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Abstract: In the present study, we derive a Boussinesq—type nonlinear partial differential equation
to describe solitary wave propagation in isotropic elastic materials. The mathematical formulation
is based on the modified strain gradient elasticity (MSGE) framework, which accounts for micro—
deformations arising from micro—structural effects as well as macro—scale deformation due to surface
effects. The derivation is based on Hamilton’s principle, which equates the variation of the strain energy
functional to the virtual work done by external forces. The resulting mathematical model is formulated
in tensor form to maintain generality and is subsequently specialized to the one—dimensional case
to elucidate the nonlinear nature of solitary wave propagation and the influence of micro—structural
effects on the material’s dynamic response. A key result of this study is the demonstration that the
type of wave propagation in the medium can be controlled by appropriately selecting the length—scale
parameter associated with micro—inertia, as well as the material length—scale parameters. Three types
of initial and boundary conditions are considered: (i) Constant initial and boundary conditions, (i)
dynamic boundary conditions, and (iii) static initial conditions, moreover; all physical quantities are
plotted and discussed in detail.
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1. Introduction

Continuum mechanics in its classical form offers a well-established theoretical framework for
modeling the static and dynamic responses of elastic materials due to the application of external
forces at the macroscopic level. However, this theory is not always accurate in modeling the
behavior of materials at the microscopic level. The limitations of this theory are evident in
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materials that demonstrate complex behaviors, such as polymers, nanocomposites, metamaterials,
bone tissue, and polycrystalline metals, where the interplay between the micro— and macro scales
is important for understanding their overall behavior. To overcome these challenges, researchers and
scientists introduced have generalized continuum theories, such as strain gradient elasticity, couple
stress theory [1], micromorphic models [2], nonlocal continuum theories [3], and microstructure
elasticity [4], which have the ability to bridge the gap between continuum mechanics and the
underlying microstructural behavior of materials. In contrast to classical continuum mechanics, the
generalized continuum theories incorporate additional kinematical variables and material length—scale
parameters that allow for more accurate descriptions of microscale phenomena. These generalized
frameworks enable the modeling of phenomena including, but not limited to, dispersion in wave
propagation, size effects in elastic/plastic materials, and enhanced stiffness in nanostructured materials.

One of these phenomena is wave propagation, which can be studied within both classical and
generalized continuum mechanics to provide a robust understanding of how mechanical waves
propagate at different scales. In classical continuum mechanics, wave propagation is typically analyzed
using linear elasticity, where the material is assumed to be homogeneous and isotropic. This framework
allows for the derivation of fundamental wave equations, such as the wave equation and the dispersion
relation, which describe wave propagation through elastic materials. However, this approach is not
accurate in representing wave propagation in elastic materials that exhibit microstructural effects or
nonlocal interactions, which are often observed in advanced materials and biological tissues. On the
other hand, generalized continuum mechanics extends the classical theory by incorporating additional
parameters that account for microstructural influences, such as the Cosserat [5] and micropolar
theories [6—8]. These theories introduce additional degrees of freedom, which can significantly affect
waves behavior. For instance, in materials with complex internal structures, the waves speed and
attenuation can vary dramatically, depending on the material’s microstructure and loading conditions.

One of the important topics in wave propagation that can be modeled by generalized continuum
mechanics is solitary wave propagation in elastic materials. These waves have characteristic properties
that arise from the interaction between nonlinearity and dispersion within elastic media. Many studies
have focused on solitary waves in elastic materials. For instance, Maugin [9] presented a historical
review covering the period 1938-2010 on the propagation of soliton waves in elastic materials [10-12].

Numerous studies have focused on the propagation of solitons in elastic materials. However,
experimental studies by Fleck et al. [13] and Lam et al. [14] have demonstrated that, at smaller length
scales, materials exhibit size—dependent behavior that classical theories cannot capture. This limitation
arises because classical models neglect the role of a material’s internal structure. The modified strain
gradient elasticity theory addresses this issue by incorporating higher—order spatial derivatives of strain
into the strain energy density functional. This modification introduces intrinsic material length—
scale parameters, allowing the theory to account for size—dependent effects, which are especially
significant at the micro- and nanoscales. This theory has found important applications in small-scale
engineering systems, such as microelectromechanical systems (MEMS) and nanoelectromechanical
systems (NEMS), leading to improved accuracy in modeling and design. Additionally, it enhances
the modeling of advanced composite materials, thin films, and biological tissues, where the internal
structure plays a critical role in the overall mechanical response [15,16].

Solitons can also exist in birefringent optical fibers [17], allowing the study of light interactions
with the unique properties of these materials. In such fibers, the core is engineered to have different
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refractive indices along two orthogonal axes, commonly referred to as the fast and slow axes. This
anisotropy causes the polarization state of light to evolve as it propagates through the fiber, leading
to phenomena such as polarization mode dispersion (PMD) and polarization—dependent loss. These
effects can be either advantageous or challenging, depending on the intended application. Many
applications of soliton—enhanced birefringent fibers can be found in telecommunications, sensing, and
laser systems.

The study of solitary waves in elastic materials has become a vital area of research due to its
significant applications in advanced engineering and metamaterial design, where the behavior of elastic
waves is closely linked to a material’s microstructure, which governs the interaction of stress and
strain gradients under dynamic loading. The formation of solitary waves may also be influenced by
geometric effects in the mathematical model. Consequently, introducing a mathematical model to study
the effect of geometric nonlinearity on wave propagation should involve higher—order strain gradients,
such as the dilatation gradient vector, deviatoric stretch gradient tensor, and symmetric rotation gradient
tensor, which give rise to nonlocal effects that significantly affect the waves dispersion and attenuation.
Moreover, the inclusion of nonlinearity into the strain tensor and its gradients and the use of variational
principles may lead to new wave responses, such as kink and anti-kink waves, soliton and anti—soliton
waves, and dark—bright and bright—dark waves.

Other waves known as the dromion and anti—dromion, can be obtained for the nonlinear partial
differential equation (NPDE) using the Darboux transformation [18]. These waves constitute a class
of localized solutions characterized by their exponential decay in all spatial directions. Applying the
Darboux transformation involves several steps. One begins with a known solution of the PDE, often
a trivial or simple one, referred to as the seed solution. The transformation then employs this seed
solution to generate a new, more complex solution. This procedure typically requires solving auxiliary
linear problems associated with the original nonlinear equation, known as lax pairs. By modifying
these linear problems, the Darboux transformation produces new solutions that exhibit rich physical
and mathematical properties.

