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Abstract: Transmission lines form the backbone of power and communication networks, yet their 

behavior cannot be predicted by classical transmission line theory, which neglects thermal feedback 

and fractional-order dynamics. To address these limitations, we develop an advanced fractal-fractional 

electro-thermal model of a lossy transmission line to analyze voltage and current propagation under 

thermal feedback. The model is based on the fractal-fractional derivative in the sense of Caputo and 
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integrates the effects of series resistance, inductance, conductance, and capacitance together with 

temperature-dependent feedback. The coupled governing equations are derived as fractal-fractional 

order partial differential equations based on Kirchoff’s current law (KCL) and Kirchoff’s voltage 

law (KVL). The equations are solved numerically using the local radial basis functions (LRBF) scheme, 

a meshfree numerical technique, to investigate the spatio-temporal profiles of voltage, current, and 

temperature. The numerical results demonstrate that higher resistance and conductance increase both 

the attenuation and heating, while increasing capacitance reduces voltage propagation but enhances 

the current propagation. Furthermore, fractional and fractal orders enrich the analysis by introducing 

memory and dispersive effects. Overall, this study offers a more realistic and predictive framework for 

evaluating lossy transmission systems, with direct implications for improving reliability, thermal 

management, and performance in modern electrical and communication infrastructures. 

Keywords: electro-thermal modeling; telegrapher’s equations; fractional-order system; lossy 

transmission line; voltage and current propagation; thermal feedback 
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1. Introduction 

Transmission lines are vital to both power and communication systems, serving as the primary 

conduit for electricity and data. In power networks, these lines carry electricity from power plants to 

homes, business, and industries, ensuring reliable and efficient delivery to consumers. Similarly, in 

communication systems, transmission lines serve as a medium of transmitting signals across networks, 

keeping communication tools such as phone, internet, and wireless systems running smoothly. The 

operational performance, stability, and reliability of these transmission lines rely solely on how 

transmission lines are designed and constructed. It is therefore important to accurately model the 

voltage and current propagation along the lossy transmission lines. In power networks, accurate 

modeling prevents energy loss, maintains the grid’s stability, and address challenges such as faults, 

harmonic distortions, sudden demands fluctuations, and dynamics loads. Likewise, in communication 

systems, accurate modeling optimizes signal propagation, minimizes signal distortions and attenuation, 

and ensures high-quality data transmission [1–3]. In both systems, inaccurate and poor modeling may 

lead to inefficient system designs and systematic instabilities. Thus, advanced mathematical models 

and techniques are essential for ensuring the system’ reliable and efficient performance. Talocia et 

al. [4] presented a transient analysis of lossy transmission lines with frequency dependent parameters. 

Their research work provides highly valuable results for the engineering sectors, as it offers a 

comprehensive benchmark dataset for analyzing lossy transmission lines. This benchmark also offers 

an efficient strategy for the evaluation of interconnected simulation tools. Gruodis et al. [5] examined 

the characterization and simulation of coupled lossy transmission line. Kannan et al. [6] proposed a 

model of transmission lines consisting of two-port coaxial terms for the characterization of dielectric 

materials. Their study highlights its strong potentials for industries and biomedical fields for 

transmitting signals with high precision. Additional studies highlighting the importance of analyzing 

lossy transmission lines can be found in [7–9]. 

In the 19th century, engineers came up with the idea of the classical telegrapher’s equations, 

providing a foundational framework for analyzing the propagation of current and voltage in 
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transmission lines. These partial differential equations model the spatio-temporal distribution of 

voltage and current in transmission lines and integrates distributed parameters such as resistance, 

inductance, capacitance, and conductance. These equations enable the analysis of propagation delays, 

impedance matching, attenuation, and reflection phenomena in a wide range of applications [10]. 

Husain [11] investigated the electromagnetic conductivity of lossy transmission lines using a 

mathematical model of current and voltage propagation. Bamigbolo et al. [12] developed a 

mathematical model to analyze the propagation of electric current and the minimization of power 

losses in transmission lines. Their findings indicate that power losses will only be at a minimum when 

electricity is transmitted at a very low current and voltage. Korzyuk and Rudzko [13] proposed the 

first classical solution to the telegrapher’s equations with non-linear potentials. Patil et al. [14] obtained 

a general solution of the telegrapher's equations using the Emad-Falih transformation. Hussein et 

al. [15] analyzed the telegrapher’s equations through a numerical technique implemented in COMSOL 

Multiphysics. Alam et al. [16] examined the telegrapher’s equations on metric graphs to address 

forward and control problems. Several other studies employing the classical mathematical model of 

the telegrapher’s equations are documented in [17–20]. 

Despite their utility, these classical differential equations had some limitations and exhibited 

constraints. Their reliance on classical derivatives limits their abilities to capture subtle memory effects 

and the complex behavior of non-linear and high-frequency regimes. Additionally, they also ignore 

thermal coupling between electrical and thermal dynamics, which has substantial effects on the 

electrical performance of modern systems. Not considering these mechanisms restricts the classical 

model from achieving accurate predictions of attenuation and stability in practical scenarios. These 

limitations need advanced models, such as those that incorporate fractional calculus, and electro-

thermal coupling to provide more accurate representation of the transmission lines’ behavior under 

practical operating conditions. The fractional derivative operator has gained much attention over the 

last four decades due to its ability to capture heredity properties and complex anomalous diffusion in 

physical phenomena. However, its applications to the telegrapher’s equations along with electro-

thermal coupling in transmission lines remain largely unexplored. Even more rarely, researchers have 

sought to enrich this framework by considering fractal-fractional derivative operators, offering 

potential to capture memory, scaling, and non-local effects simultaneously. Most existing studies have 

employed a finite difference scheme or finite element analysis based on discretization to obtain 

numerical solutions. These approaches perform very well for local operators but encounter significant 

challenges when applied to fractional and non-local terms. To address these challenges meshfree 

methods, particularly the local radial basis functions (LRBF) scheme, offers greater adaptability in 

handling non-local terms within both regular and irregular geometries. However, their applications in 

the context of modeling electro–thermal transmission lines have received little attention to date. 

