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1. Introduction

In mathematics, inequalities play a fundamental role in establishing bounds, comparing quantities,
and analyzing the behavior of functions and operators. They are essential tools in analysis,
optimization, probability, and many other fields. In fractional calculus, inequalities are particularly
important because fractional derivatives and integrals often lack straightforward closed-form
expressions, making inequalities crucial for estimating their behavior. If we want to state such
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applications precisely, we can mention the approximation theory in which inequalities measure how
well one function approximates another. In differential equations and dynamical systems, inequalities
(e.g., Gronwall’s inequality) help establish stability and convergence.

For example, the Lyapunov-type inequalities for fractional equations help determine stability
conditions. In optimization, some conditions in constrained optimization rely on inequalities such
as the Karush-Kuhn-Tucker conditions.

As we mentioned above, since fractional derivatives are non-local and often defined via integral
operators, direct computation is difficult, and so, the inequalities provide needed bounds for us. In
recent years, many published articles have worked on fractional generalizations of some well-known
inequalities. In between, some inequalities are famous and most applicable. For instance, to find a
bound for integral mean of a convex function, the Hermite-Hadamard inequality is used, because the
exact integration is difficult in some cases. Its ability to provide two-sided bounds makes it valuable
in both theoretical and practical contexts [1–6]. The generalized forms of the Milne-type inequality
reinforce the interplay between sums and reciprocals, often leading to useful bounds [7,8]. To estimate
for the deviation of a function’s value from its integral average, the Ostrowski inequality plays the vital
role. In fact, this inequality quantifies how much a function’s value ω(t) can differ from its average
value on a closed interval [9–11]. To provide a weighted estimate for integrals involving averages
of functions, we use the Hardy’s inequality, and it has two continuous and discrete forms. Some
applications of this inequality can be found in Sobolev embeddings, martingale theory in probabilty,
or interpolation theory in functional spaces [12]. For more studies on inequalities, see [13–15].

The Gronwall (Gronwall-Bellman) inequality is considered as an important tool in mathematical
analysis, differential equations, and control theory. It provides an essential tool for bounding the
solutions of integral and differential inequalities, particularly in the study of stability, uniqueness, and
long-term behavior of dynamical systems. Originally introduced by Thomas Hakon Gronwall [16] in
1919 and later refined by Richard Bellman [17] in 1943, this inequality has become a cornerstone in
the analysis of ordinary and partial differential equations (ODEs and PDEs), stochastic processes, and
mathematical modeling.

The classical form of the Gronwall inequality [16] states that if ω(t) is a non-negative continuous
function such that for each constants λ,γ ∈ R+,

ω(t) ≤
∫ t

t1
(λω(r) + γ) dr,

then
ω(t) ≤ γ(t2 − t1) exp (λ(t2 − t1)) ,

for all t ∈ [t1, t2]. In 1943, Bellman [17] presented the following structure for this inequality and called
it as the Gronwall-Bellman inequality. Indeed, If two non-negative continuous functions like ω(t) and
v(t) are defined on [t1, t2] such that

ω(t) ≤ ρ +

∫ t

t1
v(r)ω(r) dr, ρ ∈ R+,

then

ω(t) ≤ ρ exp
(∫ t

t1
v(r)dr

)
,
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for all t ∈ [t1, t2].

Later, in a general version of the Gronwall-Bellman inequality, Pachpatte [18] proved, in 2001, that
if we have two non-negative continuous functions like ω(t) and v(t) on [t1, t2], and the function h(t) is
non-decreasing, then

ω(t) ≤ h(t) exp
(∫ t

t1
v(r)dr

)
,

whenever

ω(t) ≤ h(t) +

∫ t

t1
v(r)ω(r) dr

is satisfied for all t ∈ [t1, t2]. Subsequently, we see different types of generalizations for this
inequality under some interesting conditions. For instances, Pachpatte [19] considered three non-
negative continuous functions like ω(t), k(t), and v(t) on [t1, t2], and assumed that

ω(t) ≤ h(t) + k(t)
∫ t

t1
v(r)ω(r) dr.

Then, he proved that the inequality

ω(t) ≤ h(t)
[
1 + k(t)

∫ t

t1
v(r) · exp

(∫ t

r
v(s)k(s)ds

)
dr

]
,

holds for all t ∈ [t1, t2].

In 2017, Adjabi et al. [20] used the generalized fractional integrals unifying the Hadamard and
Reimann-Liouville integrals to obtain a new version of the Gronwall-Bellman-type inequality. In 2018,
Alzabut and Abdeljawad [21] presented a discrete version of the Gronwall-Bellman inequality under
the discrete form of the Mittag-Leffler function. In 2019, Butt et al. [22] extended this structure on
time scales and obtained the quantum-type of the Gronwall-Bellman inequality to prove the stability
results. In 2021, Alzabut et al. [23] applied theψ-fractional integrals for proving theψ-type Gronwall-
Bellman inequality and then, they completed the stability results by using this type of the inequality.
Other types of the Gronwall-Bellman inequalities can be found in [24–27].

In this paper, we also extend new forms of the Gronwall-Bellman inequalities in the context of
the Hadamard fractional integrals. In fact, we extract two different structures under the name of
the Hadamard-Gronwall-Bellman inequalities. In the first generalization, we investigate and prove
the coupled Hadamard-Gronwall-Bellman-type inequality. In the second generalization, we establish
an extended form of the Hadamard-Gronwall-Bellman-type inequality under the sum of two non-
decreasing functions. These inequalities are new and are used to prove the existence and stability
theorems. In fact, to do this purpose, we consider a Caputo-Hadamard coupled delay system and a
Caputo-Hadamard damped initial value problem. The illustrative example will confirm the theoretical
results.
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2. Preliminaries

This section is began by recalling some needed concepts.

Definition 2.1. [28] Let p ≥ 0 and ω be a function which is continuous integrable on [t1, t2]. The
Hadamard fractional integral of ω : [t1, t2]→ R of order p is given by HI0

t1ω(t) = ω(t) and

HI p
t1ω(t) =

1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1
ω(r)

dr
r
.

This operator has a unique structure in its kernel. In fact, this kernel makes it the natural choice for
problems with certain geometric and scaling properties like like in finance or population dynamics.

Lemma 2.2. [28] For each p1, p2 ≥ 0 and t > t1,

(1H) HI p1
t1

HI p2
t1 ω(t) = HI p1+p2

t1 ω(t);

(2H) HI p1
t1

(
ln

t
t1

)p2

=
Γ(p2 + 1)

Γ(p1 + p2 + 1)

(
ln

t
t1

)p1+p2

;

(3H) HI p1
t1 1 =

1
Γ(p1 + 1)

(
ln

t
t1

)p1

by setting p2 = 0 in (2H).

Definition 2.3. [28] Let m = [p]+1. The Hadamard fractional derivative of order p forω : [t1, t2]→ R
is defined by

HDp
t1ω(t) =

1
Γ(m − p)

(
t

d
dt

)m ∫ t

t1

(
ln

t
r

)m−p−1
ω(r)

dr
r
.

We define the space ACm
R ([t1, t2]), for 0 < t1 < t2 < ∞ and m = [p] + 1, as

ACm
R ([t1, t2]) =

ω : [t1, t2]→ R :
(
t

d
dt

)m−1

ω(t) ∈ ACR([t1, t2])

 .
Here, the space ACR([t1, t2]) includes all absolutely continuous functions on [t1, t2].

Definition 2.4. [29] The Caputo-Hadamard fractional derivative of order p for ω ∈ ACm
R ([t1, t2]) is

formulated by

CHDp
t1ω(t) =

1
Γ(m − p)

∫ t

t1

(
ln

( t
r

))m−p−1
(
r

d
dr

)m

ω(r)
dr
r
.

Here, m − 1 < p ≤ m.

Lemma 2.5. [29] Let m − 1 < p ≤ m and ω ∈ ACm
R ([t1, t2]). Then

HI p
t1

(
CHDp

t1ω(t)
)

= ω(t) −
m−1∑
i=0

1
i!

(
t

d
dt

)i

ω(t1)
(
ln

t
t1

)i

.
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3. Coupled Hadamard-Gronwall-Bellman-type inequality

This section introduces and proves a generalized form of the coupled Hadamard-Gronwall-Bellman-
type inequality. We state the following theorem in this direction.

Theorem 3.1. Let p, q > 0. Suppose that:

(G1) Four functions ω1(t), ω2(t), h1(t) and h2(t) are integrable with non-negative values on the domain
[t1, t2].

(G2) Two non-negative-valued functions f1(t) and f2(t) are non-decreasing provided that fi(t) ≤ M (i =

1, 2) for all t ∈ [t1, t2] and for some constant M > 0.

