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Abstract: The (2+1)-dimensional Sawada-Kotera equation is closely related to nonlinear wave
applications in higher-dimensional spaces. In this study, we introduce, for the first time, the application
of the bilinear neural network method (BNNM) to derive exact analytical solutions for this important
equation. Moving beyond traditional approaches, this method allows us to systematically construct
a rich family of solutions by designing specific neural network architectures. Specifically, we
build single-layer bilinear neural network models to successfully obtain a variety of localized wave
solutions. These include lump solutions, which are localized in all directions, breather solutions,
which exhibit periodic oscillations in time, and intriguing hybrid lump-soliton solutions. To further
explore the equation’s complexity, we designed two distinct network architectures, namely [3-2-2-1]
and [3-2-3-1], which effectively yielded novel interaction solutions between different wave types and
periodic solutions. The characteristics and dynamic behaviors of all these solutions are then thoroughly
investigated through detailed graphical representations, including three-dimensional surface plots,
contour maps, and density plots, providing vivid insights into their evolution. The success of this work
underscores the power of the BNNM framework. Its key advantage lies in its ability to incorporate and
generalize numerous classical test functions used in bilinear theory, thereby demonstrating remarkable
universality and potential as a unified method for tackling a broad class of nonlinear evolution
equations. Our results not only enrich the solution set of the (2+1)-dimensional SK equation, but
also establish BNNM as a promising and innovative tool in the field of mathematical physics.
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1. Introduction

In recent years, with the development of nonlinear science, nonlinear evolution equations (NLEEs)
have been widely used in many fields [1-3]. Thus, many researchers have conducted in-depth
research on the analytical solutions to solve NLEEs. Among them, the Darboux transformation [4],
Bicklund transformation [5], Hirota bilinear method [6, 7], inverse scattering method [8], and
homogeneous balance method [9] are all important solution methods. With the aid of these methods,
numerous scholars have achieved remarkable research results [10-13]. However, due to the
complexity of nonlinear evolution equations, the solution methods are highly dependent on the
structure and physical significance of the equations, and there is no universal unified theory at present.

With the rapid development of symbolic computation, Zhang et al. [14—18] proposed the bilinear
neural network method (BNNM), which is a novel method that combines the Hirota bilinear method
and the neural network model to obtain the exact analytical solution of the nonlinear systems [19, 20].
The nonlinear characteristic between the activation function and the parameters in the bilinear neural
network model makes it more flexible to solve the exact analytical solution of NLEEs. Consequently,
BNNM [21-24] has garnered extensive attention from researchers, as it provides a universal framework
for obtaining accurate analytical solutions of NLEEs and plays a significant role in advancing nonlinear
science.

The (2+1)-dimensional Sawada-Sotera (SK) equation [25] was first proposed by Konopelchenko
and Dubrovsky. This equation is an integrable system that characterizes higher-order nonlinear wave
dynamics and is applicable to various fields involving complex nonlinear wave propagation, such as
two-dimensional quantum gravity gauge fields, conformal field theory, and the Liouville flow
conservation equations in nonlinear science. The explicit form of the SK equation is given as follows:

Uy = Unppey + Uty + Suthyy, + Su’u, + Sttyyy + Suny, + 5uX8;1uy - 58;1uyy, (1.1)

where u = u(x,y, ) and (dx)™ = (d/dx)™".
By means of the dependent variable transformation

2

o
u=2-5[InéCx.y.0). (1.2)

Equation (1.1) is converted into the following bilinear form:
(Dx® - 5Dy* + 5DyDx’ + DxDt) £ - £ = 0. (1.3)
The generalized bilinear operator proposed by Ma et al. [26]. can transform Eq (1.3) into