This work follows a similar direction, where we investigate the effects of nonlinearity induced
by geometric terms in the strain tensor. The strain tensor and its gradient are decomposed into the
dilatation gradient vector, deviatoric stretch gradient tensor, and symmetric rotation gradient tensor. By
applying the variational principle, we derive the field equations, boundary conditions, and constitutive
relations. Therefore, the paper is organized as follows: Section 2 is devoted to applying the variational
principle to the strain energy functional and the virtual work of external forces. In this section, a
general mathematical formulation is introduced to derive the governing equations. The strain energy
functional is defined, and the corresponding field equations, boundary conditions, and constitutive
relations are obtained. Section 3 presents a one—dimensional formulation of the mathematical model.
In Section 4, wave solutions under various initial and boundary conditions are examined. Section 5
provides numerical simulations and discussions. Finally, Section 6 presents the conclusions of the
study.

2. Variational principle

Let an elastic body occupy a volume V, bounded by a surface S. When this body is subjected to large
external forces, the resulting deformation may be substantial, rendering the linearized strain measures
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insufficient to capture the mechanical response accurately. In such cases, it becomes necessary to
employ a nonlinear strain measure that accounts for large deformation. The Green—Lagrange strain
tensor is commonly used for this purpose and is defined as follows:

1
Eip = 5 (ui,j Tujt Mk,iuk,j), (2.1)

where u;,i = 1,2,3 are the components of the displacement field. The nonlinear term represents the
nonlinear deformation, which arises due to the geometry of the domain, and is also measured from the
reference configuration of the medium.

Recent advancements in continuum mechanics have led to the development of theoretical
frameworks that extend the classical strain tensor, as represented in Eq (2.1). These frameworks
incorporate derivatives of the strain tensor as additional measures to investigate interactions between
material points at the nano—scale. Such behaviors are often not accurately captured by classical
elasticity theories, necessitating the adoption of more refined models. In these extended theories, the
gradient of the strain tensor is a critical component, which can be decomposed into two parts: a linear
part that accounts for linear deformation, and a nonlinear part that captures complex interactions and
higher—order effects at the nano—scale. Therefore, one can write the gradient of strain tensor as follows:

1
Mo = 5 (M ki F Uk ji T+ Uy il T Uy, jum,ki) , (2.2)

where the circular bracket represents the symmetry in the two indices when they are interchangeable.
Based on the work of Lam et al. [14], the gradient of the strain tensor 7, ), Eq (2.2), is written in the
following form:

1
Yi = Emmi Xaj = 5 (eipngj,p + equgqi,p) , (2.3)
1 1
775(1 }k) = 3 (8 kit Erij t+ gij,k) - E(Sij (Emmi + 2Emicm)
1 1
_Eéki (8mm,j + 28mj,m) - Eéjk (Smm,i + 28mi,m) > (24)

where y; is the dilatation gradient vector, 775(1;;() is the deviatoric stretch gradient tensor, y(;; is the

symmetric rotation gradient tensor and 0;; and e, are the Kronecker delta and the alternate tensor,
respectively.

Using Eqs (2.1) and (2.2), and with some mathematical manipulation, Eq (2.3) can be expressed in
terms of the displacement fields as follows:

Yi = Ummi T Uk mUimis (25)
(D (1) 2

My = Zijkapctabe T ijapetls.alls.bes (2.6)

X(ij) = Qijabc (”a,bc + Ms,aus,bc) ’ (27)

with
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1

it = 3 |SusSic + b + S jdek
2 1
=5 (0540ic0us + 810t + 0is8usbtc) = b (8300 + 8810 + 8101 ) | (2.8)
1
ZEJZ-,;M = 3 [5ib5 jeOak F 0ipOkc0 ja + 0 1004

1 2 1
~ 501 21cBap + ko) = 5 (05400i0uc + 810 ac) = 50he (8 u0us + ,-)] . (29

1
Qijape = 1 [5jb€ica + 0ip€jca + OjaCich + 5ia€jcb] : (2.10)

The variational principle, as referenced in [19-21], is a cornerstone methodology in both physics
and engineering disciplines. It provides a systematic approach for deriving the fundamental equations
that describe the behavior of dynamical systems, as well as the boundary conditions necessary for their
unique and physically meaningful solutions. This principle is particularly significant because it offers
a unified framework for understanding diverse physical phenomena through a common mathematical

foundation.
%) %) 153

f SWindt = f SWedt + f 8T dt, 2.11)

n n n

where W represents the strain energy functional per unit of volume; W** denotes the work done
by external forces per unit of volume or per unit surface, depending on the type of acting forces; and
7 is the kinetic energy per unit of volume. The strain energy functional for the entire volume of the
elastic body, ‘W™, is considered a function of nonlinear strain tensor, (Eq (2.1)), the dilatation gradient
vector (Eq (2.5)), the deviatoric stretch gradient tensor, (Eq (2.6)), and the symmetric rotation gradient
tensor, (Eq (2.7)). Therefore, we have:

Wi = f"Wi" (8(ij),7Ti, Ug(lj?k)’)((ij)) dv. (2.12)
v

The variation of the strain energy functional is defined as follows:

— W gWn W oW
STV = f Seij + by + =o' + TGy | aV. (2.13)
Og(ij) Ay E(l;k) YO Xap

Let us introduce the constitutive relations by the following relations

oW oW oW oW
Tij = ; = —7— Tf’(?k) =0 Mij = ’ (2.14)
g ij) dyi My, X

(1
i(jk)y

where o;, 7;, Tl(.(lj?k), and mg)) represent the stresses conjugated to the set of strains metrics &j), ¥i, 7

and y(;j, respectively.
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Therefore, by substituting Eq (2.14) into Eq (2.13), the equation takes the following form:

Win — ) o ()
W™ = f (Cr(if)ag(ff) + i0Yi + TiijyOMicjuy + MaipOX (ij)) dav, (2.15)
%
where the variation in strain tensor is
0
88ijy = Zion, (Sttap + UipOltica) (2.16)

with

1
Zz('?z)zb = E (5ia6jb + 5ih5ja) .

The variations of the dilatation gradient vector, the deviatoric stretch gradient tensor, and the symmetric
rotation gradient tensor are expressed in the following form:

6)/,' = Mk,miéuk,m + (5ab5ic + 6icua,b) 6ua,bc’ (217)
6nf(lj)k) = Zgjz'lzubcus’bcéus’a + (zfjllZabc + Zgjz'lqucua»‘J) 5”‘1’176’ (218)
6X(ij) = Qijabc (us,bc(sus,a + (5ua,bc + us,a(sus,bc)) . (219)

By substituting Eqgs (2.16)—(2.19) into Eq (2.15), the equation takes the following form:

AN/ 1 (2)
SW = f (1161t + 11 St ) AV, (2.20)
14
with
1) _ v©O (0) (1) +(2)
Hsa - 2:,'jsao-(ij) + 2ijabo-(ij)l/ts,b + Millsqi + Ti(jk)zijkabcus’bc + Qijabcm(ij)us,bc’ (221)
2 _ (1 () 1 +((2)
I, = dwm. + ety + Ti(jk)Zijkabc + Qjjapcmyijy + Ti(jk)zijkqbcuasq + QjjgbeMijlha g- (2.22)

Use the following relations:

06uy, = (096u;) -1, 6u,,

sa,a
,a ?

n®

abc

(2) 2 (2)
St e (Habcéua,b)’c - (Habc’céua)’b +105), Ou,.

Therefor, Eq (2.20) after using the divergence theorem takes the following form:

SW™ = — f e su,dv + f X170 Su,dS + f n 112 Su,,dsS, (2.23)
1% S N
where we use the following substitution:
=1, -1 . (2.24)

The work done by the external body forces and surface traction force, higher traction force, and wedge
force are defined by

f(Wede: fﬁ”uidv+f(tfxu,-+fonju,-,j)dS +fFfdgeI/l,’dL, (225)

% 14 S as
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where ff* is the external body force per unit of volume, #* is the external traction vector per unit
surface, 7¢* represents the higher-order traction vector per unit of surface, acting in the direction of the
normal to that surface, and F;**° is the wedge force per unit of length.

The variation of the work done by external forces are given by

f SWdV = f fEoudV + f (t6%0u; + 7m0 ;) dS + f F*sudL. (2.26)
4 % s as
The total kinetic energy for the entire material includes the micro—inertia effect is defined by:
1 o 1 oo
T = Ep fujujdV + Ephz fu,;ju,;jdV, 2.27)
v v

where p is a mass density and /4 is the internal length—scale parameter corresponding to the micro—
inertia effect.
The variation principle for the kinetic energy with micro—inertia term gives as follows:

5T:fpl;ljdl;tjd‘/'l‘phzfl;ti’jél;ti’jdv, (228)

1%

by using the following property:
I/ll Jéu,] (I/t, ]c‘iu) I;li,jjél;ll’.

Finally, the variation for the kinetic energy is written as follows:

5T = f p (i — Wuy ;) SudV + ph f (u,.,,.(sui)’j dv. (2.29)
\%4

If we use the divergence theorem for the last term in Eq (2.29), then

5T = f p (w; = Wu; j;) Sw:dV + ph? f nju; 0udsS . (2.30)
\4 S

Substituting from Egs (2.20), (2.26), and (2.30) into Eq (2.11), we have

5]

1

+ f ”cnfb)c(sua,b ds - f Fi*6u;dL - p f (i = P11 ;) 61 AV
s as v

— ph? fs n,u,-,jauids)dt -0, (2.31)

Integrate by parts for the last two terms of Eq (2.31) as follows:

[5)
f f (s = Wiy ) it = — f f — Wity ) SwdVat, (2.32)
Vv
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15 [5)
ff(n]uwéu,) dSdt = — ffn]u,’jéu,det (233)
n S n S

Finally, by substituting from Eqs (2.32) and (2.33) into Eq (2.31), we have

15)

/

n

f(l—[ih] fex _pu, +ph u; u) ou;dV — f( - nJHP” —phznjiii,j) SudS
v s

_ f T n,6u; ;dS + f T nidu jdS — f Ffdgedu,-dL] dt = 0. (2.34)

N S s

Decompose the Kronecker’s delta into the sum of the normal n;n; and the tangential operator N,,;, as
follows:
5mj = ij + nun;, (235)

one can prove the following identity:
A{mj = NmaNaj’

then the underlined term in Eq (2.34) becomes

le(jzn 6I/tk ]dS f(Hl(fjin N 6”](,111) NmadS + f(nijzn n]) 6Mk mnmdS (236)
s s $

If we use the following relation:

Hszn,-Naj-(Sukm = (H,(czjz.n,-Na jéuk) (Hmn N, ) ouy,

kji

then Eq (2.36) is written as follows:

f I nidu dS = f (6,-/\@,,) NypadS — f (TN, )., OtiNnadS

S N
+ f (112 ng, ) ouz jm,dS. (2.37)
S
where N
®; = I nidu.

The divergence theorem, [22,23], for any vector field o ; defined in a neighborhood of an embedded
Riemannian manifold M

f (Naj®))  NopadS = f DN YmdL, (2.38)
M oM

where v, is the unit of the external normal to M that is defined on its border and belongs to the tangent
space to M.
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After that, Eq (2.37) takes the following form:

f I niou ,dS = f DN ymdL — f (MEmiNG) , NonaSuedS
s oM s
+ f (112 ngn, ) u; jn;dS. (2.39)
s
By substituting Eq (2.39) into Eq (2.34), one can obtain

15}

f - f(HSZ + j;ex - pl/t, + phzu,’”) (5u,-dV

m

n \%
—f(t”—nHPh— hzl’l'l'/'t~+(H(2)l’lN') N, )5u-dS
i jlij =Pl ijk!kINaj ma | OU;
s

iqp

- f (7 = 102 ngn, ) njdu jdS — f (F* = N juYm) oL | dt = 0. (2.40)
S as

Finally, the Hamiltonian principle leads to all the integrands vanishing. These produce the field
equations

I+ £ = pui = phujj,  Vx eV, (241
and the boundary conditions
l‘fx = n, (Hf;h +ph21./.laj)’m Nma’ (242)
= T, (2.43)
Fnge — H](j-:ni NinYom- (2.44)

According to [14], the total strain energy density functional is defined as a function of several internal
variables that describe the material’s deformation. These include the classical symmetric strain tensor,
&:j)» which quantifies the deformation; the dilatation gradient vector, v;, which represents changes
in volume; the deviatoric stretch gradient tensor, 775(1}10’ which measures the shape changes; and the
symmetric rotation gradient tensor, x(;;, which accounts for rotational effects. Therefore, one can
write . .
W =W (81'/', Yis 778»;2’)(55)) .

