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1. Introduction

The significance of nonlinear evolution equations (NLEEs) [1] has been considered outstanding
in applied mathematics and nonlinear sciences [2] in general because of their capacity to represent
a variety of physical phenomena. They have been commonly used to mimic complicated problems
that appear in the fields of plasma physics, fluid dynamics, and many other areas of engineering. The
numerical and analytical solutions of such equations have been the subject of considerable research
attention over the past few decades, as documented in various papers [3, 4]. Nonlinear partial
differential equations (NLPDEs) have been devised to describe an extensive variety of processes;
in general, they are known as NLEEs, and can be used to model dissipation, reaction, diffusion,
dispersion, and convection. Solving these equations has been deemed important in the physical
sciences since solutions found can be used to describe real-world phenomena, such as the propagation
of waves at finite speeds, nonlinear vibrations, and solitary wave forms, i.e., solitons. To this end,
exact solution techniques and analytical solution schemes have been established and implemented in
the study of NLPDEs, such that one gives a more in-depth insight into nonlinear dynamical systems.

In NLPDEs, a range of numerical and analytical methods have been used to estimate approximate or
exact solutions. The finite difference method (FDM) [5], the finite element method (FEM) [6], and the
finite volume method (FVM) [7] are some of the more common because of their numerical treatment.
Some analytical approximation schemes have also been formulated that include the variational iteration
method [8], the Adomian decomposition method [9], and the reduced differential transform method
[10]. In contrast, much effort has also been focused on the creation of exact analytical solutions
of NLPDEs, including those of non-integer order. In this regard, several potent methods have been
presented. These are the generalized auxiliary equation method [11], the exp-function method [12],
Inverse scattering transform method for nonlinear equation [13] as well as for coupled [14], the sine-
cosine method [15], and the Hirota bilinear method [16–18], which have been extensively used to
obtain exact solutions of nonlinear models [19, 20].

The Lie method of symmetry classification, invented by Sophus Lie in the nineteenth century, has
been considered one of the most remarkable methods of obtaining new exact and explicit solutions of
nonlinear partial differential equations. This has been done over the last few decades for a wide range
of physical problems arising in various disciplines [21]. This method is considered a fairly mature and
effective instrument of systematic investigation of nonlinear differential equations [22]. Further studies
can also focus on bifurcation, chaos studies [23], sensitivity studies, [24] and lumped solutions [25].

Significant attention has been given to the determination of wave solutions to NLEEs. An important
subclass of these, nonlinear wave equations (NLWWEs), has attracted considerable research attention
during the last 30 years or so. The research on NLWWEs and the development of soliton solutions
have been carried out by different authors. As an example, Shen and Tian [26, 27] have used the
Hirota technique to obtain exact solutions of the solitons of a generalized NLWWE. Moreover, Helal
et al. [28] directly used such a scheme to compute solitons of the modified dispersive equation. Ali and
Seadawy [29] applied the simple equation method to obtain solitons of a shallow-water wave equation.
Tian used Lie theory [30, 31] to obtain solitons of the generalized Burgers (GB) equation. Additional
results on NLEEs [32, 33] and their resolution can be found in [34, 35].

In this research, we have considered the nonlinear water wave equation [36, 37] of the form:
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Aτ + Aη + κ1AAη + κ2Aηηη + κ3AηAηη + κ4AAηηη + κ5Aηηηηη = 0, (1.1)

where κi, i = 1, ..., 5 are all arbitrary constants, A shows the wave packet, τ is the temporal
component, and η is the spatial component. The influence of the coefficient κ1, which is related to
the quadratic nonlinear term, has been found to steepen the front of a traveling wave. The coefficient
κ3 was associated with the formation of peaks of solitary waves, or peakons. Dissipative effects are,
on the other hand, incorporated into the model by coefficient κ2, a dispersion cubic term, and the
coefficient κ5, which is a fifth-order dispersion term; these two terms are what cause the dissipation
of wave packets. Moreover, the coefficient κ4 is related to nonlinear dispersive terms of higher
order. Nonlinear steepening and dispersive spreading have also been noted to be important since
they enable the existence of localized and stable solitary wave solutions in a nonlinear dispersive
medium. Han et al. [38] explored the nonlinear wave interactions in a generalized (3 + 1) dimensional
shallow water wave equation by the Hirota bilinear method and symbolic computation and found an
extensive dynamical behavior among lump, kink, breather, and rogue waves. Moreover, Han and
Zhang [39] solved the KdV Calogero Bogoyavlenskii Schiff equation based on binary Bell poly theory,
having obtained its bilinear Backlund transformation, Lax pair, and conservation laws [40], and mixed
solutions were constructed to describe the phenomena of nonlinear shallow water waves.

Equation (1.1) was first formulated by Olver [41], and the mathematical structure of the equation
was thoroughly scrutinized. Later, the soliton solutions of Eq (1.1) were obtained by the authors
of [42], who obtained (1.1) using a simple computational scheme. The soliton solutions were also
obtained in [43], but this was achieved using the modified tanh-method. Precise analytical solutions
to Eq (1.1) were also produced in [37] and were used to show the richness in the solutions of this
equation.

The Nonlinear Evolutionary Differential Approximation Method (NEDAM) has been utilized to
build solutions to the nonlinear water wave equation. The approach used has also been successfully
applied to the current model and is less specific and physically less significant than other methods that
were used earlier. NEDAM is a potent analysis device for generating nonlinear solutions of waves,
where its applicability is broader than those methods available in the literature. Moreover, this method
has had a vast application in the classification and construction of the nonlinear evolution equations
of all types of analytical solutions. In this way, different classes of solutions, as well as trigonometric
forms explaining the creation of bright and dark solitons, have been obtained systematically. The
method has also been used to find rational solutions as well as entire solutions so that it covers
a wide range of potential solutions. That is why this approach has attracted great interest as an
analysis approach to nonlinear dynamical systems due to its flexibility and efficiency. The applications
derived from the results of NEDAM are of particular significance in applied mathematics, mathematical
physics, and at the intersection of engineering sciences. In these senses, therefore, the applicability of
NEDAM in generating diverse solutions to exact and generalized queries goes far beyond theoretical
considerations, with implications to natural and technological phenomena of high importance in the
real world.

