_1, Xan = X0, Xap+1 = —X_1 + C(b +—+ 1), Xapso = —Xg+c(b+uy+1),neNy, (3.11)
Vo

Yan-1 = Y-15 Yan = Y0, Yan+1 = —Y-1 t Y(ﬁ + uio + 1) s Yanrz = Yo+ y(B+vo+ 1), neNy.  (3.12)
Moreover, we have the following statements.
(1) Assume that
X_1, Xo, —X_1 + c(b + v% + 1), —xot+tch+uy+1)
are pairwise different, and

a
Y-15 Yo, —Y-1 +7(,3+M— + 1), —Yot+yB+vo+1)
0

are pairwise different, then the solution is periodic of period four.
(2) Assume that

x_I:E b+ 211 ,xO:E(b+u0+1),y_1:Z ,B+£+1 ,yozz(ﬁ+vo+1),
2 Vo 2 2 [Z0) 2

then the solution takes the form

Xop—1 = X_1, X2p = X0, Y2n—1 = Y—1, Y2n = Y0, 1 € Np. (3.13)

and it is periodic of period two, provided that (x_1 — xo)(y_1 — yo) # O.

AIMS Mathematics Volume 10, Issue 11, 28077-28099.
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Proof. From the assumption, we have p = ¢ = —1, so by replacement in the formulas of of the solutions
given in Theorem 3.1, we obtain

Xopt = X_g(=1)" + c(b + 2 1)(m)n eN,

Vo -1-1
-1y -1
Xop = XO(—I)n +c(b+uy+ 1)(%), neN,
a -1 -1
Yoot =y (=D)"+y |+ —+1 L ,n €N,
Up -1-1
n - -1
Y2n = yo(=1) +)’(ﬂ+vo+1)(—_l — ),neN.
Therefore, we get
Xap—1 = X_1, X4n = X9, N € N, (3.14)

a
Xapse] = —X_1 +C b+v_+l y Xapno = —Xo+c(b+uy+1), n € Ny,
0

Yan-1 = Y-1, Yan = Yo, B € N, (3.15)

a
Yans1 = —Y-1 1Y 'B+u_+1 s Yans2 = —Yo + Y (B +vo + 1), n € No.
0

The formulas in (3.14) and (3.15) are also correct for n = 0.
Now, it is clear that if

a
X_1, Xo, —X_1 +c(b+ —+ 1), —xp+cb+uy+1)
Vo

are pairwise different, and

a
V-1, Yo, —V-1 +y(,8+u— + 1), —Yo+yB+vy+1)
0

are pairwise different, the solution will be periodic of period four and takes the form (x_y, y_1), (X0, Yo, ),
(-xa+c(b+L+1), oy +y(B+2+1)), (—xo+cb+ug+1),—yo+yB+vo+ 1), (x1,y-0)
(XO’)’O,), .

Moreover, we have

x_1zg(b+ﬁ+l)@x_1:—x_1+c(b+£+1),
Vo Vo

[\

x0=%(b+u0+1)(:)xo:—x0+c(b+u0+l),

Y a a
y_1:§ﬁ+—+l Sy =—-y 4 +y|B+—+1],
Up Up

and
)’o=%(,3+V0+1)C>y0=—yo+7(ﬁ+vo+1)-

AIMS Mathematics Volume 10, Issue 11, 28077-28099.



28089

Therefore, if

C
X_1 = %
2 Vo Uuo

(b+—+1) —%(b+u0+l),y_1:%/(,8+—+l) yozg(ﬁ+vo+l),
we get

Xan+1 = Xan—1 = X—1, Xdns2 = Xan = X05 Yan+1 = Yan—1 = Y—1» Yan+2 = Yan = Yo, N € Ny,

and the solution takes the form

Xon-1 = X-1, Xon = X0, You-1 = V-1, You = Yo, 1 € N.
and it is periodic of period two, provided that (x_; — xo)(y_1 — yo) # 0. m|

Theorem 3.3. Let {(x,,y,)}:>", be a solution of (3.1).

n=-1

(b+uo)(b+ﬁ)=(ﬁ+vo)(ﬁ+i):o
Vo Up

The following statements are true.

