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Abstract: In this work, a Guaranteed-Cost Fuzzy Gain-Composite (GC-FGC) control scheme was 

introduced to stabilize a specialized class of chaotic fractional-order Takagi–Sugeno (T–S) fuzzy 

nonlinear optical systems. The controller design was grounded in fractional-order Lyapunov theory 

and formulated using Linear Matrix Inequality (LMI) conditions, enabling the effective handling of 

the complex chaotic dynamics inherent in such systems. The proposed method ensures asymptotic 

stability and further incorporates a dynamics-free control strategy that remains robust in the presence 

of system uncertainties and input saturation constraints. To decouple the control rules from the specific 

system dynamics, the design leverages the norm-bounded nature of the chaotic system states. 

Furthermore, a deep reinforcement learning framework based on the Soft Actor-Critic (SAC) algorithm 

was employed to fine-tune the internal coefficients of the GC-FGC controller. By optimizing a reward 

function through the SAC agent's neural network, an optimal policy was derived that guarantees finite-

time convergence and satisfied the sliding surface reachability conditions. The effectiveness and 

applicability of the proposed control framework were verified through comprehensive simulations and 

two illustrative numerical case studies. 
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1. Introduction 

Optical systems are fundamental to numerous technological domains, including precision 

imaging, optical communication, biomedical instrumentation, and laser-based applications. Many of 

these systems exhibit complex nonlinear dynamics, especially when modeled in fractional-order 

domains or when chaos is present, as in high-dimensional laser systems [1]. Accurate control of such 

systems is essential for maintaining stability, improving performance, and achieving desired 

operational objectives. However, traditional control techniques often struggle to handle the strong 

nonlinearities, high-dimensional behavior, and modeling uncertainties inherent in advanced optical 

platforms [2]. 

Fractional-order (FO) systems, characterized by differential equations with non-integer order 

derivatives, have attracted significant interest in recent decades due to their superior ability to model 

complex dynamics with memory and hereditary properties [3]. Unlike their integer-order counterparts, 

FO systems offer greater modeling flexibility and accuracy in describing physical phenomena such as 

viscoelasticity, anomalous diffusion, and electromagnetic behavior [4]. In the field of optics, fractional-

order modeling has proven especially valuable for capturing the intrinsic complexity of light-matter 

interactions and the nonlinear dynamics of advanced optical devices [5]. 

FO optical systems extend the classical modeling paradigm by incorporating non-integer 

derivatives, enabling more accurate representation of memory effects, long-range interactions, and 

anomalous diffusion often observed in real-world optical phenomena. These characteristics make FO 

models particularly suited for describing hybrid optical systems and chaotic laser dynamics. However, 

the increased model fidelity comes at the cost of greater mathematical and computational complexity. 

Such systems often exhibit sensitive dependence on initial conditions, parameter uncertainties, and 

complex oscillatory behavior, which can lead to instability and degraded performance. Therefore, the 

development of robust and efficient control strategies for stabilizing FO optical systems is a theoretical 

and practical necessity, especially in scenarios demanding high precision, speed, and resilience to 

disturbance [6]. 

A wide array of control strategies has been developed to tackle the complex behavior of 

nonlinear and fractional-order systems, including PID control [7,8], sliding mode control [9,10], 

adaptive control [11], backstepping techniques [12], and intelligent methods such as fuzzy logic 

control [13,14] and artificial neural networks [15,16]. These approaches have demonstrated varying 

degrees of success in stabilizing optical and chaotic systems, especially under modeling uncertainty 

and external disturbances. However, their effectiveness can be limited when dealing with highly 

nonlinear or high-dimensional systems, particularly those exhibiting fractional-order dynamics. 

In this context, the Takagi–Sugeno (T–S) fuzzy modeling framework offers a promising 

alternative for handling system nonlinearity. By decomposing a nonlinear system into a convex 

combination of linear subsystems using fuzzy membership functions, the T–S approach enables 

systematic controller design through linear matrix inequalities (LMIs) [17]. This structure facilitates 

the application of rigorous mathematical tools for stability analysis and control synthesis, making it 

particularly useful for optical systems with complex, uncertain dynamics. 