Since we are interested in studying nonlinear behavior caused by geometric deformation and are not
including nonlinearity due to the material properties, the strain energy functional for isotropic elastic
materials is chosen to be in quadratic form as follows:

— 1
(1) — Y (1)
w (S(ij)’ Yis ni(jk)’)((ij)) = E/lsiigjj + ﬂg(ij)gzij) + ayyyi + allnijknijk + AX )X (i) (2.45)

where &;; is the deviatoric strain, which is defined by the following relation:

1
8;1- = 8ij - géijsmm, (246)
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where « and u represent the bulk and shear moduli, respectively, and a,, n = 0,1,2, are the
additional independent material parameters related to dilatation gradients, deviatoric stretch gradients,
and rotation gradients, respectively.

Choose the independent material parameters a,, n = 0, 1,2 as follows:

ay = ,ul(z), ay = ,ul%, a = /,tlz,

where [y, [;, and [, are three material length—scale parameters.
The constitutive relations can be derived by substituting the expression of the deformation energy
density functional from Eq (2.45) into Eq (2.14), which yields the desired results

2 1

Oij = /léijsmm + 2/-1821' - gﬂéij (1 - §6qq) Emms (247)
= 2ulyyi, (2.48)

(1) 2. (1)
Tijpy = 20y (2.49)
maj = 2l (2.50)

where
1, qg=1,
Su={ 2. q=1.2,
3, g=1,23.

It is important to note that the theory presented by Lam et al. [14] involves only three length scale
parameters. Furthermore, when addressing boundary value problems in one or two dimensions, the
last term in the classical stress tensor o5, Eq (2.47) is neglected in the theory. while this term vanishes
only in three-dimensions.

Therefore, the stresses o;, m;, Tf(] }k), and my; ;, can be expressed in terms of the displacement field by
using Eqs (2.1), (2.5)—(2.7) as follows:

- éfjlibua,b + 5512-;buk,auk,b’ (251)
i = 2l (i + Wpemltimi) » (2.52)
f<”k> 248 (Z{ et + E3hpeltsattsie) (2.53)
My = 25y jabe (Uape + Ugaltspe) (2.54)
with
a 4 2
O hap = OijOab | A = e + §l15qq + U (6ia6jb + 5ib5ja) , (2.55)
/1 M 1 1
(2) _

In the following, the quantities listed in Eqs (2.21), (2.22), and (2.24) are expressed in terms of the
displacement fields with the help of Eqgs (2.51)—(2.54) as follows:

(1) — s (1)
IT, 6asqpqu + kabqpuk pltgp + ¢

(2.57)

aprqkus bclWp,qks
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2 _ 73 (4)
Hahc - rahcpqlul”ql + Fabcrmpqlur!mupsql (258)

with

1
(D _ (D (2 (2
1—‘sakbqp - 65k6abqp + E(Skq (6sapb + 6aspb

(2) — (€8] (2)
1—‘abcqu - 2’/'1 (l(%éab6w76fk + lggijabcgiquk + l%zijmquzijmabc) ’ (260)

re :2/"(1(2)6ab617q6cl+lggijabcgiqul"-l%z:('l) i ) (2.61)

). (2.59)

abepgl i jkabe=ijkpql
T et = 201 [zg ((5“,,5615,1,“5,” + 5clapq5hm5a,)
+ B (O i + OarZi5a )
+15 ((5prQi imqlSjabe + 0ar€ijpqi€di jmbc)] . (2.62)
Furthermore, Eq (2.24) can be expressed in terms of the displacement fields as follows:
I = 52154)@”%17 - rg)cpqlup,qlc + rgzlb)qup”k,r”q,p + rgsb)cnmquun,mcup,qk - r(a‘gcrmpqlu’,mupﬂlc’ (2.63)
with
) = 0T =T 264

abcnmpgk
Now, after determining the constitutive relations in terms of the displacement fields from the strain
energy functional, we will obtain the field equations and the boundary conditions in terms of the
displacement field by inserting Eq (2.63) into Eq (2.41)

(1 _17® ) M . ) .
0 siaptani =T jepglipalej T Aijamkruk,"uddm + A, ismpakiYs.jmUp.qkl
(4) ex _ 2"
= D ermpqitrmUp.giej + fit = pui = phu; jj, (2.65)
with
(1 _ (1) (1) (2) _1® (5) 174
Aijamkr - l—‘ijamkr + 1—‘ijkram’ Aijsmqul - l—‘iqlpksjm + I_‘iljsmqu l—‘ijlsmqu’

and the boundary conditions are written by using Eq (2.22) as follows:

ex _ (1) (3) (1)
;" =n;j (5jiqp p = Liiepgttpaic  Uiigran

uq ijepq uk,ruq,ﬂ

5

(5) (4) 2-
+1I xUn.mcUp gk - UrmUp glc +ph ui,j)

ijenmpgq ijermpq
~ (TS gttrat + Tmpgttrmttpar) miNw;) N VxeSr, (2.66)
T = (rglzpql”‘p,ql + nglzrmpqlursmupyql) 1Tk, VxeSr, (2.67)
FP¥ = (U0 gt + Tttty 1) 1N s s VxeSy. (2.68)

3. Formulation of the problem

Let us consider a semi—infinite, one-dimensional plane occupied by an elastic medium with cubic
symmetry. The domain is represented by x > 0, where x = 0 serves as the boundary. Therefore, the
displacement field due to the external action is represented by

ulx,t) =u (x,1).
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Therefore, the strain tensor, the dilatation gradient vector, the deviatoric stretch gradient tensors and
the symmetric rotation gradient tensor (Eqgs (2.5)—(2.7)), takes the following form:

*u Bu(? u wm _ 20%u  20udu
= ’ = caa vtz =0, 3.1
NEae Toxae  "iT5g2 T Saxae A -1
where Eqs (2.8)—(2.10) lead to
2 2
Y] _ 2 _ —
2111111 - g’ Z111111 - 5’ Qi =0.

Then Eq (2.65), without considering external force, takes the form

Fu  d'u Ou 8*u udu udtu 0 ([ ,0u 32
ik (3.2)

Y92 Fod T % Poiae Toxae Farlt
with

8 4 I
=1+ —u, =2ul |1+ ——1],
a=dtge b “(+2512)

where the dimensions of @ and 8 are N/m? and N, respectively.