(1) Ifb+u0=0,b+vio:0,,8+v0:0,andﬁ+u1020,then
Xy =€, Yn =7, NEN, (3.16)

with ¢ = xo and y = y),.
(2) Ifb+u0:(),b+v“—0¢O,,8+v0:O,andﬁ+u10:O,then

Xop = C, xzn_lzc(b+£+l),yn:y,neN, (3.17)
Vo

with ¢ = xo and y = y.
(3) Ifb+u0:0,b+i:O,,B+vo¢0,andﬁ+ui0:0,then

Vo
Xp=CYu=yYyPB+vo+1),y31 =y,n€N, (3.18)
with ¢ = x.

(4) Ifb+u0=0,b+v“—0¢0,,8+v0¢0,andﬁ+uio=0,then

X2, = C, Xop| = c(b+ 4 + 1), Y =yB+vo+1), y21 =y, n €N, (3.19)
Vo

with ¢ = xo, and the solution is eventually periodic of period two.
(3)Ifb+ug=0,b+ - =0,B8+vy=0,andp + ;- # 0, then

Xn =€, Yon-1 =y(ﬁ+i+l),yzn=%n€N, (3.20)
Uo
with ¢ = xo and y = yy.
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(6) Ifb+u0:0,b+v“—o¢O,,8+vo:O,andB+ui0¢0,then

a a
X2, = C, Xop—1 :c(b+—+ 1),y2n1 :y(,B+—+ 1),y2n =vy,n €N,
Vo Uuo

with ¢ = xo, and y = yo, and the solution is eventually periodic of period two.
(7) If b+ uy # 0, b+vi0 :O,,B+\/0:O,andﬁ+ui0 =0, then

Xon-1 = C, Xy =c(b+uy+1),y,=vy,n €N,

withy = .
(8) Ifb+u0¢0,b+va—0:O,B+vo:0,andﬁ+uﬂ0¢0,then

a
Xon1 = C, X =C(b+up+ 1), yruy :7(,3+—+1),)’2n=%n€N,
Uo

with y = yo, and the solution is eventually periodic of period two.
(9) If b+ uy # 0, b+v”‘—0 :O,,B+vo;t0,ama’ﬁ+ui0 =0, then

X1 =Cxpp=cb+uy+ 1),y =yB+vo+1), youu1 =y, n €N,

and the solution is eventually periodic of period two.

(3.21)

(3.22)

(3.23)

(3.24)

Proof. From the assumption, we have p = ¢ = 0, so by replacment in the formulas of of the solutions

given in Theorem 3.1, we obtain

Xoy = (b +up+ 1), Xopi :c(b+£+1),neN,
Vo

a
Y =yB+vo+ 1), yau =7(,8+u— + 1), n e N.
0
We have the following situations.

e Case 1: If we assume that b+ uy =0, b + v“—o # 0, from (3.25), we obtain

a
Xop = C, Xop—1 :c(b+—+1),n€N.
Vo

e Case 2: If we assume that b+ uy # 0, b + V“—O = 0, from (3.25), we obtain
Xop=cb+uy+1), xp,-1 =c,n €N,
e Case 3: If we assume that b+ uy = b + v“—o = 0, from (3.25), we get
X2, = C, Xpp_1 = C, B € N,

That is
X, =c, n€N,

(3.25)

(3.26)
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e Case 4: If we assume that 8+ vy = 0, and 8 + uio # 0, from (3.26), we obtain

a
Yon =Y Yon-1 =7(,8+—+ 1), n € N.
Uo
e Case 5: If we assume that 8 + vy # 0, and 8 + u% = 0, from (3.26), we obtain

Y =yY(B+vo+ 1), yoo1 =y, n €N,

e Case 6: If we assume that 8+ vy =8 + Mio = 0, from (3.26), we obtain

Yon = Vs Y1 =¥, 1 € Np.

That is
Yo =79, n €N.

