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1. Introduction

For the Fermat-type functional equation f(z)" + g(z)" = 1 in the classical complex field, where
n > 2 is a positive integer, Gross [2—4], Baker [5], and Montel [6] respectively studied its entire
and meromorphic solutions. Montel [6] further demonstrated that, for the functional equation f(z)" +
g(z)" = 1, no transcendental entire solutions exist when n > 3 and m > 3. Additionally, Yang [7]
showed that the function equation a(z) f(z)" + b(z)g(z)" = 1 admits no non-constant entire solutions
under the condition that % + % < 1, where a(z) and b(z) are small functions relative to f(z) and g(z),
respectively.

Significant progress has recently been made in the study of solutions to various difference
and functional equations, particularly concerning their precise forms, growth properties, and value
distribution. For instance, Xu and Jiang [8] conducted a systematic investigation into the existence
and explicit forms of entire and meromorphic solutions for systems of quadratic trinomial functional

equations in two complex variables, providing important insights for handling multivariate polynomial-
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type equations. Concurrently, Chen and Han [9] developed innovative methods for dealing with
nonlinear terms in their study of entire solutions to Eikonal-type equations. In the context of Fermat-
type equations, Xu and Cao [10] extended classical formulations to partial difference and differential-
difference equations, examining their solution structures and thereby enriching this research domain.
Furthermore, the solution properties of more complex product-type nonlinear partial differential-
difference equations have also attracted considerable scholarly attention (see [11]). Collectively, these
works have substantially advanced the theory of solutions in several complex variables.

The present research, which systematically classifies solution pairs for generalized quadratic
trinomial Fermat-type difference equation systems on C2, builds upon and extends this line of inquiry.
While existing literature has primarily focused on single equations or specific system forms, a notable
gap remains in understanding solution pairs for the more strongly coupled difference equation systems
investigated here. Our work not only addresses solution existence but, more importantly, provides
precise characterization of all finite-order transcendental entire solution pairs. This approach reveals
unique periodic and quasi-periodic properties of solution pairs in multivariate settings, representing
a fundamental advancement beyond both the single-variable case and previously examined equation
types in the literature.

Herein, the definition of additive quasi-periodic functions is provided as follows.

Definition 1.1. Let f(z) be a meromorphic function on C”, where c(# 0) € C”" and B € C" are

constants, and m > 2 is a positive integer. If

flz+¢) - f(z) = B,

then f(z) is called an additive quasi-periodic function with period ¢ and addend B. In particular, if
B # 0, f(z) is referred to as a strictly additive quasi-periodic function.

We note that for polynomial functions, the periodicity characteristic differs between single-variable
and several-variable functions. The following example illustrates the difference.

Example 1.1. Let
p(z1,22) = 632 — 2¢1022120 + €17 + €221 — €122 + 4,

where ¢ = (cy, ¢2)(# 0) and a are constants. Then we get

p(z+c) = p(2).

This shows that the quadratic polynomial p(z;, z,) has a period of c. However, for the single-variable
polynomials, periodicity necessitates that the polynomials reduce to constants.

We generalize Theorem 4.1 and its corollaries from reference [1] to C2, leading to new results.

Theorem 1.2. Let ¢ = (¢, ¢y) be non-zero constants, A; = ay1a12, By = aj1b1x + appbyy, C1 = by1bya,
As = ar1ax, By = ax by + anbsr, C; = byby and A;, B;, C; are non-zero constants, B? # 4A,C;,
Di(z)(# 0), Qi(z) are polynomials, i = 1,2. If M = apnby; — biaay, N = apby — byas, Di(z) =
D11(2)D12(2), and D1(z) = D11(2)D2x(2), then the finite order of transcendental entire solution pairs
(f1(2), 2(2)) of Fermat-type difference equation systems