Then

ω1(t) ≤ h1(t) + f1(t)
∫ t

t1

(
ln

t
r

)p−1
h2(r)

dr
r

(3.1)

+

∞∑
m=1

( f1(t) f2(t)Γ(p)Γ(q))m

Γ(m(p + q))

∫ t

t1

(
ln

t
r

)m(p+q)−1
(
h1(r) + f1(r)

∫ r

t1

(
ln

r
s

)p−1
h2(s)

ds
s

)
dr
r
,

and

ω2(t) ≤ h2(t) + f2(t)
∫ t

t1

(
ln

t
r

)q−1
h1(r)

dr
r

(3.2)

+

∞∑
m=1

( f1(t) f2(t)Γ(p)Γ(q))m

Γ(m(p + q))

∫ t

t1

(
ln

t
r

)m(p+q)−1
(
h2(r) + f2(r)

∫ r

t1

(
ln

r
s

)q−1
h1(s)

ds
s

)
dr
r
,

if 
ω1(t) ≤ h1(t) + A1ω2(t),

ω2(t) ≤ h2(t) + A2ω1(t),
(3.3)

where

A1ω2(t) := f1(t)
∫ t

t1

(
ln

t
r

)p−1
ω2(r)

dr
r
,

A2ω1(t) := f2(t)
∫ t

t1

(
ln

t
r

)q−1
ω1(r)

dr
r
. (3.4)

Proof. In view of the coupled system of the inequalities (3.3) and by considering the operators A1 and
A2 defined in (3.4), we get

ω1(t) ≤ h1(t) + A1ω2(t), ω2(t) ≤ h2(t) + A2ω1(t). (3.5)

The monotonicity property of two operators A1 and A2, along with the inequalities (3.5), give

ω1(t) ≤ h1(t) + A1ω2(t) ≤ h1(t) + A1 (h2(t) + A2ω1(t))
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= h1(t) + A1h2(t) + A1A2ω1(t).

Now, by above inequality, since ω1(t) ≤ h1(t) + A1h2(t) + A1A2ω1(t), we can continue this process for
term A1A2ω1(t) as follows

ω1(t) ≤ h1(t) + A1h2(t) + A1A2 (h1(t) + A1h2(t) + A1A2ω1(t))

= h1(t) + A1h2(t) + A1A2h1(t) + A1A2A1h2(t) + (A1A2)2ω1(t).

Again, this technique is used for term (A1A2)2ω1(t) and it gives

ω1(t) ≤ h1(t) + A1A2h1(t) + A1h2(t) + A1A2A1h2(t)

+ (A1A2)2
(
h1(t) + A1h2(t) + A1A2h1(t) + A1A2A1h2(t) + (A1A2)2ω1(t)

)
= h1(t) + A1A2h1(t) + (A1A2)2h1(t) + (A1A2)3h1(t)

+ A1h2(t) + A1A2A1h2(t) + (A1A2)2A1h2(t) + (A1A2)3A1h2(t) + (A1A2)4ω1(t).

If we continue this iterative scheme, then for n ∈ N, we have

ω1(t) ≤
n−1∑
m=0

(A1A2)mh1(t) +

n−1∑
m=0

(A1A2)mA1h2(t) + (A1A2)nω1(t), t ∈ [t1, t2], (3.6)

where (A1A2)0h1(t) = h1(t). In a similar manner, we may write

ω2(t) ≤
n−1∑
m=0

(A2A1)mh2(t) +

n−1∑
m=0

(A2A1)mA2h1(t) + (A2A1)nω2(t), t ∈ [t1, t2], (3.7)

where (A2A1)0h2(t) = h2(t).

In the following, we will prove that
(A1A2)nω1(t) ≤

( f1(t) f2(t)Γ(p)Γ(q))n

Γ(n(p + q))

∫ t

t1

(
ln

t
r

)n(p+q)−1
ω1(r)

dr
r
,

(A2A1)nω2(t) ≤
( f1(t) f2(t)Γ(p)Γ(q))n

Γ(n(p + q))

∫ t

t1

(
ln

t
r

)n(p+q)−1
ω2(r)

dr
r
,

(3.8)

for t ∈ [t1, t2], and
lim
n→∞

(A1A2)nω1(t) = 0, lim
n→∞

(A2A1)nω2(t) = 0. (3.9)

Clearly, the inequalities in the coupled system (3.8) are to be held if n = 1. In other words, we have

(A1A2)ω1(t) = A1(A2ω1(t)) = f1(t)
∫ t

t1

(
ln

t
r

)p−1
(A2ω1)(r)

dr
r
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= f1(t)
∫ t

t1

(
ln

t
r

)p−1
(

f2(r)
∫ r

t1

(
ln

r
s

)q−1
ω1(s)

ds
s

)
dr
r

≤ f1(t) f2(t)
∫ t

t1

(
ln

t
r

)p−1 ∫ r

t1

(
ln

r
s

)q−1
ω1(s)

ds
s

dr
r

= f1(t) f2(t)
∫ t

t1

∫ t

s

(
ln

t
r

)p−1 (
ln

r
s

)q−1
ω1(s)

dr
r

ds
s

= f1(t) f2(t)
∫ t

t1
ω1(s)

(∫ t

s

(
ln

t
r

)p−1 (
ln

r
s

)q−1 dr
r

)
ds
s
.

Define a new variable v =
ln(r) − ln(s)
ln(t) − ln(s)

. In this case, we know that if r ∈ [s, t], then v ∈ [0, 1]. Now,

the rule of the change of the variables and definition of the Beta function B(p, q) =

∫ 1

0
(1− r)p−1rq−1dr

follow that ∫ t

s

(
ln

t
r

)p−1 (
ln

r
s

)q−1 dr
r

=

∫ t

s

(
ln

t
s

)p−1
(
1 −

ln(r) − ln(s)
ln(t) − ln(s)

)p−1 (
ln

r
s

)q−1 dr
r

=

∫ t

s

(
ln

t
s

)p−1
(
1 −

ln(r) − ln(s)
ln(t) − ln(s)

)p−1

vq−1
(
ln

t
s

)q−1 dr
r

=

(
ln

t
s

)(p+q)−1 ∫ 1

0
(1 − v)p−1vq−1 dv

=

(
ln

t
s

)(p+q)−1
B(p, q)

=

(
ln

t
s

)(p+q)−1 Γ(p)Γ(q)
Γ(p + q)

,

where B stands for the Beta function.

Hence,

(A1A2)ω1(t) ≤
f1(t) f2(t)Γ(p)Γ(q)

Γ(p + q)

∫ t

t1

(
ln

t
r

)(p+q)−1
ω1(r)

dr
r
.

Again, in a similar manner, we get

(A2A1)ω2(t) ≤
f1(t) f2(t)Γ(p)Γ(q)

Γ(p + q)

∫ t

t1

(
ln

t
r

)(p+q)−1
ω2(r)

dr
r
.
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Now, we continue the proof by using the mathematical induction. Let, for n = j ∈ N and t ∈ [t1, t2],
the coupled inequalities

(A1A2) jω1(t) ≤
( f1(t) f2(t)Γ(p)Γ(q)) j

Γ( j(p + q))

∫ t

t1

(
ln

t
r

) j(p+q)−1
ω1(r)

dr
r
,

(A2A1) jω2(t) ≤
( f1(t) f2(t)Γ(p)Γ(q)) j

Γ( j(p + q))

∫ t

t1

(
ln

t
r

) j(p+q)−1
ω2(r)

dr
r
,

(3.10)

be satisfied. We show that (3.8) holds for n = j + 1. The functions f1(t) and f2(t) are non-decreasing.
So the induction hypothesis implies that

(A1A2) j+1ω1(t) = A1A2((A1A2) jω1(t))

≤
f1(t) f2(t)Γ(p)Γ(q)

Γ(p + q)

∫ t

t1

(
ln

t
r

)(p+q)−1
(A1A2) jω1(r)

dr
r

≤
f1(t) f2(t)Γ(p)Γ(q)

Γ(p + q)

∫ t

t1

(
ln

t
r

)(p+q)−1
(
( f1(r) f2(r)Γ(p)Γ(q)) j

Γ( j(p + q))

∫ r

t1

(
ln

r
s

) j(p+q)−1
ω1(s)

ds
s

)
dr
r

≤
( f1(t) f2(t)Γ(p)Γ(q)) j+1

Γ(p + q)Γ( j(p + q))

∫ t

t1

(
ln

t
r

)(p+q)−1
(∫ r

t1

(
ln

r
s

) j(p+q)−1
ω1(s)

ds
s

)
dr
r

≤
( f1(t) f2(t)Γ(p)Γ(q)) j+1

Γ(p + q)Γ( j(p + q))

∫ t

t1

(∫ t

s

(
ln

t
r

)(p+q)−1 (
ln

r
s

) j(p+q)−1
ω1(s)

dr
r

)
ds
s

≤
( f1(t) f2(t)Γ(p)Γ(q)) j+1

Γ(p + q)Γ( j(p + q))

∫ t

t1
ω1(s)

(∫ t

s

(
ln

t
r

)(p+q)−1 (
ln

r
s

) j(p+q)−1 dr
r

)
ds
s
.

