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Abstract: This study thoroughly examined the complex electro-magnetohydrodynamic (EMHD) 

boundary layer flow of ternary hybrid nanofluids (THNP), specifically, Ti6Al4V-ZnO-Fe2O3, over 

stretching-shrinking and permeable surfaces, and recognized the important impact of the nonlinear 

Darcy-Forchheimer law and thermal radiation. The THNP, comprised of three distinct nanoparticles 

including: titanium alloy Ti6Al4V (6% aluminum, 4% vanadium, balance titanium), zinc oxide ZnO, 

and iron oxide Fe2O3 suspended in a base fluid, is used to enhance both thermal and flow properties. 

The model comprehensively addressed inertial effects in porous media through the Darcy-Forchheimer 

drag, as well as the electromagnetic forces and thermal radiation. The governing partial differential 

equations were transformed into nonlinear ordinary differential equations via similarity 

transformations, which were solved through an intelligent numerical approach using artificial neural 
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networks (ANN). A thorough analysis was conducted on the effect of important parameters such as 

the Darcy-Forchheimer permeability, nanoparticle volume fractions, stretching/shrinking rates, 

surface permeability, and radiation intensity on the velocity and temperature profiles. The results are 

shown graphically and discussed, providing insight related to the fluid dynamics and heat-transfer 

phenomena in such advanced systems. 

Keywords: artificial intelligence; artificial neural networks; Darcy-Forchheimer law; THNP; EMHD; 

stretching/shrinking; intelligent numerical approach 

Mathematics Subject Classification: 35A22, 76A05, 76D05, 76S05, 76W05 

 

1 Introduction 

For almost a century, the study of boundary layer flows over many geometries has been a crucial 

element of fluid mechanics research. It has been applied to fields such as aerospace engineering and 

biomedical devices. Recently, a large number of research works have explored various boundary layer 

flow problems. Notable research work on boundary layer flow include those by Abbasbandy et al. [1], 

Hayat et al. [2], Eid and Mahny [3], and Gherieb et al. [4]. The study conducted by Liaqat et al. [5] 

assessed the transient rotating three-dimensional boundary layer flow of micropolar fluid induced by 

the Riga plate. In another researchwork, Liaqat et al. [6] investigated the impact of entropy generation 

on the thermal transport and momentum of a continuous two-dimensional dusty fluid 

magnetohydrodynamic (MHD) migration across an inclined stretched sheet. 

In the past few years, the integration of electromagnetic effects and nanofluid suspensions has 

accelerated advancements in heat and mass transfer, particularly pertinent to contemporary industrial 

applications that include magnetic drug targeting, electromagnetic flow regulation, and sophisticated 

heat exchangers [7–9]. The Darcy-Forchheimer law has been adopted to examine fluid dynamics 

within a porous object and becomes significant in boundary layer study due to its capacity to merge 

viscous and inertial forces in fluid dynamics. The linear connection between the pressure gradient and 

velocity could be discribed by Darcy’s law and the Darcy-Forchheimer law added the important term, 

which is to integrate a quadratic velocity when increasing Reynolds mbers [10–12]. Liaqat et al. [13] 

investigated the problem of steady two-dimensional magnetohydrodynamics (MHD) migration of 

dusty fluid across a stretching sheet with the inclusion of Darcy-Forchheimer porosity and Brownian 

dispersion. The nonlinear behavior is important in electromagnetic applications; for example, Lorentz 

forces can generate intricate flow patterns and velocity profiles. Electromagnetohydrodynamic 

(EMHD) flows show a significant convergence of fluid mechanics and electromagnetic theory, where 

electric and magnetic fields could affect the motion of fluid. The system of governing equations for 

EMHD flows includes extra body forces resulting from the interaction between induced currents as 

well as applied electromagnetic fields. This changes the equations for momentum and energy [14,15]. 