Neural networks [44] have proven to be very promising in the area of resolution of nonlinear
dynamical systems due to the ability to identify complex, nonlinear interconnections between input
and output variables [45]. Neural networks have proved especially useful to simulate and forecast the
dynamics of complex nonlinear systems. The high price and simplification of the underlying system
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of traditional numerical methods [46] to solve complicated nonlinear differential equations [47] were
inapplicable in some cases; the ability of the neural network-based method to approximate extremely
complex and nonlinear relationships between the input and output variables made it suitable for solving
differential equations with complex dynamics. In short, neural networks can improve management [48]
and forecasting in complex nonlinear dynamical repositories spanning various fields [49], such as
engineering, biology, and applied mathematics [50]. Compared to other machine learning models,
PINNs can be applied in a multitude of designs of physical systems without significant variable changes
to the network design. Their generality stands out as one of the major strengths that has prompted them
to be embraced in interdisciplinary studies. Their capability of dealing with complex domains, non-
smooth PDEs, or problems where parallelization or efficient training would be beneficial is further
improved by recent developments. Singh et al. [51] provided vital results by examining the 1D and 2D
Burgers equations via PINN.

Our research is structured as follows: In Section 1.1, we deal with preliminaries. In Section 2, we
present the Lie symmetry analysis. In Section 3, we discuss the construction of Eq (1.1) analysis via a
neural network, along with the analysis based on the traveling wave. A conclusion is provided at the
end.

Preliminaries

Algorithm of the new extended direct algebraic method

Step 1): Assume the nth order PDE:

F (A,Aη,Aηη, ...,Aτ,Aττ, ...) = 0. (1.2)

Step 2): The transformation:
A(τ, η) = R(X), X = τ + Vη, (1.3)

leads to
F (R,R′,R′′, ...) = 0. (1.4)

Step 3) : Suppose the general solution is

R(X) =
m∑

j=0

K jH
j(X), K j(0 < j ≤ n), (1.5)

whereH(X) holds the following expression:

H ′(X) = ln(ϱ1)(P1 + P2H(X) + P3H
2(X)), (1.6)

where ϱ1 , 0, 1 and P1, P2, P3 are the constants.

After letting
∏
= P2

2
− 4P1P3, the solutions of Eq. (1.6) are represented as:

1): If
∏
< 0 and P3 , 0, then:
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H1(X) = −
P2

2P3
+

√
−
∏

2P3
tanϱ1(

√
−
∏

2
X),

H2(X) = −
P2

2P3
−

√
−
∏

2P3
cotϱ1(

√
−
∏

2
X),

H3(X) = −
P2

2P3
+

√
−
∏

2P3
(tanϱ1(

√
−
∏
X) ±

√
rs secϱ1(

√
−
∏
X)),

H4(X) = −
P2

2P3
−

√
−
∏

2P3
(cotϱ1(

√
−
∏
X) ±

√
rs cscϱ1(

√
−
∏
X)),

H5(X) = −
P2

2P3
+

√
−
∏

4P3
(tanϱ1(

√
−
∏

4
X) − cotϱ1(

√
−
∏

4
X)).

(1.7)

2): If
∏
> 0 and P3 , 0, then:

H6(X) = −
P2

2P3
−

√∏
2P3

tanhϱ1(
√∏
2
X),

H7(X) = −
P2

2P3
−

√∏
2P3

cothϱ1(
√∏
2
X),

H8(X) = −
P2

2P3
−

√∏
2P3

(tanhϱ1(
√∏

X) ± ι
√

rs sech ϱ1(
√∏

X)),

H9(X) = −
P2

2P3
−

√∏
2P3

(cothϱ1(
√∏

X) ±
√

rs csch ϱ1(
√∏

X)),

H10(X) = −
P2

2P3
−

√∏
4P3

(tanhϱ1(
√∏
4
X) + cothϱ1(

√∏
4
X)).

(1.8)

3): If P3P1 > 0 and P2 = 0, then:

H11(X) =

√
P1

P3
tanϱ1(

√
P3P1X),

H12(X) = −

√
P1

P3
cotϱ1(

√
P3P1X),

H13(X) =

√
P1

P3
(tanϱ1(2

√
P3P1X) ±

√
rs secϱ1(2

√
P3P1X)),

H14(X) =

√
P1

P3
(− cotϱ1(2

√
P3P1X) ±

√
rs cscϱ1(2

√
P3P1X)),

H15(X) =
1
2

√
P1

P3
(tanϱ1(

√
P3P1

2
X) − cotϱ1(

√
P3P1

2
X)).

(1.9)
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4): If P3P1 < 0 and P2 = 0, then:

H16(X) = −

√
−
P1

P3
tanhϱ1(

√
−P3P1X),

H17(X) = −

√
−
P1

P3
cothϱ1(

√
−P3P1X),

H18(X) = −

√
−
P1

P3
(tanhϱ1(2

√
−P3P1X) ± ι

√
rs sech ϱ1(2

√
−P3P1X)),

H19(X) = −

√
−
P1

P3
(cothϱ1(2

√
−P3P1X) ±

√
rs csch ϱ1(2

√
−P3P1X)),

H20(X) = −
1
2

√
−
P1

P3
(tanhϱ1(

√
−P3P1

2
X) + cothϱ1(

√
−P3P1

2
X)).

(1.10)

5): If P2 = 0 and P3 = P1, then:

H21(X) = tanϱ1(P1X),
H22(X) = − cotϱ1(P1X),

H23(X) = tanϱ1(2P1X) ±
√

rs secϱ1(2P1X),

H24(X) = − cotϱ1(2P1X) ±
√

rs cscϱ1(2P1X),

H25(X) =
1
2

(tanϱ1(
P1

2
X) − cotϱ1(

P1

2
X)).

(1.11)