We again define a new variable v =
ln(r) − ln(s)
ln(t) − ln(s)

. According to the rule of the change of the

variables and definition of the Beta function B(p, q), we obtain∫ t

s

(
ln

t
r

)(p+q)−1 (
ln

r
s

) j(p+q)−1 dr
r

=

∫ t

s

(
ln

t
s

)(p+q)−1
(
1 −

ln(r) − ln(s)
ln(t) − ln(s)

)(p+q)−1 (
ln

r
s

) j(p+q)−1 dr
r

=

∫ t

s

(
ln

t
s

)(p+q)−1
(
1 −

ln(r) − ln(s)
ln(t) − ln(s)

)(p+q)−1

v(p+q)−1
(
ln

t
s

) j(p+q)−1 dr
r

≤

(
ln

t
s

)( j+1)(p+q)−1 ∫ 1

0
(1 − v)(p+q)−1v j(p+q)−1 dv

=

(
ln

t
s

)( j+1)(p+q)−1
B(p + q, j(p + q))
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=

(
ln

t
s

)( j+1)(p+q)−1 Γ(p + q)Γ( j(p + q))
Γ(( j + 1)(p + q))

.

Thus,

(A1A2) j+1ω1(t) ≤
( f1(t) f2(t)Γ(p)Γ(q)) j+1

Γ(( j + 1)(p + q))

∫ t

t1

(
ln

t
r

)( j+1)(p+q)−1
ω1(r)

dr
r
. (3.11)

If we repeat the proof of (3.11) for (A2A1) j+1ω2(t), we obtain

(A2A1) j+1ω2(t) ≤
( f1(t) f2(t)Γ(p)Γ(q)) j+1

Γ(( j + 1)(p + q))

∫ t

t1

(
ln

t
r

)( j+1)(p+q)−1
ω2(r)

dr
r
. (3.12)

This means that (3.8) has been proven. Finally, we prove (3.9) as follows. By the hypothesis of
theorem, we know that there is a positive constant M such that f1(t) ≤ M and f2(t) ≤ M for each
t ∈ [t1, t2]. In this case, from (3.8), one can write

(A1A2)nω1(t) ≤

(
M2Γ(p)Γ(q)

)n

Γ(n(p + q))

∫ t

t1

(
ln

t
r

)n(p+q)−1
ω1(r)

dr
r
.

By considering

an :=

(
M2Γ(p)Γ(q)

)n

Γ(n(p + q))
,

and using the ratio test and an application of the asymptotic approximation property, the series
∞∑

n=1

an

is convergent because

lim
n→∞

Γ(n(p + q))
Γ((n + 1)(p + q))

= 0.

Therefore, it is found that limn→∞(A1A2)nω1(t) = 0. Similarly, limn→∞(A2A1)nω2(t) = 0. This means
that (3.9) is valid.

In the last step, in the basis of the inequality (3.6), we have

ω1(t) ≤
n−1∑
m=0

(A1A2)mh1(t) +

n−1∑
m=0

(A1A2)mA1h2(t) + (A1A2)nω1(t)

= h1(t) + A1h2(t) +

n−1∑
m=1

(A1A2)mh1(t) +

n−1∑
m=1

(A1A2)mA1h2(t) + (A1A2)nω1(t).
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Then, as n goes to infinite, we obtain

ω1(t) ≤ h1(t) + A1h2(t) +

∞∑
m=1

(A1A2)mh1(t) +

∞∑
m=1

(A1A2)mA1h2(t)

≤ h1(t) + f1(t)
∫ t

t1

(
ln

t
r

)p−1
h2(r)

dr
r

+

∞∑
m=1

(A1A2)m (h1(t) + A1h2(t))

≤ h1(t) + f1(t)
∫ t

t1

(
ln

t
r

)p−1
h2(r)

dr
r

+

∞∑
m=1

( f1(t) f2(t)Γ(p)Γ(q))m

Γ(m(p + q))

∫ t

t1

(
ln

t
r

)m(p+q)−1
(
h1(r) + f1(r)

∫ r

t1

(
ln

r
s

)p−1
h2(s)

ds
s

)
dr
r
,

proving the inequality (3.1). We obtain (3.2) in a similar way and so, the proof is completed. �

In view of the above theorem, we now prove the coupled Hadamard-Gronwall-Bellman-type
inequality as follows.

Theorem 3.2. Assume that all hypotheses of the previous theorem are satisfied and also, h1(t) and h2(t)
are non-decreasing on [t1, t2]. Then

ω1(t) ≤

h1(t) + h2(t) f1(t)

(
ln t

t1

)p

p

Ep+q

(
( f1(t) f2(t)Γ(p)Γ(q)

(
ln t

t1

)p+q
)
, (3.13)

where Ep+q stands for the Mittag-Leffler function of index p + q, and

ω2(t) ≤

h2(t) + h1(t) f2(t)

(
ln t

t1

)q

q

Ep+q

(
f1(t) f2(t)Γ(p)Γ(q)

(
ln t

t1

)p+q
)
. (3.14)

Proof. Since r < t and h2(t) is non-decreasing, so h2(r) < h2(t) and we have

∫ t

t1

(
ln

t
r

)p−1
h2(r)

dr
r
≤ h2(t)

∫ t

t1

(
ln

t
r

)p−1 dr
r

= h2(t)

(
ln t

t1

)p

p
. (3.15)

Therefore, (3.1) and (3.15) imply that

ω1(t) ≤

h1(t) + h2(t) f1(t)

(
ln t

t1

)p

p


1 +

∞∑
m=1

( f1(t) f2(t)Γ(p)Γ(q))m

Γ(m(p + q))

∫ t

t1

(
ln

t
r

)m(p+q)−1 dr
r


=

h1(t) + h2(t) f1(t)

(
ln t

t1

)p

p


1 +

∞∑
m=1

( f1(t) f2(t)Γ(p)Γ(q))m

Γ(m(p + q) + 1)

(
ln t

t1

)m(p+q)

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=

h1(t) + h2(t) f1(t)

(
ln t

t1

)p

p

 ∞∑
m=0

( f1(t) f2(t)Γ(p)Γ(q))m

Γ(m(p + q) + 1)

(
ln t

t1

)m(p+q)

=

h1(t) + h2(t) f1(t)

(
ln t

t1

)p

p

Ep+q

(
f1(t) f2(t)Γ(p)Γ(q)

(
ln t

t1

)p+q
)
.

This proves (3.13). To prove (3.14), we proceed it similar to above. Therefore, the proof of the coupled
Hadamard-Gronwall-Bellman-type inequality is completed. �

In the following, we provide a new extended form of the Hadamard-Gronwall-Bellman-type
inequality.

Theorem 3.3. Let p, q > 0. Suppose that:

(G1) Two functions ω(t) and h(t) are integrable with non-negative values on the domain [t1, t2].
(G2) Two non-negative-valued functions f1(t) and f2(t) are non-decreasing provided that f1(t) ≤ M1

and f2(t) ≤ M2 for all t ∈ [t1, t2] and for some constants M1,M2 > 0.

Then

ω(t) ≤ h(t) +

∫ t

t1

∞∑
m=1

f m(t)
m∑

i=0

(
m
i

)
(Γ(p))m−i(Γ(q))i

Γ((m − i)p + iq)

(
ln

t
r

)((m−i)p+iq)−1
h(r)

dr
r
, (3.16)

where
(

m
i

)
=

m(m − 1)(m − 2) . . . (m − i + 1)
i!

and f (t) = f1(t) + f2(t), if

ω(t) ≤ h(t) + f1(t)
∫ t

t1

(
ln

t
r

)p−1
ω(r)

dr
r

+ f2(t)
∫ t

t1

(
ln

t
r

)q−1
ω(r)

dr
r
. (3.17)

Proof. By the hypothesis, since f (t) = f1(t) + f2(t), so f1(t) ≤ f (t) and f2(t) ≤ f (t). Hence,

ω(t) ≤ h(t) + f (t)
∫ t

t1

((
ln

t
r

)p−1
+

(
ln

t
r

)q−1
)
ω(r)

dr
r
.

Now, put

Aω(t) = f (t)
∫ t

t1

((
ln

t
r

)p−1
+

(
ln

t
r

)q−1
)
ω(r)

dr
r
.

Naturally, we have
ω(t) ≤ h(t) + Aω(t). (3.18)

The monotonicity property of the operator A and the inequality (3.18) imply that

ω(t) ≤ h(t) + Aω(t) ≤ h(t) + A (h(t) + Aω(t))

= h(t) + Ah(t) + A2ω(t)
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≤ h(t) + Ah(t) + A2
(
h(t) + Ah(t) + A2ω(t)

)
= h(t) + Ah(t) + A2h(t) + A3h(t) + A4ω(t).