These flows are commonly used in microfluidic devices, plasma physics, and materials processing 

fields where precise control of fluid motion is important. The further development of ternary hybrid 

nanofluids (THNF) implies the most recent development in nanofluid technology. Traditional 

nanofluids usually employ single-type nanoparticles, while ternary hybrid systems mix three different 

types of nanoparticles inside a base fluid to provide synergistic enhancements in thermal conductivity, 

viscosity, and other transport properties [16,17]. The thermal conductivity of optimally formulated 

THNF compositions could increase by as much as 13.3% compared to traditional nanofluid, according 
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to the last experimental research, while maintaining sufficient stability for heating and cooling 

applications [18,19]. Because EMHD boundary layer flows with THNF under Darcy-Forchheimer 

conditions are nonlinear partial differential equations, the analytic solution of this system is 

complicated, which means numerical techniques are required. The system of equations includes 

momentum, energy, and electromagnetic field equations, and thermal physical parameters depend on 

nanoparticle concentration and electromagnetic field strength [13,14,20,21]. Wakif et al. [22] studied 

theoretically the convectively heated nanofluid during its two-dimensional EMHD boundary layer 

flow in the laminar and steady states over a horizontal electromagnetic plate. They found that the 

nanofluid rapidity exhibits an increasing dynamical behavior and the skin friction coefficient shows 

a significant alteration for the nanoparticles’ volume fraction and the porosity effect. The study done 

by Mushahary et al. [23] explored the mixed convective electro-osmotic and electro-

magnetohydrodynamic (EMHD) flow of a coupled stress hybrid nanofluid through a porous vertical 

channel. This investigation shows the impacts of nanofluid nanoparticles, electro-osmosis, thermal 

radiation, an electromagnetic field, variable electrical conductivity, variable porous permeability, and 

thermal radiation on temperature and velocity profiles, entropy generation, and the shear stresses and 

heat transfer rates. Computational fluid dynamics methodologies, although precise, are resource-

intensive and time-consuming for parametric analyses and optimization challenges. Artificial neural 

networks (ANNs) have been used for solving difficult fluid mechanics problems because they are much 

faster than traditional methods. The last investigation has employed ANNs to tackle the multi-

boundary layer and showcased their capacity to identify nonlinear correlations and deliver swift 

resolutions for parametric fluctuations [24–26]. The theorem of universal approximation highlighted 

that well-designed neural networks can closely match any continuous function, which makes them 

great for investigating complicated multi-physics problems such as EMHD flows [27]. With the help 

of machine learning techniques, researchers have used different types of neural networks to predict 

heat transfer coefficients, friction factors, and temperature distributions in nanofluid flows [28,29]. In 

their interesting research, Zia et al. [29] simulated the EMHD Darcy-Forchheimer flow of Casson 

hybrid nanofluid over a stretching surface employing an innovative artificial neural networks (ANNs) 

based on the Levenberg-Marquardt backpropagation scheme. They explored the effects of electro-

osmosis, Joule heating, and porous media interactions on Casson hybrid nanofluid under EMHD-DF 

flow conditions. 

The particular combination of EMHD effects, the Darcy-Forchheimer flow regime, and ternary 

hybrid nanofluids introduces distinct challenges necessitating meticulous attention to network 

architecture, training data generation, and validation methodologies. Even though there has been a lot 

of progress in specific areas of EMHD flows, porous media effects, and nanofluid applications, there 

is still a big gap in our understanding of how they all work together to change the properties of the 

boundary layer. The combined effects of electromagnetic forces, porous media resistance, and ternary 

hybrid nanofluid properties on heat and mass transfer have not been thoroughly studied with modern 

machine learning methods. Also, for engineering to work in the real world, it is important to make 

prediction models for these kinds of complex systems that are easy to use with computers. The primary 

originality of this research is the development of an artificial-intelligence-based framework to 

comprehensively study and understand the Darcy-Forchheimer electromagnetic hydrodynamic 

(EMHD) boundary-layer flow and heat transference behavior of thermal hybrid nanofluids over a 

porous surface. Furthermore, the study focuses on investigating the influence of various physical 

parameters of interest like the magnetic parameter (M), electrical parameter (E), Prandtl number (Pr), 

radiation parameter (Rd), Eckert number (Ec), porosity parameter, and Darcy-Forchheimer parameter 

on the flow dynamics and thermal performances of a THNF-EMHD system. The investigation is 
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performed employing a combination of artificial neural networks (ANNs) and Runge-Kutta numerical 

schemes. 