Therefore, to address this area of research, the authors have developed a mathematical model that 

integrates the electro-thermal effects with the fractal-fractional derivative in lossy transmission lines 

by using generalized telegrapher’s equations. The time-based fractal-fractional derivative operator is 

considered in the Caputo sense, and the model is solved numerically using the LRBF scheme. The 

LRBF meshless formulation employs basis functions with compact support around each data point, 

which leads to well-conditioned and sparse system matrices. This localized structure significantly 

simplifies the selection of the shape parameter, thereby enhancing both numerical accuracy and 

computational efficiency in solving the resulting linear systems. In contrast to global (RBF) methods, 

which require dense matrices to be solved and are computationally demanding, the LRBF approach 
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generates sparse systems that can be efficiently handled using sparse linear algebra techniques. As a 

result, LRBF schemes offer superior stability, scalability, and accuracy, especially for large-scale or 

high-dimensional problems. 

In this study, the multiquadric (MQ) RBF was selected due to its smoothness, flexibility, and 

proven capability in handling problems with complex fractional and fractal-fractional dynamics. The 

MQ function’s tunable shape parameter allows a balanced trade-off between accuracy and conditioning; 

through numerical experimentation, an optimal parameter range was identified to ensure stable and 

highly accurate results across all tested configurations. Figure 1 illustrates the variation of the 

maximum real part of the eigenvalues with respect to the number of nodes, showing that the system 

remains stable as N increases. Similarly, Figure 2 presents the dependence of the eigenvalue spectrum 

on the shape parameter, confirming that stability improves and then saturates beyond a certain 

parameter range, indicating a robust choice of shape parameter for the MQ-LRBF formulation. 

 

Figure 1. Plot of maximum real eigenvalues Re(λ) versus the number of nodes N. 
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Figure 2. Plot of maximum real eigenvalues Re(λ) versus the shape parameter c. 

2. Physical mathematical model 

Assume a two-conductor line of length ℓ, modeled over an infinitesimal segment [𝑥, 𝑥 + ∆𝑥] 

with the distributed parameters Resistance𝑅(𝑇, 𝑤)𝛥𝑥[𝛺], Inductance 𝐿(𝑇)𝛥𝑥[𝐻], shunt conductance 

𝐺(𝑇, 𝑤)𝛥𝑥[𝑠], and capacitance 𝐶(𝑇, 𝑤)𝛥𝑥[𝐹]. The local temperature 𝑇 = 𝑇(𝑥, 𝑡)  is assumed to be 

induced by self-heating and may vary with positions along the line. The terminal variables of voltage 

and current are defined by 𝑣(𝑥, 𝑡) and 𝑖(𝑥, 𝑡), respectively. The detailed overview is provided below 

in Figure 3. 

 

Figure 3. Graphical overview of the high-voltage transmission line based on an equivalent circuit. 

By taking the limit 𝛥𝑥 → 0 and applying Kirchoff’s voltage law (KVL) and Kirchoff’s current 

law (KCL), the governing relations reduce to the classical telegrapher equations [21]: 
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𝜕𝑣(𝑥,𝑡)

𝜕𝑥
= −𝐿(𝑇)

𝜕𝑖(𝑥,𝑡)

𝜕𝑡
− 𝑅(𝑇, 𝑤)𝑖(𝑥, 𝑡),     (1) 

𝜕𝑖(𝑥,𝑡)

𝜕𝑥
= −𝐶(𝑇)

𝜕𝑣(𝑥,𝑡)

𝜕𝑡
− 𝐺(𝑇, 𝑤)𝑣(𝑥, 𝑡).     (2) 

The temporal and spatial evolution of the thermal field is described by the one-dimensional heat 

conduction equation which incorporates the effects of Joule and dielectric heating, and is expressed as: 

(𝜌𝐶𝑝)
𝜕𝑇(𝑥,𝑡)

𝜕𝑡
= 𝑘

𝜕2𝑇(𝑥,𝑡)

𝜕2𝑥
+ 𝑅(𝑇, 𝑤)𝑖2(𝑥, 𝑡) + 𝐺(𝑇, 𝑤)𝑣2(𝑥, 𝑡) − ℎ(𝑇(𝑥, 𝑡) − 𝑇∞),  (3) 

This heat equation connects electrical losses to thermal behavior and allows us to predict thermal 

performance and stability, as well as to locate where performance may deteriorate. 

2.1. First-order fractal-fractional form 

We introduced the fractal-fractional operator in the Caputo sense to extend the modelling 

framework. This operator provides an enhanced formulation that combines the principles of fractal 

geometry and fractional calculus and offers a powerful tool for capturing the memory effect, and non-

local behavior in the governing equations. After incorporating the temporal fractal-fractional operator 

into Eqs (1–3), the governing equations takes the following forms: 

𝜕𝑣(𝑥,𝑡)

𝜕𝑥
= −𝐿(𝑇) 𝐷𝐹𝐹𝐶

𝑡
𝛼,𝛽

𝑖(𝑥, 𝑡) − 𝑅(𝑇, 𝑤)𝑖(𝑥, 𝑡),     (4) 

𝜕𝑖(𝑥,𝑡)

𝜕𝑥
= −𝐶(𝑇) 𝐷𝐹𝐹𝐶

𝑡
𝛼,𝛽

𝑣(𝑥, 𝑡) − 𝐺(𝑇, 𝑤)𝑣(𝑥, 𝑡),     (5) 

(𝜌𝐶𝑝) 𝐷𝐹𝐹𝐶
𝑡
𝛼,𝛽

𝑇(𝑥, 𝑡) = 𝑘
𝜕2𝑇(𝑥,𝑡)

𝜕2𝑥
+ 𝑅(𝑇, 𝑤)𝑖2(𝑥, 𝑡) + 𝐺(𝑇, 𝑤)𝑣2(𝑥, 𝑡) − ℎ̑(𝑇(𝑥, 𝑡) − 𝑇∞). (6) 

Here, 𝐷𝐹𝐹𝐶
𝑡
𝛼,𝛽

𝑓(𝑡)represent fractal-fractional derivative operator in the Caputo sense [22]. 

𝐷𝐹𝐹𝐶
𝑡
𝛼,𝛽

𝑓(𝑡) =
1

𝛤(1 − 𝛼)

𝑑

𝑑𝑡𝛽
∫

𝑓(𝜏̃)

(𝑡 − 𝜏̃)𝛼
𝑑𝜏̃

𝑡

0

, 0 < 𝛼, 𝛽 ≤ 1, 

where 0 < 𝛼 ≤ 1 denotes the fractional-order controlling the temporal memory effect; and 0 < 𝛽 ≤ 1 

represents the fractal dimension, which accounts for spatial heterogeneity and geometric irregularity 

within the physical domain and 𝜏̃denotes the integration variable. 