If we continue this iterative scheme, then for n ∈ N, we have

ω(t) ≤
( n−1∑

m=0

Amh(t)
)

+ Anω(t), t ∈ [t1, t2], (3.19)

where A0h(t) = h(t). In the following, we will prove that

Anω(t) ≤ f n(t)
∫ t

t1

n∑
i=0

(
n
i

)
(Γ(p))n−i(Γ(q))i

Γ((n − i)p + iq)

(
ln

t
r

)((n−i)p+iq)−1
ω(r)

dr
r
, (3.20)

for t ∈ [t1, t2], and
lim
n→∞

Anω(t) = 0. (3.21)

Based on the mathematical induction, we know that (3.20) is obviously valid for n = 1. As an
induction hypothesis, let (3.20) be also true for n = j; that is,

A jω(t) ≤ f j(t)
∫ t

t1

j∑
i=0

(
j
i

)
(Γ(p)) j−i(Γ(q))i

Γ(( j − i)p + iq)

(
ln

t
r

)(( j−i)p+iq)−1
ω(r)

dr
r
.

Now, we put n = j + 1. Moreover, f (t) is non-decreasing since f1(t) and f2(t) are non-decreasing.
Then, we have

A j+1ω(t) = A(A jω(t))

≤ f (t)
∫ t

t1

((
ln

t
r

)p−1
+

(
ln

t
r

)q−1
)

(A jω(r))
dr
r

≤ f (t)
∫ t

t1

((
ln

t
r

)p−1
+

(
ln

t
r

)q−1
)  f j(r)

∫ r

t1

j∑
i=0

(
j
i

)
(Γ(p)) j−i(Γ(q))i

Γ(( j − i)p + iq)

(
ln

r
s

)(( j−i)p+iq)−1
ω(s)

ds
s

 dr
r

≤ f j+1(t)
∫ t

t1

((
ln

t
r

)p−1
+

(
ln

t
r

)q−1
) ∫ r

t1

j∑
i=0

(
j
i

)
(Γ(p)) j−i(Γ(q))i

Γ(( j − i)p + iq)

(
ln

r
s

)(( j−i)p+iq)−1
ω(s)

ds
s

 dr
r

≤ f j+1(t)
∫ t

t1

[ ∫ t

s

j∑
i=0

(
j
i

)
(Γ(p)) j−i(Γ(q))i

Γ(( j − i)p + iq)

(
ln

t
r

)p−1 (
ln

r
s

)(( j−i)p+iq)−1

+

j∑
i=0

(
j
i

)
(Γ(p)) j−i(Γ(q))i

Γ(( j − i)p + iq)

(
ln

t
r

)q−1 (
ln

r
s

)(( j−i)p+iq)−1 dr
r

]
ω(s)

ds
s
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= f j+1(t)
∫ t

t1

[ j∑
i=0

(
j
i

)
(Γ(p)) j+1−i(Γ(q))i

Γ(( j + 1 − i)p + iq)

(
ln

t
r

)(( j+1−i)p+iq)−1

+

j∑
i=0

(
j
i

)
(Γ(p)) j−i(Γ(q))i+1

Γ(( j − i)p + (i + 1)q)

(
ln

t
r

)(( j−i)p+(i+1)q)−1
]
ω(r)

dr
r

= f j+1(t)
∫ t

t1

[ j∑
i=0

(
j
i

)
(Γ(p)) j+1−i(Γ(q))i

Γ(( j + 1 − i)p + iq)

(
ln

t
r

)(( j+1−i)p+iq)−1

+

j+1∑
i=1

(
j

i−1

)
(Γ(p)) j+1−i(Γ(q))i

Γ(( j + 1 − i)p + iq)

(
ln

t
r

)(( j+1−i)p+iq)−1
]
ω(r)

dr
r

= f j+1(t)
∫ t

t1

[( j
0

)
(Γ(p)) j+1

Γ(( j + 1)p)

(
ln

t
r

)( j+1)p)−1

+

j∑
i=1

((
j
i

)
+ Ci−1

j

)
(Γ(p)) j+1−i(Γ(q))i

Γ(( j + 1 − i)p + iq)

(
ln

t
r

)(( j+1−i)p+iq)−1

+

(
j
j

)
(Γ(q)) j+1

Γ(( j + 1)q)

(
ln

t
r

)( j+1)q)−1
]
ω(r)

dr
r

= f j+1(t)
∫ t

t1

j+1∑
i=0

(
j+1
i

)
(Γ(p)) j+1−i(Γ(q))i

Γ(( j + 1 − i)p + iq)

(
ln

t
r

)(( j+1−i)p+iq)−1
ω(r)

dr
r
.

In view of the above computations, we follow that (3.20) is valid.

Now, to prove (3.21), by the hypothesis, we know that f1(t) ≤ M1 and f2(t) ≤ M2 for all t ∈ [t1, t2]
and for some constants M1,M2 > 0. In this case, since f (t) is the sum of two functions f1(t) and f2(t),
so we get f (t) ≤ M1 + M2. Therefore, according to (3.20), one can write

Anω(t) ≤
∫ t

t1

n∑
i=0

(
n
i

)
(M1 + M2)n(Γ(p))n−i(Γ(q))i

Γ((n − i)p + iq)

(
ln

t
r

)((n−i)p+iq)−1
ω(r)

dr
r
.

For the Gamma function, we know that the Stirling’s formula

Γ(α + 1) ≈ (2πα)
1
2

(
α

e

)α
, α > 0

holds. On the other hand, for the finite integrals, the first mean-value theorem implies the existence of
a constant b ∈ [t1, t2] so that

lim
n→∞

Anω(t)
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≤ lim
n→∞

ω(b)
n∑

i=0

(
n
i

)
(M1 + M2)n(Γ(p))n−i(Γ(q))i

Γ((n − i)p + iq)

∫ t

t1

(
ln

t
r

)((n−i)p+iq)−1 dr
r

≤ lim
n→∞

ω(b)
n∑

i=0

(
n
i

)
(M1 + M2)n(Γ(p))n−i(Γ(q))i

Γ((n − i)p + iq + 1)

(
ln

t2

t1

)(n−i)p+iq

= lim
n→∞

ω(b)
n∑

i=0

(
n
i

)
(M1 + M2)n

(
Γ(p)

(
ln( t2

t1
)
)p)n−i (

Γ(q)
(
ln t2

t1

)q)i

Γ((n − i)p + iq + 1)

= lim
n→∞

ω(b)
n∑

i=0

(
n
i

)
(M1 + M2)n

(
Γ(p)

(
ln( t2

t1
)
)p)n−i (

Γ(q)
(
ln t2

t1

)q)i

(2π((n − i)p + iq))
1
2
(

(n−i)p+iq
e

)(n−i)p+iq

= lim
n→∞

ω(b)
n∑

i=0

(
n
i

)
(M1 + M2)n

(2π((n − i)p + iq))
1
2

Γ(p)
(
ln t2

t1

)p(
(n−i)p+iq

e

)p


n−i Γ(q)

(
ln t2

t1

)q(
(n−i)p+iq

e

)q


i

.

Therefore, we obtain

lim
n→∞

Anω(t) ≤ lim
n→∞

ω(b)
((M1 + M2)(∆1 + ∆2))n

[2nπz∗]
1
2

,

by assuming

∆1 :=

Γ(p)
(
ln( t2

t1
)
)p

( (n−i)p+iq
e )p

 , ∆2 :=

Γ(q)
(
ln( t2

t1
)
)q

( (n−i)p+iq
e )q

 ,
and z∗ := min{p, q}.

By letting (M1 + M2)(∆1 + ∆2) < 1, we get ((M1 + M2)(∆1 + ∆2))n
→ 0, as n→ ∞. Hence, one can

find that lim
n→∞

Anω(t) = 0 and so, (3.21) is proved.

Finally, again from (3.19), we have

ω(t) ≤
( n−1∑

m=0

Amh(t)
)

+ Anω(t) = h(t) +
( n−1∑

m=1

Amh(t)
)

+ Anω(t).

When n goes to infinite, then

ω(t) ≤ h(t) +

∞∑
m=1

Amh(t)

≤ h(t) +

∞∑
m=1

f m(t)
∫ t

t1

m∑
i=0

(
m
i

)
(Γ(p))m−i(Γ(q))i

Γ((m − i)p + iq)

(
ln

t
r

)((m−i)p+iq)−1
h(r)

dr
r
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≤ h(t) +

∫ t

t1

∞∑
m=1

f m(t)
m∑

i=0

(
m
i

)
(Γ(p))m−i(Γ(q))i

Γ((m − i)p + iq)

(
ln

t
r

)((m−i)p+iq)−1
h(r)

dr
r
.

This completes the proof. �

In view of the above theorem, we now prove the extended form of the Hadamard-Gronwall-
Bellman-type inequality as follows.

Theorem 3.4. Assume that all hypotheses of Theorem 3.3 are satisfied and assume that h(t) is non-
decreasing function on [t1, t2]. Also, to find a uniform bound for the terms in the Mittag-Leffler function,
we consider z∗ = min{p, q}. Then, we have

ω(t) ≤ h(t)Ez∗

[
f (t)

(
Γ(p)

(
ln

t
t1

)p

+ Γ(q)
(
ln

t
t1

)q)]
. (3.22)

Proof. Since r < t and h(t) is non-decreasing, so h(r) < h(t) and we have

ω(t) ≤ h(t) + h(t)
∫ t

t1

∞∑
m=1

f m(t)
m∑

i=0

(
m
i

)
(Γ(p))m−i(Γ(q))i

Γ((m − i)p + iq)

(
ln

t
r

)((m−i)p+iq)−1 dr
r
.