‘fxxxxxxé: - 6§xxxxx§x + lsfxxxx‘fxx - 10 )zcxx + Sfé:xxxy - ngxxf)’ - 15§xxyé:x

1.4
HISEbey = SEgl + 56 + Euf ~ £ = 0. (4
The specific definition of the Hirota bilinear operator D is as follows:
3y _ (9 a \" ) 3 \*?
ML D& & = (35 - 3%) < (&~ ) (1.5)

n3
X (3% - %) Ex1L, Y1, 1)E (X2, Y2, 1) X2 = X1, Y2 = Y1, = 11,

here, 6 = 6(x, y, t), and ny, n,, and n3 are nonnegative integers.
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Recently, the (2 + 1)-dimensional SK equation has attracted extensive attention from scholars.
Huang et al. [27] obtained lump solutions and mixed exponential-algebraic solitary wave solutions for
the SK equation through methods such as the bilinear form and truncated Painlevé expansion, thereby
enriching the dynamical diversity of higher-dimensional nonlinear wave fields. Li et al. [28] proposed
a new parameter constraint method based on N-soliton solutions, and successfully constructed
resonant Y-type soliton solutions, as well as novel elastic hybrid solutions involving line waves,
breather waves, and higher-order lump waves in Eq (1.1), providing new insights for the study of
soliton dynamics in higher-dimensional integrable systems. In [29], rational solutions, bright lump
waves, bright-dark lump waves, and three families of bright-dark lump wave solutions for the case
p = 3 of the (2 + 1)-dimensional p-SK equation were obtained. In [30], the authors obtained new
N-soliton solutions, higher-order breather solutions (including three types of first-order breathers),
higher-order lump solutions via the long-wave limit, hybrid solutions composed of solitons, breathers,
and lumps, as well as similar solutions for the generalized SK equation. In [31-33], many different
and novel solutions of Eq (1.1) have been obtained.

Unlike traditional symbolic computation methods, the bilinear neural network method constructs
test functions composed of multiple neurons and different hidden layers. These test functions are
influenced by the selected activation function, and, after solving, can yield various forms of exact
analytical solutions. Therefore, BNNM exhibits a certain degree of universality and flexibility. The
rest of this work is organized as follows: In Section 2, the bilinear neural network method is
introduced, and its corresponding tensor formula is given. In Scetions 3—5, single-layer bilinear neural
network model is constructed to solve the exact analytical solutions of Eq (1.4), and further we
analyzed their geometric morphology, physical significance, and dynamical properties through
graphical representations. In Section 6, bilinear neural network model of [3-2-2-1] was constructed to
obtain interaction solutions for the SK equation. In Section 7, a [3-2-3-1] bilinear neural network
model was constructed to obtain periodic solution of Eq (1.4). Finally, the paper is summarized in
Section 8.

2. BNNM

The bilinear neural networks method (BNNM) comprises two key components: a Hirota bilinear
transformation, and a neural network model. Using BNNM involves the following steps:

e By applying the bilinear transformation, NLEEs are converted to a bilinear equation, as shown in
the transition from Eq (1.1) to Eq (1.4).

e The bilinear neural network architecture, as illustrated in Figure 1, consists of an input layer,
multiple hidden layers, and an output layer. Each neuron is obtained by a linear combination of
all neurons from the previous layer with different or identical activation functions and specific
weight coefficients. By employing different activation functions, novel output functions ( test
functions) can be derived. The corresponding tensor formulation is expressed as follows:

W= WLE @) + b, 2.1)

where W, represents the weight coefficient, Z; represents the activation function, n and m are
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positive integers, / represents the hidden layer containing the m — n layer, and b; represents the
threshold (arbitrary constant).

e After substituting Eq (2.1) into Eq (1.4), we obtain a nonlinear equation involving independent
variables, weight coefficients, and thresholds. By extracting the coefficients in front of the
independent variables and setting the coefficients of the same power to zero, we can derive an
overdetermined nonlinear algebraic system that contains only weight coefficients and thresholds.
Solving this system yields multiple sets of coefficient solutions, facilitating the analysis of the
relationship between weight coefficients and thresholds.

e Select an appropriate set of coefficient relationships from the solution set and substitute them into
Eq (2.1) to obtain the solution expression for Eq (1.4). Then, the exact analytical solution of the
original equation is derived through Eq (1.2).

e Finally, 3D plots, density plots, contour maps, and others corresponding to the exact analytical
solutions of Eq (1.4) are drawn to facilitate an in-depth exploration of the equation’s dynamic
characteristics and physical significance.

Input layer Hidden layers Output layer

Figure 1. Bilinear neural network model.