Equation (3.2) represents an extension of the Boussinesq-type equation, which is used to describe
the nonlinear behavior of wave propagation in isotropic elastic materials based on the modified strain
gradient theory of elasticity introduced by Lam and co-authors. Moreover, Eq (3.2) is identical to the
NPDE obtained in [24] by the same author.

The constitutive relations, as given by Eqs (2.51)—(2.54) , take the form:

o1 :a(l+%%) %, (3.3)
= 2ul} (1 g”) Z;, (3.4)
V= guzf (1 z“) Z;, (3.5)
my; = 0. (3.6)
The boundary conditions, (2.66)—(2.68), are written in the following form:
ool o) aeer(E) e
e ,8(1 + 23?) gzz, (3.8)

where the notation 7* and 7**, are used instead of #{* and 77" respectively, to avoid ambiguity.
We use the following dimensmnless analysis:

u *# 1 N

or  Zor?  oxt Inox™
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2 (D

o = l O_* _ 011 71'* _ Uy T* _ Tlll

0 — - - - - — - .
a ’ 11 a ’ 1 alo’ 111 al()

Henceforth, the asterisks are omitted to avoid confusion thereby, the field equation takes the form

0u Nlu  Oudu OPudu oudu 0u 0u

— - 4—+3—— -d——-2t—— = — - ——, 39
oe ‘o Paxae Yavae Poxod  or ‘oror ©9)
with )
h
x = ﬁz >0, § == >0,
al; I
where » and £ without dimension.
The constitutive relations are
10u\ ou
=(1+=-—]|=—, 3.10
o ( " 20x) ox (3-10)
u ou\ 0*u
=21+ —|—, 3.11
=y ( " Gx) ox? .11
4ul ou\ 8*u
) 1
=—-—|1l+—]|— 3.12
fin Sa/l(z)( +(9x)8x2’ (312)
mp = 0. (313)
The boundary conditions are
ou  Bu 3(ou\  (Pu\ . oudu & (ou
= ———+ == %= “2—— + = |—], 3.14
ax  on 2(ax) %(axz) " ox 00 aﬂ(ax) (3.14)
ou\ 0*u
C=p(l+2—|=—. 3.15
! %( " (9x) ox? (3.15)

A similar NPDE to (3.9) was introduced in [25], where different material parameters were
considered, and it was solved using the exponential reductive perturbation technique (ERPT).

4. The wave solution

Equation (3.9) represents a NPDE that governs wave propagation in an elastic medium,
incorporating higher-order spatial and temporal derivatives. The presence of nonlinear terms,
along with the mixed high-order derivatives, makes this equation analytically intractable in most
general cases. Physically, this NPDE models complex wave phenomena, where the nonlinearity can
induce solitary waves, kinks, anti—kinks, solitons, anti—solitons, and bright—dark waves within the
microstructure of the medium, as well as bulk waves in the entire material. Due to its complexity,
analytical solutions are generally unavailable, and numerical methods are often employed for its
solution, though this approach will not be pursued here. Therefore, a wave-like solution is considered
below.

Let us assume a wave traveling in the positive x—direction, and proceed to use

E=k(x-wp), ulx,t)=U(¢), “4.1)
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where £ represents a wave phase function that describes how a wave propagates in space and time with
a wavenumber k and an angular frequency w.
By substituting from Eq (4.1) into Eq (3.9), we have the following equation:

d*U d*U dU d*U ,d?U dPU ,dU d*U
(1- ) = = (% = () 7 + Bk———— —duk’ — —— — 2ul*——— = 0. (4.2)

de de dé de der des dé dé*

It is easy to obtain

(1-w )dz—U—kz( ng)@+3kd (dU) rud L (dzU) Cae L (dU) =0. (43)

d&? d&t 2 dé\ d¢ dé\ d&? d§3 dé
If we integrate Eq (4.3) with respect to & and neglect integration constant, then we have
SU AU duy PUV & (auy
& w0 (G) () eiall) o e
with 1 1-? 31 1 xk
PP Tk T ago (%)
Let us use the following substitutions:
W = il—g, ;; (W?) = 2w + 2ww”, (4.6)
therefore, Eq (4.4) becomes:
(1 +2¢W) W + ;W' = goW + ¢, W?. 4.7)
We also use the following substitution
(1 +20W) W + g, W? = 1d |1+ 20, W) w7
2dwW

Therefore, Eq (4.7) is written as follows:
d ,
o (1 +2g.W) W] = 2g0W + 29, W™ (4.8)

If we integrate Eq (4.8) with respect to W and choose the integration constant to be zero, then we can

obtain ) 5
W 2 W
7?2 — 90 + = q1 . (49)
1+2¢,W  31+2¢,W

Use the partial fractional for the right—hand side in Eq (4.9) as follows:

1Q1 ) A
W? = -A+20,AW + —2W? + —— | 4.10
q> 31, T+ 20, W (4.10)

with
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In the following analysis, Eq (4.10) is examined under the condition that the angular frequency w is set
to unity. Consequently, the associated quantity (Eq (4.5)), takes the following form:

31 1 k 1
% A= q1

_3rr L Y 4.11
2kn—-o  PTu_¢ 24 “.11)

qo =0, 1

This choice creates two cases for the relation between the material parameters x» and { as follows.

Case (1). If x — ¢ > 0, then both ¢; and ¢, are positive and & < [y, [}, and [,, therefore, no
changes occurs for Eq (4.10), but we stipulate the condition —1/2¢g, < W < 1/2g, to apply the
binomial theorem for the last term in Eq (4.10) and we will stop at the order 4. By substituting
into Eq (4.10), and with some mathematical calculation, we reach to the following formula

dw 2
= 4/ 391d¢E. (4.12)

w32 \T-2¢W V3

If we integrate with respect to &, then we have

aw 2
f W3/2 = —C]1§ + C19 (413)

Ji—2¢Ww V3

where C, is the integration constant.
Integrating the left—hand side of Eq (4.13), we reach the formula:

1
W) = 5 (4.14)
2g2 + i (\/%Chf + Cl)
If we use Eq (4.6), and integrate, we derive the following formula:
1
U = 5dé + G, (4.15)

26]2+711( 2qié + Cy

where C, is the integration constant.
Performing the integration in Eq (4.15), we obtain

3 1 C
U@ = | ——arctan| 1| =Le+ —_ |+ C,. (4.16)
q9192 12 ¢ V8¢2

If we retrieve the displacement u (x, 1), by using Eq (4.1), we obtain

3 1 C
u(,f) = |—— arctan| | — Lk (x— 1)+ —— |+ C,. 4.17)
919> 12 g5 \8q>

Here, C; and C, are integration constants determined from the initial and boundary conditions.
These conditions are chosen in a suitable way to give three types of wave propagation as follows:

AIMS Mathematics Volume 10, Issue 11, 27247-27276.