Initial conditions 

𝑡 = 0: 𝑣(𝑥, 0) = 0, 𝑖(𝑥, 0) = 0, 𝑇(𝑥, 0) = 𝑇∞, 0 ≤ 𝑥 ≤ ℓ.    (7) 

Initially, the line is assumed to be unenergized, with both the voltage and current set to zero. This 

assumption is conventional in transient analysis and is compatible with the Caputo derivative 

framework, since only classical initial conditions are required. Furthermore, the line temperature is 

taken to be in thermal equilibrium with ambient surroundings. 
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Boundary conditions 

At the source end: 

(𝑥 = 0): 𝑣(0, 𝑡) = 𝑣𝑠(𝑡), 𝑡 > 0,       (8) 

At the load end: 

(𝑥 = ℓ) 𝑣(ℓ, 𝑡) = 𝑍𝐿𝑖(ℓ, 𝑡), 𝑡 > 0.       (9) 

The input voltage to the line is set as 𝑣𝑠(𝑡), which make take the form of sinusoidal, pulse, or step 

input, among others. This specification enables the study of how a given voltage propagates through 

the fractal-fractional lossy line. The load terminal is connected to the impedance 𝑍𝐿, which couples 

the voltage and current at the receiving end, thereby accounting for reflections that arise under a 

match (𝑍𝐿 = 𝑍0) or mismatch (𝑍𝐿 ≠ 𝑍0). 

Thermal boundary conditions 

𝑇(0, 𝑡) = 𝑇∞, 𝑇(ℓ, 𝑡) = 𝑇∞, 𝑡 > 0.      (10) 

Here, 𝑇∞ represents the ambient temperature. 

The following dimensionless variables are introduced to simplify the governing equations and 

reduce the number of physical quantities involved in the analysis. 

𝑥̂ →
𝑥

𝑙
, 𝑡̂ →

𝑡

𝜏
, 𝑣 →

𝑣

𝑉0
, 𝑖̂ →

𝑖

𝐼0
, 𝛩̂ =

𝑇−𝑇∞

𝛥𝑇
, 𝜏 = √𝐿0𝐶0, 𝐼0 =

𝑣0

𝑍0
, 𝑍0 = √

𝐿0

𝐶0
.   (11) 

By incorporating the dimensionless variables defined in Eq (11), the governing equations can be 

reformulated into their fractal-fractional dimensionless form, which is expressed as follows: 

𝑣𝑥(𝑥̂, 𝑡̂) = −𝐿̂(𝛩̂) 𝐷𝐹𝐹𝐶
𝑡
𝛼,𝛽

𝑖̂(𝑥̂, 𝑡̂) − 𝑅̂(𝛩̂)𝑖̂(𝑥̂, 𝑡̂),     (12) 

𝑖̂𝑥(𝑥̂, 𝑡̂) = −𝐶̂(𝛩̂) 𝐷𝐹𝐹𝐶
𝑡
𝛼,𝛽

𝑣̂(𝑥̂, 𝑡̂) − 𝐺̂(𝛩̂)𝑣(𝑥̂, 𝑡̂),     (13) 

𝛩̂𝑡(𝑥̂, 𝑡̂) = 𝐹0𝛩̂𝑥𝑥(𝑥̂, 𝑡̂) + 𝐽
𝑅̂(𝛩̂)

𝑅̂(0)
𝑖̂2(𝑥̂, 𝑡̂) + 𝛬

𝐺̂(𝛩̂)

𝐺̂(0)
𝑣2(𝑥̂, 𝑡̂) − 𝐵𝑖𝛩̂(𝑥̂, 𝑡̂).   (14) 

Correspondingly, the initial and boundary conditions can also be reformulated in a dimensionless 

framework. The resulting expressions are: 

𝑡̂ = 0: 𝑣(𝑥̂, 0) = 0, 𝑖̂(𝑥̂, 0) = 0, 𝛩̂(𝑥̂, 0) = 0.     (15) 

At the source, they are 

𝑥̂ = 0, 𝑣(0, 𝑡̂) = 𝑣𝑠(𝑡̂), 𝑡̂ > 0,      (16) 

At the end, they are 

𝑥̂ = 1, 𝑣(1, 𝑡̂) = 𝑍̂𝐿𝑖𝑠(1, 𝑡̂), 𝑡̂ > 0.     (17) 

And the thermal boundary conditions are 

𝛩̂(0, 𝑡̂) = 0, 𝛩̂(1, 𝑡̂) = 0. 𝑡̂ > 0,      (18) 
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where 𝑍̂𝐿 =
𝑍𝐿

𝑍0
 is the load impedance normalized by the characteristic impedance 𝑍0. 

During the dimensional analysis, the following physical dimensionless parameters are obtained: 

𝑅̂(𝛩̂) =
𝑅(𝑇, 𝑤)ℓ

𝑍0
, 𝐿̂(𝛩̂) =

𝐿(𝑇)

𝐿0
, 𝐺̂(𝛩̂) = 𝐺(𝑇, 𝑤)𝑍0ℓ, 𝐶̂(𝛩̂) =

𝐶(𝑇, 𝑤)

𝐶0
, 

𝐽 =
𝑅0𝐼0

2𝜏

𝜌𝐶𝑝𝛥𝑇
, 𝛬 =

𝐺0𝑉0
2𝜏

𝜌𝐶𝑝𝛥𝑇
, 𝐹0 =

𝑘𝜏

𝜌𝐶𝑝ℓ2
, 𝐵𝑖 =

ℎ̃𝜏

𝜌𝐶𝑝
. 

Here, 𝐽, 𝛬, 𝐹0, and 𝐵𝑖 represent the Joule heating parameter, leakage heating parameter, Fourier 

number, and the Biot like number, respectively. 

The model couples the electrical and thermal fields through Joule and dielectric heating effects. 

Temperature influences the electrical parameters (resistance, conductance), while these, in turn, affect 

the heat generation term. In order for the coupled system to remain mathematically stable and 

physically bounded, the following general conditions must be satisfied by the equations. 

• The distributed parameters 𝑅̂, 𝐿̂, 𝐺̂, and 𝐶̂  and the thermal coefficients 𝐽, 𝐹0, 𝐵𝑖, and 𝛬 are 

taken as positive definite, ensuring dissipative behavior of the system. 

• The fractal-fractional orders 𝛼, 𝛽 ∈ 0,1 are chosen to preserve the boundedness of the operator 

𝐷𝐹𝐹𝐶
𝑡
𝛼,𝛽

, ensuring that energy dissipation dominates over amplification. 