Hence,

ω(t) ≤ h(t)

1 +

∫ t

t1

∞∑
m=1

f m(t)
m∑

i=0

(
m
i

)
(Γ(p))m−i(Γ(q))i

Γ((m − i)p + iq)

(
ln

t
r

)((m−i)p+iq)−1 dr
r


= h(t)

1 +

∞∑
m=1

f m(t)
m∑

i=0

(
m
i

)
(Γ(p))m−i(Γ(q))i

Γ((m − i)p + iq + 1)

(
ln

t
t1

)(m−i)p+iq


≤ h(t)


1 +

∞∑
m=1

f m(t)
m∑

i=0

(
m
i

) (
Γ(p)

(
ln

t
t1

)p)m−i (
Γ(q)

(
ln

t
t1

)q)i

Γ(mz∗ + 1)


= h(t)

1 +

∞∑
m=1

f m(t)
(
Γ(p)

(
ln t

t1

)p
+ Γ(q)

(
ln t

t1

)q)m

Γ(mz∗ + 1)


= h(t)

∞∑
m=0

f m(t)
(
Γ(p)

(
ln t

t1

)p
+ Γ(q)

(
ln t

t1

)q)m

Γ(mz∗ + 1)

= h(t)Ez∗

[
f (t)

(
Γ(p)

(
ln

t
t1

)p

+ Γ(q)
(
ln

t
t1

)q)]
.

This completes the proof of the extended form of the Hadamard-Gronwall-Bellman-type
inequality (3.22). �
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4. Application: Existence and stability of solutions

This section aims to show an application of the coupled Hadamard-Gronwall-Bellman-type
inequalities (3.13) and (3.14) and also, the extended form of the Hadamard-Gronwall-Bellman-type
inequality (3.22) in the existence and stability theories. To do this, we choose a coupled delay system
and a fractional damped system, because most of real-world models have delay and damped properties,
and this helps us to guarantee our theoretical results on such applied systems.

4.1. Application to a coupled delay system

Let p, q ∈ (0, 1] and φ1, φ2 ∈ C([t1, t2]×R2,R) and ω∗1, ω
∗
2 ∈ C([t1−τ, t1],R). As the first application,

we consider a Caputo-Hadamard coupled delay system given by
CHDp

t1ω1(t) = φ1(t, ω2(t), ω2(t − τ)), t ∈ [t1, t2],

CHDq
t1ω2(t) = φ2(t, ω1(t), ω1(t − τ)), t ∈ [t1, t2],

ω1(t) = ω∗1(t), ω2(t) = ω∗2(t), t ∈ [t1 − τ, t1].

(4.1)

Lemma 2.5 easily follows that the coupled (ω1(t), ω2(t)) is a solution of (4.1) if and only if it satisfies
the Hadamard integral sysstem

ω1(t) = ω∗1(t1) +
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω2(r), ω2(r − τ))

dr
r
, t ∈ [t1, t2],

ω2(t) = ω∗2(t1) +
1

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
φ2(r, ω1(r), ω1(r − τ))

dr
r
, t ∈ [t1, t2],

ω1(t) = ω∗1(t), ω2(t) = ω∗2(t), t ∈ [t1 − τ, t1].

(4.2)

In the following, we consider the Banach space W ×W under the norm ‖(ω1, ω2)‖ = ‖ω1‖ + ‖ω2‖,
where ‖ω1‖ = supt (|ω1(t)| + |ω1(t − τ)|). The next result proves the existence of unique solutions
for (4.1).

Theorem 4.1. Let W be a Banach space and suppose that:

(G1) φ1, φ2 ∈ C([t1, t2] × R2,R) and ω∗1, ω
∗
2 ∈ C([t1 − τ, t1],R);

(G2) There exists L1, L2 > 0 such that for all ω1, ω2, ω̄1, ω̄2 ∈ W, we have∣∣∣φ1(t, ω1, ω2) − φ1(t, ω̄1, ω̄2)
∣∣∣ ≤ L1 (|ω1 − ω̄1| + |ω2 − ω̄2|) ,∣∣∣φ2(t, ω1, ω2) − φ2(t, ω̄1, ω̄2)
∣∣∣ ≤ L2 (|ω1 − ω̄1| + |ω2 − ω̄2|) ;

(G3) Let M := max

L1

(
ln( t2

t1
)
)p

Γ(p + 1)
,

L2

(
ln( t2

t1
)
)q

Γ(q + 1)

 < 1.

Then, the Caputo-Hadamard coupled delay system (4.1) admits one and only one solution on W×W.
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Proof. Firstly, we define the operator

T (ω1, ω2)(t) := (T1ω1(t),T2ω2(t))

as follows

T1ω1(t) =


ω∗1(t); t ∈ [t1 − τ, t1],

ω∗1(t1) +
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω2(r), ω2(r − τ))

dr
r

; t ∈ [t1, t2],
(4.3)

and

T2ω2(t) =


ω∗2(t); t ∈ [t1 − τ, t1],

ω∗2(t1) +
1

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
φ2(r, ω1(r), ω1(r − τ))

dr
r

; t ∈ [t1, t2].
(4.4)

For t ∈ [t1 − τ, t1], we may write ∣∣∣T1ω1(t) − T1ω̄1(t)
∣∣∣ = 0,

and ∣∣∣T2ω2(t) − T2ω̄2(t)
∣∣∣ = 0,

if (ω1, ω2), (ω̄1, ω̄2) ∈ C([t1 − τ, t1],R) ×C([t1 − τ, t1],R).

Now, for all t ∈ [t1, t2] and for each (ω1, ω2), (ω̄1, ω̄2) ∈ C([t1, t2],R) ×C([t1, t2],R), we estimate∣∣∣T1ω1(t) − T1ω̄1(t)
∣∣∣ =

1
Γ(p)

∣∣∣∣∣∣
∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω2(r), ω2(r − τ))

dr
r
−

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω̄2(r), ω̄2(r − τ))

dr
r

∣∣∣∣∣∣
≤

1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣∣φ1(r, ω2(r), ω2(r − τ)) − φ1(r, ω̄2(r), ω̄2(r − τ))
∣∣∣∣ dr

r

≤
L1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
(|ω2(r) − ω̄2(r)| + |ω2(r − τ) − ω̄2(r − τ)|)

dr
r

≤
L1

(
ln t

t1

)p

Γ(p + 1)
‖ω2 − ω̄2‖

≤
L1

(
ln t2

t1

)p

Γ(p + 1)
‖ω2 − ω̄2‖. (4.5)

In a similar manner, it yields that

∣∣∣T2ω2(t) − T2ω̄2(t)
∣∣∣ ≤ L2

(
ln( t2

t1
)
)q

Γ(q + 1)
‖ω1 − ω̄1‖. (4.6)
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The inequalities (4.5) and (4.6) imply that∥∥∥T (ω1, ω2)(t) − T (ω̄1, ω̄2)(t)
∥∥∥ =

∥∥∥T1ω1 − T1ω̄1

∥∥∥ +
∥∥∥T2ω2 − T2ω̄2

∥∥∥
≤

L1

(
ln t2

t1

)p

Γ(p + 1)
‖ω2 − ω̄2‖ +

L2

(
ln t2

t1

)q

Γ(q + 1)
‖ω1 − ω̄1‖

≤ max

L1

(
ln( t2

t1
)
)p

Γ(p + 1)
,

L2

(
ln( t2

t1
)
)q

Γ(q + 1)

 (‖ω1 − ω̄1‖ + ‖ω2 − ω̄2‖)

= M
∥∥∥(ω1 − ω̄1, ω2 − ω̄2)

∥∥∥
= M

∥∥∥(ω1, ω2) − (ω̄1, ω̄2)
∥∥∥.

This implies that the operator T is acontraction by (G3). On the basis of the Banach fixed point
theorem, T has a unique fixed point. So (4.2) implies that the Caputo-Hadamard coupled delay
system (4.1) admits one and only one solution on W ×W. �

For proving the next theorem, we need to define the Ulam-Hyers stability: The Caputo-Hadamard
coupled delay system (4.1) is Ulam-Hyers stable if there exists c1, c2 ∈ R such that for all ε > 0 and
every ω̄1(t), ω̄2(t) ∈ W with (ω̄1(t), ω̄2(t)) = (ω∗1(t), ω∗2(t)) for t ∈ [t1 − τ, t1], satisfying

∣∣∣CHDp
t1ω̄1(t) − φ1(t, ω̄2(t), ω̄2(t − τ))

∣∣∣ ≤ ε, t ∈ [t1, t2],∣∣∣CHDq
t1ω̄2(t) − φ2(t, ω̄1(t), ω̄1(t − τ))

∣∣∣ ≤ ε, t ∈ [t1, t2],

there exists (ω1, ω2) ∈ W ×W as the solution of the delay system (4.1) so that∣∣∣ω̄1(t) − ω1(t)
∣∣∣ ≤ c1ε and

∣∣∣ω̄2(t) − ω2(t)
∣∣∣ ≤ c2ε.