The BNNM is a computational approach for solving nonlinear evolution equations by constructing
diverse bilinear neural network models. In theory, the depth and the number of neurons in such a model
can be continuously increased; however, this not only raises computational costs but may also lead to
a phenomenon in which the activation function in the final layer fails to effectively interact with the
internal neurons (the weight coefficients in the last layer become zero). This phenomenon results in the
inability to obtain the exact analytical solution of Eq (1.4). To prevent performance degradation in the
bilinear neural network model, we imposed certain constraints: the first hidden layer contains at most
four neurons, the second hidden layer at most three neurons, and 0 < i < 7. These restrictions help
ensure model stability when obtaining exact solutions, and prevent degradation caused by the vanishing
weight coeflicients in the final layer. Exceeding these limits by increasing the number of neurons or
network depth not only reduces computational efficiency and prolongs runtime, but also often leads to
suboptimal results. These constraints are not universal heuristics for all BNNM, and some equations
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may break through this limitation when solving specific exact analytical solutions. The following part
is the solution process of various exact analytical solutions for the SK equation.

3. Lump solution

To obtain the lump solution of Eq (1.4), we employ the bilinear neural network model of [3-2-1] for
solving, as illustrated in Figure 2a. The specific construction form is as follows:

§I=x-Wer+y - wy+1-wy+b,
fz =X -Wyat+Yy- Wy 2 +7- Wi + bz, (31)
Y= Wi é:12 + WwWo f% + b3.

Substitute Eq (3.1) into Eq (1.4) and collect weight coefficients and thresholds. One set of coeflicient

solutions is \
3uw? lwiuww (wwwil +w§‘2wzyu)‘

— X,

b3 - 3 s

2 2 2 N

W}',Z WZ.u(Wl,u Wy,l _W)',Z W2,u)

2 &2
A 5Wl,uwy,1 5wy_2w2’u (32)
rl = > W1uWx,1 ’
_ Wx IW1LuWy 2Wy 1

Wx,2 -

2 2 .
WILUWy 1 =Wy )W

After substituting Eq (3.2) into Eq (3.1),

5t(w1uw21—w22w2u) 2
— . Myl T2 e . .
Y =w, o + X Wy YWy + by
DXWy W 1 We 2 W 2 3w w? ow 1(w1 w2 w2 )3 (33)
x, IW1LuWy2Wy 1 X1 LuYs MUy 1 y,27 aol
+W2,u'(m+y'wy,2+b2) = o T
LuWy 1 =Wy oW Wy,QWZ,u(WI,uW).,l—W),,ZWZ,M)

Substitute Eq (3.3) into Eq (1.2). For simplicity in analyzing the dynamics properties of the SK
equation, we assign values to the weight coefficients and thresholds as follows:

b] = bz =Wiy =Wou =Wy = l,Wx,l = —I,Wy’z =-2. (34)

Finally, we plot the contour map and 3D graph of the lump solution’s trajectory. As shown in Figure 2,
we observed that while the peak position of the lump solution changes, its shape remains unchanged
over time, indicating that its dynamic behavior is stable.
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(e)t=1s

Figure 2. (b) Contour plot showing the trajectory of the lump wave over time, and (c — e) 3D

plots of the lump wave at ¢ € (—1s, 15).
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4. Breather solutions

Breather solutions play an important role in the study of dynamical behaviors in nonlinear systems
and are widely found in physical, biological, and engineering systems. We construct a single-layer
bilinear neural network model of [3-3-1] to obtain the breather solution of Eq (1.4), as illustrated in
Figure 3a. The specific construction is as follows:

El =t -wy+Xx-we+y-wy + by,
52 =1- Wip+ X Wi+ Y- Wy 2 + bz, (41)
Y = Wiy efl +Wwp, - COS(fz) + w3, - e‘§3 + b3.

In the construction form, the activation function is Z (£;) = €', Z (&) = cos (&), 2 (&) = e7%. We add
the constraint condition &3 = k- ¢ to facilitate the establishment of a linear relationship between &; and
&3, and k is an arbitrary constant.