• The energy norm associated with the coupled system satisfies, 

𝑑𝐸̃

𝑑𝑡
≤ 𝛿𝐸̃ + 𝑄(𝑡), 

where 𝐸̃ represents the total energy of the system, 𝛿 > 0 is the damping rate, and 𝑄(𝑡) is a bounded 

source term due to Joule and dielectric heating. In this case, the solution trajectories are bounded, and 

the system tends asymptotically to a steady state. 

3. Numerical scheme 

In this part of the manuscript, a thorough description of the numerical scheme and its application 

to the fractal-fractional model is provided. 

3.1. Time discretization 

The time derivative 
𝜕𝛼𝑣̂(𝑥̂,𝑡̂)

𝜕𝑡̂𝛼
 is discretized using the Liouville-Caputo fractional derivative [23] 

for 𝛼 ∈ (0,1), which is given by, 

𝜕𝛼𝑣̂(𝑥,𝑡̂)

𝜕𝑡̂𝛼 = {

1

𝛤(1−𝛼)
∫

𝜕𝑣(𝑥̂,𝜏̃)

𝜕𝜏̃
(𝑡̂ − 𝜏̃)−𝛼𝑑𝜏̃, 0 < 𝛼 < 1,

𝑡

0

𝜕𝑣̂(𝑥̂,𝑡̂)

𝜕𝑡̂
, 𝛼 = 1.

      (19) 

Let 𝑡̂0, 𝑡̂1, . . . . . . . 𝑡̂𝐻 represent equally spaced time intervals within the range [0, 𝑇], with 𝑡̂ℎ = ℎ𝜂 , 

where ℎ = 0,1,2, . . . . , 𝐻. The time-step size is denoted by 𝜂. The fractional time derivative at 

the (ℎ + 1)𝑡ℎ time level is approximated by, 
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𝜕𝛼𝑣(𝑥̂, 𝑡ℎ+1)

𝜕𝑡̂𝛼
=

1

𝛤(1 − 𝛼)
∫

𝜕𝑣(𝑥̂, 𝜏̃)

𝜕𝜏̃
(𝑡̂ℎ+1 − 𝜏̃)−𝛼𝑑𝜏̃,

𝑡ℎ+1

0

 

≈
1

𝛤(1−𝛼)
∑ ∫

𝜕𝑣̂(𝑥̂,𝜏̃𝑠)

𝜕𝜏̃
(𝑡̂𝑠+1 − 𝜏̃)−𝛼𝑑𝜏̃,

(𝑠+1)𝜂

𝑠𝜂
ℎ
𝑠=0     (20) 

By performing the integration, we get the approximation 

𝜕𝛼𝑣̂(𝑥̂,𝑡̂ℎ+1)

𝜕𝑡̂𝛼 ≈ {
𝑎0(𝑣ℎ+1 − 𝑣ℎ) + 𝑎0 ∑ 𝑏 (𝑣ℎ+1−𝑠 − 𝑣ℎ−𝑠), ℎℎ

𝑠=1 ≥ 1,

𝑎0(𝑣̂1 − 𝑣0), ℎ = 0,
   (21) 

where 𝑎0 =
𝜂−𝛼

𝛤(2−𝛼)
 and 𝑏𝑠 = (𝑠 + 1)1−𝛼 − 𝑠1−𝛼, for 𝑠 = 0,1,2, . . . . . , ℎ. 

3.1.1. Implementation of the LRBF scheme 

In this study, we utilize the LRBF scheme [24] to solve the governing equations of the 

system. This method is particularly effective for solving complex, non-linear partial differential 

equations (PDEs) in a mesh-free manner. For each node 𝑥̂𝑗  a local support region is defined by 

selecting a set of 𝑛𝑗 neighboring points from the set of all points {𝑥̂1, 𝑥̂2, . . . . . . 𝑥̂𝑁𝑛}, with 𝑛𝑗 ≪ 𝑁𝑛, 

ensuring that the support domain around each node is compact. The mth-order derivative at node 𝑥̂𝑗  is 

approximated as a weighted sum of the values at the neighboring points: 

𝑣(𝑚)(𝑥̂𝑗) ≈ ∑ 𝜆𝑘
(𝑚)

𝑣̂(𝑥̂𝑗𝑘)
𝑛𝑗

𝑘=1 ,        (22) 

where the 𝜆𝑘
(𝑚)

 are the unknown weighting coefficients to be determined. 

The coefficients 𝜆𝑘
(𝑚)

 are calculated by solving a system that involves the LRBF 𝜓(𝑚)(‖𝑥̂𝑗 −

𝑥̂𝑙‖), which are used to express the approximation for the 𝑚𝑡ℎ derivative at the neighboring nodes. 

The relation is given by, 

    𝜓(𝑚)(‖𝑥̂𝑗 − 𝑥̂𝑙‖) = ∑ 𝜆𝑗𝑘
(𝑚)

𝜓(‖𝑥̂𝑗𝑘 − 𝑥̂𝑙‖), 𝑙 = 𝑗1, 𝑗2, . . . . . . 𝑗𝑛𝑗

𝑛𝑗

𝑘=1 .    (23) 

In matrix form, the equation above is represented as follow: 

𝛹(𝑚) = 𝐴𝜆(𝑚),         (24) 

where 𝛹(𝑚) = [𝜓𝑗1

(𝑚)
(𝑥̂𝑗), . . . . . , 𝜓𝑗𝑛𝑗

(𝑚)
(𝑥̂𝑗)]

𝑇

represents the RBF values at the neighboring nodes, 

𝜆(𝑚) = [𝜆𝑗1

(𝑚)
, . . . . . . . , 𝜆𝑗𝑛𝑗

(𝑚)
]

𝑇

is the vector of unknown coefficients, and the matrix A is defined as 

𝐴𝑘𝑙 = 𝜓(‖𝑥̂𝑗𝑘 − 𝑥̂𝑗𝑙‖), which maintains the RBF distances between each pair of neighboring nodes. 
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The system of equations for the coefficients 𝜆𝑘
(𝑚)

 is solved by: 

𝜆(𝑚) = 𝐴−1𝛹(𝑚).        (25) 

Finally, the derivative approximation at the node 𝑦𝑗  is obtained by taking the weighted sum of the 

values of the function 𝑣(𝑥̂𝑘) at the neighboring nodes, yielding: 

𝑣(𝑚)(𝑥̂𝑗) = (𝜆(𝑚))
𝑇

𝑉𝑛𝑗,       (26) 

where 𝑉𝑛𝑗 = [𝑣(𝑥̂𝑗1
), . . . . . . . , 𝑣 (𝑥̂𝑗𝑛𝑗

)]
𝑇

is the vector of function values at the neighboring nodes. This 

local RBF method offers a robust and flexible approach for solving differential equations in a mesh-

free environment, making it highly suitable for complex geometries and problems involving irregular 

domains. 