2 Basic model 

The research investigates the behavior of an incompressible, two-dimensional THNF fluid over a 

flat surface, influenced by a vertically aligned electromagnetic field (comprising magnetic and electric 

fields), the Darcy-Forchheimer law, the radiation source and an opposing pressure gradient. Figure 1 

illustrates the configuration of physical THNF-EMHD flow. 

 

Figure 1. Configuration of THNF-EMHD flow. 

The mass, momentum, and energy governing boundary layer equations for THNFs-EMHD flow 

are as follows: 
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2.        (3) 

The boundary conditions are presented in Table 1: 

Table 1. Boundary conditions. 

 𝑥 → 0 𝑥 → ∞ 

Velocity profiles 𝑢(0) = 𝑢𝑤  𝑎𝑛𝑑 𝑣(0) = 𝑣𝑤 𝑢(∞) = 𝑢∞ 

Temperature profiles 𝑇(0) = 𝑇𝑤 𝑇(∞) = 𝑇∞ 
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where 

{
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.                                (4) 

The Rosseland approximation for radiation is used to calculate the radiative heat flow 𝑞𝑟, and we 

obtain: 

𝜕𝑞𝑟

𝜕𝑦
≈ −

16𝜎∗𝑇∞
3

3𝑘∗
(
𝜕2𝑇

𝜕𝑦2
).                                (5) 
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The following are the modified boundary conditions and governing equations: 
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The boundary conditions of the problem are: 

At 𝜂 → 0: 𝑓(0) = 𝜏,     𝑓′(0) = 𝜆, 𝜃(0) = 1, 

At 𝜂 → ∞: 𝑓′(∞) = 1,      𝜃(∞) = 0,                          (9) 

where: 

𝜏 → is permeability parameter, 

𝜆 → is stretching-shrinking parameter. 

The following is a Descriptions of the physical quantities of importance in this study are presented 

in Table 2: 
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Table 2. The physical quantities. 

Name Expression 

Magnetic parameter 𝑀 =
𝜎𝑓𝐵0

2

𝜌𝑓𝑎0
 

Electrical parameter 𝐸1 =
𝐸0
𝐵0𝑢∞

 

Prandtl number 𝑃𝑟 =
𝜇𝑓𝐶𝑝𝑓

𝑘𝑓
 

Radiation parameter 𝑅𝑑 =
4𝑇∞

3𝜎∗

𝑘𝑓𝐾
∗

 

Eckert number 𝐸𝑐 =
𝑢∞
2

(𝐶𝑝)𝑓∆𝑇
 

Porosity parameter 𝒦𝑝 =
𝜈𝑓𝑥

𝑈∞𝐾̂
 

Darcy-Forchheimer parameter 𝐹𝑟 =
𝑥𝐶𝑏

√𝐾̂
 

And 𝐴𝑖, where 𝑖 = 1 to 5, is taken as (see Appendix A): 

𝐴1 = (1 − 𝜙1)
2.5(1 − 𝜙2)

2.5(1 − 𝜙3)
2.5,

𝐴2 =
𝜌𝑇ℎ𝑛𝑓

𝜌𝑓
,

𝐴3 =
𝜎𝑇ℎ𝑛𝑓

𝜎𝑓
,

𝐴4 =
(𝜌𝐶𝑝)𝑇ℎ𝑛𝑓

(𝜌𝐶𝑝)𝑓
,

𝐴5 = 𝑘𝑇ℎ𝑛𝑓 𝑘𝑓⁄ .

                     (11) 

The non-dimensional form of both the local Nusselt number 〈𝑁𝑢𝑥〉  and the skin friction 

coefficient 〈𝐶𝑓〉 at the plate 〈𝜂 =  0〉 are written in Table 3. 

Table 3. Engineering coefficients. 

Skin friction coefficient 〈𝐶𝑓〉 Local Nusselt number 〈𝑁𝑢𝑥〉 

(𝑅𝑒𝑥)
1 2⁄ 𝐶𝑓 = 2

𝜇𝑇ℎ𝑛𝑓

𝜇𝑓
𝑓′′(0) 

1

(𝑅𝑒𝑥)
1 2⁄

𝑁𝑢𝑥 = −
𝑘𝑇ℎ𝑛𝑓

𝑘𝑓
𝜃′(0) 

where 𝑅𝑒𝑥 is the local Reynolds number. 

