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Abstract: In this paper, we studied the dynamic behavior of a Cournot-type duopoly model with
homogeneous goods, a convex log-linear price function, and quadratic cost functions. By using the
Lambert W function, we derived explicit expressions for the fixed points and showed that the model
has exactly three fixed points. We conducted a local stability analysis to identify the stability regions
for each fixed point. Furthermore, we demonstrated that the system undergoes a sequence of period-
doubling bifurcations, which give rise to stable cycles of period 2 and period 4. We showed that the
period-4 cycle loses its stability through a Neimark-Sacker bifurcation, where an attracting invariant
closed curve emerges. We also derived the topological normal forms associated with the period-
doubling bifurcation points. To confirm the presence of chaotic behavior, we computed the largest
Lyapunov exponents. Finally, numerical simulations, along with bifurcation analyses performed using
MatContM, validated our theoretical results. These findings extend and enhance previous studies in
the literature, particularly the results in [1, 2].
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1. Introduction

Over the past two decades, extensive research has analyzed the complex dynamic behaviors arising
in oligopolistic market models under both quantity and price competition. Oligopoly represents a
market structure between the extremes of perfect competition and monopoly, as discussed in [3–5]. In
an oligopolistic setting, firms exert significant but incomplete influence on market prices. Unlike in
perfect competition or monopoly, firms in an oligopoly must consider not only their own production
decisions but also the reactions of competing firms, adding an additional layer of complexity to market
interactions.
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The first mathematical model of duopoly competition was introduced by Cournot [6], describing
an oligopoly with two firms competing based on output quantity. In this model, firms produce
homogeneous goods, meaning consumers cannot differentiate between products. Consequently, the
price of the goods is determined entirely by the total quantity produced and the market demand
function. Firms adjust their production levels strategically to maximize profits. An alternative
approach was proposed by Bertrand [7], in which firms compete by setting prices rather than
quantities. Models based on quantity competition are referred to as Cournot-type models, while those
based on price competition are known as Bertrand-type models. Together, these models form the
foundation of modern oligopoly theory.

Puu [8] analyzed a Cournot duopoly model with a nonlinear demand function, revealing the
presence of complex dynamics, including chaos and bifurcations. Kopel [9] examined the dynamics
of Cournot duopoly models with nonlinear demand functions. Bischi and Naimzada [10] conducted a
global analysis of a dynamic duopoly game with bounded rationality. Bischi and Kopel [11] explored
equilibrium selection in a nonlinear duopoly game with adaptive expectations. Agiza et al. [12]
investigated the complex dynamics and synchronization of duopoly games with bounded rationality.
Agiza and Elsadany [13] studied the nonlinear dynamics in the Cournot duopoly game with
heterogeneous players. Agliari et al. [14] examined global bifurcations related to the appearance of
closed invariant curves in a Cournot duopoly model. Agliari et al. [15] analyzed global bifurcations in
duopoly when the Cournot point is destabilized via a Neimark-Sacker bifurcation. Naimzada and
Sbragia [16] conducted a dynamic analysis of oligopoly games with nonlinear demand and cost
functions, specifically examining the stability and bifurcations of fixed points under bounded
rationality. They explored how small changes in parameters can lead to significant shifts in the
system’s dynamics, potentially resulting in chaotic behaviors. Elettreby and Hassan [17] analyzed the
dynamics of multi-team Cournot games, focusing on the stability of fixed points and the onset of
bifurcations. They examined the global and local behavior of the system, exploring how interactions
between multiple teams can lead to complex patterns, including periodic and chaotic dynamics,
depending on the game’s parameters. Ahmed, Elettreby, and Hegazi [18] extended Puu’s incomplete
information formulation to the multi-team Bertrand game. They provided a stability analysis of the
fixed points and investigated how the introduction of incomplete information can lead to bifurcations
and chaos, resulting in unpredictable competitive behaviors in the game. Naimzada and
Tramontana [19] focused on controlling chaos in oligopoly games using local feedback methods.
They conducted a bifurcation analysis to identify the parameters that trigger chaotic dynamics and
used local control strategies to stabilize the system near its fixed points, demonstrating how local
adjustments can influence the global behavior of the system. Ma and Ji [20] examined the complexity
of repeated game models in electric power triopolies, analyzing the dynamic behavior of firms over
repeated interactions. They investigated how the stability of fixed points and bifurcations of the
system lead to chaotic dynamics, particularly in the context of asymmetric power distributions and
strategic interactions between firms. Angelini, Dieci, and Nardini [21] performed a bifurcation
analysis of a dynamic duopoly model with heterogeneous costs and behavioral rules. They studied
how changes in these parameters affect the stability of fixed points and the system’s transition from
stable to chaotic behavior, providing insights into the global dynamics of oligopoly markets.
Tramontana [22] continued to explore the dynamics of nonlinear duopoly models.
Dubiel-Teleszynski [23] analyzed a heterogeneous duopoly game with adjusting players and
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diseconomies of scale, focusing on the nonlinear dynamics and the stability of the fixed points. The
study revealed that such games exhibit bifurcations that lead to chaos, and the interplay between
diseconomies of scale and player adjustments influences the global dynamics of the system.
Askar [24] analyzed the complex dynamic properties of Cournot duopoly games with convex and
log-concave demand functions. Askar [25] explored how demand functions without inflection points
contribute to the emergence of complex dynamic behaviors in Cournot duopoly games. He identified
the conditions under which the system undergoes bifurcations, leading to chaotic dynamics and
instability in fixed points. Sirghi, Neamt,u, and Strain [26] analyzed the dynamics of a Cournot
duopoly game with distributed time delays. They examined the effect of time delays on the stability of
fixed points and the occurrence of bifurcations. Their study revealed that time delays could lead to
periodic and chaotic dynamics, affecting the global stability of the system.

Sarafopoulos [1] investigated the complexity of a duopoly game with homogeneous goods, a convex
log-linear price function, and quadratic cost functions. However, Sarafopoulos [1] did not provide a
closed-form expression for the fixed points, nor did he derive the normal form for period-doubling
bifurcations or discuss the existence of period-2 and higher-period cycles. The present study aims to
build upon and extend the partial results of Sarafopoulos [1], offering a comprehensive analysis of the
model’s dynamic behavior. This includes a detailed examination of fixed points, bifurcations, period-2
and higher-period cycles, as well as chaotic dynamics. In contrast, Al-Hdaibat [2] studied the complex
dynamics of the same model (such as bifurcations, periodic orbits, and chaos) with a fixed set of model
parameters, varying only the speed of adjustment.