The authors of [18] use a membership-function-dependent fuzzy Lyapunov function and a new 

fractional derivative rule to analyze stability and design controllers for fractional-order T–S fuzzy 

systems. In [19], an observer-based adaptive robust control is proposed for FO TS fuzzy systems with 

input uncertainties and output disturbances, using an augmented fuzzy model and LMI-based stability 
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analysis. In [20], a fuzzy FO unknown input observer is designed for fault estimation in nonlinear FO 

systems using the TS fuzzy model. The method decouples unknown inputs and uses LMIs with fuzzy 

Lyapunov functions to ensure observer stability. The authors of [21] propose an adaptive control 

method for fractional-order T–S fuzzy systems with time delays, unknown parameters, and input 

saturation, using an auxiliary system and norm conversion to ensure stability and boundedness.  

An event-triggered integral sliding mode controller is designed for fractional-order T–S fuzzy 

systems using a fuzzy error function and a mixed time-varying/fixed threshold to ensure stability and 

reduce control updates, as done by the authors of [22]. In [23], an output feedback tracking control and 

disturbance rejection method was developed for nonlinear fractional-order systems using a T–S fuzzy 

model and a fractional-order modified repetitive controller, with stability ensured by a fuzzy Lyapunov 

function and LMIs. In [24], an uncertainty and disturbance estimator-based tracking control method 

was developed for interval type-2 fractional-order T–S fuzzy systems with time-varying delays, 

ensuring stability and accurate estimation without prior knowledge of uncertainties, as done by the 

authors. The authors of [25] designed a region-bounded observer for T–S fuzzy systems using a 

membership-dependent Lyapunov–Krasovskii functional and LMI-based conditions, addressing 

disturbances and noise. In [26], an adaptive T–S fuzzy control scheme was proposed for synchronizing 

uncertain fractional-order chaotic systems with input saturation and disturbances, using FO adaptive 

laws and avoiding LMI computations, as done by the authors. In [27], an event-triggered controller 

was proposed for finite-time stabilization of T–S fuzzy systems with time-scale delays, using LMI-

based criteria without relying on delayed state feedback. The authors of [26] proposed an adaptive T–

S fuzzy controller for uncertain fractional-order chaotic systems with input saturation, avoiding LMIs 

and ensuring asymptotic synchronization via FO adaptive laws. In [28], an adaptive fuzzy control 

method based on Q-learning was proposed for fractional-order nonautonomous systems with input 

delay and faults, using fuzzy observers and Lyapunov-based stability analysis within an actor–critic 

framework, as done by the authors. In [29], an optimal fractional-order sliding mode controller was 

designed using the T–S fuzzy model and actor–critic reinforcement learning to ensure stability and 

reduce chattering in FO systems. 

However, despite the notable advancements in the above studies, several limitations remain that 

restrict their practical applicability and robustness, particularly in complex fractional-order systems 

such as chaotic or optical dynamics. These include: 

I. Most researchers focus on stability or synchronization but do not provide a guaranteed-cost 

framework, meaning they lack formal control over the worst-case performance (energy, 

tracking error, etc.). 

II. Several methods rely extensively on solving complex sets of LMIs, especially those using fuzzy 

Lyapunov or Krasovskii functionals, which can be computationally intensive and less scalable 

to higher-order systems. 

III. Input saturation and system constraints are addressed only in a few works and often with 

approximations or conservative assumptions that may limit practical applicability. 

IV. Most controllers use fixed design parameters or adaptive rules derived analytically. They do 

not leverage data-driven or learning-based techniques (e.g., deep reinforcement learning) to 

fine-tune gains for enhanced performance. 

V. While some works target fractional-order or chaotic systems, very few address optical systems 

or complex hybrid fractional-order optical chaos, which present unique challenges in terms of 

dimensionality and sensitivity. 
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VI. Several papers emphasize observer or estimation design (e.g., FFOPIO, region-bounded 

observers), but do not propose comprehensive controller designs for stabilization or 

synchronization under uncertainties. 

Despite the progress achieved in existing studies, the literature lacks a comprehensive framework 

that explicitly integrates guaranteed-cost control with fuzzy gain-composite design for fractional-order 

optical systems. Most researchers have primarily focused on stability or synchronization without 

providing an explicit formulation of cost performance under uncertainty and input saturation. 

Furthermore, the incorporation of adaptive learning mechanisms, such as the SAC algorithm, within 

the T–S fuzzy framework remains largely unexplored, particularly for complex optical systems 

characterized by fractional-order dynamics and high sensitivity to initial conditions. 