3 Methodology of ANNs 

The network diagram (Figure 2) shows an artificial neural network (ANN) architecture for 

modeling the Role of the Darcy-Forchheimer law on EMHD boundary layer flow. It includes input 

layers with parameters like the magnetic and electrical fields, stretching/shrinking parameter, radiation 

source, porosity parameter, Darcy-Forchheimer parameter, hidden layers, and output layers. All of the 

figures are generated by systematically investigating a spectrum of values for a particular parameter, 
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such as: 𝑚 = 0.2,𝑀 =  0.2, 𝜑1 = 𝜑2 = 𝜑3 = 2%, 𝐸1 =  0.2, 𝑅 = 3,𝐾𝑝 = 0.2, 𝜆 = 0.2, 𝜏 = 0. 

 

Figure 2. (a) Network diagram. 

 

Figure 2. (b) ANN architecture. 

The training process in Figure 3(a) was stable and effective, with no overfitting or instability. The 

network reached optimal weights and maintained good performance on the validation set. Figure 3(b) 

displays successful training of a neural network, achieving low errors, strong generalization, and no 
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overfitting, demonstrating a stable and effective training process. The neural network model exhibits 

accurate predictions, minimal bias, and strong generalization capability, as evidenced by the error 

histogram in Figure 3(c), clustered around zero for training, validation, and test sets. From Figure 3(d), 

results show that the points fall approximately on the straight line on the fitted models .In fact, the 

model provides better approximation for the velocity profile. 

 

Figure 3. The key factors of 𝑓′(𝜂). 

 

Figure 4. The validation results of 𝑓′(𝜂). 
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The results of validation 𝑓′(𝜂) (Figure 4) indicate the high congruency of numerical simulations 

and ANN algorithm outcomes, which proves the validity of the suggested model. The good correlation 

emphasizes the validity of the approach of the computations and the assumptions made. This steadiness 

strengthens the credibility of the model to be used in practice and it is therefore critical that scientific 

research should be validated carefully. The findings are also considerate of principles of accuracy and 

honesty, which makes the findings strong and replicable. 

4 Comparison and validation 

The results of the current study were carefully and in detail tested by comparing them with the 

results of previous studies. The results of the current study were compared with the results of [1] and [30] 

as well as the statistical model developed by [31]. The significance of the validation process is 

summarized in both Tables 4 and 5 of the manuscript and compared with 𝑓′′(0), by using different 

values of 𝑀 and τ. In each case, values from the previous studies were very much aligned with the 

values produced from this study. This congruence, in particular, provides evidence regarding the 

reliability, accuracy, and robustness of the results derived from the current study and methodology. 

This validation against prior research establishes confidence in the validity of the proposed model, 

potential use in practice, and lends scientific support for EMHD nanofluid flow, generally. To assess 

the precision of the ANN architecture, we analyze and contrast the outcomes with the numerical 

method for both profiles (i.e., 𝑓′(𝜂) and 𝜃(𝜂)) as presented in Tables 6 and 7. 

Table 4. The comparison of 𝑓′′(0) results with the literature solution for different values of 𝑀. 

𝑀 Abbasbandy et al. [1] Ibrahim Mahariq et al. [31] ANN 

0 1.232599 1.232598 1.23259985 

2 2.346676 2.346679 2.34667925 

Table 5. The comparison of 𝑓′′(0) results with the literature solution for different values of 𝜏. 

𝜏 Zainal et al. [30] Ibrahim Mahariq et al. [31] ANN 

−0.5 1.4956698 1.4956697 1.495669704 

0 1.2325877 1.2325881 1.232588102 

0.5 0.7132950 0.7132949 0.713294903 

Table 6. The comparison between numerical and ANN results for of 𝑓′(𝜂). 

𝜂 Numerical ANN Error 

0.0 0.2 0.2 ~0.0 

2.0 0.65871701 0.658717025 ~5.0 × 10−9 

4.0 0.7991481 0.799148095 ~6.9 × 10−8 

6.0 1.00000013 1.0000000 ~1.3 × 10−7 
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Table 7. The comparison between numerical and ANN results for of 𝜃(𝜂). 