3.1.2. The weighted scheme 

In this section, the 𝜽-weighted scheme is applied to the governing equation, and the time-

fractional derivative is substituted using the discretization method. This results in the following 

equation: 

𝑎0𝑣ℏ+1 − 𝜃£𝑣ℏ+! = {
𝑎0𝑣ℏ + (1 − 𝜃) − 𝑎0 ∑ 𝑏𝑠(𝑣ℏ−𝑠+1 − 𝑣ℏ−𝑠)ℏ

𝑠=1 , ℏ ≥ 1;

𝑎0𝑣0 + (1 − 𝜃)£(𝑣̂0), ℏ = 0.
   (27) 

Next, the meshless method is employed, where the value of 𝑣(𝑥̂, 𝑡̂ℏ+1) is interpolated using the LRBF 

scheme. Substituting the values obtained from the LRBF scheme leads to the following expression: 

(𝑎0𝐼 − 𝜃£)𝑣ℏ+1 = {
(𝑎0𝐼 + (1 − 𝜃)£)𝑣ℏ − 𝑎0 ∑ 𝑏𝑠(𝑣ℏ−𝑠+1 − 𝑣ℏ−𝑠)ℏ

𝑠=1 , ℏ ≥ 1;

(𝑎0𝐼 + (1 − 𝜃)£)𝑣0, ℏ = 0.
  (28) 

Rearranging the terms and simplifying the notation, we obtain the final form. 

(𝑎0𝐼 − 𝜃𝐿)𝑣ℏ+1 = {
(𝑎0𝐼 + (1 − 𝜃)£)𝑣̂ℏ − 𝑎0 ∑ 𝑏𝑠(𝑣ℏ−𝑠+1 − 𝑣ℏ−𝑠)ℏ

𝑠=1 , ℏ ≥ 1;

(𝑎0𝐼 + (1 − 𝜃)𝐿)𝑣̂0, ℏ = 0,
  (29) 

where 𝐼 represents the identity matrix, and 𝐿 denotes the weight matrix associated with the differential 

operator £. 

Finally, the solution at the next time level 𝑡̂ℏ+1 is computed using the following expression: 

𝑉ℏ+1 = 𝑀−1𝑁𝑉ℏ + 𝑀−1𝐺ℏ+1, 𝑓𝑜𝑟ℏ ≥ 0,      (30) 

where the matrices are defined as: 

𝑀 = 𝑎0𝐼 − 𝜃𝐿, 𝑁 = 𝑎0𝐼 + (1 − 𝜃)𝐿,       (31) 
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The vector 𝐺ℏ+1 is given by, 

𝐺ℏ+1 = 𝐺1
ℏ+1 + 𝐺2

ℏ+1, 𝑓𝑜𝑟ℏ ≥ 0.       (32) 

The components of 𝐺ℏ+1 are 

𝐺1
ℏ+1 = (𝑔1

ℏ+1, 0, . . . , 𝑔2
ℏ+1) and 𝐺2

ℏ+1 = −𝑎0 ∑ 𝑏𝑠(𝑉ℏ−𝑠+1 − 𝑉ℏ−𝑠)ℏ
𝑠=1 ,   (33) 

where 𝑔1
ℏ+1 and 𝑔2

ℏ+1 are the known functions determined by the boundary conditions (BCs). The 

scheme in Eq (30) is then used to compute the solution at any desired time level 𝑡̂ℏ. 

3.1.3. Stability and convergence 

The scheme presented in Eq (30) is essentially a recurrence relation that computes the solution at 

the time 𝜂𝑠+1 based on the solution at the time 𝜂𝑠 . The matrix 𝐸 = 𝑀−1𝑁 is referred to as the 

amplification matrix, and its elements depend on the constant 𝜅 =
𝑑𝜂

ℎ𝜁, where 𝑑𝜂is the time step, ℎ is 

the spatial distance between two consecutive nodes, and 𝜁 is the order of the spatial differential 

operator. Let 𝑢𝑠  represent the exact solution of the model equation at time 𝜂𝑠. 

Theorem 1. Let 𝛺 ⊆ ℜ𝑟 be a bounded, open set that satisfies an interior cone condition. Assume that 

𝛷 ∈ 𝐶2𝜅(𝛺 × 𝛺) is symmetric and strictly conditionally positive definite of order 𝑚on ℜ𝑟 . The 

interpolant to a function 𝑓 ∈ 𝑁𝜙(𝛺), based on the (𝑚 − 1)-unisolvent set 𝜒, is denoted by 𝑃𝑓. If we 

fix 𝛾 ∈ ℕ0
𝑟  with |𝛾| ≤ 𝜅, then there exist positive constants 𝐶 and ℎ0 (independent of 𝑥, 𝑓, 𝑎𝑛𝑑, 𝛷) 

exist such that the following inequality holds: 

|𝐷𝛾𝑓(𝑥) − 𝐷𝛾𝑃𝑓(𝑥)| ≤ 𝐶ℎ𝜒,𝛺
𝜅−|𝛾|

√𝐶𝛷(𝑥)|𝑓𝑁𝜙(𝛺)|,     (34) 

provided that ℎ𝜒,𝛺 ≤ ℎ0. The term 𝐶𝛷(𝑥) is defined as: 

( )
( )

( )
20

1 1

, , ,,
2

,max max
r w y B x c hN

C x D D w y 

 
  



 
+ =

=  .     (35) 

For complete proof, refer to [25]. 

By applying Theorem 1 to infinitely smooth functions such as the GA (generalized approximation) 

or the generalized (inverse) MQ (multiquadric) RBFs, we immediately obtain arbitrarily high algebraic 

convergence rates. Specifically, for every 𝜅 ∈ ℕ and |𝛾| ≤ 𝜅, the following inequality holds: 

|𝐷𝛾𝑓(𝑥) − 𝐷𝛾𝑃𝑓(𝑥)| ≤ 𝐶ℎ
𝜅−|𝛾||𝑢𝑁𝜙(𝛺)|,      (36) 

where 𝑓 ∈ 𝑁𝜙(𝛺) represents the native space of RBFs. Extensive studies have been conducted to 

explore the dependence of the constant 𝐶𝜅 on 𝜅 [26]. 