A1fi(z+ ) + Bifi(z + 0) f2(z) + C1/2(2)* = D1(2)e*2@ W
Aoz + € + Bafo(z + ©) fi(2) + Cafi(2)? = Dy(2)e? 2@ ~
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on C? must be one of the following cases:
o)
fi@) = ﬁ(azzDzl(Z)eQ‘(“C)*‘" 12 _ gy Dy (7)eQ1 @O0 ‘h2) ,
h@) =5 (“12D11(Z)6Q1(Z)+h‘ - allDlz(Z)te(Z)_hl),

where Q1(z) is a non-constant polynomial, 6y, h; and h, are constants satisfy

anDy(z + ¢)e" — ay Dy (z + c)e™ = 0,b11D1x(x)e™ = biyDii(2)e" = 0,
apDyi(z + 0)e" — ay Doz + ¢)e™ # 0, by Dyn(z)e™ — by Dy (z)e™ # 0;

(i1)
film) = %(ClzzDz](Z)eQZ(Zth - 6121D22(z)eQ2(Z)_h2) ,
f(2) = i (alzD“(Z)eQz(z+c)+ez+h| _ allDlz(Z)eQZ(zﬂ-)wz—h,) ’

where Q>(2) is a non-constant polynomial, 6,, hy and h, are constants satisfy

anDy1(z + ©)e™ — ar Dy(z + c)e™™ # 0,b11D1a(2)e™ — biaDyi(2)e # 0,
anDn(z + 0)e" —aDi(z + c)e™ = 0,5y Dy(2)e™ — by Dy (2)e = 0;

(i11)
fi@) = % (ClzzDzl(Z)e’QZ(Z)Jrh2 - alezz(Z)eQZ(Z)‘hZ) ,
f(2) = ﬁ (012D11(Z)€Q1(Z)+h‘ — allDlz(z)eQI(Z)_hl) ,

where Q(z) and Q,(z) are non-constant additive quasi-periodic polynomials with 2c as the period and
C\, as the addend, and h, and h, are constants satisfy

anDsi(z+ )€™ — ay Dyn(z + c)e™ # 0,by1Dia()e™ — biyDy(2)e # 0,
apDyi(z + 0)e" — ay Dia(z + c)e™ # 0, by Dyn(z)e™ — by Dy (z)e # 0;

(iv)
filz) = % (azzDZI(Z)eQz(thz(z) _ alezz(Z)eQz(z)—hz(z)) ,
£ =+ (alan(Z)eQ‘(Z)*h'(Z) - aUDlz(Z)te(Z)‘hl(Z)) ,

where Q1(z) and Q,(z) are arbitrary polynomials, and h\(z) and h,(z) are non-constant additive quasi-
periodic polynomials with 2c as period and Cy, and +C, as addends, respectively;

(v)
fi@ =+ (022D21(Z)€Q2(Z)”’2(Z) — a21D22(Z)eQ2(Z)‘h2(Z)) ,
h2) = ,37 (Cllan(Z)eQ‘(Z)”"(z) — anD]z(Z)te(Z)‘hl(Z)) ,

where Q1(z) and Q,(z) are arbitrary polynomials, and h,(z) and h,(z) are periodic polynomials with 4c
as the period.

From the proof of Theorem 1.2, we can immediately derive the following two corollaries.
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Corollary 1.3. Let ¢ = (cy, c2) be non-zero constants, A, = ay az, By = ay;1b1y + aixbyy, Cy = by1bya,
As = ar1ax, By = ax1by + arbsi, Co = ba1byy and A;, B;, C; are non-zero constants and Bi2 # 4A,C;,
D(2)(# 0) are polynomials, i = 1,2. If M = ay;by1 — bpai, N = anby — bxnas, Di(z) = Dy1(2)D2(2),
and Dy(z) = D,1(2)D21(z2), then the finite order of transcendental entire solution pairs (f1(2), f>(2)) of
Fermat-type difference equation systems

A1 fiz+ ¢)* + Bifi(z+ 0) f(2) + C1 /2(2)* = Di(2)
Arfo(z+ ) + Brfo(z + ) f1(2) + Caf1(2)* = Da(2)

on C? must be one of the following cases:
)
fix) = ﬁ (azzDzl(Z)ehz(Z) - a21D22(z)e‘h2(Z)) ,
H@ =y (012D11(Z)€h1® - allDlz(Z)e—hl(Z)) ,

where hi(z) and hy(z) are non-constant additive quasi-periodic polynomials with 2c as period and Cy;
and Cy, as the addend, respectively;

(ii)
fi@ =+ (022D21(Z)eh2(1) — a21D22(Z)€_h2(z)) ,
f2) = ,3—4 (Cllan(Z)ehl(Z) - anDlz(z)e‘hl(Z)) ,
where h\(z) and hy(z) are non-constant periodic polynomials with period 4c.