𝜂 Numerical ANN Error 

0.0 1.0 1.0 ~0.0 

2.0 0.23322108 0.233221075 ~1.4 × 10−8 

4.0 0.04997512 0.049975109 ~1.7 × 10−8 

6.0 2.62932611 × 10−8 0.0000000 ~2.6 × 10−8 

5 Results and discussion 

The results presented here outline the complicated effects of the full range of governing 

parameters on the fundamental fluid flow and heat transfer characteristics of the system. In particular, 

this paper shows the effects on the following parameters: the velocity profile 𝑓′(η), describing the 

movement of the fluid; the temperature profile θ(η), describing the heat distribution; the skin friction 

coefficient 𝐶𝑓, representing the frictional resistance at the surface; and finally the Nusselt number 𝑁𝑢, 

describing the convection. Each parameter has been appropriately studied to gain an understanding of 

its connections and effects on the boundary layer flow. This detailed presentation aims to understand 

the complexity of physical phenomena and provide valuable insights for possible applications and 

further research. 

5.1. Effects on velocity profile f′(η) 

Figures 5–12 provide a complete comparison of several critical parameters influencing the 𝑓′(η) 

within the complex EMHD boundary layer flow of a ternary hybrid nanofluid. Considering a stretching 

parameter in Figure 5 is significant since 𝜆 > 0 represents a stretching surface that highly increases 

the velocity of the fluid modeling vigorous fluid motion. Conversely, the negative value of 𝜆 refers 

to a shrinking surface and it causes flow restriction due to the opposing forces within the boundary 

layer. Hence, we find it completely consistent with what is known in the fluid dynamics literature for 

these surfaces. In Figure 6, we illustrate the impact of the 𝐾𝑝 describing an inverse relationship as it 

relates to increasing porosity with reduced fluid velocity. The reduced fluid velocity occurs due to an 

increase in drag resistance due to the porous medium which is an important consideration in the 

application of materials such as in filtration or geothermal energy extraction. Figure 7 focuses on the 

power-law index, which is particularly important in determining the velocity gradient close to the wall; 

larger values of m produce steeper profiles, indicating either an increased acceleration of the fluid or 

deceleration. This allows one to precisely control the properties of non-Newtonian fluid flow. In Figure 

8, we focus on the magnetic parameter, 𝑀. Increasing 𝑀 leads to consistently inhibiting the fluid 

velocity. This decrease in fluid velocity is due to the resistive Lorentz force, which opposes the motion 

of the fluid; this provides confirmation that magnetic fields can provide effective stabilization and 

control for flow in EMHD systems. 

In Figure 9, we examine a resistive force, demonstrating how the Darcy-Forchheimer parameter 

produces significant reductions in 𝑓′(η) due to the increased inertial drag. Consequently, this change 

in drag leads to a more flattened velocity profile illustrating that nonlinear resistance is far more 

dominant in the case of porous flows with high velocities. The effect of τ is shown in Figure 10. It 

clearly shows its role as a modifying influence on the boundary layer dynamics, though the physical 

interpretation requires further investigation. On the other hand, Figure 11 shows the positive influence 
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of the electric field 𝐸. Figure 11 illustrates the development of 𝑓′(η) concerning the electrical field 

strengthened by electrokinetic driving forces. Consequently, this also shows a great potential for flow 

control via the synergistic interplay of electric and magnetic fields. Figure 12 is the final figure in this 

series, where the higher volume fractions correspond to lower velocities due to the higher viscosity of 

nanofluids. This indicates the critical need to carefully balance the thermal advantages of nanoparticles 

with their abilities to inhibit fluid flow. 

 

Figure 5. Effect of stretching/shrinking parameter on velocity profile. 

 

Figure 6. Effect of the porosity parameter on the velocity profile. 
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Figure 7. Impact of the power-law index on the velocity profile. 

 

Figure 8. Effect of magnetic parameter on velocity profile. 

 

Figure 9. Effect of Darcy-Forchheimer parameter on velocity profile. 
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Figure 10. Effect of permeability parameter on velocity profile. 