In this study, the MQ RBF is utilized, leading to the conclusion that: 
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|𝐷𝛾𝑈(𝑥) − 𝐷𝛾𝑢(𝑥)| ≤ 𝐶𝜅ℎ
𝜅−|𝛾||𝑈𝑁𝜙(𝛺)|.      (37) 

Next, suppose that the scheme (30) is 𝑝𝑡ℎ -order accurate in space. We then have the following 

approximation: 

𝑢𝑠+1 = 𝐸𝑢𝑠 + 𝐴𝑀−1𝐺𝑠+1 + 𝑜((𝑑𝜂)2−𝛾 + ℎ
𝑝), 𝑑𝜂, ℎ → 0.    (38) 

Let ∈𝑠= 𝑢𝑠 − 𝑈𝑠 represent the residual. Then the residual at the next time step is given by: 

∈𝑠+1= 𝐸 ∈𝑠+ 𝑜((𝑑𝜂)2−𝛾 + ℎ
𝑝), 𝑑𝜂, ℎ → 0.      (39) 

According to Lax-Richtmyer’s stability conditions [27], the scheme (30) is stable if 

‖𝐸‖ ≤ 1,         (40) 

where 𝐸 is a normal matrix; and in this case, ‖𝐸‖ = 𝛾(𝐸). Otherwise, the inequality 𝛾(𝐸) ≤ ‖𝐸‖ 

always holds. Assuming that the step size ℎ is sufficiently small, and that the solution and initial 

conditions of the problem are sufficiently smooth, we must ensure that 𝑑𝜂 → 0 in such a way that the 

ratio 𝜅 =
𝑑𝜂

ℎ𝑝 remains constant. Thus, there exists a constant 𝐶 such that: 

‖∈𝑠+1‖ ≤ ‖𝐸‖‖∈𝑠‖ + 𝐶((𝑑𝜏)2−𝛾 + ℎ
𝑝), 𝑠 = 0,1,2, . . . . , 𝑇 × 𝑀.   (41) 

Since the residual ∈𝑠 satisfies the zero initial conditions and the boundary conditions, ∈0= 0, we can 

use mathematical induction to show that 

‖∈𝑠+1‖ ≤ (1 + ‖𝐸‖ + ‖𝐸‖2+. . . . +‖𝐸‖𝑠−1)𝐶((𝑑𝜏)2−𝛾 + ℎ
𝑝), 𝑠 = 0,1,2, . . . . . 𝑇 × 𝑀.  (42) 

Using the conditions from Eq (40), we conclude that 

‖∈𝑠+1‖ ≤ 𝑠𝐶((𝑑𝜏)2−𝛾 + ℎ
𝑝), 𝑠 = 0,1,2, . . . . . , 𝑇 × 𝑀.    (43) 

Thus, the scheme is convergent. 

4. Results and discussion 

In this section, the numerical results obtained from the electro-thermal fractal-fractional 

transmission line model are presented. The results emphasize the sensitivity of voltage and current 

propagation in a lossy transmission line with thermal feedback under the influence of key physical 

parameters. Particular attention is devoted to the distributed parameters 𝑅̂ L̂ 𝐺̂ and 𝐶̂, which directly 

govern both the electrical propagation and thermal distribution within the line. The numerical 

simulations are performed using the LRBF scheme, which offers a stable and efficient computational 

framework for investigating how these parameters influence the amplitude and phase of voltage within 

the transmission line. The key results, together with their physical and scientific interpretation, are 

discussed below. 

Figures 4 and 5 are plotted to examine the influence of increasing values of series resistance 𝑅̂ 

on voltage and current propagation in transmission lines. Both figures show a decline in voltage and 

current propagation in the transmission line. Series resistance 𝑅̂ indicates the Ohmic loss per unit of 

length. When the value of the parameter 𝑅̂ increases, part of the electromagnetic wave’s energy is 

converted into heat, so less electromagnetic energy remains to maintain the voltage and current 
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amplitude downstream. Moreover, increasing values of 𝑅̂  significantly increase the attenuation, 

which accelerates the exponential decay in voltage and current propagation. Therefore, declines in 

propagations are observed for higher values of  𝑅̂. 

 

Figure 4. Voltage propagation versus series resistance 𝑅̂, when 𝛼 = 0.5, 𝛽 = 0.5, 𝐿̂ =

0.75, 𝐺̂ = 0.15, and  𝐶̂ = 0.75. 

 

Figure 5. Current propagation versus series resistance 𝑅̂  when 𝛼 = 0.5, 𝛽 = 0.5, 𝐿̂ =

0.75, 𝐺̂ = 0.15, and 𝐶̂ = 0.75. 
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Figures 6 and 7 have been plotted to examine the influence of increasing the magnitude of 

inductance 𝐿̂ on voltage and current propagations in a fractal-fractional lossy transmission line. Both 

figures reveal that an increasing inductance leads to a decline in voltage and current propagation in a 

lossy transmission line. An increasing magnitude of 𝐿̂ indicates that line has stronger magnetic energy 

storage, which provides resistance to the waves’ propagations and alters the balance of impedance. As 

a result, the waves struggle to sustain convert voltage and current variations as propagation signals, 

and thus we observe a delayed voltage and current profile. 

Figures 8 and 9 demonstrate the impact of the increasing magnitude of shunt conductance 𝐺̂ on 

voltage and current propagation in a fractal-fractional lossy transmission line. The figures clearly show 

that both voltage and current propagation in a transmission line decline for higher values of 𝐺̂. Higher 

values of 𝐺̂ imply that more current is diverted from the traveling waves, leading to a reduction in 

the longitudinal electromagnetic energy, and thus reducing voltage and current propagation. From a 

mathematical perspective, the shunt conductance 𝐺̂ is directly proportional to the attenuation constant, 

so greater values of 𝐺̂ produce a more rapid exponential decay in the amplitude of voltage along the 

line, and hence we observe decreasing profiles of voltage and current propagation in the transmission 

line. For engineers, understanding the sensitivity to 𝐺̂ guides material and geometry choices, cooling 

and protection design, condition monitoring strategies, and maintenance planning to preserve the 

integrity of voltage and service life. 

 

Figure 6. Voltage propagation versus series resistance 𝐿̂  when  𝛼 = 0.5, 𝛽 = 0.5, 𝑅̂ =

0.5, 𝐺̂ = 0.15, and 𝐶̂ = 0.75. 
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Figure 7. Current propagation versus series resistance 𝐿̂  when  𝛼 = 0.5, 𝛽 = 0.5, 𝑅̂ =

0.5, 𝐺̂ = 0.15, and 𝐶̂ = 0.75. 