Substituting Eq (4.1) into Eq (1.4) yields an overdetermined system of nonlinear algebraic
equations. We select an appropriate set of coeflicient solutions as follows:

_ — 0w 3.0 4
k=1,w, = 9W}c,1 90wx’1wx’2 + 45wx,1wx’2,

_ 4 4 37 2 5
Wio = 45v1;)c’2wx,1 ; WOw,wy | + 9w, 2 . 4.2)
Wyl = —wy, + 3wx’2wx,1,wy,2 = —3wx,1wx,2 + Wy,
Here, we substitute Eq (4.2) into Eq (4.1):
(V7. Wl’ue9twil+(—9Otwi2—y)wi|+(45twi2+3ywi2+x)w,(,1+b1
+Wo cos(9tw)5€ )+ (—9Otwi1 + y) Wi,2 + (451wjt’1 — 3ywi1 + x) Wyo + bz) 4.3)

+W3’ue—9twi] +(9(;twiz+y)w'3\_‘1 +(—45twiz—3ywiz—x)wx’1 —by )

For better analysis of its dynamic properties, we assign weight coefficients and thresholds as follows:
by=1,b,=1,bs=1,w,=1wy, =1ws, =2,w, =1,and w,, = 1. As shown in Figure 3b, with
both the x and y ranges set to [-10, 10], we plot the 3D trajectory of the breather solution for Eq (1.4)
along with its density plot at = Os.
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(e)t=0.5s

Figure 3. (b) Density plot at # = 0's, and (c—e) 3D plots of the breather solution at r = —0.5 s,
t =0s,and t = 0.5 s, respectively.

As can be observed from Figure (3c) to Figure (3e), the breather solution exhibits spatial localization
and self-similarity while maintaining relative stability over time.
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5. Lump-soliton solutions

We construct a novel [3-3-1] bilinear neural network model to obtain lump-soliton solutions for the
SK equation, as shown in Figure 4a, and the specific form is given by Eq (5.1). By substituting this
structure’s test function into Eq (1.4), We can obtain a system of nonlinear algebraic equations that
contains independent variables, weights w, and biases b;:

=t -w+Xx-we+y-wy + by,
=t Wo+X-Wer+y Wy + b,
E=1-w3+XxX-Wwe3+y wy3+b;,
Y = Wi f% + Wy é‘% + w3,y '653 +b4.

(5.1)

To set the coefficients of different powers of the activation function to zero, one solves this
overdetermined nonlinear algebraic system of equations, obtaining a set of coefficient solutions
consisting solely of weight coefficients and threshold values. Based on certain physical significance,
an appropriate set of coefficient solutions is selected as follows:

by = 4W2,uwi2wy)2 _ W)r,3(Wx,2Wi3 +2Wy,2)
4= wi3(3wx,2wi3 +4wy,2) ’ Wy’3 - 2wy ’

Owyo wx_zw)z(,3+4“i+'z)wi3wz,u
Wiw = 4w, ’

5(—9Wi2wiy3—]IZ’W,\-,zwi3w),‘2+4wi2) (52)
Wi2 = dwy o ’

9 2 4 ZOW;Z'J
B vaz{wx,wa,S_ 9 ] 10wy

Wi3 = — ?, Wil = — o

In order to better analyze its dynamic characteristics, we assign Eq (5.2) by = 1, b, = 1, b3 = 1,
wo, = Lws, =1,w,o =1, w3 =1,w,; =1, and wy, = 1 and substitute it back into Eq (1.2). Then,
we can obtain the lump-soliton solution of SK equation.

Through 3D plot, the dynamic behavior and characteristics of Eq (1.4) are more intuitively
displayed. In Figure 4c to Figure 4f, we can observe the interaction process between lumps and
solitons in this equation. Figure 4b shows the contour plot of the motion trajectories of lump-soliton
solutions.
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() t=-04s (d)t=-0.2 s

(e)t=0s ) t=0.1s

Figure 4. (b) Density plot at # = 0's, and (c—e) 3D plots of the breather solution at r = —0.5s,
t =0s,and t = 0.5 s, respectively.
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6. Interaction solutions

To better analyze the physical significance of Eq (1.4), we constructed a [3-2-2-1] bilinear neural
network model with Z (£)) = £1,E2(&) = €2, 2(&) = §§, and E (&) = sin (&) as its activation function.
As shown in the Figure 5Sa, the specific tensor formulas are as follows:

El=t-wy+Xx-wy +y-wy +by,

Erx=t-Wip+Xx-wer+y wy+ b,

& =wiz &+ was - e + by, (6.1)
Ey=wia-& +wag- €2 + by,

2 .
W = W (Wiadt + wase® + b)) +way e sin (W) + waae) + bs.