Corollary 1.4. Let ¢ = (cy, c2) be non-zero constants, A, = ay az, By = a;1b1y + ayabyy, Cy = by1bya,
As = ar1ax»n, By = ay1by + axrbs;, Co = ba1by and A;, B;, C; are non-zero constants and Bi2 # 4A,C;,
Qi(z) are polynomials, i = 1,2. If M = apnbyy — byyay, N = anbyy — byayy, then the finite order of
transcendental entire solution pairs (f1(z2), f>(z)) of Fermat-type difference equation systems

A1 fiz +¢)? + B fi(z + ©) fo(2) + C fo(z)* = 2@
Arfr(z + ) + Bafo(z + O fi(2) + Cafi(2)? = 22
on C? must be one of the following cases:
(1)
fl (Z) = % (a226Q1(z+c)+91+hz _ aﬂte(z+c)+91—h2) ,
(@) = 5 (@1ne@ @ — a2,
where Q1(2) is a non-constant polynomial, 6, hy, and h, are constants that satisfy
ane™ —aye™ =0,by 1™ - bpe =0,
ape™ —aje™ £ 0,by e — bype™ £ 0;
(ii)
N2 = ﬁ (ClzzeQZ(Z)J’hz - azleQZ(z)‘hZ),
fz(Z) = i ((JllzeQZ(Z+")+02+h' _ alleQz(z+c)+02—h1) ,

where Q,(2) is a non-constant polynomial, 6,, hy and h, are constants satisfy

{azzehz - a21e_h2 * O,b]]é’_hl - b]zehl * O,

alzehl - a“e_’” = O, b21e_h2 - b22€h2 = O;
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(iii)
fi@) = (a22eQ2(Z)+h2 — 020~ hz)
H@) = (aute(Z”hl — ay,2@- hl)

where Q1(z) and Q,(z) are non-constant additive quasi-periodic polynomials with 2c as the period and
C\; as the addend and satisfy
hy _ —hy I
arne arxie™™ #0,by e — be #0,
ape —ayj e #0,bye™" — bye £ 0;
(iv)
fiz) = (a Q@) _ g o020~ hz@)
L@ =% (alzte(Z)+hl(Z) — ay,e20- hl(z)),

where Q1(z) and Q,(z) are arbitrary polynomials, and h\(z) and h,(z) are non-constant additive quasi-
periodic polynomials with 2c as period and Cy, and +C, as addends, respectively;

(v)
fi(z) = (azzeQz(thz(z) — 4y e20- hz(z))
f) = (alzte(Zth@ — ay,e2@- hl(z))

where Q1(z) and Q,(z) are arbitrary polynomials, h(z) and h,(z) are periodic polynomials with 4c as
period.

By comparing Theorem 1.2, Corollary 1.3, and Corollary 1.4 with Theorem 4.1, Corollaries 4.1
and 4.2 from [1], we can identify significant differences between them. This is because if a single-
variable polynomial exhibits periodicity, it must degenerate into a constant. If it exhibits strict additive
quasi-periodicity, it degenerates to a first-degree polynomial. However, several-variable polynomials
do not possess such properties.

2. Preliminary result

The following lemma will be used in the proof of the theorem.

Lemma 2.1. (see [12], Lemma 3.1) Let fi(z)(£ 0), j = 1,2,3 be meromorphic functions on C" such
that fi is not constant, and f, + f> + f3 = 1, and such that

3
> {Ng(r —) +2N(r, fk)} < AT(r, fi) + O{log" T(r, )},

J=1

where A < 1 is a positive number. Then either f, = 1 or f; = 1.