 

Figure 8. Voltage propagation versus series resistance 𝐺̂ , when 𝛼 = 0.5, 𝛽 = 0.5, 𝑅̂ =

0.5, 𝐿̂ = 0.75, and 𝐶̂ = 0.75. 
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Figure 9. Current propagation versus series resistance 𝐺̂ , when 𝛼 = 0.5, 𝛽 = 0.5, 𝑅̂ =

0.5, 𝐿̂ = 0.75, and 𝐶̂ = 0.75. 

The influence of capacitance 𝐶̂ on voltage and current propagation in lossy transmission lines 

has been plotted in Figures 10 and 11. Both figures clearly indicate declining profiles for higher 

magnitudes of 𝐶̂. However, in the case of current propagation, the profile initially shows an increasing 

pattern, but with the passage of time, it tends towards a decreasing profile; so in conclusion, the current 

propagation profile is also a decreasing function of larger values of 𝐶̂. This behavior in both the profile 

is physically consistent, as increasing values of capacitance directly affect the impedance, which 

causes slow wave propagation and thereby, we observe a delayed propagation profile for both the 

voltage and current. 

Figure 12 illustrates a comparison between the present (classical) solution and the solution 

reported by Abro et al. [21]. Both the normalized current profiles 𝑖̂(𝑥̂, 𝑡̂), plotted along the 𝑥̂-axis, 

show the excellent overlap of two solutions. The closed correspondence of the oscillatory patterns 

verifies that the present model maintains consistency with theoretical predictions. It also further 

validates the accuracy of the present numerical scheme. 
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Figure 10. Voltage propagation versus series resistance 𝐶̂ when 𝛼 = 0.5, 𝛽 = 0.5, 𝑅̂ =

0.5, 𝐿̂ = 0.75, and 𝐺̂ = 0.15. 

 

Figure 11. Current propagation versus series resistance 𝐶̂  when 𝛼 = 0.5, 𝛽 = 0.5, 𝑅̂ =

0.5, 𝐿̂ = 0.75, and 𝐺̂ = 0.15. 
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Figure 12. Comparative analysis between the present (classical) solution and that of Abro et al. [21]. 

Figure 13 demonstrates how the fractional-order parameter 𝛼 contributes to the thermal analysis 

of lossy transmission lines. The figure provides multiple integral curves for different values of the 

fractional order 𝛼 and shows that the thermal profile is an increasing function of the fractional order. 

The fractional order derivative introduces memory effects, meaning that the rate of temperature change 

depends not only on the present gradient but also on the whole history of the system. The incorporation 

of fractional derivatives provides an advanced mathematical framework for modeling and examining 

thermal behavior in lossy transmission lines. Unlike conventional integer-order models that rely upon 

purely local and memoryless conduction, fractional derivatives incorporate the dependence on the 

underlying history, non-local behavior, and anomalous diffusion. Therefore, temperature increases, 

cooling, and temperature distribution can be better modeled under realistic operating conditions. From 

an engineering point of view, fractional models would improve prediction of thermal estimation, 

reliability checking, and safety factors, therefore contributing to the good design, operation and 

optimization of power transmission systems. However, transmission lines’ surfaces are not smooth 

cylindrical shapes, as the strand layout and surface degradation give them a fractal like surface, which 

make them complex from geometrical perspective. Therefore, the inclusion of fractal order derivative 

in the model offers a framework to study the fractal-like surface of the transmission lines more 

effectively. Increasing the fractal order significantly enhances the convective heat transfer coefficient, 

leading to improved cooling efficiency under certain conditions. Classical thermal models are based 

on the assumption of smooth surfaces and a homogeneous heat transfer, which may lead to incorrect 

temperature estimation. By including a fractal order that considers surface roughness, geometric 

complexity, and memory effects in terms of fractional derivatives, the models provide a more realistic 

representation of actual conductors, ensuring more accurate steady-state and transient thermal profiles. 
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Figure 13. Comparative analysis of classical, fractional, and fractal-fractional order 

thermal field when 𝐹0 = 0.4, 𝐽 = 0.5, 𝛬 = 0.6, and 𝐵𝑖 = 02. 

Figure 14 illustrates the influence of the thermal Fourier number 𝐹0 on thermal distribution. The 

figure shows an increasing trend in the thermal profile with higher values of  𝐹0. The thermal Fourier 

number is a dimensionless parameter and represents the ratio of heat conduction to thermal energy 

storage. Higher values of 𝐹0 indicate that heat conduction occurs rapidly relative to the characteristics 

time scale of the process, and the system is close to thermal equilibrium. This number tells us how 

long the system takes to cool down or heat up. Therefore, as the 𝐹0  increases, thermal diffusion 

becomes more effective, enabling faster distribution of heat along the transmission line during the 

electrical transient. A higher 𝐹0 leads to reduce the local enhancement of losses and thus improves 

the overall stability of voltage and current propagation. 

Figure 15 illustrates the influence of the Joule heating parameter 𝐽 on the thermal distribution 

profile of a lossy transmission line. The figure shows that higher values of 𝐽 lead to an overall rise in 

the thermal distribution profile. The Joule heating parameter is critical in analyzing heat generation in 

transmission lines, as it quantifies the conversion of electrical energy into heat energy. Increasing 

values of 𝐽 mean more heat is generated internally in the system due to the electric current. This 

addition into the system raises localized heating, resulting in an increased temperature profile. 

Figure 16 represents the impact of increasing the values of the dielectric heating parameter 𝛬 on 

the thermal profile of a lossy transmission line. The figure indicates a rising thermal profile for higher 

values of 𝛬 . This variation in the thermal profile is consistent with the physical expectations that 

higher values of 𝛬 indicate greater conversion of electrical energy within dielectric materials into heat. 

As a result, this process adds more heat to the system, thereby raising localized heating. Consequently, 

we observe a higher overall temperature profile along the line. Higher temperatures can lower lines’ 

efficiency, increase sag in overhead conductors, reduce current-carrying capacity, and accelerate 

material degradation. 
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Figure 14. Variations in the thermal profile versus thermal Fourier number 𝐹0 when𝛼 =

0.5, 𝛽 = 0.5, 𝐽 = 0.45, 𝛬 = 0.6, and 𝐵𝑖 = 02. 

 

Figure 15. Variations in the thermal profile versus Joule heating parameter 𝐽 when 𝛼 =

0.5, 𝛽 = 0.5, 𝐹0 = 0.4, 𝛬 = 0.6, and 𝐵𝑖 = 02. 
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Figure 16. Variations in the thermal profile versus the dielectric heating parameter 𝜦 

when 𝛼 = 0.5, 𝛽 = 0.5, 𝐹0 = 0.4, 𝐽 = 0.45, and 𝐵𝑖 = 02. 