6): If P2 = 0 and P3 = −P1, then:

H26(X) = − tanhϱ1(P1X),
H27(X) = − cothϱ1(P1X),

H28(X) = − tanhϱ1(2P1X) ± ι
√

rs sech ϱ1(2P1X),

H29(X) = − cothϱ1(2P1X) ±
√

rs csch ϱ1(2P1X),

H30(X) = −
1
2

(tanhϱ1(
P1

2
X) + cothϱ1(

P1

2
X)).

(1.12)

7): If P2
2 = 4P3P1, then:

H31(X) =
−2P1(P2X ln(ϱ1) + 2)

P2
2X ln(ϱ1)

. (1.13)

8): If P2 = ϑ , P1 = pϑ(p , 0) and P3 = 0, then:

H32(X) = ϱϑX1 − p. (1.14)

9): If P2 = P3 = 0, then:
H33(X) = P1X ln(ϱ1). (1.15)
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10): If P2 = P1 = 0, then:

H34(X) =
−1

P3X ln(ϱ1)
. (1.16)

11): If P1 = 0 and P2 , 0, then:

H35(X) = −
rP2

P3(coshϱ1(P2X) − sinhϱ1(P2X) + r)
,

H36(X) = −
P2(sinhϱ1(P2X) + coshϱ1(P2X))
P3(sinhϱ1(P2X) + coshϱ1(P2X) + s)

.

(1.17)

12): If P2 = ϑ , P3 = pϑ(p , 0) and P1 = 0, then:

H37(X) =
rϱϑX1

s − prϱϑX1

. (1.18)

Step 4) : Equate the balance number m from (1.4) by highest-order nonlinear and linear terms.
Step 5): Collect the coefficients of powers ofH(X) and solve the resulting system of equations.

2. Lie analysis

In this section, we apply the Lie symmetry scheme to Eq (1.1). The algorithm is shown below
in terms of the important terms associated with the methodology (the readers are encouraged to refer
to [22]).

The invariance condition with vector field B:

Pr(5)
B(Aτ + Aη + κ1AAη + κ2Aηηη + κ3AηAηη + κ4AAηηη + κ5Aηηηηη = 0.)|Eq.(1)=0 = 0.

Applying the invariance condition to Eq (1.1), we have

κ1Aη + κ4Aηηη + Φτ + Φη + κ1A + κ3ΦηAηη + κ3ΦηηAη + κ2Φηηη + κ4A + κ5Φηηηηη = 0, (2.1)

which leads to a two-dimensional Lie algebra:

B1 =
∂

∂η
, B2 =

∂

∂τ
. (2.2)

2.1. Optimal system

From Eq (2.2), the vector field B = {B1,B2} forms an abelian algebra. Thus, the optimal system
becomes:

£1 = < B1 >, £2 = < B1 + VB2 > . (2.3)

Similarity reduction of Eq (1.1)

In this part, our objective is to compute the similarity variables for Eq (2.3) and then we convert the
NLPDE into reduced form with the help of similarity variables and compute the analytical solution for
Eq (1.1) by reduced ODE:
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2.1.1. £1 =< B1 >

For £1, we have the similarity variables:

A(τ, η) = R(X), where X = τ, (2.4)

using transformation (2.4) into Eq (1.1), we get a trivial solution.

2.1.2. £2 =< B1 + VB2 >

For £2, we have the similarity variables:

A(τ, η) = R(X), where X = τ + Vη. (2.5)

Using (2.5), we get:

(1 + V)R′ + κ1VRR′ + V3(κ2R′′′ + κ3R′R′′ + κ4RR′′′) + κ5V5R′′′′′ = 0. (2.6)

2.2. Computation of wave packets of Eq (1.1)

In this section, the construction of the wave packets of (2.6) by NEDAM is illustrated. Eq (1.5)
using m = 2, obtained via the balancing scheme, becomes

R(X) = Ko +K1H(X) +K2H
2(X). (2.7)

Suppose thatH(X) is the solution of NODE:

H ′(X) = ln(ϱ1)(P1 + P2H(X) + P3H
2(X)). (2.8)

Plugging Eqs (2.7) and (2.8) into Eq (2.6), we get the system of equations. After solving the acquired
system, we get the set of the solutions below:

Ko = C1, K1 = C2, K2 =
C1P3

P2
, V =

1
ln ϱ1

√
C2(−κ3 − 2κ5)

60κ5P2P3
, (2.9)

where C1 and C2 are arbitrary constants. Using Eq (2.9) in Eq (2.7), we get the following set of different
wave patterns for Eq (1.1), which are represented below :
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1): If
∏
< 0 and P3 , 0, then:

A1(τ, η) =C1 + C2

{
−
P2

2P3
+

√
−
∏

2P3
tanϱ1

( √−∏
2
X
)}

+
C1P3

P2

(
−
P2

2P3
+

√
−
∏

2P3
tanϱ1

( √−∏
2
X
))2
,

A2(τ, η) =C1 + C2

{
−
P2

2P3
−

√
−
∏

2P3
cotϱ1(

√
−
∏

2
X)
}

+
C1P3

P2

(
−
P2

2P3
−

√
−
∏

2P3
cotϱ1(

√
−
∏

2
X)
)2
,

A3(τ, η) =C1 + C2

{
−
P2

2P3
+

√
−
∏

2P3

(
tanϱ1(

√
−
∏
X) ±

√
rs secϱ1(

√
−
∏
X)
)}

+
C1P3

P2

(
−
P2

2P3
+

√
−
∏

2P3

(
tanϱ1(

√
−
∏
X) ±

√
rs secϱ1(

√
−
∏
X)
))2
,

A4(τ, η) =C1 + C2

{
−
P2

2P3
−

√
−
∏

2P3

(
cotϱ1(

√
−
∏
X) ±

√
rs cscϱ1(

√
−
∏
X)
)}
+

C1P3

P2

(
−
P2

2P3
−

√
−
∏

2P3

(
cotϱ1(

√
−
∏
X) ±

√
rs cscϱ1(

√
−
∏
X)
))2
,

A5(τ, η) = C1 + C2

{
−
P2

2P3
+

√
−
∏

4P3

(
tanϱ1(

√
−
∏

4
X) − cotϱ1(

√
−
∏

4
X)
)}
+

C1P3

P2

(
−
P2

2P3
+

√
−
∏

4P3

(
tanϱ1(

√
−
∏

4
X) − cotϱ1(

√
−
∏

4
X)
))2
.

(2.10)
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2): If
∏
> 0 and P3 , 0, then:

A6(τ, η) =C1 − C2

{
P2

2P3
+

√∏
2P3

tanhϱ1(
√∏
2
X)
}

+
C1P3

P2

(
P2

2P3
+

√∏
2P3

tanhϱ1(
√∏
2
X)
)2
,

A7(τ, η) =C1 − C2

{
P2

2P3
+

√∏
2P3

cothϱ1(
√∏
2
X)
}
+
C1P3

P2

(
P2

2P3
+

√∏
2P3

cothϱ1(
√∏
2
X)
)2
,

A8(τ, η) =C1 + C2

{
−
P2

2P3
−

√∏
2P3

(tanhϱ1(
√∏

X) ± ι
√

rs sech ϱ1(
√∏

X))
}

+
C1P3

P2

(
−
P2

2P3
−

√∏
2P3

(tanhϱ1(
√∏

X) ± ι
√

rs sech ϱ1(
√∏

X))
)2
,

A9(τ, η) =C1 + C2

{
−
P2

2P3
−

√∏
2P3

(cothϱ1(
√∏

X) ± ι
√

rs csch ϱ1(
√∏

X))
}

+
C1P3

P2

(
−
P2

2P3
−

√∏
2P3

(cothϱ1(
√∏

X) ± ι
√

rs csch ϱ1(
√∏

X))
)2
,

A10(τ, η) =C1 + C2

{
−
P2

2P3
−

√∏
4P3

(tanhϱ1(
√∏
4
X) + cothϱ1(

√∏
4
X))
}

+
C1P3

P2

(
−
P2

2P3
−

√∏
4P3

(tanhϱ1(
√∏
4
X) + cothϱ1(

√∏
4
X))
)2
.

(2.11)
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3): If P3P1 > 0 and P2 = 0, then:

A11(τ, η) =C1 + C2

{√
P1

P3
tanϱ1(

√
P3P1X)

}
+
C1P3

P2

(√
P1

P3
tanϱ1(

√
P3P1X)

)2
,

A12(τ, η) =C1 + C2

{
−

√
P1

P3
cotϱ1(

√
P3P1X)

}
+
C1P3

P2

(
−

√
P1

P3
cotϱ1(

√
P3P1X)

)2
,

A13(τ, η) =C1 + C2

{√
P1

P3
(tanϱ1(2

√
P3P1X) ±

√
rs secϱ1(2

√
P3P1X))

}
+
C1P3

P2

(√
P1

P3
(tanϱ1(2

√
P3P1X) ±

√
rs secϱ1(2

√
P3P1X))

)2
,

A14(τ, η) =C1 + C2

{√
P1

P3
(− cotϱ1(2

√
P3P1X) ±

√
rs cscϱ1(2

√
P3P1X))

}
+
C1P3

P2

(√
P1

P3
(− cotϱ1(2

√
P3P1X) ±

√
rs cscϱ1(2

√
P3P1X))

)2
,

A15(τ, η) =C1 + C2

{1
2

√
P1

P3
(tanϱ1(

√
P3P1

2
X) − cotϱ1(

√
P3P1

2
X))
}

+
C1P3

P2

(1
2

√
P1

P3
(tanϱ1(

√
P3P1

2
X) − cotϱ1(

√
P3P1

2
X))
)2
.

(2.12)
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4): If P3P1 < 0 and P2 = 0, then:

A16(τ, η) =C1 − C2

{√
−
P1

P3
tanhϱ1(

√
−P3P1X)

}
+
C1P3

P2

(√
−
P1

P3
tanhϱ1(

√
−P3P1X)

)2
,

A17(τ, η) =C1 − C2

{√
−
P1

P3
cothϱ1(

√
−P3P1X)

}
+
C1P3

P2

(√
−
P1

P3
cothϱ1(

√
−P3P1X)

)2
,

A18(τ, η) =C1 + C2

{
−

√
−
P1

P3
(tanhϱ1(2

√
−P3P1X) ± ι

√
rs sech ϱ1(2

√
−P3P1X))

}
+
C1P3

P2

(
−

√
−
P1

P3
(tanhϱ1(2

√
−P3P1X) ± ι

√
rs sech ϱ1(2

√
−P3P1X))

)2
,

A19(τ, η) =C1 + C2

{
−

√
−
P1

P3
(cothϱ1(2

√
−P3P1X) ±

√
rs csch ϱ1(2

√
−P3P1X))

}
+
C1P3

P2

(
−

√
−
P1

P3
(cothϱ1(2

√
−P3P1X) ±

√
rs csch ϱ1(2

√
−P3P1X))

)2
,

A20(τ, η) =C1 + C2

{
−

1
2

√
−
P1

P3
(tanhϱ1(

√
−P3P1

2
X) + cothϱ1(

√
−P3P1

2
X))
}

+
C1P3

P2

(
−

1
2

√
−
P1

P3
(tanhϱ1(

√
−P3P1

2
X) + cothϱ1(

√
−P3P1

2
X))
)2
.

(2.13)

AIMS Mathematics Volume 10, Issue 11, 27635–27665.