27262

(a) Constant initial and boundary conditions:
The following initial and boundary conditions are used to determine the constants C; and C,
for the displacement field Eq (4.17), as follows:

= (“.18)

M(O’O):u()’ u(x—>ioo,t):i P
9192

X

where 1 is a given displacement constant field; therefore, these two conditions give the
following expressions for the two constants Cy and C, as follows:

C, = 8q2tan(, /%uo), C, = 0.

Then the displacement takes the form

3 1
u(x,t) = 4|—— arctan —@k (x—0+ tan( wuo) , 4.19)
9192 12 g» NV 3

where ¢; and ¢, are defined by Eq (4.11).
(b) Dynamical boundary condition:
The boundary conditions are given in the following way:

u(0,1) = (), u(x — £00,1) = += 4 /i, (4.20)
9192

where f (7) is a given function, therefore, these two conditions give the following expressions
for the two constants C; and C; :

2
C () = 8q2tan( %f(t))+k\/§qlt, C, = 0.

We note here that C; (7) is a quantity change with time, and thus the displacement takes the

form
3 1
u(x,t) = 4|——arctan| k —ﬂx + tan( Mf (t)) . 4.21)
9192 12 ¢, 3

(c) Static initial condition:
The initial condition and boundary conditions are

u(x,0) = g(x), M(x—>ioo,t):-_l-7—rwzi, (4.22)
2 \Nqq2

where g (x) is a given function; therefore, these two conditions give the following expressions
for the two constants C; and C, :

[
Cl(x):\/S_qz[tanh(J%g(x))—k E;I—;x], C, = 0.
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We note that C; (x, 7) is a quantity change with space and time, in which case the displacement
takes the following form:

W) = «|—— arctan| —k i@Htanh(,/%g(x)). (4.23)
q192 12 g, 3
Case (2).

If x — ¢ < 0, then both ¢, and g, are negative and h > [y, [;, and [, therefore, the expression
for A (4.11) takes the following form, while the other quantities (g, and ¢,) change their sign
by choosing the the length—scale parameter related to the microinertia effect that is greater than
the length—scale parameters related to the material in the sense of the modified strain gradient

elasticity
1 1
= —— ﬂ ) <
121921 (¢,)
This Eq (4.10) takes the following form:
Lgil . » A
W?=-A-2|p|AW + = —=W? + ——————, (4.24)
EE T Sl T T 20l W

where the same stipulation —1/2g, < W < 1/2¢, is satisfied , allowing us to apply the binomial
theorem for the last term in Eq (4.24) as follows:
A
1 =2|g|W
Substituting from Eq (4.25) into Eq (2.68), we have the following relation after some
mathematical calculation and integration:

= A +2A|q| W + 4A g2 W? + 8A | W3 + 16A |¢o|* W (4.25)

AW P )
[— i3 i + C, (4.26)

VI 21 W

where C7 is the integration constant, and i = V-1.
Finally, obtaining the function U by performing the integration in Eq (4.26) and using W = dU/d¢é

4
U = 2d§ +C3, 4.27)

—MmHG 2|qilé + C;

where C7 is the integration constant.
Performing the integration in Eq (4.27) gives

2 *
3 5 lgile + €
Uue) = —L arctanh| | 4 C;. (4.28)

14/ lq1llgal V38lqal

Consequently, the displacement field takes the following form:

. 1l Ci
u(x,t) =i arctanh|i[— - — k(x—1) + + C,. (4.29)
911142 ( 12 gl VBlgal)
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Here, C| and C; are integration constants determined from the initial and boundary conditions.
These conditions are chosen in a suitable way to give three types of wave propagation as follows:

(a) Constant initial and boundary conditions
The following initial and boundary conditions are used to determine the constants C| and CJ
for the displacement field Eq (4.29):

3
w(©0,0)=up,  u(x - +o0,f) = F= . (4.30)
2 \laqillg
Therefore, these two conditions give the following expressions for the two constants C} and
Cs:
C; = 8l tan h( "”'3'” 0], C =0,
then

3
w(x, 1) = - arctan |k = 9 (v = 1) — an | /111920, 1 4.31)
lg111g: 12 gy 3
(b) Dynamical boundary condition
The boundary conditions are in the following form:

3
w(0,0) = f (1),  u(x— +o00,f) = Fo \[——. (4.32)
2 \Nq1q2
Therefore, these two conditions give the following expressions for the two constants C| and
C:
" |g11] lg1| \
Ci(x 1) = \/8|42|[ta h[ o ‘”f() m‘h'r Cy =0,

then

u(x,t)=-—

arctan [k 'q‘lx—tan( 911142l (. (r)]] (4.33)

lg1] 12l 12|612|

(c) Static initial condition

The following initial conditions are used:

b4 3
2 \lgillgal

u(x,0)=g"x), u(x = +o00,1) = F (4.34)

Therefore, these two conditions give the following expressions for C} and C; :

1
C} (x) = 4/8|ga|| tanh | - w/|¢11||Q2| ‘(0| = ik |‘11| =0,
12|612|
1
u(x,t) = 3 arctan | & —@t+tan /|611||42| o () 435)
lq11 g2l 12 |g5]
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5. Numerical simulation

Let us choose the following data for the numerical simulation where p = 2320 kg/m?, representing
the density; 4 = 5.44 x 10'© N/m? is Lame’s constant; u = 6.93 x 10'° N/m? is the shear modulus;
h represents the internal length—scale parameter corresponding to the micro—inertia effect, and /o, /
and [, are three material length—scale parameters related to the mathematical model and measured in
nano—meters. The wavenumber and angular frequency are chosen in the form £ = 27 and w = 1; this
choice leads to the vanishing of the quantity go. We study two cases below.

5.1. Case I

In this case, we choose i < [y, [, then gy = 0, g¢; > 0 and ¢, > 0, therefore, x —¢ > 0, h = 20x 107,
and [y = [; = 30 x 107°. The boundary conditions are described below.