3. Proof of Theorem 1.2

Let (fi(2), f2(z)) be finite-order transcendental entire solution pairs of the Fermat-type difference
equation systems (1.1). First, these equation systems (1.1) can be rewritten as

(a1 fi(z + ¢) + b11./(2) (ainfi(z + ©) + b1af2(2)) = D1(2)e*9'@,
(a1 fo(z + ©) + by f1(2) (axn fo(z + ©) + b fi(2)) = Da(2)e*%29,
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where A| = ayja12, B1 = anbiz + apnbii, Ciy = biibiy, Ay = ax1a2, By = axiby + anby, Cr = by by,
and A;, B;, C; are non-zero constants with Bf # 4A,C; for i = 1,2. From the above definitions, there
exist polynomials /,(z) and h,(z) such that

an fi(z + ¢) + b1 f(2) = Dy (z)e@ @@,
apfi(z +¢) + biafo(2) = Dip(z)e@ @@,
a1 f>(z + €) + by f1(2) = Dy (z)e@2@*@,
ap fr(z + ¢) + by fi(2) = Dyy(2)e®@ 720,

3.1)

where Dy(z), D12(2), D»1(z), and Dy,(z) are non-zero polynomials, with D;(z) = Dy1(z2)D1»2(z) and
Ds(z) = D21(2)D(2).
Let

r(2) = Q1(2) + i (2), $51(z) = Q1(2) = i (2),
r2(2) = 02(2) + ha(2), $2(2) = 02(2) = h2(2),

noting that Bl2 # 4A,C; fori = 1,2, we have M = a3by; — bipayy # 0 and N = axb,y — bynar # 0.
According to (3.1), we obtain

filz+¢) = ﬁ (bllDlz(Z)esl(Z) — blan(z)e”(Z)) ,
f@) =+ (alzDu(Z)e"(Z) - a“Dlz(z)esl@) ,
fi@ =% (azzDzl(Z)erZ(Z) - 6121D22(z)e”(1)),
flz+o =5 (bZlDZZ(Z)eSZ(Z) — bnDy, (Z)erZ(Z)) :

(3.2)

Based on the first and third equations of Eq (3.2), as well as the second and fourth equations, we
obtain

May Dy (z + €)™ — May Dyy(z + )€™ — Nby D15(2)e”® + Nb1yDy1(2)e"@ = 0 (3.3)
and
Na;;Dy(z + C)erl(zm — Na D(z + C)exl(zm - szlDzz(Z)eszm + szzDzl(Z)erZ(Z) =0, (3.4)

from (3.3) and (3.4), since the coefficients of each exponential term are not zero, it follows that

Ma D (z + C) ra(z+e)—s1(z) _ Ma21D22(Z + C) esz(zﬂ)ﬂ,l(z) + bllel(Z) erl(z)fsl(z) =1 (3.5)
Nb1D»(2) Nb1D»(2) b11D1»(2)
and
NapDi(+6) , romsne  NanDip(z+ C)esl(zﬂ)_h(z) N b22D21(Z)er2(z)—sz(z) -1 (3.6)
Mb;1D5(z) Mby1 Dy (2) br1Dx(2)

Firstly, we consider Eq (3.5). To apply Lemma 2.1, we classify and analyze the three items on the
left side of the equation through the following four cases:
Case 1. We analyze the first term on the left side of Eq (3.5), specifically r,(z + ¢) — s1(z) (or

Mazy Dy (z+¢) e @HO=s1 (z))
Nb11D12(2) '
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Subcase 1.1. If %e’ﬂ“”‘“@ is not a constant, then according to Lemma 2.1, we have

_Malezz(Z + c)eSz(Z+C)—Sl(Z) =1 or blzDu(Z)erl(Z)_sl@ =1
NbyD1»(z) b11D12(2) ’

ir _ ManDy(E+0) sy(z+c)-51(z) — i
if N5 € = 1, then by (3.5), we derive that

MayDy (z + C)erz(z+c)—S|(Z) + b12D11(2) o151 =

0,
NbllDlz(Z) bllDlz(Z)

we obtain May, D5, (z + ¢)e”?9"1@ = _Nb,D;,(z). Consequently, we find that both s,(z + ¢) — 51(z)
and r,(z + ¢) — r1(z) must be constants. Thus, we can further deduce that

$5(z2+¢) = 51(2) = ra(z+¢) + r1(2) = =2(ha(z + ¢) — h1(2)

is a constant; if %e”w‘“@ = 1, then r((z) — 51(z) = 2h,(z) must be a constant. From Eq (3.5), we
also obtain
May Dy (z + ¢)e? 972 = May Do (z + ¢),

which implies that r,(z + ¢) — 52(z + ¢) = 2h,(z + ¢) is also a constant. Consequently, we conclude that
both /;(2) and h,(z) are constants.