27647

5): If P2 = 0 and P3 = P1, then:

A21(τ, η) =C1 + C2

{
tanϱ1(P1X)

}
+
C1P3

P2

(
tanϱ1(P1X)

)2
,

A22(τ, η) =C1 − C2

{
cotϱ1(P1X)

}
+
C1P3

P2

(
cotϱ1(P1X)

)2
,

A23(τ, η) =C1 + C2

{
tanϱ1(2P1X) ±

√
rs secϱ1(2P1X)

}
+
C1P3

P2

(
tanϱ1(2P1X) ±

√
rs secϱ1(2P1X)

)2
,

A24(τ, η) =C1 + C2

{
− cotϱ1(2P1X) ±

√
rs cscϱ1(2P1X)

}
+
C1P3

P2

(
− cotϱ1(2P1X) ±

√
rs cscϱ1(2P1X)

)2
,

A25(τ, η) =C1 + C2

{1
2

(tanϱ1(
P1

2
X) − cotϱ1(

P1

2
X))
}

+
C1P3

P2

(1
2

(tanϱ1(
P1

2
X) − cotϱ1(

P1

2
X))
)2
.

(2.14)

6): If P2 = 0 and P3 = −P1, then:

A26(τ, η) =C1 + C2

{
− tanhϱ1(P1X)

}
+
C1P3

P2

(
− tanhϱ1(P1X)

)2
,

A27(τ, η) =C1 + C2

{
− cothϱ1(P1X)

}
+
C1P3

P2

(
− cothϱ1(P1X)

)2
,

A28(τ, η) =C1 + C2

{
− tanhϱ1(2P1X) ± ι

√
rs sech ϱ1(2P1X)

}
+
C1P3

P2

(
− tanhϱ1(2P1X) ± ι

√
rs sech ϱ1(2P1X)

)2
,

A29(τ, η) =C1 + C2

{
− cothϱ1(2P1X) ±

√
rs csch ϱ1(2P1X)

}
+
C1P3

P2

(
− cothϱ1(2P1X) ±

√
rs csch ϱ1(2P1X)

)2
,

A30(τ, η) =C1 + C2

{
−

1
2

(tanhϱ1(
P1

2
X) + cothϱ1(

P1

2
X))
}

+
C1P3

P2

(
−

1
2

(tanhϱ1(
P1

2
X) + cothϱ1(

P1

2
X))
)2
.

(2.15)

7): If P2
2 = 4P3P1, then:

A31(τ, η) = C1 + C2

{
−2P1(P2X ln(ϱ1) + 2)

P2
2X ln(ϱ1)

}
+
C1P3

P2

(
−2P1(P2X ln(ϱ1) + 2)

P2
2X ln(ϱ1)

)2
. (2.16)

8): If P2 = ϑ , P1 = pϑ(p , 0) and P3 = 0, then:

A32(τ, η) = C1 + C2

{
ϱϑX1 − p

}
+
C1P3

P2

(
ϱϑX1 − p

)2
. (2.17)
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9): If P2 = P3 = 0, then:

A33(τ, η) = C1 + C2

{
P1X ln(ϱ1)

}
+
C1P3

P2

(
P1X ln(ϱ1)

)2
. (2.18)

10): If P2 = P1 = 0, then:

A34(τ, η) = C1 + C2

{
−1

P3X ln(ϱ1)

}
+
C1P3

P2

(
−1

P3X ln(ϱ1)

)2
. (2.19)

11): If P1 = 0 and P2 , 0, then:

A35(τ, η) =C1 + C2

{
−

rP2

P3(coshϱ1(P2X) − sinhϱ1(P2X) + r)

}
+
C1P3

P2

(
−

rP2

P3(coshϱ1(P2X) − sinhϱ1(P2X) + r)

)2
,

A36(τ, η) =C1 + C2

{
−
P2(sinhϱ1(P2X) + coshϱ1(P2X))
P3(sinhϱ1(P2X) + coshϱ1(P2X) + s)

}
+
C1P3

P2

(
−
P2(sinhϱ1(P2X) + coshϱ1(P2X))
P3(sinhϱ1(P2X) + coshϱ1(P2X) + s)

)2
.

(2.20)

12): If P2 = ϑ , P3 = pϑ(p , 0) and P1 = 0, then:

A37(τ, η) = C1 + C2

{ rϱϑX1

s − prϱϑX1

}
+
C1P3

P2

( rϱϑX1

s − prϱϑX1

)2
. (2.21)

2.2.1. Graphical representation

In this section, a graphical presentation of the results is given. The findings established are useful in
explaining the importance of the NLWWE. The appropriate parameter values were chosen to display
the graphical structure of the solutions obtained. The graphs obtained have demonstrated the dynamics
of the equation underlying, hence gaining a better understanding of the effectiveness of nonlinear
effects. The analytical results obtained are applicable in many applications, such as most notably in
coastal engineering and oceanography in the prediction or control of the propagation of water waves.

The graphs below show a periodic wave appearance. The most phenomenal characteristic is the
existence of very narrow, sharply pointed peaks at which the amplitude tends to infinity. In the 2D
plot named Figure 2, as the timelike parameter τ varies from 0.25 to 0.75, these singularities have
their position changed, and their intricate structure pattern becomes more complex. The 3D graph in
Figure 1 shows these repeating walls of infinite amplitude that signify the wave instantly breaking at
many different points. This phenomenon exemplifies where nonlinear steepening effects are being so
dominant. These sharp and pointy crests are formed by a special solitary wave, the so-called peakon,
with a discontinuity of the first derivative at the crest. It is sudden and extreme risk that has great
relevance in oceanography as well as one of the main engineering design challenges in coastlines and
offshore structures.
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Figure 1. 3D wave profile.
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Figure 2. 2D wave profile.

Wave profile A1(η, τ) for κ3 = 0.50, κ5 = 0.75, ϱ1 = e, P1 = 0.25, P2 = 0.50, P3 = 0.75,
C1 = 1, and C2 = 1.5.