The major contributions of this paper can be summarized as follows: 

I. A Guaranteed-Cost Fuzzy Gain-Composite control framework is developed for fractional-order 

nonlinear optical systems, ensuring robust stability and bounded performance under parameter 

uncertainties and input constraints. 

II. The proposed approach explicitly integrates Guaranteed-Cost control with Takagi–Sugeno 

fuzzy modeling, enabling systematic controller design while providing formal performance 

guarantees; an aspect not addressed in prior fuzzy control studies. 

III. The controller effectively handles actuator saturation and input constraints through a gain-

composite design, enhancing practical applicability and robustness. 

IV. A Deep Reinforcement Learning mechanism (Soft Actor–Critic) is employed to adaptively tune 

fuzzy gain parameters, improving convergence speed and adaptability in dynamic 

environments while maintaining guaranteed-cost performance. 

V. The framework is specifically tailored for complex fractional-order chaotic optical systems, 

which have rarely been explored in guaranteed-cost or fuzzy control studies. 

VI. Comparative simulations validate the proposed method, demonstrating superior stability, 

convergence, and disturbance rejection compared to conventional fuzzy and guaranteed-cost 

controllers. 

The remainder of this article is organized as follows. In Section 2, some necessary definitions of 

fractional-order calculus and preliminaries for T-S fuzzy modeling of nonlinear systems are given and 

descriptions the system are provided. The proposed GC-FGC controller is designed in Section 3. A 

Deep Reinforcement Learning (SAC) mechanism is incorporated for adaptive tuning of fuzzy gain 

parameters, enhancing convergence and adaptability; this aspect is detailed in Section 4. Numerical 

computer simulations are presented in Section 5. Finally, this paper ends with concluding remarks in 

Section 6. 

2. Preliminaries and system description 

In this section, we introduce essential definitions related to fractional-order systems and present 

fundamental criteria used in the analysis of their stability. Additionally, key concepts of T-S fuzzy 

modeling are reviewed to facilitate the representation and control of nonlinear FO systems through 

rule-based linear approximations. 

Our main control objective of this study is to design a Guaranteed-Cost Fuzzy Gain-Composite 

(GC-FGC) controller capable of stabilizing fractional-order nonlinear optical systems under parameter 

uncertainties, external disturbances, and input constraints. The proposed framework ensures 
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asymptotic stability and guarantees an upper bound on the performance cost while maintaining 

robustness and adaptability through the integration of deep reinforcement learning. The subsequent 

sections are organized to present the mathematical preliminaries, the proposed control design, and 

numerical validations in a clear and coherent manner. 

2.1. Basic concepts and stability requirements of fractional-order systems 

In this part, we introduce essential definitions related to FO systems and present fundamental 

criteria used in the analysis of their stability. 

Definition 1. The fractional-order Riemann-Liouville integral of order 𝛼 for a function is defined by [30]:  

𝐼𝑡0 𝑡
𝛼Υ(𝑡) = 𝐷𝑡0 𝑡

−𝛼Υ(𝑡) =
1

𝛤(𝛼)
∫

Υ(𝜃)

(𝑡−𝜃)1−𝛼

𝑡

𝑡0
𝑑𝜃     (2.1) 

where 𝑡0 is the initial moment, 𝛼 is a positive real number indicating the integration order, and 𝛤(⋅) 

stands for the Gamma function, which is defined by 𝛤(𝜓) = ∫ 𝑒−𝜃𝑡𝜓−1𝑑𝜃
∞

𝑡0
. 

Definition 2. The Caputo fractional derivative of order 𝛼 ∈ 𝑅+for a function 𝑔(𝑡)is defined as [30]: 

𝐷𝛼𝑔(𝑡) =
1

𝛤(𝑛−𝛼)
∫

𝑔(𝑛)(𝜃)

(𝑡−𝜃)𝛼−𝑛+1

𝑡

𝑎
𝑑𝜃       (2.2) 

where 𝑛 = 𝑚𝑖𝑛{𝑘 ∈ 𝑁, 𝑘 > 𝛼}. 

Using this definition, an uncertain fractional-order system with control input can be modeled as: 

𝐷𝛼𝑥(𝑡) = 𝑔(𝑥, 𝑡, 𝛥, 𝑢),        (2.3) 

where 𝛼 ∈ (0,1) , 𝑥  denotes the system states, 𝑡  is the time variable, Δ represents the system 

uncertainties, and 𝑢 corresponds to the control input. 