Several other studies have explored the bifurcation and chaotic behaviors in Cournot game models,
offering valuable insights into the nonlinear dynamics of oligopolistic competition. These works
enhance our understanding of strategic interactions and the complex dynamics in oligopolistic
markets. Recent research has focused on extending and generalizing these classical models to capture
more nuanced aspects of competitive behavior. Askar and Al-khedhairi [27] studied various models
of Cournot duopoly games, analyzing the stability of fixed points and the occurrence of bifurcations.
They found that depending on the game’s parameters, the system could exhibit periodic, chaotic, or
stable behaviors, and they also examined the local dynamics near the fixed points. Yang et al. [28]
studied a nonlinear Stackelberg duopoly game with marginal cost considerations, highlighting the
intricate dynamic interactions between bounded rational players. Peng et al. [29] explored the
complex dynamics of a Cournot model incorporating relative profit delegation, demonstrating chaotic
behavior through bifurcation analysis. Askar and Al-khedhairi [30] further explored the dynamics of
piecewise smooth nonlinear duopoly games. They identified the bifurcation points that lead to chaos
and analyzed the system’s global dynamics, showing that discontinuities in the model parameters
could significantly impact the system’s stability. Long et al. [31] examined a dynamic
Cournot-Bertrand model with imperfect rationality and incomplete information, delineating the
conditions under which Nash equilibrium exists. Longfei et al. [32] investigated a Stackelberg mixed
duopoly game in the insurance market, analyzing stability conditions and chaotic dynamics induced
by flip bifurcation. Askar [33] studied a Cournot duopoly game with firms employing bounded
rationality in production updates, identifying loss of fixed-point stability through flip and
Neimark-Sacker bifurcations. Additional research has extended these concepts to other economic
contexts. El Amrani et al. [34] focused on the chaotic dynamics of a duopoly game among internet
service providers (ISPs) with bounded rationality. Their analysis of stability and bifurcations revealed
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how bounded rationality can drive the system into chaotic behavior, with significant implications for
market competition and pricing strategies. Zhu et al. [35] examined a mixed duopoly model with
heterogeneous products, focusing on local and global stability using bifurcation analysis and
basin-of-attraction techniques. Awad et al. [36] analyzed a differentiated Bertrand duopoly model in
which semi-public firms maximize a weighted combination of social welfare and profit. Their study
explored complex dynamics, synchronization, and basin-of-attraction structures. Zhang et al. [37]
investigated fixed-point stability in Cournot-Bertrand duopoly models, where firms, driven by fairness
considerations, may incorporate delayed decision-making. They used numerical simulations to assess
the impact of key parameters on long-term market dynamics. Long and Wang [38] examined the
fixed-point stability of dynamic duopoly Cournot games under heterogeneous strategies, asymmetric
information, and one-way R&D spillovers. Their study involved a detailed bifurcation analysis to
explore the effects of these factors on the stability of fixed points and the emergence of chaotic
dynamics in the system. Wei et al. [39] studied bifurcations in a Cournot duopoly model based on
bounded rationality and relative profit maximization. Their findings revealed the presence of flip
bifurcations, Neimark-Sacker bifurcations, and 1:2 resonance. Meskine et al. [40] discussed a
duopoly model with different types of players, also noting that the system can become chaotic through
flip and Neimark-Sacker bifurcations. Askar and Alshamrani [41] examined the dynamic behavior of
a Cournot-Bertrand duopoly game with nonlinear cost structures. Ahmed et al. [42] investigated a
Cournot duopoly game with bounded rational players, incorporating a leader-follower dynamic in
which one firm acts as a leader while the other follows. Their analysis employed center manifold and
bifurcation theory to explore period-doubling and Neimark-Sacker bifurcations at the positive fixed
point. In another study, Ahmed et al. [43] analyzed a Cournot-Bertrand duopoly model with
heterogeneous players, examining the existence and stability of fixed points within the system.
Azioune et al. [44] explored a three-player Cournot game, finding flip and Neimark-Sacker
bifurcations, and discussed methods to control the resulting chaos.

In this paper, we study the dynamic behavior of a Cournot-type model with homogeneous players,
convex log-linear price functions, and quadratic cost functions. We improve upon and extend the
results presented in [1, 2]. The paper is organized as follows. In Section 2, we introduce the model
under consideration and review some theorems and definitions that will be useful in our analysis.
Section 3 derives explicit formulas for the fixed points, demonstrating that the model has exactly three
fixed points. We also establish analytical conditions for the stability and bifurcation behavior of these
points. In Section 4, we investigate the occurrence of period-doubling bifurcations and derive the
corresponding topological normal form. Section 5 validates our theoretical findings through numerical
simulations and bifurcation analysis. Using numerical continuation methods, we compute the period-
doubling bifurcation curves for the fixed points and determine the bifurcation scenarios associated
with each one. We show that the model undergoes four period-doubling bifurcations, leading to the
emergence of higher-period cycles and chaotic attractors. As α increases, we observe stable period-2
and period-4 cycles. The period-4 cycle loses its stability via a Neimark-Sacker bifurcation, where
attracting invariant closed curves emerge. Finally, we calculate the largest Lyapunov exponent to
confirm the predominance of chaotic behavior.
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2. Preliminaries

We consider an oligopolistic market with two firms (players) producing homogeneous goods,
denoted by i = 1, 2. Let x1(n) and x2(n) represent the quantities supplied by firms 1 and 2,
respectively, in period n = 0, 1, 2, . . .. The retail price p is determined by a log-linear inverse demand
function [1], which depends on the total quantity supplied by both firms in period n, x1(n) + x2(n).
The price function is given by:

p = a − b ln(x1(n) + x2(n)),

where a and b are positive constants. This price function is convex and logarithmically linear, reflecting
the market’s sensitivity to changes in total supply.

The cost function for each firm is quadratic in nature, given by:

Ci(xi) = cx2
i , i = 1, 2,

where c is a positive cost parameter. The profit functions for firms 1 and 2 are expressed as:

Πi(xi, x j) =
(
a − b ln

(
xi + x j

))
xi −Ci(xi), i, j = 1, 2, i , j.

These profit functions depend on the price, which is influenced by both firms’ output levels.
The marginal profit functions for each firm are derived by:

πi(xi, x j) :=
∂Πi(xi, x j)

∂xi
= a − b ln

(
xi + x j

)
− xi

(
2c +

b
xi + x j

)
, i, j = 1, 2, i , j.