Like the first pair, Figures 3 and 4 illustrate a periodic wave with sharp peaks. However, the structure
is more complex. Figure 4 is a 2D representation of the problem, and it is observed that as τ increases
between 3.00 and 5.00, the wave pattern evolves significantly. At τ = 3.00, we see several peaks in
each period. As τ increases, these peaks become overlapping and shifting. The 3D graph presented in
Figure 3 illustrates a complex and repeating landscape of deep troughs and extremely high and sharp
ridges. The trend is seen as an expression of a complex interplay between nonlinear and dispersive
processes to suggest a very dynamic wave structure. The structure reflects the potential interplay of
several unidirectional waves, in which the interaction of nonlinear modes to local amplification and
modulation is achieved. The sharpness of the crests is strong, and it is in line with the dominance
of the nonlinear terms that give the wave the behavior of breaking. In ocean theory, these structural
features are similar to the phenomenon of energy focusing and rogue waves in the high and deep waters.

Figure 3. 3D Wave profile.
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Figure 4. 2D Wave profile.

Wave Profile A3(η, τ) for κ3 = 1.0, κ5 = 1.5, ϱ1 = e, C1 = 1.5 and C2 = 1.75.

Figures 5 and 6 represent a different type of wave. Rather than sharp peaks, the wave has a broad
profile with a noticeable dip or trough in the center (η = 0).

The general shape is smooth and well-reasoned. The 2D plot in Figure 6 indicates that when τ

increases between a range of 1.50 and 3.50, a corresponding increase in amplitude is observed on the
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sides of the wave together with a constant central trough.

The 3D plot in Figure 5 indicates a smooth wave profile that is intimately changing with time. This
act is indication of a state where the nonlinear and dispersive effects are brought into a fine balance. The
resulting structure can be taken as a dark soliton solution or a breather-type solution where the effects
of dispersion essentially neutralize the effects of nonlinear steepening, thus avoiding the formation
of sharp peaks or wave breakages. A balanced dynamic of this kind represents a stable propagation
regime that is usually typical of self-stabilizing nonlinear systems. Considering the ocean theory and
coastal engineering, this kind of solution gains useful information in predicting and controlling the
dynamics of nearshore and deep-water waves, especially in the context of nonlinear modeling of ocean
waves.

Figure 5. 3D wave profile.
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Figure 6. 2D Graphics.

Wave profile A6(η, τ) for κ3 = 0.5, κ5 = 1.5, ϱ1 = e,C1 = 1.5 and C2 = 1.75.

Figures 7 and 8 represent the evolution of a single localized pulse. The 2D plot in Figure 8 reveals
that as the parameter of the wave, τ, increases between figure 1.00 and 3.00, the peak amplitude of
the wave increases exponentially, although the width decreases. Figure 7 shows a wave pattern that
is marked by spikes of progressively sharp and high values, which suggests a high concentration of
energy in the waveform. This action is known to be a classic work of a solitary wave or soliton, which
is a stable wave packet that does not disperse under a specific balance between the nonlinear steepening
process and the dispersion spreading process. The given amplification indicates the fact that the wave
is subject to an energy-focusing process, which is probably affected by the parameters governing it
and making it more nonlinear than dispersive. Such findings point out the inherent stability and self
reinforcing solitonic structures. In ocean theory and coastal engineering, these findings can be useful
in understanding wave amplification and energy localization that are the significant factors in proper
prediction of ocean waves and impact analysis of coastal areas.
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Figure 7. 3D wave profile.
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Figure 8. 2D wave profile.

Wave profile A7(η, τ) for κ3 = 1.5, κ5 = 2.5, ϱ1 = e, C1 = 1 and C2 = 2.

The two graphs, Figures 9 and 10, also present only a single pulse, but the behavior of the pulse
differs from the ones in Figures 7 and 8. In the 2D plot in Fig. 10, the amplitude of the wave peak
decreases steadily as τ changes values of 3.50 to 4.50. The wave also broadens and develops a trailing
oscillatory tail. A plot of the pulse in 3D is provided in Figure 9, where the pulse is seen to get smoothed
and flattened with time, showing dissipative behavior. These dispersive elements of the governing
terms were discovered to expand the wave spatially, and dissipative effects cause the amplitude of
the wave to reduce gradually with time. This action can be observed as a non-conservative action of
energy, which is a typical feature of a real fluid system in which viscosity and internal friction are
energy loss mechanisms. Dispersive dynamics of this type are useful in the study of the attenuation
of energy in nonlinear media. According to the ocean theory and coastal engineering, the results
could offer beneficial information in terms of modeling the wave decay, sediment transport, and energy
dissipation in nearshore and deep-water systems.

Figure 9. 3D wave profile.
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Figure 10. 2D wave profile.

Wave profile A8(η, τ) for κ3 = 2, κ5 = 5, ϱ1 = e, C1 = 1.5, and C2 = 2.5.

In Figures 11 and 12, wave shapes represent a very complicated interaction between waves. The
3D graph presented in Figure 11 depicts two very large and intersecting ridges where the amplitude is
at extremely high levels. Figure 12 shows 2D drawings of this phenomenon at various times τ. The
solution at τ = 3.00 represents a periodic wave with many sharp or singular peaks, such as those of
peakons presented in Figures 1–4. Compared to τ = 4.00, τ = 5.00 shows a very smooth wave profile
with significantly lower amplitude. As τ changes to 5.00, the waves seem to flatten and spread. This
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sequence illustrates a shift between a very nonlinear singular state and a smoother falling state.

Figure 11. 3D wave profile.
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Figure 12. 2D wave profile.

Wave profile A9(η, τ) for κ3 = 3.5, κ5 = 3.75, ϱ1 = e, C1 = 1, and C2 = 2.

3. Analysis via the neural network

3.1. Analysis of (1.1)

The discussion of the analysis of Eq (1.1) is explained using the solution generated by PINN, as
shown in Figure 13. The solution was obtained in the initial state: u(x, 0) = x and the values of the
boundary condition u(0, t) = 1 = u(1, t) and the derivative boundary conditions ux(0, t) = 0 = ux(1, t) =
uxx(0, t) = uxx(1, t).