Remark 1. The Caputo fractional-order derivative is employed in model (2.2) due to its practical 

advantages for modeling and control of physical systems. Unlike the Riemann–Liouville (R–L) 

derivative, the Caputo formulation allows the use of standard initial conditions defined in terms of 

integer-order derivatives, simplifying implementation and numerical simulations. Furthermore, it 

provides a flexible framework to capture memory and hereditary effects in complex dynamical systems, 

effectively representing nonlocal and history-dependent behaviors. These properties make it 

particularly suitable for control and stability analysis of fractional-order systems. Moreover, under 

standard assumptions, the qualitative dynamic behavior of the system remains similar if the R–L 

derivative is adopted, and the proposed control strategy can be adapted with minor modifications. The 

Caputo derivative also enables a straightforward extension of classical control techniques to the 

fractional-order domain, maintaining compatibility with standard initial-value problems [31–33]. 

Proposition 1 [34]: For 𝑟 − 1 < 𝛼 < 𝑟 ∈ 𝑍+ and 𝑦(𝑡) ∈ 𝐶𝑚[0, 𝑇], then 

𝐷−𝛽 (𝐷𝛽𝑦(𝑡)) = 𝑦(𝑡) − ∑
𝑡𝑘

𝑘!

𝑛−1
𝑘=0 𝑦(0).       (2.4) 

From (2.4), if 𝛼 ∈ (0,1) and 𝑔(𝑡) ∈ 𝐶𝑚[0, 𝑇], in that case 

𝐷−𝛼(𝐷𝛼𝑔(𝑡)) = 𝑔(𝑡) − 𝑔(0).        (2.5) 



27108 

AIMS Mathematics  Volume 10, Issue 11, 27103–27128. 

Lemma 1: Consider real matrices 𝑋, 𝑌, and 𝛯(𝑡) of compatible dimensions, where the matrix 𝛯(𝑡) 

satisfies the condition 𝛯𝑇(𝑡) ⋅ 𝛯(𝑡) ≤ 𝐼. Under this assumption, the following inequality holds: 

±𝑋𝛯(𝑡)𝑌 ± 𝑋𝑇𝛯𝑇(𝑡)𝑌𝑇 ≤ 𝜀𝑋𝑋𝑇 + 𝜀−1𝑌𝑇𝑌.     (2.6) 

This inequality holds true for every positive scalar 𝜀 > 0. 

Proof. See Appendix A. 

Remark 2. Let 𝑋 and 𝑌 be real matrices of compatible dimensions. Then, the following inequality 

holds: 

𝑋𝑇𝑌 + 𝑌𝑇𝑋 ≤
𝑋𝑇𝜋𝑋

𝜀
+ 𝜀𝑌𝑇𝜋−1𝑌 ≤

𝑋𝑇𝜋𝑋

𝜀
+ 𝜀

𝑌𝑇𝑌

𝜆(𝜋)𝑚𝑖𝑛
,     (2.7) 

where 𝜀 > 0 is a scalar, and 𝜆(⋅)𝑚𝑖𝑛 denotes the minimum eigenvalue of the matrix. 

Theorem 1. Consider the non-autonomous fractional-order system [35]: 

𝐷𝛼𝑥(𝑡) = 𝑔(𝑥, 𝑡),         (2.8) 

where 𝑥 = 0 is an equilibrium point, 𝑔(𝑥, 𝑡) satisfies the Lipschitz condition with constant 𝑙 > 0, 

and the order 𝛼 ∈ [0,1]. Suppose there exists a Lyapunov function 𝑉(𝑡, 𝑥(𝑡)) along with class-𝐾 

functions ϒ𝑖 for 𝑖 = 1,2,3, such that: 

ϒ1(‖𝑥‖) ≤ 𝑉(𝑥(𝑡), 𝑡) ≤ ϒ2(‖𝑥‖),       (2.9) 

𝐷𝛼𝑉(𝑥(𝑡), 𝑡) ≤ −ϒ3(‖𝑥‖),       (2.10) 

then the equilibrium points 𝑥 = 0 of system (8) is asymptotically stable. 

2.2. Generalized T-S fuzzy model of fractional-order systems 

In this section, we formulate the control problem for uncertain fractional-order systems 

represented by T-S fuzzy models.  