 

Figure 11. Effect of the electric field on the velocity profile. 

 

Figure 12. Influence of the volume fraction on the velocity profile. 
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5.2. Effects on temperature profile θ(η) 

Figures 13–20 thoroughly demonstrate the complex influences of various parameters on the 𝜃(η) 

in the EMHD boundary layer flow, which are critical to understanding the thermal behavior of the 

system. Figure 13 very clearly shows the thermal response to the stretching-shrinking parameter. For 

example, the shrinking surface (𝜆 < 0) leads to an increase in the temperature of the fluid, while the 

stretching surface (𝜆 > 0) leads to a reduction in the fluid temperature. This behavior is caused by 

changes in the boundary layer thickness and the heat dissipation, and is a well-known characteristic of 

thermal boundary layer analysis. Figure 14 provides details on the 𝐾𝑝  parameter and shows that 

increasing porosity leads to increase the fluid temperature due to heat retention and reduced thermal 

dissipation (thus acting as an insulator), which is understandable in the context of porous media in heat 

exchangers. The power-law index is addressed in Figure 15. It has an indirect impact but it is a 

significant influence on thermal profiles. The large value of m often raises the temperature, because 

the fluid dynamics also change, which shows the link between the fluid rheology and thermal 

characteristics. 

 

Figure 13. Temperature profile variation with the stretching/shrinking parameter. 

 

Figure 14. Effect of Porosity parameter on temperature profile. 
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Figure 15. Effect of the power-law index on the temperature profile. 

Figure 16 considers the magnetic parameter and demonstrates that an increase in M leads to a rise 

in temperature due to Joule heating. There very much exists a very strong need to find a balance 

between magnetic control and thermal management in EMHD systems. Conversely, Figure 17 

demonstrates the beneficial effect seen in the radiation parameter, as increases in Rd lead to a sharp 

decrease in the temperature by enhancing heat dissipation. It is a useful property in monitoring the 

radiation potential and radiation’s cooling potential, which is vital for high-temperature industrial 

processes. Figure 18 suggests a thermal role for porosity parameter τ, but future work is needed to 

clarify τ. It is a thermal influence on the boundary layer heat transfer and indicates shear-thermal 

interactions. Figure 19 looks at the electric field. It is shows that increasing 𝐸 raises the temperature 

through additional Joule heating, emphasizing the dual role of EMHD in flow and heat control as will 

as the need to find a critical balance in device design. Figure 20 is a final figure with a short discussion 

on nanoparticle φ that raises the temperature by enhancing thermal conductivity, but this benefit must 

be balanced against the potential flow impediment due to increased viscosity. Collectively, these 

figures demonstrate how surface dynamics, porous media characteristics, fluid rheology, 

electromagnetic forces, and radiative effects are all interlinked to govern the thermal profile, providing 

sufficient detail to make routing of the design and optimize of advanced thermal management systems 

and EMHD applications. 

 

Figure 16. Effect of magnetic parameter on temperature profile. 
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Figure 17. Effect of radiation parameter on temperature profile

 

Figure 18. Temperature profile variation with the porosity parameter. 

 

Figure 19. Effect of the electric field on the temperature profile. 
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Figure 20. Effect of volume fraction on temperature profile. 

5.3. Combined effects on skin friction and the Nusselt number 

Collectively, Figures 21–24 present a complete, detailed discussion of how different parameters 

interact to impact two critical engineering coefficients, which are the skin friction coefficient and the 

Nusselt number. Both of them provide key information about the fluid flow and heat transfer 

characteristics of the system. Specifically, Figure 21 details a combination effect of porosity and the 

stretching-shrinking parameter on Cf. The relationship is clearly understood in that skin friction 

increases significantly with both increasing porosity, as more drag accompanies the resistance 

generated in the porous medium, and with shrinking surfaces (λ < 0), which inherently generate 

elevated shear stress at the wall. This interaction is critical for applications where minimizing drag is 

crucial, such as in microfluidic devices and lubrication systems, and the complicated impact between 

porous drag and surface dynamics. Subsequently, Figure 22 examines the combined impact of K_p 

and λ on the Nusselt number, which indicates the rate of heat transfer. The interesting opposing trends 

are shown in the analysis, as 𝑁𝑢 decreases with increasing K_p, indicating that porosity acts as an 

insulator, inhibiting efficient heat transfer. It grows with stretching surfaces (λ > 0), as these stretching 

surfaces enhance convective heat transfer by reducing the thermal boundary layer thickness. The 

opposing trend requires a careful balance between the insulating properties of porosity and the heat 

transfer enhancement from stretching. It is very important for improving the thermal performance of 

heat exchangers and similar thermal management devices. The impact of the Darcy-Forchheimer 

parameter and the electric field on Cf is shown in Figure 23. The results show that both inertial drag 