Figure 17 demonstrates how the Biot number 𝐵𝑖  influences the thermal profile of a lossy 

transmission line. It is clearly seen from the figure that increasing values of 𝐵𝑖 decrease the thermal 

profile. The Biot number 𝐵𝑖  is a dimensionless parameter that characterizes the ratio of internal 

thermal resistance to external thermal resistance. A higher 𝐵𝑖  indicates that more heat will be 

dissipated from the system, thereby causing the line to lose heat more effectively to the surrounding 

environment and providing improved cooling. As a result, a decreasing thermal profile is reported for 

higher values of 𝐵𝑖. This reduction in temperature also has a direct benefit by increasing the current-

carrying capacity, reducing resistive heating, and reducing power attenuation along the line. 

Furthermore, reduced heat generation contributes to the stabilization of the dielectric properties in 

higher levels, which is favorable to expanding the possibilities of more efficient electric propagation. 

Therefore, the Biot-like number is the key factor for estimating the electro-thermal performance, 

efficiency, and the long-term reliability of lossy transmission lines. 

The fractional and fractal orders (α, β) determine the memory degree and spatial inhomogeneity 

of the system, which determine how the thermal field responds to variations in the other parameters. 

In particular, the larger the order α is, the stronger this memory effect becomes. In other words, larger 

values of α make that system maintain its thermal past with a longer time scale and to take more time 

for reaching steady state. On the other hand, the of fractal order β introduces the degree of a spatial 

nonlocal behavior which modifies the diffusion pathways of thermal energy, leading to smoother or 

more dispersed temperature gradients. 
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Figure 17. Variations in the thermal profile versus the Biot number 𝐵𝑖  when  𝛼 =

0.5, 𝛽 = 0.5, 𝐹0 = 0.4, 𝐽 = 0.45, 𝑎𝑛𝑑 𝛬 = 02. 

These effects interact considerably with the thermal contributions. The thermal source parameter 

J exerts a pronounced influence on the energy dissipation behavior of the system. The thermal memory 

effect is manifested through a reduction in cooling energy for increased values of 𝐽 and lower values 

of either α or 𝐵𝑖, indicating stronger energy retention within the medium. The Biot number (𝐵𝑖) also 

interact closely with the fractional–fractal parameters; for lower values of 𝛼 and 𝛽, conductive heat 

transfer becomes more effective between the surface and its surrounding. Furthermore, the heat 

generation coefficient (𝐹0) and the dielectric heating parameter (Λ) are significantly modulated by the 

fractional and fractal operators. This modulation leads to more diffusion, producing spatially smoother 

and more uniform temperature distributions, whereas smaller fractional-fractal orders induce sharp 

temperature gradients and localized heating zones. 

Figure 18 provides a comparative analysis of results obtained from the finite difference 

method (FDM) and LRBF scheme for the normalized thermal distribution 𝑖 ̂(𝑥̂, 𝑡̂),along the 𝑥̂-axis. 

Both the profiles show strong agreement for the case 𝛼 = 𝛽 = 1. The close agreement between the 

two curves demonstrates that the LRBF scheme reproduces the results of the conventional FDM with 

high precision, confirming the accuracy, stability, and reliability of the proposed numerical approach. 

Figure 19 represents the absolute error of the finite difference method and the present (LRBF) method. 

Since the analytical solution to the problem considered is not available in literature as per our 

knowledge, the numerical results obtained using the finite difference method (FDM) with 500 

uniformly distributed nodes are adopted as a reference solution. The results computed by the proposed 

LRBF method are then compared against this reference to assessing the accuracy and reliability of the 

developed numerical scheme. The corresponding absolute error has been computed in detail and is 

presented in Table 1. 
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Figure 18. Solution comparison of the finite difference method and the present (LRBF) method. 

 

Figure 19. Absolute error of the finite difference method and the present (LRBF) method. 

Table 1. Comparison of the finite difference method and the present (LRBF) method, when 

𝛼 = 0.5, 𝛽 = 0.5, 𝑁 = 51, 𝐹0 = 0.4, 𝐽 = 0.45, 𝛬 = 0.2, and 𝐵𝑖 = 02. 

 t = 0.25 t = 0.50 t = 1 

x FDM LRBF Absolute 

Error 

FDM LRBF Absolute 

Error 

FDM LRBF Absolute 

Error 

0.2 0.0025109 0.0025226 1.18E-05 0.0210385 0.0210255 1.30E-05 0.0795829 0.0795595 2.34E-05 

0.4 0.0054359 0.0054255 1.04E-05 0.0536038 0.0536267 2.29E-05 0.1197594 0.1197175 4.19E-05 

0.6 0.0166034 0.0166216 1.82E-05 0.0808625 0.0808956 3.32E-05 0.1304321 0.1304625 3.05E-05 

0.8 0.0356399 0.0356745 3.47E-05 0.0714903 0.0714214 6.89E-05 0.0976327 0.0974555 1.77E-04 
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5. Conclusions 

In this work, an advanced and novel fractal-fractional model is formulated to analyze the 

propagation of voltage and current in a lossy transmission line along with thermal feedback. Numerical 

simulations are performed using the LRBF scheme, considering the influence of distributed parameters 

such as series resistance, inductance, shunt conductance, capacitance, temperature-dependent losses, 

the Fourier number, Joule heating, the Biot-like number, and dielectric heating along with fractal and 

fractional orders. This study provides a deep insight into how these parameters influence the 

propagation and thermal distribution along the line.  The findings emphasize the importance of 

accounting for memory and non-local effects when assessing the performance and reliability of modern 

transmission systems. 

▪ The results indicate that the fractal-fractional order parameter (𝛼, 𝛽) has a significant impact 

on the thermal field of lossy transmission lines. 

▪ In the figures, it is observed that all the integral curves converge a to steady state depending on 

the value of (𝛼, 𝛽). 

▪ In a comparative study, it has been noticed that the fractal-fractional order model exhibits more 

pronounced memory characteristics compared with the classical, fractional and fractal order 

models. 

▪ The results indicate that voltage and current propagation exhibit a decreasing trend with 

increasing values of the distributed parameters series resistance 𝑅̂, inductance 𝐿̂, conductance 

𝐺̂ , and capacitance 𝐶̂. 

▪ It is noted that the thermal field is a continuous and increasing function of the parameters 

𝐹0, 𝐽, and  Λ  but decreasing function of 𝐵𝑖. 
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