Subcase 1.2. If %ﬂig)e”(“‘)‘“@ = 0, is a constant, we analyze the following two subcases
based on O:

Subcase 1.2.1. If ®; = 1, then from (3.5) we have

Ma21D22(Z + C) esz(z+c)—r1(z) —
Nb;Dy(2) ’

this implies that both r,(z + ¢) — s1(z) and s,(z + ¢) — r;(z) are constants; thus, we get
r(z+¢) = 51(2) = 2(2 + ¢) + r(2) = 2(Ma(z + ¢) + I (2))

is also a constant.

Subcase 1.2.2. If ®; # 1, from Eq (3.5), if —%ﬁig)e”(m)‘“@ are non-constant functions,
bllel(Z)er](Z)—S](Z) =

oD 1. If ®; = 1, we obtain a contradiction;
11D12(2)

then by Lemma 2.1 we get ®; = 1 or

if 22Pu@en@-510) = | we have —X2P2ltd) met)-00) jg 3 constant, we also get a contradiction; if
b11D12(2) anDlngZ)
— a3 Dyp(ate) psa(e+0)-512) g g constant, then 22218 n1(-51() g also a constant. This implies that r»(z +

Nby1D12(2) b11D12(2)
c) — 51(2), s2(z+ ¢) — 51(2), and r1(z) — s1(2) are all constants. Similarly, for
the same conclusion. Thus, both /,(z) and /,(z) must be constants.

Case 2. We consider the second term on the left side of Eq (3.5), that is s,(z + ¢) — s1(2) (or
_ May Dy (z+0) e52(@+e)=si (z)).

b12D11(2)

ri(2)-s1(2) .
b]]Dlz(z)e : ' , WE Obtaln

Nb11Di2(2)
Subcase 2.1. If —%ﬁiye”(““)‘”@ is not a constant, then by applying Lemma 2.1, we have
Max Dy (z + c)er2(2+c)—sl(z) =1 bllel(Z)erl(z)—sl(z) =1
Nby1D1»(z) b11D12(2)
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if %ﬁ?em(m’)‘“@ = 1, then ry(z + ¢) — s1(z) is a constant. From (3.5) we get

May Dy (z + ¢)e™ 9719 = Nb, Dy, (2),

then s,(z + ¢) — ri(z) is also a constant, which implies that r,(z + ¢) — 51(2) — s2(z + ¢) + r(2) =
2(hy(z + ¢) + hy(2)) is a constant; if %e” @=51() = 1, then r(z) — s1(2) is a constant, thus A;(z) is a
constant. Again, from (3.5) we find r,(z + ¢) — s2(z + ¢) is a constant; that is /,(z) is also a constant.
Thus, both £;(z) and /,(z) are constants.

Subcase 2.2. If —%ﬁi?e”(m”‘@ = 0, is a constant, we also consider the following two
subcases for O,:

Subcase 2.2.1. If ®, = 1, then s,(z + ¢) — 51(2) is a constant. According to Eq (3.5), we have

B May Dy (z + C)e
Nb;D1(2)

n@to)-n@ = q

it follows that r,(z + ¢) — r1(2) is also a constant. Thus, we obtain
$2(z2+¢) = 51(2) — ra(z + ¢) + r1(2) = —2(ha(z + ©) — h1(2))

which is a constant.

Subcase 2.2.2. If ®, # 1, according to Eq (3.5), as in the discussion of Subcase 1.2.2, we have
r(z+ ¢) — 51(2), s2(z+ ¢) — s1(2), and r1(z) — s1(z) are constants. Then we also have /,(z) is a constant
and h,(z), which is also a constant.