We assume that each firm follows a bounded rationality approach, adjusting its quantity according to
the sign of its marginal profit. Specifically, a firm increases (decreases) its quantity when its marginal
profit is positive (negative). This adjustment is modeled by the following discrete-time dynamical
system equation:

xi(n + 1) − xi(n)
xi(n)

= απi(xi, x j), i, j = 1, 2, i , j,

where α > 0 is a parameter representing the speed of adjustment. The system dynamics are described
by the following coupled difference equations:

xi(n + 1) = fi (x1(n), x2(n)) , i = 1, 2, n = 0, 1, 2, . . . , (2.1)

where
fi (x1(n), x2(n)) = xi(n) + αxi(n) πi(xi, x j), i, j = 1, 2, i , j.

This system governs the dynamics of the Cournot game between the two firms. We are particularly
interested in studying how the dynamics of this system evolve as a function of the parameter α, which
determines the speed of adjustment in each firm’s decision-making process. The resulting system
provides a basis for analyzing the competition between firms and the emergence of different dynamic
behaviors, including stable fixed points, periodic cycles, and chaotic dynamics, as α varies.
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System (2.1) can be written more compactly in vector form as

x(n + 1) = f (x(n)), n = 0, 1, 2, . . . , (2.2)

where x = (x1, x2) ∈ R2
++, and f (x) = ( f1(x), f2(x)) denotes the vector-valued update function. The

domain R2
++ excludes boundary cases where one or both firms produce zero output, thereby restricting

the analysis to scenarios of active competition between firms.
Here, we present some known results that will be useful in our study:

Definition 1. A point x̃ is called a fixed point of System (2.2) if f (x̃) = x̃.

Definition 2. A solution
{
x(n)

}∞
n=0

is said to be periodic with period t if

x(n + t) = x(n) for all n ≥ 0. (2.3)

A solution
{
x(n)

}∞
n=−k

is called periodic with prime period t if t is the smallest positive integer for
which System (2.3) holds.

Definition 3. Let x̃ be a fixed point of System (2.2). The fixed point is classified as follows:

i. x̃ is stable if for every ε > 0, there exists δ > 0 such that for all initial conditions x(0) ∈ R2
++

satisfying |x(0) − x̃| < δ, the trajectory remains close to x̃:

|x(n) − x̃| < ε, for all n ≥ 0.

ii. x̃ is locally asymptotically stable if it is stable and, in addition, there exists γ > 0 such that for all
x(0) ∈ R2

++ with |x(0) − x̃| < γ, the trajectory converges to x̃:

lim
n→∞

x(n) = x̃.

iii. x̃ is unstable if it is not stable.

Let A(x̃, α) be the Jacobian matrix evaluated at x̃. Then the characteristic equation is given by

λ2 − tr(A)λ + det(A) = 0, (2.4)

where tr(A) and det(A) represent the trace and determinant of the Jacobian matrix A(x̃), respectively.

Theorem 1. Assume that x̃ is a fixed point of System (2.2). Then, the following statements hold:

i. x̃ is locally asymptotically stable if all roots of the characteristic equation (2.4) (i.e., the
eigenvalues) have absolute values less than 1.

ii. x̃ is unstable if at least one root of the characteristic equation (2.4) has an absolute value greater
than 1.
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3. Fixed points and their stability

Theorem 2. System (2.2) has exactly three fixed points, given by

x̃1 =

(
0,

b
2c

W
[
2c
b

e(a−b)/b
])
,

x̃2 =

(
b
2c

W
[
2c
b

e(a−b)/b
]
, 0

)
,

and x̃3 =

(
b
2c

W
[c
b

e(2a−b)/(2b)
]
,

b
2c

W
[c
b

e(2a−b)/(2b)
])
,

where W[·] denotes the Lambert W-function [45].

Proof. The fixed points of System (2.2) satisfy the equations

x1 = x1 + αx1

(
a − b ln(x1 + x2) − x1

(
2c +

b
x1 + x2

))
,

x2 = x2 + αx2

(
a − b ln(x1 + x2) − x2

(
2c +

b
x1 + x2

))
,

which simplify to 
αx1

(
a − b ln(x1 + x2) − x1

(
2c +

b
x1 + x2

))
= 0,

αx2

(
a − b ln(x1 + x2) − x2

(
2c +

b
x1 + x2

))
= 0.

(3.1)

Case 1: Let x1 = 0. Then we get

a − b ln(x2) − x2

(
2c +

b
x2

)
= 0.

Rearranging,

ln(x2) =
a − b

b
−

2c
b

x2,

which implies
x2e(2c/b)x2 = e(a−b)/b.

This equation can be solved using the Lambert W-function. Therefore, we get

x2 =
b
2c

W
[
2c
b

e(a−b)/b
]
.

Thus, we obtain the first fixed point

x̃1 =

(
0,

b
2c

W
[
2c
b

e(a−b)/b
])
.

Case 2: Let x2 = 0. Then by similar steps, we obtain the second fixed point

x̃2 =

(
b
2c

W
[
2c
b

e(a−b)/b
]
, 0

)
.
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Case 3: Let x1 , 0 and x2 , 0. If x1 = x2 = ξ, we obtain

a − b ln(2ξ) − ξ
(
2c +

b
2ξ

)
= 0.

Solving this equation and using the Lambert W-function, we get

ξ =
b
2c

W
[c
b

e(2a−b)/(2b)
]
.

Thus, the third fixed point is

x̃3 =

(
b
2c

W
[c
b

e(2a−b)/(2b)
]
,

b
2c

W
[c
b

e(2a−b)/(2b)
])
.

On the other hand, if x1 , x2, then System (3.1) simplifies to

a − b ln(x1 + x2) − x1

(
2c +

b
x1 + x2

)
= 0,

a − b ln(x1 + x2) − x2

(
2c +

b
x1 + x2

)
= 0.

Subtracting the equations gives the following equations:

(x1 − x2) (a − b ln(x1 + x2)) = 0, (3.2a)

(x1 − x2)
(
2c +

b
x1 + x2

)
= 0. (3.2b)

From Eq (3.2a), we get
a − b ln(x1 + x2) = 0,

which implies
x1 + x2 = ea/b.