Now, everything is ready for the next theorem.

Theorem 4.2. The Caputo-Hadamard coupled delay system (4.1) is Ulam-Hyers stable under the
conditions of Theorem 4.1.

Proof. To prove this theorem, assume that (ω̄1(t), ω̄2(t)) ∈ W ×W is a solution for two inequalities∣∣∣CHDp
t1ω̄1(t) − φ1(t, ω̄2(t), ω̄2(t − τ))

∣∣∣ ≤ ε, (4.7)

and ∣∣∣CHDq
t1ω̄2(t) − φ2(t, ω̄1(t), ω̄1(t − τ))

∣∣∣ ≤ ε, (4.8)

for all ε > 0 and all t ∈ [t1, t2], and also, assume that (ω1(t), ω2(t)) is the unique solution for the
Caputo-Hadamard coupled delay system (4.1) which satisfies the conditions

ω1(t) = ω̄1(t) = ω∗1(t), ω2(t) = ω̄2(t) = ω∗2(t),
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for all t ∈ [t1 − τ, t1]. We have

ω1(t) =


ω̄1(t); t ∈ [t1 − τ, t1],

ω̄1(t1) +
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω2(r), ω2(r − τ))

dr
r

; t ∈ [t1, t2],

and

ω2(t) =


ω̄2(t); t ∈ [t1 − τ, t1],

ω̄2(t1) +
1

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
φ2(r, ω1(r), ω1(r − τ))

dr
r

; t ∈ [t1, t2].

These structures are guaranteed by Theorem 4.1.

By the definition, we know that (ω̄1(t), ω̄2(t)) satisfies the inequalities (4.7) and (4.8) if and only if
there exists two functions h1(t), h2(t) ∈ C([t1, t2],R) so that |hi(t)| ≤ ε (i = 1, 2), and

CHDp
t1ω̄1(t) − φ1(t, ω̄2(t), ω̄2(t − τ)) = h1(t), (4.9)

CHDq
t1ω̄2(t) − φ2(t, ω̄1(t), ω̄1(t − τ)) = h2(t), (4.10)

for all t ∈ [t1, t2]. If we apply the Hadamard fractional integral of order p on (4.9), then Lemma 2.5
implies that∣∣∣∣ω̄1(t) − ω̄1(t1) −

1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω̄2(r), ω̄2(r − τ))

dr
r

∣∣∣∣ =

∣∣∣∣∣∣ 1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1
h1(r)

dr
r

∣∣∣∣∣∣
≤

1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1
|h1(r)|

dr
r

≤

(
ln t

t1

)p

Γ(p + 1)
ε

≤

(
ln t2

t1

)p

Γ(p + 1)
ε. (4.11)

In a similar manner,

∣∣∣∣ω̄2(t) − ω̄2(t1) −
1

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
φ2(r, ω̄1(r), ω̄1(r − τ))

dr
r

∣∣∣∣ ≤
(
ln t2

t1

)q

Γ(q + 1)
ε. (4.12)

On the other side, |ω1(t) − ω̄1(t)| = 0 and |ω2(t) − ω̄2(t)| = 0 clearly, for t ∈ [t1 − τ, t1]. Also, for
t ∈ [t1, t1 + τ], it gives

∣∣∣ω̄1(t) − ω1(t)
∣∣∣ =

∣∣∣∣ω̄1(t) − ω̄1(t1) −
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω2(r), ω2(r − τ))

dr
r

∣∣∣∣
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≤

∣∣∣∣ω̄1(t) − ω̄1(t1) −
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω̄2(r), ω̄2(r − τ))

dr
r

∣∣∣∣
+

∣∣∣∣ 1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω̄2(r), ω̄2(r − τ))

dr
r

−
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω2(r), ω2(r − τ))

dr
r

∣∣∣∣ (4.13)

≤

∣∣∣∣ω̄1(t) − ω̄1(t1) −
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω̄2(r), ω̄2(r − τ))

dr
r

∣∣∣∣
+

1
Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣∣φ1(r, ω̄2(r), ω̄2(r − τ)) − φ1(r, ω2(r), ω2(r − τ))
∣∣∣∣ dr

r

≤

∣∣∣∣ω̄1(t) − ω̄1(t1) −
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ1(r, ω̄2(r), ω̄2(r − τ))

dr
r

∣∣∣∣
+

L1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
(|ω̄2(r) − ω2(r)| + |ω̄2(r − τ) − ω2(r − τ)|)

dr
r
.

In a similar manner, for t ∈ [t1, t1 + τ], we have

|ω̄2(t) − ω2(t)| ≤
∣∣∣∣ω̄2(t) − ω̄2(t1) −

1
Γ(q)

∫ t

t1

(
ln

t
r

)q−1
φ2(r, ω̄1(r), ω̄1(r − τ))

dr
r

∣∣∣∣
+

L2

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
(|ω̄1(r) − ω1(r)| + |ω̄1(r − τ) − ω1(r − τ)|)

dr
r
. (4.14)

In this case, (4.11) and (4.13), (4.12) and (4.14), respectively, give

|ω̄1(t) − ω1(t)| ≤

(
ln( t2

t1
)
)p

Γ(p + 1)
ε +

L1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
‖ω̄2(r) − ω2(r)‖

dr
r
, (4.15)

and

|ω̄2(t) − ω2(t)| ≤

(
ln( t2

t1
)
)q

Γ(q + 1)
ε +

L2

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
‖ω̄1(r) − ω1(r)‖

dr
r
. (4.16)

By the coupled Hadamard-Gronwall-Bellman-type inequality (Theorem 3.2), we find out
from (4.15) and (4.16) that

|ω̄1(t) − ω1(t)| ≤


(
ln t2

t1

)p

Γ(p + 1)
ε +

L1

Γ(p + 1)

(
ln t2

t1

)q

Γ(q + 1)
ε

Ep+q

[
L1L2

(
ln

t
t1

)p+q]
.

AIMS Mathematics Volume 10, Issue 11, 27954–27984.



27974

Hence, we obtain

|ω̄1(t) − ω1(t)| ≤


(
ln t2

t1

)p

Γ(p + 1)
+

L1

Γ(p + 1)

(
ln t2

t1

)q

Γ(q + 1)

Ep+q

[
L1L2

(
ln

t1 + τ

t1

)p+q]
ε.

for all t ∈ [t1, t1 + τ]. Again, similarly, and on the same interval [t1, t1 + τ], we obtain

|ω̄2(t) − ω2(t)| ≤


(
ln t2

t1

)q

Γ(q + 1)
+

L2

Γ(q + 1)

(
ln t2

t1

)p

Γ(p + 1)

Ep+q

[
L1L2

(
ln

t1 + τ

t1

)p+q]
ε.

This time, for t ∈ [t1 + τ, t2], we repeat the same proofs and obtain

|ω̄1(t) − ω1(t)| ≤

(
ln t2

t1

)p

Γ(p + 1)
ε +

L1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
|ω̄2(r) − ω2(r)|

dr
r

+
L1

Γ(p)

∫ t

t1+τ

(
ln

t
r

)p−1
|ω̄2(r − τ) − ω2(r − τ)|

dr
r
, (4.17)

and

|ω̄2(t) − ω2(t)| ≤

(
ln t2

t1

)q

Γ(q + 1)
ε +

L2

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
|ω̄1(r) − ω1(r)|

dr
r

+
L2

Γ(q)

∫ t

t1+τ

(
ln

t
r

)q−1
|ω̄1(r − τ) − ω1(r − τ)|

dr
r
. (4.18)

We set
v1(t) = max

s∈[−τ,0]
|ω̄1(t + s) − ω1(t + s)|,

and
v2(t) = max

s∈[−τ,0]
|ω̄2(t + s) − ω2(t + s)|.

The inequalities (4.17) and (4.18) imply that

v1(t) ≤

(
ln t2

t1

)p

Γ(p + 1)
ε +

L1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
v2(r)

dr
r

+
L1

Γ(p)

∫ t

t1+τ

(
ln

t
r

)p−1
v2(r)

dr
r

≤

(
ln t2

t1

)p

Γ(p + 1)
ε +

2L1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
v2(r)

dr
r
, (4.19)

and

v2(t) ≤

(
ln t2

t1

)q

Γ(q + 1)
ε +

2L2

Γ(q)

∫ t

t1

(
ln

t
r

)q−1
v1(r)

dr
r
. (4.20)
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Once again, if we refer to the coupled Hadamard-Gronwall-Bellman-type inequality (Theorem 3.2),
then for t ∈ [t1 + τ, t2], anf by (4.19) and (4.20), we have

v1(t) ≤


(
ln t2

t1

)p

Γ(p + 1)
+

2L1

Γ(p + 1)

(
ln t2

t1

)q

Γ(q + 1)

Ep+q

[
2L1L2

(
ln

t2

t1

)p+q]
ε,

and

v2(t) ≤


(
ln t2

t1

)q

Γ(q + 1)
+

2L2

Γ(q + 1)

(
ln t2

t1

)p

Γ(p + 1)

Ep+q

[
2L1L2

(
ln

t2

t1

)p+q]
ε.