Substituting Eq (6.1) into Eq (1.4) and collecting the weight coefficients and thresholds, we select one
set of suitable coefficient solutions as

Wy 1
peiLY 2
\ e W
Wia=—"Wi1 =
x,1 Wx,l

yWi2 = 144W)55,2’ Wyo = _4Wi’2- (62)

By substituting Eq (6.2) into Eq (6.1), we can obtain the interaction solution of Eq (1.4).

2 (e 144twi2—4ywiz+xwx,2 )2

Y=ws,- Wiy

wy 1 9twil
w) TR (6.3)
+ bs .

+Wy,, - sin

Wi, 1

To briefly analyze its dynamic behavior, we assign the following values to the weight coefficients and
thresholds:
bs =3,w3,=1,wyg, =1,wrz=1Lwe =1w,=05w,=1L1 (6.4)

Substituting Eq (6.4) into Eq (6.3), we can obtain the exact analytical solution of SK equation through
the transformation of Eq (1.2).

The domain is defined as x € [-20,20] and y € [-20,20]. Subsequently, density plots of the
interaction solutions and 3D graphs of their motion trajectories are plotted. From Figures 5b—5e, it
can be observed that these interaction solutions exhibit stability;—over time, they remain parallel and
mutually independent, yet their dynamic behaviors remain consistent.
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Figure 5. (b) Density plot at # = O, and (c—e) 3D plots of the interaction solution at = =2,
t =0s, and t = 2, respectively.
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7. Periodic solution

The function € in Eq (1.4) is treated as a tensor function within the neural network model. As shown
in Figure 6a, a [3-2-3-1] bilinear neural network model is constructed, and its tensor formulation can
be expressed as:

& =twey + XWyp + YWy + by,

& = twip + Xwyen + YWy + by,

& =wiz-cos (&) +wys-sin(&) + b,

&y = wig-cos (&) + wyy - sin (&) + by,

& =wis-cos (&) +wys - sin(&) + bs,
U=wsy '§§ + Wy - €4 + ws, - sinh (&5) + be.

(7.1)

2
X &)
10
¥ B 5
yd sinh(&;) ¢
5
(@)
20 ¢
—_—t=1
t=0 : ( i
15 TEs 14
12
10 F 10
= 8
S
> 5 6
el 4
o 2
0
-5 2
4
-10 :
-4 3 2 1 0 1 2 3 4
X
(© (d)

Figure 6. (b) 3D plot of the periodic solution, (c) the x-curve for ¢ € (—1s,1s), and (d) the
density plot.

Here, the activation functions are defined as = (&) = cos (&1) , 2 (&) = sin(&) ,E (&) = §3, 2(&y) =
&4, and E (&5) = sinh (&5). To prevent degeneration of the bilinear neural network model, we impose the

constraint condition wy, = ws, during the solution process. During the solving process, when some
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of the weight coeflicients in the last layer become zero, this type of constraint method is applied to
establish relationships between the zero and nonzero weight coefficients, thereby enabling the bilinear
neural network model to be successfully used for obtaining the exact analytical solution of Eq (1.1).
By substituting Eq (7.1) into Eq (1.4), we collect the coeflicients of the like terms in
x,y,t,c08(£1),sin (&), and sinh (&s). Setting the coefficients corresponding to different powers to
zero yields an overdetermined system of nonlinear algebraic equations, one set of which is:
be = b6y W3 u = W3us Wau = Waus Wi 4 = Wig, Wa3 = W3,

5 (7.2)

_ _ _ _ _ 3
W4 = Woa, Wos = Wos, Wit = OW) [, Wal = Wyp, Wyg = Wy .

By substituting Eq (7.2) into Eq (7.1), we can obtain the periodic solution of Eq (1.4). Since the
expression of the solution is rather complicated, the parameters of the bilinear neural network model
are used instead.

Y = W3,MW§’3 sin (fz)z + sin ((fz) W4 W24 + COS (‘fl) W4 W14 + W4y sinh (W2’5 sin (fz)) + b6. (73)

To briefly analyze the dynamical properties of the SK equation, we choose the following appropriate
values of the parameters:

bs =2, W3u = Liwgy = 1,W1,4 = 1,W2,3 = 1,W2,4 = 1,W2,5 =1Lw, =3. (7.4)

Substituting the assigned Eq (7.4) into Eq (7.3) and then applying the transformation of Eq (1.2), we
can finally obtain the exact analytical solution of the SK equation.