Substituting this into Eq (3.2b), we get

2c +
b

ea/b = 0,

which leads to a contradiction since 2c +
b

ea/b is always positive for positive constants a, b, and c.
Hence, no further fixed points exist beyond those already found. Thus, the three fixed points are
confirmed. �

We note that the Lambert W function, W(z), is generally multi-valued for real arguments, with two
real branches: the principal branch W0(z) and the lower branch W−1(z), both defined for z ∈ [−1/e, 0)
(see [45]). In our Cournot model, the parameters a, b, and c represent strictly positive economic
quantities, market size, demand sensitivity, and cost, respectively. Consequently, the arguments of the
W function in the fixed points, 2c

b e(a−b)/b and c
be(2a−b)/(2b), are strictly positive. For positive arguments,

the Lambert W function is single-valued in the real domain and defined only by the principal branch
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W0, while the lower branch W−1 is not defined. Therefore, the fixed points x̃1, x̃2, and x̃3 are the only
admissible nonzero steady-state outputs in the positive quadrant of this market model. This confirms
that no additional fixed points arise from the second real branch of the Lambert W function, and hence,
the three fixed points derived above are exhaustive.

The following corollaries immediate follow from Theorem 1.

Corollary 1. The fixed points x̃1 and x̃2 of System (2.2) are always unstable for all α > 0.

Proof. For the fixed points x̃1 and x̃2, the characteristic equation (2.4) has two eigenvalues given by

λ1,2 = 1 ± αk1, where k1 := b
(
W

[
(2c/b)e(a−b)/b

]
+ 1

)
.

Since the term k1 > 0, it follows that, for all α > 0, at least one of the eigenvalues satisfies |λ| > 1.
Therefore the fixed points x̃1 and x̃2 are unstable. �

The fixed points x̃1 and x̃2 are saddle points in the domain 0 < α < 2/k1, where λ2 = 1 − αk1 is the
stable eigenvalue that crosses −1 at

αc1 = 2/k1.

Moreover, the fixed points x̃1 and x̃2 always possess a simple eigenvalue equal to −1 when αc1 =

2/k1 and a double eigenvalue equal to 1 when α = 0.

Corollary 2. If α ∈ (0, 4/(2k2 − b)), where k2 := b
(
W

[
(c/b)e(2a−b)/(2b)

]
+ 1

)
, then the fixed point x̃3 of

System (2.2) is locally asymptotically stable.

Proof. For the fixed point x̃3, the characteristic equation (2.4) yields the following eigenvalues:

λ1 = 1 − αk2, λ2 = 1 − α(k2 − 0.5b).

According to Theorem 1, the fixed point x̃3 is locally asymptotically stable if the eigenvalues satisfy
|λ1,2| < 1. This implies −1 < 1 − αk2 < 1 and −1 < 1 − α (k2 − 0.5b) < 1, and therefore

0 < α < min
(

2
k2
,

2
k2 − 0.5b

)
.

Thus, the condition |λ1,2| < 1 is satisfied whenever α ∈
(
0, 4

2k2−b

)
. Hence, the fixed point x̃3 is locally

asymptotically stable in this interval; otherwise, it is unstable. �

Note that the fixed point x̃3 always has a simple eigenvalue equal to −1 when

αc2 = 2/k2 and αc3 = 4/(2k2 − b).

Furthermore, it has a double eigenvalue equal to 1 when α = 0.
The following proposition describes the period-doubling (PD) bifurcations. This type of bifurcation

is important because it indicates the presence of solutions with higher periods, which can eventually
lead to chaotic behavior.

Proposition 1. System (2.2) undergoes four PD bifurcations at critical values of the parameter α.
Specifically, the fixed points x̃1 and x̃2 undergo PD1 and PD2 bifurcations, respectively, when α = αc1.
Furthermore, the fixed point x̃3 undergoes two PD bifurcations: PD3 occurs at α = αc2 and PD4 occurs
at α = αc3.
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Proof. The existence of a PD bifurcation requires two primary conditions from the standard theory
(see [46]) related to the linear stability change at the critical parameter value αc.

(i) The first condition requires that, at the bifurcation point, the Jacobian matrix of the system has a
simple eigenvalue λ = −1. This condition is verified above, since the fixed points x̃1, x̃2, and x̃3 each
possess a simple eigenvalue λ = −1 at α = αc1, αc2, and αc3, respectively.

(ii) The second condition, known as the transversality condition, ensures that the critical
eigenvalue λ = −1 crosses the unit circle with nonzero speed as the bifurcation parameter α varies,
thus guaranteeing the bifurcation’s existence. Mathematically, this requires

dλ
dα

∣∣∣∣∣
α=αc

, 0.

From the explicit expressions of the eigenvalues obtained earlier,

λ1,2 = 1 ± αk1, λ1 = 1 − αk2, λ2 = 1 − α(k2 − 0.5b),

we find that the derivatives with respect to α are

dλ1,2

dα
= ±k1,

dλ1

dα
= −k2,

dλ2

dα
= −(k2 − 0.5b).

Since k1 > 0, k2 > 0, and (k2 − 0.5b) > 0, these derivatives are all nonzero constants. Therefore, the
transversality condition is satisfied in each case.

As both the critical eigenvalue and transversality conditions hold, System (2.2) undergoes four PD
bifurcations at the critical values α = αc1, αc2, and αc3, as stated. The remaining nondegeneracy
condition, which determines the stability and direction of the bifurcating periodic orbit via the normal
form coefficient, is verified in Section 4. �

4. Period-doubling bifurcations

As shown in the previous sections, as the parameter α of System (2.2) varies, four PD bifurcations
occur. These bifurcations are investigated using the normal form theory for discrete-time dynamical
systems (see [46, 47]).

Assume that for some α = αc, System (2.2) undergoes a PD bifurcation at the fixed point x̃. The
Taylor expansion of f (x̃ + x) about x̃ is given by

f
(
x̃ + x

)
= x̃ + A(x̃) x +

1
2

B(x, x) +
1
6

C(x, x, x) + · · · ,

where the dots denote higher-order terms in x. Here, A(x̃) is the Jacobian matrix evaluated at x̃:

A(x̃) =

(
A1,1 A1,2

A2,1 A2,2

)
,

and

A1,1 = 1 + αc

(
a − b ln(x̃1 + x̃2) − x̃1

(
2c +

b
x̃1 + x̃2

))
+ αc x̃1

(
x̃1b

(x̃1 + x̃2)2 −
2b

x̃1 + x̃2
− 2c

)
,
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A1,2 = αc x̃1

(
x̃1b

(x̃1 + x̃2)2 −
b

x̃1 + x̃2

)
,

A2,1 = αc x̃2

(
x̃2b

(x̃1 + x̃2)2 −
b

x̃1 + x̃2

)
,

and

A2,2 = 1 + αc

(
a − b ln(x̃1 + x̃2) − x̃2

(
2c +

b
x̃1 + x̃2

))
+ αc x̃2

(
x̃2b

(x̃1 + x̃2)2 −
2b

x̃1 + x̃2
− 2c

)
,

while B(x, x) and C(x, x, x) are vectors in R2 with components defined by

B(u, v) :=


2∑

j,k=1

∂2 f1(x̃)
∂ξ j∂ξk

u jvk

2∑
j,k=1

∂2 f2(x̃)
∂ξ j∂ξk

u jvk

 , C(u, v,w) :=


2∑

j,k,l=1

∂3 f1(x̃)
∂ξ j∂ξk∂ξl

u jvkwl

2∑
j,k,l=1

∂3 f2(x̃)
∂ξ j∂ξk∂ξl

u jvkwl

 ,
for real vectors u = (u1, u2), v = (v1, v2), and w = (w1,w2). When the parameter α crosses the critical
values αci, i = 1, 2, 3, corresponding to PD bifurcations, the Jacobian matrices evaluated at x̃1, x̃2, and
x̃3, respectively, possess a simple eigenvalue λ = −1. Let q, p ∈ R2 be right eigenvectors of A(x̃)
and AT(x̃), respectively, associated with λ = −1, i.e., Aq = λq and AT p = λp. These vectors can be
computed by solving the following 3 × 3 bordered systems:(

A(x̃) + I2 wbor
vT

bor 0

) (
q
s

)
=

(
0
1

)
, (4.1)

(
AT(x̃) + I2 vbor

wT
bor 0

) (
p
s

)
=

(
0
1

)
, (4.2)

where 0 = (0, 0)T and s ∈ R are the same in both systems.
The bordering vectors wbor, vbor ∈ R

2 are chosen such that the matrices

M(x̃) :=
(
A(x̃) + I2 wbor

vT
bor 0

)
, MT(x̃) :=

(
AT(x̃) + I2 vbor

wT
bor 0

)
are nonsingular. The eigenvectors p and q are then normalized such that

〈q, q〉 = 〈p, q〉 = 1. (4.3)

For parameter values α = αc, the critical normal form coefficient of the PD bifurcation is give by
(see [46, 47])

θx̃(αc) =
1
6

〈
p,C(q, q, q) + 3B

(
q, (I2 − A)−1B(q, q)

)〉
. (4.4)
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4.1. Normal form computation at PD1

For the first PD bifurcation point (PD1), let α = αc1 and choose the bordering vectors as

vbor = (1, 1)T , wbor = (0, 1)T .

Then the matrices

M
(
x̃1

)
=


4 0 0

0 0 1

1 1 0

 , MT
(
x̃1

)
=


4 0 1

0 0 1

0 1 0


are nonsingular. Therefore, the vectors q and p satisfying Eqs (4.1) and (4.2), and normalization
condition (4.3), are given by

q =

(
0
1

)
, p =

(
0
1

)
.

Next, we compute the multilinear terms:

B(q, q) =

 0
−4c(2z1 + 1)
b(z1 + 1)z1

 , C(q, q, q) =


0

8c2

b2(z1 + 1)z2
1

 , (I2 − A)−1 =


−

1
2

0

0
1
2

 ,
where

z1 = W
[
2c
b

e(a−b)/b
]
> 0.

Thus, we compute

B
(
q, (I2 − A)−1 B(q, q)

)
=


0

8c2(2z1 + 1)2

b2(z1 + 1)2z2
1

 .
Using Eq (4.4), the critical normal form coefficient for the first PD bifurcation is given by

θx̃1
(αc1) =

4c2
(
12z2

1 + 13z1 + 4
)

3 (bz1(z1 + 1))2 > 0. (4.5)

4.2. Normal form computation at PD2

Similarly, we compute the normal form coefficient (4.4) for the second PD bifurcation point PD2.
For this case, let α = αc1 and the bordering vectors wbor, vbor ∈ R

2 are chosen as

vbor =

(
1
0

)
, wbor =

(
1
1

)
.

Then, the bordered matrices are given by

M
(
x̃2

)
=


0 0 1
0 4 1
1 0 0

 , MT
(
x̃2

)
=


0 0 1
0 4 0
1 1 0

 ,
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which are both nonsingular. Therefore, the eigenvectors q and p satisfying (4.1), (4.2), and the
normalization condition (4.3) are

q =

(
1
0

)
, p =

(
1
0

)
.

Using this information, the corresponding multilinear forms are computed as

B(q, q) =

−4c(2z1 + 1)
b(z1 + 1)z1

0

 , C(q, q, q) =


8c2

b2(z1 + 1)z2
1

0

 ,
and

(I2 − A)−1 =


1
2

0

0 −
1
2

 .
Hence,

B
(
q, (I2 − A)−1B(q, q)

)
=


8c2(2z1 + 1)2

b2(z1 + 1)2z2
1

0

 .
Substituting into (4.4), the critical normal form coefficient for α = αc1 is given by

θx̃2
(αc1) = θx̃1

(αc1). (4.6)

4.3. Normal form computation at PD3

Here we compute the normal form coefficient (4.4) for the third PD bifurcation point PD3. Let
α = αc2. The bordering vectors wbor and vbor ∈ R

2 are chosen as

vbor =

(
1
0

)
, wbor =

(
1
1

)
.

The bordered matrices are then given by

M
(
x̃3

)
=



1
2(z2 + 1)

−1
2(z2 + 1)

1

−1
2(z2 + 1)

1
2(z2 + 1)

1

1 0 0


, MT

(
x̃3

)
=



1
2(z2 + 1)

−1
2(z2 + 1)

1

−1
2(z2 + 1)

1
2(z2 + 1)

0

1 1 0


,

which are both nonsingular, where

z2 = W
[c
b

e(2a−b)/(2b)
]
> 0.