For the sake of the inequalities |ω̄1(t) − ω1(t)| ≤ v1(t) and |ω̄2(t) − ω2(t)| ≤ v2(t), for t ∈ [t1 + τ, t2],
we may write

|ω̄1(t) − ω1(t)| ≤


(
ln t2

t1

)p

Γ(p + 1)
+

2L1

Γ(p + 1)

(
ln t2

t1

)q

Γ(q + 1)

Ep+q

(
2L1L2

(
ln

t2

t1

)p+q)
ε,

and

|ω̄2(t) − ω2(t)| ≤


(
ln t2

t1

)q

Γ(q + 1)
+

2L2

Γ(q + 1)

(
ln t2

t1

)p

Γ(p + 1)

Ep+q

[
2L1L2

(
ln

t2

t1

)p+q]
ε.

Finally, we define the constants

c1 :=


(
ln t2

t1

)p

Γ(p + 1)
+

2L1

Γ(p + 1)

(
ln t2

t1

)q

Γ(q + 1)

Ep+q

[
L1L2

(
ln

t2

t1

)p+q]
,

and

c2 :=


(
ln t2

t1

)q

Γ(q + 1)
+

2L2

Γ(q + 1)

(
ln t2

t1

)p

Γ(p + 1)

Ep+q

[
2L1L2

(
ln

t2

t1

)p+q]
,

and obtain the desired inequalities

|ω̄1(t) − ω1(t)| ≤ c1ε and |ω̄2(t) − ω2(t)| ≤ c2ε,

which means the Ulam-Hyers stability of the Caputo-Hadamard coupled delay system (4.1), and the
proof is ended. �

4.2. Application to a fractional damped system

Let 0 < q ≤ 1 < p ≤ 2 and φ ∈ C([t1, t2]×R,R) and λ, ω∗, ω∗ ∈ R+. Now, in this step, we investigate
an application of the extended form of the Hadamard-Gronwall-Bellman-type inequality (3.22) for a
Caputo-Hadamard fractional damped system formulated by

CHDp
t1ω(t) − λ CHDq

t1ω(t) = φ(t, ω(t)), t ∈ [t1, t2],

ω(t1) = ω∗, ω′(t1) = ω∗.
(4.21)
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The Hadamard fractional integral of order 1 < p ≤ 2 acts on (4.21) and yields the Hadamard integral
equation

ω(t) = ω∗ +

(
ln

t
t1

)
ω∗ −

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗

+
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1
ω(r)

dr
r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ(r, ω(r))

dr
r
, (4.22)

for all t ∈ [t1, t2].

Before establishing the existence results, some hypotheses are needed to state them below:

(G4) φ ∈ C([t1, t2] × R,R);
(G5) For all t ∈ [t1, t2], ω ∈ R, there exists kφ ∈ C([t1, t2],R) such that

∣∣∣φ(t, ω)
∣∣∣ ≤ kφ(t) with k∗φ :=

supt∈[t1,t2] |kφ(t)|;
(G6) For all t ∈ [t1, t2], ω1, ω2 ∈ R, there exists k ∈ C([t1, t2],R) such that

∣∣∣φ(t, ω1) − φ(t, ω2)
∣∣∣ ≤

k(t)
∣∣∣ω1 − ω2

∣∣∣ with k∗ := supt∈[t1,t2] |k(t)|;
(G7) For all t ∈ [t1, t2]ω ∈ R, there exists L > 0 such that

∣∣∣φ(t, ω)
∣∣∣ ≤ L(1 + |ω|).

Theorem 4.3. Under the conditions (G4)–(G6), the Caputo-Hadamard fractional damped
system (4.21) admits one and only one solution on [t1, t2] if

λ
(
ln t2

t1

)p−q

Γ(p − q + 1)
+

k∗
(
ln t2

t1

)p

Γ(p + 1)
< 1. (4.23)

Proof. Construct a new Banach space as

Cε :=
{
ω ∈ C([t1, t2],R) : ‖ω‖ ≤ ε

}
,

so that the arbitrary constant ε > 0 satisfies

ε ≥

ω∗ +
(
ln t2

t1

)
ω∗ +

λ
(
ln t2

t1

)p−q
ω∗

Γ(p − q + 1)
+

k∗φ
(
ln t2

t1

)p

Γ(p + 1)

1 −
λ
(
ln t2

t1

)p−q

Γ(p − q + 1)

, (4.24)

with
λ
(
ln t2

t1

)p−q

Γ(p − q + 1)
< 1.

In the next step, a new operator Y : Cε → C([t1, t2],R) is defined, by (4.22), as

(Yω)(t) = ω∗ +

(
ln

t
t1

)
ω∗ −

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗
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+
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1
ω(r)

dr
r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
φ(r, ω(r))

dr
r
. (4.25)

Due to the condition (G4), Y is well-defined. Now, for each ω ∈ Cε, we estimate

|(Yω)(t)| ≤ ω∗ +

(
ln

t
t1

)
ω∗ +

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗

+
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1 ∣∣∣ω(r)
∣∣∣ dr

r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣φ(r, ω(r))
∣∣∣ dr

r

≤ ω∗ +

(
ln

t
t1

)
ω∗ +

λ
(
ln( t

t1
)
)p−q

Γ(p − q + 1)
ω∗

+
ελ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1 dr
r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣kφ(r)
∣∣∣ dr

r

≤ ω∗ +

(
ln(

t2

t1
)
)
ω∗ +

λ
(
ln( t2

t1
)
)p−q

Γ(p − q + 1)
ω∗

+
ελ

(
ln( t2

t1
)
)p−q

Γ(p − q + 1)
+

k∗φ
(
ln( t2

t1
)
)p

Γ(p + 1)

≤ ε,

implying ‖Yω‖ ≤ ε.
In view of (G6), for all ω1, ω2 ∈ Cε, we have∣∣∣(Yω1)(t) − (Yω2)(t)

∣∣∣ ≤ λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1 ∣∣∣ω1(r) − ω2(r)
∣∣∣ dr

r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣φ(r, ω1(r)) − φ(r, ω2(r))
∣∣∣ dr

r

≤
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1 ∣∣∣ω1(r) − ω2(r)
∣∣∣ dr

r
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+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
k(r)

∣∣∣ω1(r) − ω2(r)
∣∣∣ dr

r

≤

 λ
(
ln t2

t1

)p−q

Γ(p − q + 1)
+

k∗
(
ln t2

t1

)p

Γ(p + 1)

 ‖ω1 − ω2‖.

From (4.23), we know that Y is a contraction on Cε. Now, the existence of unique fixed point
is confirmed for Y by the Banach contraction mapping principle. Therefore, the Caputo-Hadamard
fractional damped system (4.21) admits one and only one solution which completes the proof. �

Theorem 4.4. Under the conditions (G4), (G6) and (G7), the Caputo-Hadamard fractional damped
system (4.21) has at least one solution on [t1, t2].

Proof. We again use the same operator Y : Cε → C([t1, t2],R) introduced in (4.25) and define a new
set as

Â(Y) :=
{
ω ∈ Cε : ω = cY(ω) for some c ∈ [0, 1]

}
.

In order to apply the Schauder fixed point theorem, it is needed to establish that Y is completely
continuous and Â(Y) is a bounded set. For these, we first consider a sequence {ωn} in C([t1, t2],R) such
that ωn tends to ω. By (G6) and for all t ∈ [t1, t2], we gaet∣∣∣(Yωn)(t) − (Yω)(t)

∣∣∣ ≤ λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1 ∣∣∣ωn(r) − ω(r)
∣∣∣ dr

r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣φ(r, ωn(r)) − φ(r, ω(r))
∣∣∣ dr

r

≤
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1 ∣∣∣ωn(r) − ω(r)
∣∣∣ dr

r

+
k∗

Γ(p)

∫ t

t1

(
ln

t
r

)p−1 ∣∣∣ωn(r) − ω(r)
∣∣∣ dr

r

≤

 λ
(
ln t2

t1

)p−q

Γ(p − q + 1)
+

k∗
(
ln t2

t1

)p

Γ(p + 1)

 ‖ωn − ω‖.

Hence, ‖Yωn − Yω‖ → 0 as n→ ∞, and Y is continuous on Cε.

For all t ∈ [t1, t2] and by (G7), we estimate

|(Yω)(t)| ≤ ω∗ +

(
ln

t
t1

)
ω∗ +

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗ +

λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1
|ω(r)|

dr
r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
|φ(r, ω(r))|

dr
r
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≤ ω∗ +

(
ln

t2

t1

)
ω∗ +

λ
(
ln t2

t1

)p−q

Γ(p − q + 1)
ω∗ +

ελ
(
ln t2

t1

)p−q

Γ(p − q + 1)
+

L(1 + ε)
(
ln t2

t1

)p

Γ(p + 1)
:= ε̂.