Combining all possible situations in these cases and accounting for the fact that b + uy = 0 & ¢ = xg
and 8+ vy =0 & vy = yy, we get the formulas given in (3.16)—(3.24). |

4. Numerical examples
Here, we provide some numerical examples with their graphical representations to support and
illustrate our results on the periodicity, convergence, and divergence behavior of the solutions of (3.1).

Example 4.1. Consider the system (3.1) with the parameters a = %, b=1,6= %, c=3,andy=1,we

have
%x”yn_l %ynxn—l 1
Xn+l = 1 +xn+3’ Yne1 = —+_yn+1- (41)
Yn = 3Vn-1 = Xy — X1 — 3 2
Let the initial values be as follows: x_y = 1,y_1 = =4, xo = 5, and y, = 3. It is not hard to see that

(b+u0)(b+ﬁ):(ﬁ+v0)(ﬁ+i)= 1,
Vo Uo

and the solution takes the form

1
Xan-1 = 1, X4n =5, X4n1 = 5, Xans2 = 4,

2

Yan-1 = =4, Yan = 3, Yane1 =1, Yaner = — 1.

That is the solution is periodic of period four, as stated in Case 1 of Theorem 3.2. The graphical
representations of the solution are given in Figures 1 and 2.

AIMS Mathematics Volume 10, Issue 11, 28077-28099.



28092

T T T 1
0 10 20 30 40

n

Figure 1. The graphic of the x,-component of the solution of the system (4.1).

y(n)

IR

Figure 2. The graphic of the y,-component of the solution of the system (4.1).

Example 4.2. Consider the system (3.1) with the parameters a = 9,b = 1,8 =2,c =4,andy = 6;
that is

9,,,,_ 9nn—
TVl by = —2m Loy e, 4.2)

X =
G Yn — 2'yn—l -6 Xn = Xp-1 — 4

with the initial values x_; = 8,y_1 =5, xo = 4, and y, = 6. We have

7
b+L{0:0,ﬁ+v0:O,b+£:__’ﬁ+i:_7’

and the solution takes the form
Xon = 4’ Yo = 67 ne N(), Xop-1 = _10’ Yon-1 = _36’ n€N.

That is the solution is eventually periodic of period two, as stated in Case 6 of Theorem 3.3. The plots
of the solution are given in Figures 3 and 4.
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o

x(n) ;\

-8

-10-

Figure 3. The graphic of the x,-component of the solution of the system (4.2).

y(n)
~204

-304

Figure 4. The graphic of the y,-component of the solution of the system (4.2).

Example 4.3. Consider the system (3.1) with the parameters a = 3, b = %, B=11,c=5andy=1;

that is
3 nyn— 3 3 nin—
a1 = —— S, Y = Ly, 1, 4.3)
yn—llyn_l—l 11 xn_ﬂxn—l_
with the initial values x_; =7,y_1 =2, xo = 2, and yo = 1. We have
3 121
btug=—2 b+ L =0,B+v=0,B+ ==
7 Vo Uuo 18
and the solution takes the form
20 139
ya = 1, n € Ny, x, = = Y-t = 5, yon-1 = g "€ N.

That is, the solution is eventually periodic of period two, as stated in Case 8 of Theorem 3.3. The plots
of the solution are given in Figures 5 and 6.
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x(n)

1o 20 30

n

Figure 5. The graphic of the x,-component of the solution of the system (4.3).

10 20 30
n

Figure 6. The graphic of the y,-component of the solution of the system (4.3).

Example 4.4. Consider the system (3.1) with the parameters a =7, b = 13—1, B = %, c=2,andy = %;

that is
T X0 Yn-1 3 TYuXn_1 3
Xpp) = ———3 T + =X+ 2, Yos1 = + =y, + =, 4.4
+1 yn _ %yn_l _ % 11 y +1 xn _ %xn_l _ 2 4y 2 ( )
and let the initial values be as follows: x_y = 15,y_1 =19, xo = %, and yy = 1. It is not hard to see that
a 47 a 9003
b+ b+ —|=—-—, B+ +—|=——,
( ”0)( vo) 150" B+ (ﬁ uo) 12008

and the solution converge to a two-period solution as follows:

lim xp,+1 = —12.57360, lim x, = 1.57360, lim y;,,; = —=7.85555, lim y,, = 0.29327,
n—+oo

n—+oo n—+oo n—+oo

as stated in Case 3 of Lemma 3.1. The graphical representations of the solution are given in Figures 7—
10.
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2,0
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n

Figure 7. The plot of x;, of the solution of the system (4.4).