The eigenvectors q and p satisfying (4.1), (4.2), and (4.3) are

q =


√

2
2√
2

2

 , p =


√

2
2√
2

2

 .
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The bilinear and trilinear forms are computed as follows:

B(q, q) =


−2c(2z2 + 1)
bz2(z2 + 1)
−2c(2z2 + 1)
bz2(z2 + 1)

 , C(q, q, q) =


2
√

2c2

b2z2
2(z2 + 1)

2
√

2c2

b2z2
2(z2 + 1)

 .
The inverse matrix (I2 − A)−1 is given by

(I2 − A)−1 =


3 + 4z2

8z2 + 4
−1

8z2 + 4
−1

8z2 + 4
3 + 4z2

8z2 + 4

 .
Thus,

B
(
q, (I2 − A)−1B(q, q)

)
=


2
√

2c2(2z2 + 1)2

b2z2
2(z2 + 1)2

2
√

2c2(2z2 + 1)2

b2z2
2(z2 + 1)2

 .
According to (4.4), the critical normal form coefficient for the third PD point is

θx̃3
(αc2) =

2c2
(
12z2

2 + 13z2 + 4
)

3 (bz2(z2 + 1))2 > 0. (4.7)

4.4. Normal form computation at PD4

Similarly, we compute the normal form coefficient (4.4) for the fourth PD bifurcation point PD4.
Let α = αc3, and then the bordering vectors wbor and vbor ∈ R

2 are chosen as

vbor =

(
1
0

)
, wbor =

(
0
1

)
.

Then, the bordered matrices are

M
(
x̃3

)
=



−1
2z2 + 1

−1
2z2 + 1

0

−1
2z2 + 1

−1
2z2 + 1

1

1 0 0


, MT

(
x̃3

)
=



−1
2z2 + 1

−1
2z2 + 1

1

−1
2z2 + 1

−1
2z2 + 1

0

0 1 0


,

which are nonsingular.
Therefore, the eigenvectors q and p satisfying (4.1), (4.2), and (4.3) are

q =


√

2
2

−

√
2

2

 , p =


√

2
2

−

√
2

2

 .
AIMS Mathematics Volume 10, Issue 11, 27608–27634.



27622

The bilinear and trilinear forms are computed as follows:

B(q, q) =


−4c
bz2
−4c
bz2

 , C(q, q, q) =

(
0
0

)
.

The inverse matrix (I2 − A)−1 is given by

(I2 − A)−1 =


3 + 4z2

8z2 + 8
−1

8z2 + 8
−1

8z2 + 8
3 + 4z2

8z2 + 8

 .
Hence,

B
(
q, (I2 − A)−1B(q, q)

)
=


4
√

2c2(2z2 + 1)
b2z2

2(z2 + 1)
−4
√

2c2(2z2 + 1)
b2z2

2(z2 + 1)

 .
For parameter value α = αc3, the critical normal form coefficient is

θx̃3
(αc3) =

4c2(2z2 + 1)
b2z2

2(z2 + 1)
> 0. (4.8)

Based on the computed normal form coefficients at each PD point in Eqs (4.5)–(4.8), we state the
following theorem.

Theorem 3. For parameter values α close to the PD bifurcation value αc, the restriction of System (2.2)
to a parameter-dependent center manifold is locally smoothly equivalent to the topological normal
form

ξ 7→ − (1 + β(α)) ξ + θx̃(αc)ξ3 + O(ξ4), (4.9)

where ξ ∈ R denotes the local coordinate on the center manifold near the fixed point x̃, β(αc) = 0, and
θx̃(αc) is given in Eqs (4.5)–(4.8). The O(ξ4) terms may depend on α.

It is important to note that the normal form coefficient of a PD bifurcation describes the stability of
the new period-2 cycle only on the center manifold. The fixed points x̃1,2 of System (2.2) are unstable
for all α > 0, but they act as saddle points for α ∈ (0, αc1), possessing both stable and unstable
manifolds. When the PD bifurcation occurs at PD1,2, the new period-2 cycle inherits the transverse
instability of x̃1,2. Its stability along the center manifold depends on the normal form coefficient; even
if the normal form coefficients (4.5) and (4.6) are positive (supercritical), the cycle remains unstable
in the full 2D phase space, resulting in a period-2 saddle. This mechanism repeats: unstable period-2
cycles give rise to unstable period-4 cycles, and so on. A similar conclusion can be derived for the
fixed point x̃4.

In contrast, the fixed point x̃3 is stable for α ∈ (0, αc2) and loses stability at PD3. Since it has
no unstable transverse directions before the bifurcation point, the stability of the emerging period-2
cycle is governed entirely by the bifurcation type. With a positive normal form coefficient (4.7), a
supercritical bifurcation occurs, producing a stable period-2 cycle, which can further generate a stable
period-4 cycle.
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5. Numerical simulation

System (2.2) exhibits a symmetry property under the transformation x1 ↔ x2. As demonstrated in
the previous sections, the set of fixed points and bifurcations also reflects this symmetry about the line
x1 = x2. Therefore, it suffices to consider the fixed points x̃2 and x̃3 to capture the full range of
bifurcation structures, periodic dynamics, attracting invariant curves, and chaotic behaviors of
System (2.2).

5.1. Bifurcation diagram

We consider a bifurcation diagram generated in MATLAB for the fixed points x̃2 and x̃3 of
System (2.2); see Figure 1. The diagram is obtained by fixing the parameters a = 1, b = 1, and
c = 0.5, while varying the parameter α in the interval [0, 2] with a step size of 0.001. For each value of
α, the system is iterated 1000 times, and the first 100 iterations are discarded to eliminate transients.

((a)) ((b))

((c))

Figure 1. Bifurcation diagram of System (2.2) for the fixed points x̃2 (black curve) and x̃3
(red curve), with parameters a = 1, b = 1, and c = 0.5. The bifurcation parameter α varies in
the intervals (a) [0, 2], (b) [1.2, 2], and (c) [1.7, 1.9].
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The bifurcation diagram of the fixed point x̃2 reveals that near the critical value α ≈ 1.28, the fixed
point undergoes a PD bifurcation (corresponding to the PD2 point), giving rise to an unstable period-2
cycle. As α increases further, a cascade of PD bifurcations emerges, eventually leading to chaotic
dynamics. Within the chaotic intervals, periodic windows corresponding to higher-period cycles
appear. Figure 1(b) presents a zoomed-in view of Figure 1(a), generated using the same numerical
parameters. A similar dynamical behavior is exhibited by the fixed point x̃3, which undergoes a
supercritical PD bifurcation at α ≈ 1.3, corresponding to the bifurcation point PD3. Beyond this point,
x̃3 loses stability, giving rise to a new, stable period-2 cycle that becomes the system’s attractor. The
solution then experiences successive PD bifurcations followed by transitions into chaos, interspersed
with periodic cycles of various periods.

To further examine the fine structure of the chaotic region associated with x̃3, we generate a zoomed-
in bifurcation diagram while varying the parameter α in the interval [1.7, 1.9] with a step size of 0.0005.
It is evident from this refined view that periodic windows consistently emerge within this chaotic
interval; see Figure 1(c).