Fr, stemming from the porous medium, and the electric field, acting on the fluid, increase skin friction. 

Ultimately, their combination causes a dramatic increase in energy losses within EMHD flows, which 

can have important implications for system efficiency. This is an important figure because it illustrates 

the inherent trade-offs in controlling a flow; to improve certain flow properties may inadvertently lead 

to increased frictional resistance. Finally, Figure 24 adds to this exploration by exhibiting the combined 

effects of Fr and E on the Nusselt number. The opposite effect is observed, as 𝑁𝑢 increases with 

increasing E which indicates that electric fields improve heat transfer, and is likely through increased 

motion in the fluid with savings in electro-convective effects, while 𝑁𝑢 decreases with increasing Fr. 

This decrease indicates that inertial drag resists heat transfer and it is likely through disrupting the 

thermal boundary layer or decreasing the effectiveness of fluid mixing. Therefore, careful 
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consideration of these two parameters is important for the thermal performance of EMHD systems. 

These four figures represent extremely valuable contributions to understanding the complex interplay 

between fluid dynamics, heat transfer, and electromagnetic forces. These together support the 

development of more efficient EMHD heat transfer models for a range of engineering applications. 

Furthermore, these figures highlight the need for a holistic approach to system optimization. 

 

Figure 21. Combined effects of porosity and stretching/shrinking on the skin friction coefficient. 

 

Figure 22. Combined effects of porosity and stretching/shrinking on the Nusselt number. 
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Figure 23. Combined effects of the Darcy-Forchheimer parameter and electric field on the 

skin friction coefficient. 

 

Figure 24. Combined effects of the Darcy-Forchheimer parameter and electric field on the Nusselt 

number. 

6. Conclusions 

The present study provides a comprehensive investigation into the complex electro-

magnetohydrodynamic boundary layer flow of a ternary hybrid nanofluid past stretching-shrinking 

and permeable surfaces, where the Darcy-Forchheimer law is considered with thermal radiation effects. 

The study successfully applied an artificial neural network as an intelligent numerical technique to 

solve the governing equations, demonstrating its accuracy and robustness. The study can be applied to 

several conclusions, including: 

⚫ The intelligent numerical approach of an ANN was very efficient and reliable, where its prediction 

was strongly aligned with the numerical simulations and existing literature, which proves its 

applicability in such complex fluid dynamics problems. 

⚫ The stretching surfaces (𝜆 > 0) and electric fields dominate in organizing to enhance the fluid 

velocity, whereas an increased porosity parameter, magnetic fields, and Darcy-Forchheimer effects 

were dominant in slowing the flow as a consequence of the increased drag or resistive forces. 



27148 

AIMS Mathematics  Volume 10, Issue 11, 27129–27151. 

⚫ For shrinking surfaces (𝜆 < 0), increased porosity, magnetic fields, and electric fields dominate 

for increasing temperatures, which was often due to reduced thermal dissipation or Joule heating. 

Conversely, stretching surfaces (𝜆 > 0) and thermal radiation promoted cooling. 

⚫ With higher concentrations of nanoparticles, a reduction in fluid velocity due to increased fluid 

viscosity and increases in temperature due to increases in thermal conductivity highlight a critical 

balance for optimal system design. 

⚫ Skin friction also increased using large porosity, shrinking surfaces (𝜆 < 0), Darcy-Forchheimer 

effects, and electric fields, which indicates increased energy losses. 

⚫ The Nusselt number as a gauge of heat transfer performance is typically increased using stretching 

surfaces (𝜆 > 0 ) and electric fields, and typically decreased by increasing porosity and Darcy-

Forchheimer effects. 
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Appendix A 

The thermophysical properties of THNF are presented in both Tables A.1 and A.2. 