We see that for each ε > 0, one can find a constant ε̂ > 0 so that for every ω ∈ Cε, we get ‖Yω‖ ≤ ε̂;
i.e., Y maps a bounded set into a bounded set in Cε, and also, for each t∗, t∗ ∈ [t1, t2], t1 ≤ t∗ < t∗ ≤ t2

and every ω ∈ Cε, we have by (G7) that

|(Yω)(t∗) − (Yω)(t∗)| ≤
(
ln

t∗

t∗

)
ω∗ +

λ
(
ln t∗

t∗

)p−q

Γ(p − q + 1)
ω∗ +

λ

Γ(p − q)

∫ t∗

t∗

(
ln

t∗

r

)p−q−1

|ω(r)|
dr
r

+
λ

Γ(p − q)

∫ t∗

t1

(ln t∗

r

)p−q−1

−

(
ln

t∗
r

)p−q−1
 |ω(r)|

dr
r

+
1

Γ(p)

∫ t∗

t∗

(
ln

t∗

r

)p−1

|φ(r, ω(r))|
dr
r

+
1

Γ(p)

∫ t∗

t1

(ln t∗

r

)p−1

−

(
ln

t∗
r

)p−1
 |φ(r, ω(r))|

dr
r

≤

(
ln

t∗

t∗

)
ω∗ +

λ
(
ln t∗

t∗

)p−q

Γ(p − q + 1)
ω∗

+
λε

Γ(p − q)

[ ∫ t∗

t∗

(
ln

t∗

r

)p−q−1 dr
r

+

∫ t∗

t1

(ln t∗

r

)p−q−1

−

(
ln

t∗
r

)p−q−1
 dr

r

]

+
L(1 + ε)

Γ(p)

[ ∫ t∗

t∗

(
ln

t∗

r

)p−1 dr
r

+

∫ t∗

t1

(ln t∗

r

)p−1

−

(
ln

t∗
r

)p−1
 dr

r

]
;

that is, independently (from ω), |(Yω)(t∗) − (Yω)(t∗) tends to 0 as t∗ tends to t∗, which states that Y is
equicontinuous and finally, it is completely continuous by the conclusion of the Arzela-Ascoli theorem.
Now, we take ω ∈ Â(Y). Then ω = cYω for some c ∈ [0, 1]. For t ∈ [t1, t2],

|ω(t)| = |c||(Yω)(t)| ≤ ω∗ +

(
ln

t
t1

)
ω∗ +

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗

+
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1
|ω(r)|

dr
r

+
1

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
|φ(r, ω(r))|

dr
r

≤ ω∗ +

(
ln

t
t1

)
ω∗ +

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗ +

L
(
ln t

t1

)p

Γ(p + 1)

+
λ

Γ(p − q)

∫ t

t1

(
ln

t
r

)p−q−1
|ω(r)|

dr
r
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+
L

Γ(p)

∫ t

t1

(
ln

t
r

)p−1
|ω(r)|

dr
r
. (4.26)

We define three continuous functions as

h(t) = ω∗ +

(
ln

t
t1

)
ω∗ +

λ
(
ln t

t1

)p−q

Γ(p − q + 1)
ω∗ +

L
(
ln t

t1

)p

Γ(p + 1)
,

f1(t) =
λ

Γ(p − q)
, f2(t) =

L
Γ(p)

.

By the extended form of the Hadamard-Gronwall-Bellman-type inequality (3.22) (in Theorem 3.4)
for a Caputo-Hadamard fractional damped system, and by (4.26), we have

|ω(t)| ≤ h(t) + f1(t)
∫ t

t1

(
ln

t
r

)p−q−1
|ω(r)|

dr
r

+ f2(t)
∫ t

t1

(
ln

t
r

)p−1
|ω(r)|

dr
r

≤ h(t)Ep−q

(
( f1(t) + f2(t))

(
Γ(p − q)

(
ln

t
t1

)p−q

+ Γ(p)
(
ln

t
t1

)p))

≤ h(t2)Ep−q

(
( f1(t2) + f2(t2))

(
Γ(p − q)

(
ln

t2

t1

)p−q

+ Γ(p)
(
ln

t2

t1

)p))
= ε∗.

This shows that there is some ε∗ > 0 so that |ω(t)| ≤ ε∗. Then, one can find out that the set Â(Y) is
bounded. Therefore, by the conclusion of the Schauder fixed point theorem and by above results, we
deduce that Y admits a fixed point. Hence, the Caputo-Hadamard fractional damped system (4.21) has
at least one solution. �

5. Example

We investigate our theoretical results by giving a numerical example.

Example 5.1. Let p, q ∈ (0, 1] with p = 0.25 and q = 0.5. We define a Caputo-Hadamard coupled
delay system given by

CHD0.25
1 ω1(t) =

√
t + 2
14

(sin(ω2(t)) + arcsin(ω2(t − 1))) , t ∈ [1, 7],

CHD0.5
1 ω2(t) = (2t + 5)

(
ω1(t) + ω1(t − 1)

110

)
, t ∈ [1, 7],

ω1(t) = 1 − cos(πt), ω2(t) = sin
(
π

2
t
)
, t ∈ [0, 1],

(5.1)

for which φ1, φ2 ∈ C([1, 7] × R2,R) are defined by

φ1(t, ω2(t), ω2(t − τ)) =

√
t + 2
14

(sin(ω2(t)) + arcsin(ω2(t − 1))) ,
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φ2(t, ω1(t), ω1(t − τ)) = (2t + 5)
(
ω1(t) + ω1(t − 1)

110

)
,

and ω∗1, ω
∗
2 ∈ C([0, 1],R) are defined by

ω∗1(t) = 1 − cos(πt), ω∗2(t) = sin
(
π

2
t
)
.

By some computations, it is known that both functions φ1 and φ2 have the Lipschitz constants L1 =
3
14
' 0.2142 and L2 =

19
110
' 0.1727, respectively; since

|φ1(t, ω1, ω2) − φ1(t, ω̄1, ω̄2)| ≤
3

14
(|ω1 − ω̄1| + |ω2 − ω̄2|) ,

|φ2(t, ω1, ω2) − φ2(t, ω̄1, ω̄2)| ≤
19

110
(|ω1 − ω̄1| + |ω2 − ω̄2|) ,

for each ω1, ω2, ω̄1, ω̄2 ∈ R and t ∈ [1, 7]. On the other hand,

M := max

L1

(
ln( t2

t1
)
)p

Γ(p + 1)
,

L2

(
ln( t2

t1
)
)q

Γ(q + 1)

 ' max
{

0.2142 ln(7)0.25

Γ(1.25)
,

0.1727 ln(7)0.5

Γ(1.5)

}

' max{0.2793, 0.2716} = 0.2793 < 1.

In view of numerical results obtained above, Theorem 4.1 implies that the Caputo-Hadamard coupled
delay system (5.1) admits one and only one solution and its solution is Ulam-Hyers stable by
Theorem 4.2.

6. Conclusions

In this paper, we aimed to work on the new versions of the Gronwall-Bellman inequalities. In
fact, we proved two new forms of such inequalities by using the Hadamard fractional integrals. In
the first version, we generalized the Gronwall-Bellman inequality to a coupled Hadamard-Gronwall-
Bellman inequality which is applied to establish the Ulam-Hyers stability of the solutions of the
Caputo-Hadamard fractional coupled systems with finite delay. The second version was related to the
extended form of the Hadamard-Gronwall-Bellman inequality under the sum of two non-decreasing
functions. The application of this inequality could be seen in the existence theory of a Caputo-
Hadamard fractional initial value problem with damping. These results were new and the applicability
of our generalizations were validated by giving an example. In the next studies, we will try to generalize
our studies for extending the Gronwall-Bellman inequality under the non-singular kernels by using the
fractional proportional operators in two Caputo-Fabrizio and Atangana-Baleanu settings. Also, we aim
to investigate our research on fractional operators defined in (p, q)-calculus to analyze these inequalities
on time scales.
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his research stay during summer of 2025. All authors would like to thank dear reviewers for their
constructive comments to improve the quality of the paper.

Funding

The third author (J. Alberto Conejero) is supported by Generalitat Valenciana, Project PROMETEO
CIPROM/2022/21.

Conflict of interest

Prof. J. Alberto Conejero is the Guest Editor of special issue “Advances in Analysis and Applied
Mathematics ” for AIMS Mathematics. He was not involved in the editorial review and the decision to
publish this article. The authors declare no conflict of interest.

References

1. L. Sadek, A. Algefary, Extended Hermite-Hadamard inequalities, AIMS Math., 9 (2024), 36031–
36046. https://doi.org/10.3934/math.20241709

2. H. Budak, N. Ozmen, Hermite-Hadamard inequalities for left fractional conformable integral
operator, Bound. Value Probl., 2025 (2025), 98. https://doi.org/10.1186/s13661-025-02096-6
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