The architecture of the neural network was executed with 8 hidden layers with 128 neurons per
layer, and hyperbolic tangent functions used as activation functions. The optimization was achieved
with the Adam algorithm that has 6000 epochs with a learning rate of 1 × 10−3. The coefficients were
given the following values: κ1 = 1.0, κ2 = 0.1, κ3 = 0.05, κ4 = 0.05, and κ5 = 0.001.

At the initial t = 0 moment, there was a trough or dip in the profile value in the middle of
the spatial domain. As time passed, this depression was naturally filled in, until the water surface
gradually returned to a calm state. This is the process of dispersion by which localized disturbances
are dispersed to occupy the domain. The time-dependent collapse of the wave is indicative of energy
loss in dispersive systems, which is usually explained through dissipation mechanisms such as internal
friction, turbulence, or wave spreading. In the case of our analysis, dominance of dissipative terms was
the imposing of the long-term solution behavior.
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(a) 3D wave profile

(b) Loss curve

(c) 2D wave profile

Figure 13. The wave profiles for κ1 = 1.0, κ2 = 0.1, κ3 = 0.05, κ4 = 0.05, κ5 = 0.001.

3.2. Analysis of (1.1) via the traveling wave

For the analysis of water wave equation (1.1), the equation:

(λ + 1)w + κ1ww′ + κ2w′′′ + κ3w′w′′ + κ4ww′′′ + κ5w′′′′′ = 0, (3.1)

by the transformation z = η + λτ. The equation is transformed into a system of ordinary equations and
solved with initial conditions y1(0) = 0.5, y2(0) = 1.0, y3(0) = 0.5, y4(0) = 0.0, and y5(0) = 0.0. A
two-layer neural network was used (128 neurons per layer), whereby the SiLU activation function was
used on all the hidden units. The loss function was the mean squared error, and the learning was done
using 20,000 epochs. The physics-based composite loss was defined as the total loss functional with
a loss-balancing hyperparameter of 200. The Adam optimizer and an initial learning rate of 2 × 10−3

were used to perform model optimization, and a learning rate scheduler was used to guarantee stable
convergence. The choice of the computational domain was [0, 4].

Furthermore, to validate the neural network solution, the comparison was done using the RK
method. Moreover, the RK method was stable and precise, and FCNN took a long time to train and
was tuning-sensitive. FCNN was parameterized to such parameterized problems.

As κ1 increases to 1.0 in Figure 14(a), the peak of the wave increases and its right-hand slope
becomes steeper. This term has the effect of moving taller features of the wave at higher velocity;
hence, the piling-up effect. By increasing the value the training, good approximations are evident.

Figure 15 shows the error heatmap.
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(a) The comparison of wave profiles of PINN and
numerical method

(b) Loss curve for κ1 = 0.5

(c) Loss curve for κ1 = 1

Figure 14. The wave profile comparison of PINN and a numerical scheme with a loss curve
for different values of κ1 with κ2 = 1.0, κ3 = 1.0, κ4 = 0.7, κ5 = 1.0, and λ = 2.0.
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Figure 15. The heatmap error of PINN and a numerical scheme with a loss curve for different
value of κ1 = 0.5 κ2 = 1.0, κ3 = 1.0, κ4 = 0.7, κ5 = 1.0, and λ = 2.0.

The influence of parameter κ2 , which governs the primary dispersive effect responsible for the
spread of waves and the suppression of steepening, is illustrated in Figure 16. In Figure 16(a), an
increase of κ2 from 1.0 to 1.5 resulted in a broader and smoother wave profile. The corresponding loss
curve for κ2= 1.5 exhibited reduced complexity and enhanced smoothness, making the learning task
less challenging for the PINN. As a result, the training process for κ2=1.5 (Figure 16(c)) converged
more rapidly compared to the case of κ2= 1.0 (Figure 16 (b)), where the minimization of the losses
occurred at a slower rate.

(a) The comparison of wave profiles of PINN and numerical method

(b) Loss curve for κ2 = 1

(c) Loss curve for κ2 = 1.5

Figure 16. The wave profile comparison of PINN and a numerical scheme with a loss curve
for different value of κ2 with κ1 = 0.5, κ3 = 1.0, κ4 = 0.7, κ5 = 1.0, and λ = 2.0.

Parameter κ3 has been found to produce pointed crests considered the so-called peakons, and the
attribute lies in the fact that they are sharp crests and are produced as a result of the nonlinear term. As
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shown in Figure 17(a), when κ3 increases there is a large increase in the amplitude and sharpness of
the wave profile.

The solution to κ3=1.5 with the peakon profile is much harder to teach mathematically compared to
the smoother profile κ3 = 0.5. The plots show clear evidence in the loss curves: The loss with κ3 = 1.5
in Figure 17(c) is less convergent than that of κ3 = 0.5 in Figure 17 (b).

(a) The comparison of wave profiles of PINN and numerical method

(b) Loss curve for κ3 = 0.5

(c) Loss curve for κ3 = 1.5

Figure 17. The wave profile comparison of PINN and a numerical scheme with a loss curve
for different values of κ3 with κ1 = 0.5, κ2 = 1.0, κ4 = 0.7, κ5 = 1.0, and λ = 2.0.

Parameter κ4 was found to be an alternative nonlinear term that helped cause the wave steepening
similarly to κ1. By increasing κ4 to 1.5 in Figure 18(a), it was possible to obtain a taller and steeper
wave profile. As in the cases of κ1 and κ3, the sharper solution at κ = 1.5 was also shown to be harder to
approximate. Therefore, κ4 = 1.5 in Figure 18(c) is a better convergence than κ4 = 0.7 in Figure 18(b).
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(a) The comparison of wave profiles of PINN and numerical method

(b) Loss curve for κ4 = 0.7

(c) Loss curve for κ4 = 1.5

Figure 18. The wave profile comparison of PINN and a numerical scheme with a loss curve
for different values of κ4 with κ1 = 0.5, κ2 = 1.0κ3 = 1.0, κ5 = 1.0, and λ = 2.0.