Table A.1. Physical properties of nanofluids and THNF. 

Character Formula 

Dynamic viscosity 𝜇𝑡ℎ𝑛𝑓 = 𝜇𝑓(1 − 𝜑1)
−2.5(1 − 𝜑2)

−2.5(1 − 𝜑3)
−2.5 

Density 𝜌𝑡ℎ𝑛𝑓 = (1 − 𝜑1){(1 − 𝜑2)[(1 − 𝜑3)𝜌𝑓 + 𝜑3𝜌𝑠3] + 𝜑2𝜌𝑠2} + 𝜑1𝜌𝑝1  

Specific heat 

(𝜌𝐶𝑝)𝑡ℎ𝑛𝑓
= (1 − 𝜑1) {(1 − 𝜑2) [(1 − 𝜑3)(𝜌𝐶𝑝)𝑓

+ 𝜑3(𝜌𝐶𝑝)𝑠3
]

+ 𝜑2(𝜌𝐶𝑝)𝑠2
} + 𝜑1(𝜌𝐶𝑝)𝑠1

 

Electrical conductivity 

𝜎𝑇ℎ𝑛𝑓

𝜎ℎ𝑛𝑓
=
𝜎𝑠1 + 2𝜎ℎ𝑛𝑓 − 2𝜑1(𝜎ℎ𝑛𝑓 − 𝜎𝑠1)

𝜎𝑠1 + 2𝜎ℎ𝑛𝑓 − 𝜑1(𝜎ℎ𝑛𝑓 − 𝜎𝑠1)
,

𝜎ℎ𝑛𝑓

𝜎𝑛𝑓
=
𝜎𝑠2 + 2𝜎𝑛𝑓 − 2𝜑2(𝜎𝑛𝑓 − 𝜎𝑠2)

𝜎𝑠2 + 2𝜎𝑛𝑓 − 𝜑2(𝜎𝑛𝑓 − 𝜎𝑠2)
,

𝜎𝑛𝑓

𝜎𝑓
=
𝜎𝑠3 + 2𝜎𝑓 − 2𝜑3(𝜎𝑓 − 𝜎𝑠3)

𝜎𝑠3 + 2𝜎𝑓 − 𝜑3(𝜎𝑓 − 𝜎𝑠3)
.

 

Thermal conductivity 

𝑘𝑇ℎ𝑛𝑓

𝑘ℎ𝑛𝑓
=
𝑘𝑠1 + 2𝑘ℎ𝑛𝑓 − 2𝜑1(𝑘ℎ𝑛𝑓 − 𝑘𝑠1)

𝑘𝑠1 + 2𝑘ℎ𝑛𝑓 − 𝜑1(𝑘ℎ𝑛𝑓 − 𝑘𝑠1)
,

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
=
𝑘𝑠2 + 2𝑘𝑛𝑓 − 2𝜑2(𝑘𝑛𝑓 − 𝑘𝑠2)

𝑘𝑝2 + 2𝑘𝑛𝑓 − 𝜑2(𝑘𝑛𝑓 − 𝑘𝑠2)
,

𝑘𝑛𝑓

𝑘𝑓
=
𝑘𝑠3 + 2𝑘𝑓 − 2𝜑3(𝑘𝑓 − 𝑘𝑠3)

𝑘𝑠3 + 2𝑘𝑓 − 𝜑3(𝑘𝑓 − 𝑘𝑠3)
.

 

Table A.2. Thermophysical properties of water and nanoparticles. 

Physical properties ρ (kg/m3) Cp(J/kg. °K) 𝑘(W/m. °K) σ(S/m) 

Water 997.1 4179 0.613 0.05 

𝐓𝐢𝟔𝐀𝐥𝟒𝐕 → ∎𝐬𝟏 4420 0.56 7.2 5.8 × 105 

𝐙𝐧𝐎 → ∎𝐬𝟐 5600 544 19 10−2 

𝐅𝐞𝟐𝐎𝟑 → ∎𝐬𝟑 5200 670 9.7 0.74 × 106 
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