Case 3. We consider the third term on the left-hand side of Eq (3.5), which is ri(z) — s1(z) (or

b12D11(@) ,r1(2)-51(2)
b11D12(2) ¢ )

Subcase 3.1. If %e”@‘”@ is not a constant, then by Lemma 2.1, we have
Mazy Dy (z + ) GOS0 2 | or  — May Dy (z + C)e

Nb1Di5(2) Nb1Di5(2)

52(z2+0)=51(2) = 1

if %ﬁiyem””‘”@ = 1, we find r,(z + ¢) — s51(z) is a constant. Combining this with Eq (3.5), we

also find s,(z + ¢) — r1(z) is a constant; then r,(z + ¢) — 51(2) — $2(z + ¢) + r1(2) = 2(h(z + ¢) + h1(2))
is a constant; if —X2P2E9 ,m@+0-510) = 1 then s,(z + ¢) — s1(2) is a constant. From (3.5) we get

Nby1D12(2)
r(z+c)—ri(z) is a constant. Thus, r(z+c¢) —r1(z) — s2(z+¢) + 51(2) = 2(ha(z+¢) — h(2)) is a constant.
Subcase 3.2. If 2?3—386”@_“@ is a constant, then r{(z) — s;(z) = 2h,(z) is a constant. For @, we

also have the following two subcases:
Subcase 3.2.1. If ®; = 1, then from (3.5), we obtain

axnDsi(z+c)

ra(z+c¢)—s2(z+¢) =1
az Dy (z + c)

then we get ry(z + ¢) — s2(z + ¢) = 2h,(z + ¢) is a constant, which means /,(z) is a constant.

Subcase 3.2.2. If ®; # 1, then according to Eq (3.5), as in the discussion of Subcase 1.2.2, we
find that /,(z) is a constant and /,(z) is also a constant. Therefore, in this case, both /4, (z) and h,(z) are
constants.

Case 4. ry(z+¢) — 51(2), s2(z+ ¢) — 51(2), and r((2) — 51(z) are constants. Therefore, in this case, we
conclude that both /,(z) and h,(z) are constants.
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In summary, for Eq (3.5), the following three cases hold: either /,(z) and h,(z) are both constants,
or hp(z + ¢) + hi(2) is a constant, or h,(z + ¢) — hy(z) is a constant.

Next, applying the same method to Eq (3.6) as used for Eq (3.5), we find that for (3.6), the following
three cases hold: either /,(z) and h,(z) are both constants, or 4;(z + ¢) + h,(2) is a constant, or /;(z +
¢) — hy(2) is a constant.

We now proceed to a further classification of the cases by combining the results from Eqgs (3.5)
and (3.6). First, if either /,(z) or h,(z) is constant, this, combined with other results, also implies that
both /() and h,(z) must be constants.

Next, let

hi(2) + hy(z + ©) = ay, hi(z) = hy(z + ¢) = ao,
hy(z) + hi(z + ¢) = as, hy(z) — hi(z + ¢) = ag,

where a; (i = 1,2, 3,4) are constants.
If hi(2) + ho(z + ¢) = a; and hy(2) + hi(z + ¢) = a3, by shifting these two equations separately and
combining them with another one, we obtain

h(z+2c)—hi(2) = a3 —a and hy(z +2¢) — hy(2) = a; — as,

which indicates that both /4;(z) and h,(z) are non-constant quasi-periodic polynomial functions with a
period of 2¢ and addends of a3 — a; and a; — a3, respectively.
If hi1(2) + hy(z + ¢) = ay and hy(2) — hi1(z + ¢) = ay, shifting and combining these equations yields

]’l](Z + 4C) = hl(Z) and hz(Z + 4C) = ]’ZQ(Z),

which indicates that both /,(z) and /,(z) are non-constant periodic polynomial functions with a period
of 4c.

If h1(z) — hao(z + ¢) = a, and hy(2) + hi(z + ¢) = a3, then by shifting these two equations separately
and combining them with another one, we obtain

]’l](Z + 4C) = hl(Z) and hz(Z + 4C) = ]’ZQ(Z),

showing that both 4;(z) and /,(z) are non-constant periodic polynomial functions with a period of 4c.
If h1(2) — ha(z + ¢) = a, and hy(2) — h(z + ¢) = a4, then by shifting these two equations separately
and combining them with another one, we get

hMz+20) =) =-ax—as  and  hy(z2+2c) = ha(2) = —az — as,

which indicates that both /;(z) and /,(z) are non-constant quasi-periodic polynomial functions with a
period of 2¢ and an addend of —a, — ay.