As a result, the entire cascade of bifurcations originating from the x̃2 branch consists of unstable
cycles, a result confirmed using MatContM in the next subsection. This observation highlights an
important feature of the system’s dynamics: the coexistence of stable attractors. Our numerical
simulations (see Figure 1) clearly show stable period-2 and period-4 attractors in the same parameter
regions. These stable attractors coexist with the unstable saddle cycles that originate from x̃2. This
explains why traces of the stable period-2 and period-4 attractors appear superimposed on the
bifurcation diagram of the unstable x̃2 fixed point in Figure 1.

We conduct a numerical bifurcation analysis of System (2.2) using the MatContM package in
MATLAB, which is based on numerical continuation methods (see [48, 49]). For this analysis, we fix
the model parameters at a = 1, b = 1, and c = 0.5, and treat α as the bifurcation parameter.

Table 1. Detection of PD bifurcations during the continuation of fixed points of System (2.2)
using MatContM.

Label x1 x2 α Normal form coefficient
PD1 0 0.567143 1.276207 6.427648
PD2 0.567143 0 1.276207 6.427648
PD3 0.5 0.5 1.333333 4
PD4 0.5 0.5 2 5.333333

Starting from the initial values (x1, x2, α) = (0, 0.5671433, 10−6), the continuation of the fixed-point
branch leads to the detection of a PD bifurcation point, denoted as PD1 in Table 1. This point lies
on the blue branch of the bifurcation diagram shown in Figure 2, corresponding to the fixed point x̃1.
Repeating the continuation with initial values (x1, x2, α) = (0.5671433, 0, 10−6), another PD bifurcation
is detected at the same value of α. This point, labeled PD2, is found on the red branch corresponding to
the fixed point x̃3. Using the initial values (x1, x2, α) = (0.5, 0.5, 10−6), two additional PD bifurcation
points, PD3 and PD4, are detected along the green branch of the bifurcation diagram, which corresponds
to the fixed point x̃2. The corresponding normal form coefficients, computed using MatContM, are
summarized together with all relevant results in Table 1.

A period-2 cycle arising from the PD2 point was continued using α as the free parameter with the
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initial data (x1, x2, α) = (0.5, 0, 1.28). This cycle is represented by the dashed red curve in Figure 2.
Similarly, a second period-2 cycle, originating from the PD3 point, was continued from the initial
data (x1, x2, α) = (0.6, 0.5, 1.33333) and is shown as the dashed green curve in Figure 2. Further PD
bifurcations were detected along both of these period-2 cycles.

Figure 2. Bifurcation diagram of fixed points of System (2.2) computed using MatContM.
The blue, red, and green solid branches correspond to the fixed points x̃1, x̃3, and x̃2,
respectively. The dashed curves represent the emerging period-2 cycles.

To validate the theoretical findings in Sections 3 and 4, we compute the same bifurcation data
analytically for a = 1, b = 1, and c = 0.5. The fixed-point values x1 and x2 are obtained using
Theorem 2, the corresponding values of α are derived from Proposition 1, and the normal form
coefficients are calculated using Eqs (4.5)–(4.8). These analytical results are summarized in Table 2.

Table 2. Analytically computed bifurcation data for System (2.2) based on Theorem 2,
Proposition 1, and Eqs (4.5)–(4.8).

Label x1 x2 α Normal form coefficient
PD1 0 0.5671432904 1.276207487 6.427647899
PD2 0.5671432904 0 1.276207487 6.427647899
PD3 0.5 0.5 1.333333333 4
PD4 0.5 0.5 2 5.333333330

The agreement between the numerical results in Table 1 and the analytical computations in Table 2
confirms the theoretical findings presented in Sections 3 and 4, thus validating our bifurcation analysis
of System (2.2).

5.2. Periodic solutions and their stability

As illustrated in Figure 2, the system undergoes a sequence of PD bifurcations as the parameter
α increases, revealing its rich underlying dynamics. We performed a numerical stability analysis for
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the period-2 cycles of System (2.2). During the continuation of the period-2 cycles, we monitor the
eigenvalues to determine cycle stability. The period-2 cycle arising from PD2 is always unstable, as one
of its multipliers always has a magnitude greater than 1. In contrast, the cycle arising from PD3 is stable
on the interval α ∈ (1.33333, 1.506082) but loses its stability at α ≈ 1.506082 via a subsequent PD
bifurcation, as shown in Figure 3. The existence of PD bifurcations on these period-2 cycles indicates
the presence of cycles of higher periods.

Figure 3. A stability analysis of the period-4 cycle calculated using MatContM. The period-
2 cycle is shown in red and the period-4 cycle is in blue. The fixed point x̃3 is also indicated
in green. Solid lines represent stable solutions, while dashed lines represent unstable ones.

((a)) Period-2 cycle at α = 1.5 ((b)) Period-4 cycle at α = 1.56

Figure 4. Periodic cycles for selected values of α in System (2.2).

We then performed a numerical continuation of the period-4 cycle arising from PD3 using
MatContM with α as the free parameter. The continuation was initiated from points on the cycle at
α = 1.56, including (x1, x2) = (0.3785, 0.2308) and (x1, x2) = (0.6712, 0.5498). This analysis,
summarized in Figure 3, revealed that the period-4 cycle is stable within the interval
α ∈ (1.506082, 1.580383). The lower bound marks the PD3 bifurcation where the cycle originates,
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and the upper bound corresponds to a Neimark-Sacker (NS) bifurcation αNS = 1.580383. In Figure 3,
the period-2 cycle is shown in red, the period-4 cycle in blue, and the fixed point x̃3 in green. Solid
lines indicate stable solutions, while dashed lines denote unstable ones.

To observe these cycles, we fix the parameters at a = 1, b = 1, and c = 0.5.

• When we iterate System (2.2) with initial values (x1, x2) = (0.62, 0.62) at α = 1.5, we observe a
stable period-2 cycle, as shown in Figure 4(a).
• By iterating the system with initial values (x1, x2) = (0.65, 0.45) at α = 1.56, we observe a stable

period-4 cycle, as shown in Figure 4(b).

5.3. Chaotic attractors

The period-4 cycle loses its stability through the NS bifurcation at (α = αNS ). As determined using
MatContM, the first Lyapunov exponent associated with this bifurcation is negative. This implies
the bifurcation is supercritical, meaning an attracting invariant closed curve (a quasi-periodic orbit)
emerges as the cycle becomes unstable.