Assume that the nonlinear, non-autonomous system described in equation (2.3), which includes 

uncertainties and control inputs, can be approximated using a Fractional-Order T-S Fuzzy Model 

(FOTSFM) as follows: 

Model Rule i: 

If 𝑧1(𝑡) is 𝑀𝑖1, and 𝑧2(𝑡) is 𝑀𝑖2, ..., and 𝑧𝑝(𝑡) is 𝑀𝑖𝑝, then 

𝐷𝛼𝑥𝑖(𝑡) = (𝐴𝑖 + 𝛥𝐴𝑖)𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)     𝑖 = 1, . . . , 𝑟.     (2.11) 

Here, 𝑀𝑖𝑗 for (𝑗 = 1. . . . 𝑝) represents fuzzy sets associated with the premise variables, 𝑟 denotes 

the total number of fuzzy IF–THEN rules, and 𝑥(𝑡) ∈ 𝑅𝑛 is the system state vector. The matrices 

𝐴𝑖 ∈ 𝑅
𝑛×𝑛  define the local system dynamics, while 𝑧1(𝑡), … , 𝑧𝑝(𝑡)  are the premise variables. 

Parameter 𝛼 ∈ (0,1) indicates the fractional order of the system. 

The overall output of the generalized T-S fuzzy model is derived through a fuzzy inference 

mechanism as follows: 

𝐷𝛼𝑥(𝑡) =
∑ 𝑤𝑖(𝑧(𝑡))⋅{(𝐴𝑖+𝛥𝐴𝑖)𝑥(𝑡)+𝐵𝑖𝑢(𝑡)}
𝑟
𝑖=1

∑ 𝑤𝑖𝑧(𝑡)
𝑟
𝑖=1

     (2.12) 



27109 

AIMS Mathematics  Volume 10, Issue 11, 27103–27128. 

In the expression above, the vector 𝑧(𝑡) = (𝑧1(𝑡), . . . , 𝑧𝑝(𝑡)) contains the premise variables, and 

the weighting function for the i-th rule is defined as 𝑤𝑖(𝑧(𝑡)) = ∏ 𝑀𝑖𝑗 (𝑧𝑗(𝑡))
𝑝
𝑗=1 , where 𝑀𝑖𝑗 (𝑧𝑗(𝑡)) 

denotes the membership degree of 𝑧𝑗(𝑡) in the fuzzy set 𝑀𝑖𝑗. These membership functions satisfy the 

following conditions: 

∑ 𝑤𝑖(𝑧(𝑡))
𝑟
𝑖=1 > 0,

𝑤𝑖(𝑧(𝑡)) ≥ 0.
       (2.13) 

By introducing normalized weights defined as ℎ𝑖(𝑧(𝑡)) =
𝑤𝑖(𝑧(𝑡))

∑ 𝑤𝑖(𝑧(𝑡))
𝑟
𝑖=1

 , expression (2.13) can be 

reformulated accordingly as: 

𝐷𝛼𝑥𝑖(𝑡) = ∑ ℎ𝑖
𝑟
𝑖=1 (𝑧(𝑡)) ⋅ {(𝐴𝑖 + 𝛥𝐴𝑖)𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)},     (2.14) 

In addition, the following conditions must be satisfied: 

{
∑ ℎ𝑖
𝑟
𝑖=1 (𝑧(𝑡)) = 1,

ℎ𝑖(𝑧(𝑡)) ≥ 0.
        (2.15) 

The terms ℎ𝑖(𝑧(𝑡)) represent the normalized weighting factors associated with each IF–THEN rule. 

3. System demonstration and problem statement 

In this section, we focus on the design of a non-fragile control framework based on T–S fuzzy 

techniques for nonlinear uncertain fractional-order systems. 

3.1. System description 

Consider the following n-dimensional fractional-order nonlinear system subject to model 

uncertainties and external disturbances: 

𝐷𝛼𝑥𝑖(𝑡) = (𝐴𝑖 + 𝛥𝐴𝑖)𝑥(𝑡) + 𝐵𝑖𝑢(𝑡),      (3.1) 

where 𝛼 ∈ (0,1)  denotes the fractional order, 𝑥(𝑡) = [𝑥1(𝑡), … , 𝑥𝑛(𝑡)]
𝑇 ∈ ℝ𝑛 is the state vector, 

𝛥𝐴𝑖 represents unknown system uncertainties, 𝐵𝑖 shows the input-gain-function of the system, and 

𝑢(𝑡) = [𝑢1(𝑡), … , 𝑢𝑛(𝑡)]
𝑇 ∈ ℝ𝑛 is the control input. 