(1) Constant initial and boundary conditions

In this case, we choose the initial condition #(0,0) = 1. Then Eq (4.19) is considered along with the
initial and boundary conditions given in Eq (4.18). Therefore, the figures illustrate the displacement
field, the o—stress tensor, the m—stress tensor, and the T—stress tensor.

Figures 14 present a graphical simulation in a three-dimensional framework for kink, soliton, and
bright—dark waves, respectively, corresponding to constant initial and boundary conditions (Eq (4.18)),
applied at the lateral surface of the medium, within the framework of the MSGE theory. The kink wave
is bounded, and the soliton wave propagates with constant amplitude and constant velocity. Two similar
waveforms with different amplitudes, 7(x, ) and 7(x, ), are observed, corresponding, respectively, to

the dilatation gradient vector y; and the deviatoric stretch gradient tensor '75(1;;()-

Figure 2. o—stress for h < [y, [, and % —

Figure 1. Displacement for & < [y, /1, and
x—¢>0. ¢>0.
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0.034
0.02]
0.01
(x,t) 0
—0.01-
—0.02-
—~0.03

Figure 3. n—stress for & < Iy, [, and % — Figure 4. 7—stress for h < [y, [}, and % —
> 0. ¢>0.

Figure 5 presents the propagation of a kink wave as a function of x at three different times. It

is noted that the initial condition at the origin (0, 0) is satisfied, and the wave remains bounded, i.e.,
s

-3 \/; < u(x,t) < \/7 Additionally, Figures 6-8 display the soliton and bright—dark waves
as functions of x at three different time instances. It is observed that two waves, the m-wave and the
T-wave, propagate with different amplitudes through the elastic medium, with the 7(x, r)—stress wave
exhibiting greater damping than the 7(x, f)-stress wave.

Moreover, both the soliton and dark—bright waves decay to zero as x — =+oo, while propagating
with constant velocities and amplitudes.

[—uE0) —uE3) — - ux6)] [= = 6(x.0) == 6{x.3) = * ' o(x.6)]

Figure 5. Displacement at ¢ = 0, 3, and 6. Figure 6. o—stress at t = 0, 3, and 6.
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30  —20 _0._%2
—0.q4 /
—0.ds

—0.08
\

|_ = m(x.0) == m(x.3) 7:(:(.6)| ’— " 7(x,0) = (x.3) T(x.6)|

Figure 7. n—stress at = 0,3, and 6. Figure 8. 7—stress at # = 0, 3, and 6.

(2) Dynamical boundary condition
In this part, we apply a dynamic boundary condition in the form

u(0,1) = —0.05 exp(—0.87)(1 — cos(31)),

which decays exponentially to zero with increasing time. Therefore, the corresponding three-
dimensional representation is omitted due to its similarity to Figures 1-4. Instead, we present the
following figures to illustrate the displacement field (Eq 4.21), the o—stress tensor (Eq 3.10), the n—
stress tensor (Eq 3.11), and the 7—stress tensor (Eq 3.12) at three different times with the initial and
boundary conditions in (Eq 4.20).

It is noted from Figure 9 that the displacement wave resembles the shape of the incident wave
and decays exponentially over time. Moreover, an observer located at x = —0.05 detects a wave
with negative amplitude, while an observer at x = 0.05 detects a wave with a positive amplitude. In
contrast, an observer at the origin detects no wave, indicating that the boundary condition is satisfied.
Figures 10—12 represent the o—stress, m—stress, and 7—stress, respectively. It is observed that all the
waves decay exponentially over time, but with different amplitudes. Additionally, the 7(x, ) and 7(x, t)
waves are similar in shape, both exhibiting negative amplitudes; however, 7(x, f)-wave is more strongly
damped than the 7(x, f)-wave.
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0.06 4 '
1 03972 4

0.3970 4 -
0.3968 4 |
03966 4 |
0.3964
0.3962 4
0.3960 4
L) T 1
0 6 8 10
t
[— =~ u(0.05.0 = w0 — - u(0.05)] [—= 660050 =000 — - o(0052)]
Figure 9. Displacement at t = 0, 3, and 6. Figure 10. o- stress at r = 0, 3, and 6.
| [\ , T T T T
RS
0 t—— . : :
| 2\ ¢ 6 8 10
| ‘
—0.005 - \I e PN
W/ <
—oo104 1| [/
l _r'
v,
—0.0154 . -
\ !/
AJ-
|— = w(-0.05.t) —— m0.) — - ]'((0.05.'()‘ [= = -0.05.) == =0.) = * " (0.05.)|

Figure 11. 7- stress at 7 = 0,3, and 6. Figure 12. 7—stress at t = 0, 3, and 6.

(3) Static initial condition
In this section, we apply the static initial and boundary conditions given in equation (4.22), with the
initial displacement defined as follows:

u(x,0) = 0.5sech?(=0.1x).

Accordingly, the following figures illustrate the resulting displacement field (Eq 4.23), the o-stress
tensor (Eq 3.10), the n-stress tensor (Eq 3.11), and the 7—stress tensor (Eq 3.12).

Figures 13—-16 present three—dimensional numerical simulations for displacement, o-stress, m—
stress, and 7-stress, respectively. It is observed that the displacement wave represents a soliton
with its maximum amplitude located at the origin. Figure 14 illustrates a bright—dark soliton wave.
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Furthermore, Figures 15-16 depict dark—bright waves with negative amplitude, where the n-stress is
more strongly damped than the 7—stress.

0.4
0.24]
07
—0.2-.
—0.4-
—0.6
— 0.8
— 14
—l,2-.
—1.4-
t

u(x,t)

30
10
—30 —10

X

Figure 13. Displacement for 7 < [y, 1, Figure 14. o—stress for h < [y, [;, and
andx — ¢ > 0. x—(>0.

t(x,t)

Figure 15. n-stress for h < [y, [}, and
x—¢>0.

Figure 16. t-stress for h < [y, [;, and
x—{>0.