Figure 5 illustrates this phenomenon at α = 1.5804, just past the bifurcation point. These plots
were generated for System (2.2) with parameters a = 1, b = 1, c = 0.5 and initial conditions (x1, x2) =

(0.2, 0.1). Figure 5(a) shows the “ghost” of the now-unstable period-4 cycle at α = 1.5804 > αNS

as the trajectory settles onto the new attracting curve. Figure 5(b) provides a zoomed-in view, clearly
depicting this invariant closed curve.

((a)) ((b))

Figure 5. Emergence of an attracting invariant closed curve for System (2.2) at α = 1.5804,
immediately following the NS bifurcation.

As the parameter α exceeds approximately 1.62, the system exhibits aperiodic behavior consistent
with deterministic chaos. This is evidenced by the chaotic attractors observed for α = 1.62, α = 1.65,
and α = 1.7, which are shown in Figures 6(a)–6(c). These attractors highlight the sensitivity to initial
conditions and irregular oscillations characteristic of chaotic dynamics.
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((a)) Chaotic attractor at α = 1.62 ((b)) Chaotic attractor at α = 1.65

((c)) Chaotic attractor at α = 1.7

Figure 6. Chaotic attractors observed for increasing values of α > 1.62, indicating the
transition to aperiodic and unpredictable behavior.

((a)) Period-3 cycle at α = 1.823 ((b)) Phase plot of period-3 cycle at α = 1.823

Figure 7. Period-3 cycle at α = 1.823, representing a periodic window embedded within the
chaotic region of System (2.2).
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Interestingly, within this chaotic interval (for α > 1.61), the system exhibits periodic windows. For
instance, if we fix the parameters a = 1, b = 1, and c = 0.5 and iterate System (2.2) with initial
values (x2, x1) = (0.65, 0.65), a period-3 cycle emerges at α = 1.823, as illustrated in Figures 7(a)
and 7(b). This phenomenon of periodicity within chaos highlights the rich and complex dynamics of
System (2.2).

To the best of our knowledge, these periodic and chaotic behaviors have not been previously
reported in the context of System (2.2). The identification of these rich dynamical patterns contributes
novel insights into the nonlinear dynamics of System (2.2).

5.4. Analysis by Lyapunov exponents

A key way to measure chaos in a dynamical system is the Lyapunov exponent, which measures
the average exponential rate at which nearby orbits separate. A positive Lyapunov exponent provides
strong evidence for chaotic dynamics.

We computed the largest Lyapunov exponent for System (2.2). To do this, we fixed the parameters
a = 1, b = 1, and c = 0.5, and varied the bifurcation parameter α in the interval [0, 2] with a step
size of 0.0001. For each α value, the system was iterated 1000 times, and we discarded the first 100
iterations to remove any transient dynamics.

((a)) Lyapunov exponent σ for α ∈ [0, 2]. ((b)) Zoomed-in view for α ∈ [1.2, 1.8].

Figure 8. Largest Lyapunov exponentσ as a function of the bifurcation parameter α. Positive
values confirm the presence of chaos.

The computed Lyapunov exponents are presented in Figure 8. By comparing the exponent plot
(Figure 8(a)) with the bifurcation diagram (Figure 1(a) and Figure 3), the transitions between periodic
and chaotic states become much clearer.

• For α ∈ [0, 1.58), the Lyapunov exponent remains negative. This reflects the stability of the fixed
point x̃3 as well as the stable period-2 and period-4 cycles.
• The exponent approaches zero near α ≈ 1.33 and α ≈ 1.51, which are the points where the stable

period-2 and period-4 cycles emerge, respectively.
• As α increases further, the Lyapunov exponent oscillates between negative, zero, and positive

values. This indicates alternating regions of stable periodic cycles, attracting invariant closed
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curves, PD bifurcations, and chaotic behavior.
• Specifically, for α ∈ (1.62, 1.8), the Lyapunov exponent becomes strictly positive (see

Figure 8(b)), confirming the presence of chaotic behavior within this interval.

6. Conclusions

In this study, we have explored the complex dynamics of a discrete-time Cournot-type duopoly
model incorporating homogeneous goods, a convex log-linear price function, and quadratic cost
functions. By employing analytical and numerical techniques, we have provided a comprehensive
understanding of the model’s qualitative behavior.

Using the Lambert W function, we obtained explicit expressions for the fixed points and showed that
the system has exactly three fixed points. A local stability analysis identified the parameter intervals
associated with stable behavior.

A core finding is the direct link between the speed of adjustment parameter α and market stability.
Low values of α denote conservative, near-rational competitive behavior that guarantees market
stability and convergence to the unique symmetric Cournot equilibrium steady state. Conversely, high
values of α indicate firms exhibiting excessive aggressiveness or bounded rationality in their output
decisions. This overreaction is the mechanism driving the complex dynamics.

We identified a sequence of period-doubling (PD) bifurcations leading to the onset of chaos.
Cycles of period-2, period-4, attracting invariant closed curves, and chaotic attractors were observed
as α increased, illustrating a classical route to chaos. This sequence represents a transition to
persistent output oscillation and increasing market uncertainty, while the onset of chaos signifies a
complete breakdown of predictable market dynamics, rendering output and pricing highly volatile and
unpredictable.

We also derived the topological normal forms at the PD points to gain insight into the bifurcation
structure and the stability of the emerging periodic orbits. To confirm the existence of chaotic
dynamics, we computed the largest Lyapunov exponent. Furthermore, numerical simulations revealed
the presence of periodic windows embedded within chaotic regions, including a period-3 cycle. The
numerical bifurcation analysis performed using MatContM confirmed the theoretical findings. The
results highlight the effectiveness of combining analytical tools with numerical continuation
techniques for investigating nonlinear economic models.

To the best of our knowledge, the comprehensive bifurcation and chaos analysis presented in this
work (particularly the detection of multiple period-doubling cascades, the derivation of normal form
coefficients, the identification of a Neimark–Sacker bifurcation and the corresponding closed invariant
curves, and the observation of periodic cycles of orders 2, 3, and 4 along with chaotic intervals) has
not been previously reported for System (2.2). This study enhances our understanding of the rich
dynamical behavior that can arise in System (2.2) and extends previous results in the literature [1, 2].

Future work could consider the effects of heterogeneous expectations, stochastic perturbations, or
time delays on the stability and bifurcation structure of the model, further enriching the theoretical
insights and practical relevance of such economic systems.
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