In summary, the following three cases hold: Case A: Both h(z) and h,(z) are constants; Case
B: Both /,(z) and h,(z) are non-constant quasi-periodic polynomial functions with a period of 2¢
and addends of C;; and +Cy;, respectively; Case C: Both /(z) and h,(z) are non-constant periodic
polynomial functions with a period of 4c. We will now continue to discuss these three cases:

Case A. Both /,(z) and h,(z) are constants. Let h;(z) = h; and h,(z) = h,, where h; and h, are
constants. Then, from (3.3) and (3.4), we have

(MaZZDZI(Z + C)ehz - Malezz(Z + c)e_hZ) eQz(Z+C)

AIMS Mathematics Volume 10, Issue 11, 27921-27933.



27930

= (NbiDp@e™ = NbiDy(2)e" ) e (3.7)
and

(N6112D11(Z +c)e" — Nay Dia(z + c)e‘hl) p21E+0)

= (szan(Z)e_h2 - Mb22D21(Z)€h2) 2 (3.8)

for (37), if May, Dy (z + c)eh2 - Ma21D22(z + C)e_h2 = 0, then Nb]]D]z(Z)e_hl - Nb]zD]](Z)ehl =0

if MClgzDzl(Z + c)eh2 — MaZlDzz(Z + C)e_h2 # 0, then anDlz(z)e‘h' — Nbllel(Z)ehl # 0, and QQ(Z +

¢) — 01(2) is a constant; for (3.8), if Na;»D;1(z+ c)e™ — Na; D12(z + c)e™™ = 0, then Mby Dy (2)e™™ —

szzDzl(Z)ehz =0; ifNallel(z+c)e’“ —NallDlz(z+c)e_h‘ # 0, then szngz(Z)e_hz—szzDzl(Z)€h2 *

0, and Q;(z + ¢) — Q»(z) is a constant. Thus, for Case A, we have the following four subcases:
Subcase Al.

anDy(z + ¢)e™ — ay Dy(z + ¢)e™™ = 0,b11D1a(2)e™ — biaDy(2)e" = 0,
apDyi(z+ 0)e" —ay Dz + c)e™™ = 0,byDyn(2)e™™ — by Dy (2)e™ = 0,

from the first and fourth equations, we have ay by, — a»nb,; = 0, which leads to a contradiction.
Similarly, from the other two equations, we have a,b;,—a;1b1, = 0, which also leads to a contradiction.
Subcase A2.

anDyi(z + €)™ — ay Dyn(z+ c)e™™ = 0,b11D12(z)e™™ — b1yDy1(2)e" = 0,
anDy(z+ c)e" — a; Dz + c)e™ # 0,by1Dyn(2)e™ — byyDay(2)e™ # 0,

then for (3.8), we have Q;(z + ¢) — O»(z) are constants. From (3.2), we conclude that if /;(z) and
h,(z) are constants, then Q,(z) and Q,(z) must be non-constant polynomials. Otherwise, the solution
pairs (f1(z), f2(z)) of the Fermat-type equations system (3.1) would not be transcendental, leading to a
contradiction. Let Q,(2) = Q1(z + ¢) + 81, where Q;(z) and Q,(z) are non-constant polynomials and 6,
is a constant. Then, from (3.2), we conclude that the finite-order transcendental entire solutions pairs
of the Fermat-type equations system (3.1) are:

fi(z) = ﬁ(azz D, (2)eQ@ertivhe _ g Dzz(z)egmzﬂ)wl—hz),
AR = 1 (@D @)eQ @™ — ay Dip(2)e2 @),

where 6y, hy, and h, are constants, which is the case (i) of Theorem 1.2.
Subcase A3.

anDyi(z + €)™ — ay Dy(z + c)e™™ # 0,b11D12(z)e™™ — b1yDy1(2)e" # 0,
anDy(z+ ¢)e" —a; Dia(z + c)e™™ = 0,by1Dn(2)e™ — byDay(2)e™ = 0,

from (3.7), we have Q,(z + ¢) — Q1(z) is a constant. Let Q(z) = Q»(z + ¢) + 6,, where Q;(z) and
0»(z) are non-constant polynomials and 6, is a constant. Therefore, we conclude that the finite-order
transcendental entire solutions pairs of the Fermat-type equations system (3.1) are:

1 p—
H@) =5 (022D21(Z)€Q2(Z)”’2 — ay Dyy(z)e®® hZ),
fr(2) = L (a12 Dy (2)e@ ot _ g DIZ(Z)eQZ(Z‘*’C)‘*'@z—hl)’
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where 6,, hy, and h, are constants, which is the case (ii) of Theorem 1.2.
Subcase A4.

anDyi(z + ¢)e™ — ay Dyn(z + c)e™™ # 0,by Dia()e™ — by Dy(2)e # 0,
anDy(z+ c)e" — a; Dip(z + c)e™ # 0,by1Dyn(2)e™ — by Day(2)e™ # 0,

then we have Q»(z + ¢) — Q1(z) and Q;(z + ¢) — Q»(z) are constants. Let

Q(z+0) = Qi@ =b1 and Qi(z+c) = Oa(z) = by,

where b, and b, are constants. Then, it follows that
Q1(z+2c) - Q1(2) =b1 +by and  Qy(z+ 2¢) — 0a2(2) = by + by,

which indicates that both Q(z) and Q,(z) are non-constant quasi-periodic polynomial functions with
a period of 2¢ and an addend of b; + b,. Similarly, from Eq (3.2), we conclude that the finite-order
transcendental entire solutions pairs of the Fermat-type equations system (3.1) are:

fH@) = % (61221)21(Z)€Q2(Z)+h2 - alegz(z)eQZ(Z)_hZ) ,
f(2) = t (alzDu(Z)egl(Z)Jrh' — aUDu(z)te(Z)_hl) ,

where Q;(z) and Q,(z) are non-constant quasi-periodic polynomial functions with a period of 2¢ and
addend of Cy,, which is the case (iii) of Theorem 1.2.

Case B. Both /,(z) and h,(z) are non-constant quasi-periodic polynomial functions with a period
of 2¢ and addends of C;; and +Cj;, respectively. Therefore, the finite-order transcendental entire
solutions pairs (f(z), f>(z)) of the Fermat-type equations system (3.1) are:

fi@ =+ (azzDzl(Z)eQZ(Z)””(Z) - a21D22(z)eQ2(z)‘h2(Z)) ,
H@) =+ (Cllan(Z)eQ‘(Z“h‘(Z) - aUDlz(z)te(Z)"“(Z)),

where Q;(z) and Q,(z) are arbitrary polynomials, which is the case (iv) of Theorem 1.2.

Case C. Both h(z) and h,(z) are non-constant periodic polynomial functions with a period
of 4c. Therefore, the finite-order transcendental entire solutions pairs (f(z), f2(z)) of the Fermat-type
equations system (3.1) are:

fi@ =+ (azzDzl(Z)eQZ(Z)J“hM) - alezz(Z)eQ2(Z)‘h2(Z)) ,
£ =+ (alan(Z)eQ‘(Z)*h'(Z) - aUDlz(Z)te(Z)‘hl(Z)) ,

where Q;(z) and Q,(z) are arbitrary polynomials, which is the case (v) of Theorem 1.2.
Therefore, we have completed the proof of Theorem 1.2.

4. Conclusions

In this paper, we have systematically investigated the finite-order transcendental entire solution
pairs for a class of generalized quadratic trinomial Fermat-type difference equation systems on C2. By
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employing Nevanlinna theory and difference algebra techniques, we have successfully characterized
the precise forms of all admissible solutions, as detailed in Theorem 1.2 and its Corollaries 1.3 and 1.4.

Our results reveal a fundamental distinction between the single-variable and several-variable cases.
In the context of one complex variable, the periodicity or strict additive quasi-periodicity of a
polynomial forces it to be constant or linear, respectively. However, as demonstrated in Example 1.1
and embodied in the solution forms of our main results, several-variable polynomials can exhibit non-
trivial periodic and additive quasi-periodic behaviors without degenerating. This key difference leads
to a significantly richer and more diverse structure of solutions for the considered system on C2,
encompassing not only solutions with constant A;(z) but also those involving non-constant periodic
or quasi-periodic polynomials 4;(z).

This work extends and deepens the findings in [1] for the higher-dimensional case. Future research
could focus on extending these results to more general types of functional equations, investigating
systems on C™ for m > 2, or exploring the properties of meromorphic solution pairs.
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