We found that parameter κ5 could introduce a higher-order dispersion that helped spread the wave
profile. In Figure 19(a), it was observed that the impact of an increase in κ5 was minimal, and thus
the solution was insensitive to the parameter in the given scenario for the approximation of error.
Despite the insignificant difference, the solution with κ5 = 2.0 could be seen as a bit smoother and
more dispersive, which made the learning process a bit easier. This was also reinforced by the loss
curves where the final loss of parameter κ5 = 2.0 in Figure 19 (c) was lower compared to the parameter
κ5 = 1.0 in Figure 19(b).
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(a) The comparison of wave profiles of PINN and numerical method

(b) Loss curve for κ5 = 1

(c) Loss curve for κ5 = 2

Figure 19. The wave profile comparison of PINN and a numerical scheme with a loss curve
for different value of κ5 with κ1 = 0.5, κ2 = 1.0κ3 = 1.0, κ4 = 0.7, and λ = 2.0.

The wave solutions of two velocities, that is, λ = 1 and λ = 2, have been contrasted in Figure
20. The validation of the accuracy of the PINN was obtained because of the close agreement with the
predicted solutions and the reference profiles. The near perfect coincidence of the two results indicates
that the neural network framework that was used has been appropriately implemented.

The most notable finding is the change in the wave profile when the latter speed changes. When the
speed increases from l = 1.0 to l = 2.0, a decrease in the peak amplitude of the wave is apparent, and
the wave profile becomes less steep. This kind of response shows that the solution is sensitive to the
speed of propagation.

Moreover, it is seen that by taking λ = 2.0, more numerical stiffness is introduced into the
underlying ODE. The following is a result where the related optimization process becomes a
challenging process to solve. This greater complexity is seen in a slightly higher final training loss
compared to the case of λ = 1.0.
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(a) The comparison of wave profiles of PINN and numerical method

(b) Loss curve for λ = 1

(c) Loss curve for λ = 2

Figure 20. The wave profile comparison of PINN and a numerical scheme with a loss curve
for different values of λ with κ1 = 0.5, κ2 = 1.0κ3 = 1.0, κ4 = 0.7, and κ5 = 1.0.

4. Conclusions

In this analysis, we examined the uses of nonlinear water wave equations in fields of science,
especially in applied mathematics. Using the Lie symmetry analysis, infinitesimal generators were
found, and the obtained vector fields produced an abelian algebra. A similarity reduction scheme
was used to obtain similarity variables on the basis where an optimal system was determined and
that reduced the nonlinear partial differential equations to nonlinear ordinary differential equations.
The NEDAM was used to obtain the solitary wave patterns, which yielded solutions in triangular
and hyperbolic forms. These findings confirmed the usefulness of the method in making difficult
computational tasks easier to carry out. The graphical analysis was carried out by constructing a
2D and 3D drawing that shows the travel wave profile with parameterized accuracy. It was found
that different kinds of the solitons were obtained, with peaked wave solutions being produced by
the high-order nonlinearities, and an impulse wave shape representing a stable wave packet, with
complex wave interactions being displayed by the profiles. Additionally, there were solutions that
involved a balancing act between nonlinearity and dispersion. In addition, the graphical representation
of the governing equation was done with the help of PINN in which an activation function was used
along with 6000 epochs. Using this pattern, time-varying dissipative effects were also observed. To
explore more about the equation, we performed a traveling wave approximation and studied the effect
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of changing parameters on the shape of the waves. A combination of PINN and numerical schemes
were used, with the latter used to confirm neural network output through a numerical scheme. It was
noted that variations in the parameters had the potential to substantially impact the training results. In
particular, the nonlinear coefficients κ3 and κ4 had the predominant impacts on the training process.
Our results of the study contribute to a computational understanding of nonlinear water waves and can
be used in practice-related scenarios, such as coastal engineering and oceanography, especially when
predicting and controlling wave propagation.

Future directions

Further studies to be undertaken can be guided by the expansion of this study to higher-order
differential equations that occur in oceanographic modeling. The framework developed will be
implemented on complex dynamical systems of interaction between wave currents, temperature
diffusion, and salinity transport. Analytical and semi analytical methods will be integrated in order
to make the training of the proposed method more effective and stable. The neural network structure
will be tuned to nonlinear dynamics to a greater extent of accuracy. Additionally, it will be compared
systematically to the traditional numerical techniques, including the finite difference and finite element
methodology, concerning the convergence rate and the computational accuracy. Better generalization
will be considered by hybrid strategies using data-driven and physics-based models. This will also be
explored concerning the adaptability of the model to real-time ocean data assimilation. Sensitivity
analysis and robustness analysis will be done for different boundaries and initial conditions. The
proposed studies will focus on minimizing the cost of computation without compromising on the
fidelity of large-scale simulations in the future. This trend will augment deep learning with classical
numerical analysis in oceanographic studies.
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A. Appendix

Here, we describe some terms involving trigonometric and hyperbolic functions used in Eq (7) to
Eq (19):

sinhϱ1(X) =
rϱX1 − sϱ−X1

2
, coshϱ1(X) =

rϱX1 + sϱ−X1

2
,

tanhϱ1(X) =
rϱX1 − sϱ−X1

rϱX1 + sϱ−X1

, cothϱ1(X) =
rϱX1 + sϱ−X1

rϱX1 − sϱ−X1

,

csch ϱ1(X) =
2

rϱX1 − sϱ−X1

, sech ϱ1(X) =
2

rϱX1 + sϱ−X1

,

sinϱ1(X) =
rϱιX1 − sϱ−ιX1

2ι
, cosϱ1(X) =

rϱιX1 + sϱ−ιX1

2
,

tanϱ1(X) = − ι
rϱιX1 − sϱ−ιX1

rϱιX1 + sϱ−ιX1

, cotϱ1(X) = ι
rϱιX1 + sϱ−ιX1

rϱιX1 − sϱ−ιX1

,

cscϱ1(X) =
2ι

rϱιX1 − sϱ−ιX1

, sech ϱ1(X) =
2

rϱιX1 + sϱ−ιX1

,

(A.1)

where r and s are constants.
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