Finally, we plot the 3D plot of the periodic solution of Eq (1.4), as shown in Eq (6b), where both x
and y range over [—3, 3]. To gain a better understanding of its physical properties, Figure 6¢ presents the
x-curve at y = 2 within the time interval [—1s, 1s]; Figure 6d shows the density plot for x and y ranging
over [—1, 1]. As an exact analytical solution exhibiting periodic variation over time, the periodic wave
solution differs significantly from other types of exact solutions. Unlike localized solutions that are
confined to specific regions, it maintains a sustained periodic oscillatory behavior across the entire
domain. From Figure 6, it can be observed that this exact analytical solution represents a periodic
wave solution that remains stable while propagating over time.

As the framework of the BNNM deepens, the activation functions can be diversified and the number
of hidden layers can be increased. However, this also brings a heavy computational burden, making
the training time particularly long. When the number of hidden layers and neurons reaches a certain
upper limit, the solution often becomes less ideal, and it is easy for some of the weights in the final
layer to become zero, which leads to the degeneration of the bilinear neural network model.

In this study, we found that by establishing linear relationships among some of the weights in
the final layer, the phenomenon of weights becoming zero can be alleviated, thereby yielding the
corresponding exact analytical solutions. Blindly increasing the number of hidden layers and neurons
can easily cause overfitting. For example, when using a multilayer bilinear neural network model, the
solution obtained may in fact be the similar exact analytical solution that could already be derived by
a single-layer bilinear neural network model, resulting in wasted computational cost.

Therefore, the best performance is generally achieved when the number of hidden layers is less than
or equal to 2 and the number of neurons is less than or equal to 7. Beyond this range, the effectiveness
of bilinear neural network solutions tends to deteriorate.
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8. Conclusions

The innovative points of this paper are as follows:

(1) In previous studies, researchers have conducted extensive investigations into exact analytical
solutions of the Sawada-Kotera equation, achieving significant results. This paper applies BNNM to
the (2+1)-dimensional Sawada-Kotera equation for the first time. We construct multiple single-layer
bilinear neural network models to obtain lump solutions, breather solutions, and lump-soliton solutions
of the (2+1)-dimensional Sawada-Kotera equation. Furthermore, we draw density plots, contour maps,
and 3D plots of their motion trajectories are plotted.

(2) Building upon the single-layer bilinear neural network model, we constructed two bilinear neural
network models with structures [3-2-2-1] and [3-2-3-1] to obtain the interaction solutions and periodic
solutions of the (2+1)-dimensional Sawada-Kotera equation. We also presented three-dimensional
dynamic visualizations and the corresponding density plots of these interaction patterns. By examining
the physical phenomena and dynamical behaviors exhibited by these exact analytical solutions, we
gained a deeper understanding of the physical significance of the equation, which facilitates the study
of nonlinear wave phenomena in the (2+1)-dimensional Sawada-Kotera equation.

(3) In this study, we found that establishing a linear relationship among some final layer weight
coeflicients can alleviate the phenomenon that this weight coefficient is zero, allowing exact solutions
to be obtained. Blindly increasing the number of layers or neurons may also lead to poor performance
of bilinear neural network models in solving exact analytical solutions, wasting computational
resources. To maintain stability and performance, we constrained the first hidden layer to at most four
neurons, the second to at most three neurons, and 0 < i < 7, which helps prevent degeneration while
ensuring efficient computation. These constraints are not universal, and some equations may permit
exceptions when solving specific exact analytical solutions.

The method of using BNNM to obtain exact analytical solutions of NLEEs has gradually matured
and demonstrated considerable generality, thereby advancing the development of nonlinear science.
The bilinear residual network method (BRNM) can also, to some extent, alleviate the phenomenon
of model degeneration. Currently, most classical frameworks construct the trial functions based on a
single hidden layer. Although deeper BNNM architectures allow for more diversified test functions,
this comes at the cost of heavier computational burden and significantly prolonged training time, and
the effectiveness is often limited with a high risk of overfitting. Future research may overcome this
bottleneck by optimizing weight coefficients and activation functions.
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