X(2n+1)

20

Figure 8. The plot of x;,.; of the solution of the system (4.4).

0,8
0,6

y(2n)

0.4

"l

0

-0,24

Figure 9. The plot of y,, of the solution of the system (4.4).
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y@ntl) 10f1

T T T T 1
10 20 30 40 50

Figure 10. The plot of y,,,; of the solution of the system (4.4).

Example 4.5. Consider the system (3.1) with the parameters a = 3, b = %, B = %, c= %, andy = 2;

that is
3X,Vn-1 7 3 3VnXn—1 3
Xpt] = ——F <+ X+ -, V41 = ———— >Vn + 2, 4.5
. Yn — %yn—l -2 3 4 el Xn — %xn—l - % 2y ( )
and let the initial values be as follows: x_, = %, y_1 = %, X0 =7, and yy = 5. We have
a 575 a 27
b+ b+ —|=——, B+ +—|=-=,
( Uo) ( Vo) 63 B+ vo) (,3 Mo) 20
and
lim [xz,[ = lm [xz,41| = lim [yp,| = lm [y, = +o0
n—+oo n—+oo n—+oo n—+oo

as stated in Case 3 of Lemma 3.1. The graphical representations of the solution are given in
Figures 11-14.

7,%x 10% 4

6, % 10% 4

5, % 10% 4

4,% 10
/x(2n)/

3,x1045<

2,% 10

1, 10% j

0
0 10 20 30 40 50
n

Figure 11. The plot of |x,,| of the solution of the system (4.5).
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n

Figure 12. The plot of |x;,.1| of the solution of the system (4.5).

1,% 107

8,x 100

6,% 1004

Jy(2n)/

4,% 10°

2,x106‘

0 T T T T 1
0 10 20 30 40 50
n

Figure 13. The plot of |y,,| of the solution of the system (4.5).

1,%107 4
8, x 10°
fy(anriy 610

4,% 10°

2,% 10°

0 T T T T 1
0 10 20 30 40 50

n

Figure 14. The plot of |y,,+1| of the solution of the system (4.5).

Volume 10, Issue 11, 28077-28099.



28098

5. Conclusions and remarks

We solved system (1.1) explicitly, and from the formulas of its solutions, we deduce those of
(3.1). Moreover, we analyzed in details the periodicity and limiting behavior of the solutions of
some particular cases of (3.1). To support our results on the system (3.1), numerical examples are
provided with their graphical representations to illustrate the periodicity, convergence, or divergence
of the solutions. We note that if we choose

a’:a,ﬁ:bJ’:C,Y—l = X_1, Yo = Xo, (51)

we get
Yn = Xu, n=~=1,0,.... (5.2)

that is, the systems (1.1) and (3.1) will be the following difference equations:

aXpXn-1

Xpi] = + bx, + c. (5.3)

X, —bx,_1—c
Consequently, the results on the form, the periodicity, and the limiting behavior of the solutions of (5.3)
can be deduced from Theorems 3.1-3.3 and Lemma 3.1. For example, it follows from Theorem 3.1

that every solution {x,} =, of (5.3) takes the form

n

-1 n_1
Yo = Xop" + ¢ (b +ug + DL Xy = xap+e|b+—+ 1|2 ,
p_l Up p—l

if p# 1, and

a
Xop=Xo+c(b+ug+ 1)n, x0_1 = x4 +c(b+ — + 1)n,
Ug

xo—bx_1—c
X1

if p =1, where p = (b + uo) (b + <) and ug =
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