Figures 17-20 show the displacement, o—stress, r—stress, and 7—stress at three different time values,
respectively. It is noted that all observers along the x-axis detect the maximum amplitude of the
displacement wave (Figure 17) at the origin. Moreover, the wave decays to zero at t = 0 as x — +oo,
and decays to a constant value for the later time instances as x — +oo. In addition, the o-stress decays
to zero as x — +oo and the wave attain its maximum amplitude within the interval ] — co, 0], and its
minimum is within [0, co[, while damping over time. Figures 19-20 present the 7—stress and 7—stress

waves, which are similar in form, and both waves decay to zero as x — +oco. Moreover, the 7-stress is
damped more than the 7-stress.
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~
40’,4 - \
7 1 N
/ 0.2 4 N
e ] H""--.___
L - L] L L v L 1
=30 =20 04 10 20 30
—0.2 1 X
—04 4
0.6 _¥ —30
—0.8 4
—1.04
— ey — - —12d S — . —
[— - ux0) =——ux3) = - ux.6)]

[ = = 6(x.0) == o(x.3) = * ' 6(x.6)]

Figure 17. Displacement at t = 0,5,

and 10, Figure 18. o—stress at t = 0, 5, and 10.

—0.012
[= = mx.0) mx3) = * nix.6)| [= = wx.0) == wx.3) = *  tx.6)|
Figure 19. n—stress at = 0, 5, and 10. Figure 20. 7—stress at = 0, 5, and 10.

5.2. Case?2

In this case, we choose h > [y, and /; and thus ¢y = 0, g; < 0, and g, < 0; therefore, » — < 0,
h=50x10",and [, = [, =30 x 107°.
(1) Constant initial and boundary conditions

When we choose u(0,0) = 1, according to Eq (4.29), the following figures (Figures 21-26) represent
the displacement field, o—stress tensor, 7—stress tensor and 7—stress tensor.
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6 4 —10
2 _
t 30 x

Figure 22. o-stress for h > [y, [; and
x—{<0. x—{<0.

|— = u(x,0) =—u(x.3) = - u(x,é)l

[=— - 6(x.0) 6(x.3) = * ' o(x.6)]

Figure 23. Displacement at ¢ = 0, 5, 10. Figure 24. o—stress at ¢ = 0,2, and 6.

AIMS Mathematics Volume 10, Issue 11, 27247-27276.



27272

0.03 5

0.02

0.01 -

f\
|
|
l
l
l
I
I
[

-

_g_oa-
W
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[= = wx0)

n(x.3) n(x.6)]

[— - mx.0)

Figure 25. n—stress at t = 0,2, and 6. Figure 26. 7—stress at t = 0,2, and 6.

Figures 21 and 22 present three—dimensional numerical simulations of an anti—kink wave and anti—
soliton wave with a negative amplitude. Figures 23—-26 illustrate additional simulation at three different
instances, including anti—kink waves, anti—soliton, and dark—bright waves induced in the structures of
the material. It is observed that the o—stress, m—stress, and 7—stress waves decay to zero as x — =*oo.

Moreover, the T—stress exhibits stronger damping compared with the 7—stress.

(2) Dynamic boundary condition
In this part, we apply a dynamic boundary condition given by

u(0,1) = —0.05 exp(—0.8#)(1 — cos(31)),

which decays exponentially to zero as time increases. As a result, we observe the formation of an
anti-kink wave and an anti-soliton wave, similar to those shown in Figures 21 and 22. Additionally, the
n—stress and 7—stress waves exhibit bright—dark soliton structures. These figures are omitted here for
brevity. Moreover, the 7—stress wave is observed to be more strongly damped than the 7—stress wave.

(3) Static initial condition

In this section, we apply the static initial condition

u(x,0) = 0.5 sech?(=0.1x).

Accordingly, the displacement field given in Eq (4.35), together with the initial and boundary
conditions specified in Eq (4.34), and the stress tensors o, m, and 7, defined in Eqs (3.10)—(3.12),

respectively, are illustrated in the following figures (Figures 27-30).
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Figure 27. Displacement for & > [y, 1, Figure 28. o—stress for h > [y, [;, and
andx - < 0. x—(<0.
0.004- F
0'0(}2.‘ 0.0014
D'_ 0
—0.0027 ~0.001-
n(x,t) —0.004- T(x,t) _0_002_‘
—D,Dﬂﬁ-_'
—D,DDE- —0.003-
—D.DID-' —0.004-
10 g 10
642 3
t . «
Figure 29. n—stress for h > [y, [;, and Figure 30. t-stress for 1 > [y, [;, and
x—(<0. x—(<0.

Here, Figures 27-30 represent three—dimensional graphical representation for soliton and bright—
dark, and dark waves, respectively. It is observed that the o—stress, m—stress, and 7—stress waves decay
to zero as x — +oo. Moreover, the T—stress exhibits stronger damping compared with the 7—stress.

6. Conclusions

In this paper, we investigate the effects of nonlinear terms included in the MSGE theory by
employing a variational principle. This approach is based on a strain energy functional and incorporates
the virtual work done by external forces. Furthermore, we study the influence of the micro—inertia
length—scale parameter, related to the internal structure of the elastic material, and the material length—
scale parameters on wave propagation within the elastic medium. We analyze wave behavior at a
unit of frequency under various initial and boundary conditions. Two cases are considered: i > [y,
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and /; and h < [y, and /;. In both cases, different wave propagation patterns emerge in the elastic
material. Due to the nonlinear effects, kink and anti-kink waveforms are observed. Additionally, by
appropriately tuning the material length—scale parameters, soliton and anti-soliton waves can also be
generated. Another important observation obtained from the MSGE model is that the 7-stress wave,
which is conjugate to the deviatoric stretch gradient tensor, is consistently more damped than the 7-
stress wave, which is conjugate to the dilatation gradient tensor in two cases. Finally, the results of this
study indicate that by appropriately designing the internal structure of the elastic material, the type of
wave induced within the medium can be effectively controlled.

The current study has several important potential applications, including the following:

e Designing engineering systems that block unwanted vibrations in mechanical or civil structures,
thereby improving the stability and longevity of bridges, skyscrapers, and aircraft;

e Developing materials that guide, filter, or block sound and elastic waves at specific frequencies,
which would be useful for soundproofing, acoustic cloaking, and noise control;

e Enhancing wave—based inspection techniques to improve sensitivity and resolution, enabling the
detection of micro—defects or internal damage in materials with greater precision;

e Designing foundations or engineered soil layers that control or deflect seismic waves, offering
passive protection against earthquakes for critical infrastructure;

e Embedding logic and wave-based computation into smart materials (mechanical computing),
enabling them to respond adaptively to environmental stimuli;

e Tailoring wave propagation in tissue—mimicking materials to enhance the resolution and targeting
capability of biomedical ultrasound imaging and therapies;

e Improving vibrational energy harvesting, allowing the conversion of wave energy into usable
electrical power for small sensors and devices in remote or embedded applications.
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