Assuming nonlinear non-autonomous system (3.1) can be represented by a FO TS Fuzzy, the 

model rule i is described as follows: 

Model Rule i: 

If 𝑧1(𝑡) is 𝑀𝑖1,…,and 𝑧𝑝(𝑡) is 𝑀𝑖𝑝,Then 

𝐷𝛼𝑥𝑖(𝑡) = ∑ ℎ𝑖
𝑟
𝑖=1 (𝑧(𝑡)) ⋅ {(𝐴𝑖 + 𝛥𝐴𝑖)𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)},     (3.2) 

where 𝑥(𝑡) ∈ ℝ𝑛 is the state vector of the nonlinear system 𝑧(𝑡) = [𝑧1(𝑡), . . . , 𝑧𝑝(𝑡)]
𝑇
 denotes the 
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premise variables, 𝑀𝑖𝑗 (for 𝑗 = 1, . . . , 𝑝  and 𝑖 = 1, . . . , 𝑟) are fuzzy sets, and r is the total number of 

fuzzy rules. The matrices 𝐴𝑖  and 𝐵𝑖  have compatible dimensions, and, 𝛥𝐴𝑖  corresponds to the 

system’s unknown parameter uncertainties. 

To establish the major results, we begin by defining the cost function associated with system (2.3) 

as follows: 

𝐷−𝛼 = ∫ [𝑥𝑇(𝑠) ⋅ 𝑄 ⋅ 𝑥(𝑠) + 𝑢𝑇(𝑠) ⋅ 𝑅 ⋅ 𝑢(𝑠)]
∞

0
𝑑𝑠,     (3.3) 

where 𝑄 and 𝑅 are given positive definite symmetric matrices. 

Corresponding to the cost function (3.3), the fuzzy guaranteed cost control is defined as: 

Definition 3. For the T–S fuzzy system described by (3.2), if there exists a control input 𝑢(𝑡) and a 

positive scalar 𝐽∗such that the closed-loop system is stable and the cost function satisfies 𝐽 ≤ 𝐽∗, then 

𝐽∗ is referred to as the guaranteed cost, and 𝑢(𝑡) is called the guaranteed cost control law for the T–

S fuzzy system (3.2). 

3.2. System description 

To achieve global asymptotic stabilization of the origin for the system described in (3.3), a fuzzy 

guaranteed cost control strategy based on state feedback is proposed as follows: 

Control Rule j: 

If 𝑧1(𝑡) is 𝑀𝑗1,…, and 𝑧𝑟(𝑡) is 𝑀𝑗𝑟 , Then 

𝑢(𝑡) = −𝐾𝑗𝐿𝑗𝑥(𝑡),        (3.4) 

where 𝐾𝑗 ∈ ℝ
𝑟×𝑛 are state composites gain matrices of appropriate dimensions. 

To allow for possible dynamic weighting in the control structure, define the matrix 𝐿𝑗 =

𝑑𝑖𝑎𝑔(𝐿1
𝑗
, … , 𝐿𝑟

𝑗
) , where 𝐿𝑖

𝑗
∈ {0,1}  acts as a binary scaling or enabling factor. When 𝐿𝑖

𝑗
= 1 , the 

corresponding controller component is active; when 𝐿𝑖
𝑗
= 0, it is deactivated. 

Thus, the Guaranteed-Cost Fuzzy Gain-Composite control law is given by: 

𝑢(𝑡) = −∑ ℎ𝑗(𝑧(𝑡))𝐿𝑗𝐾𝑗
𝑚
𝑗=1 𝑥(𝑡),   𝑡 ≥ 0.     (3.5) 

where ℎ𝑗(𝑧(𝑡)) are the normalized membership functions associated with the fuzzy rules. 

Before deriving the main theorem for determining the control gains 𝐿𝑗𝐾𝑗  a supporting lemma is 

introduced. 

Lemma 2 [36]: (Schur complement).  

Let 𝑆 = (
𝑠11 𝑠12
𝑠21 𝑠22

) be a symmetric matrix such that 𝑠11 = 𝑠11
𝑇 , and 𝑠22 = 𝑠22

𝑇 . Then, the following 

two statements are equivalent: 

(1) 𝑆 < 0 (i.e., the matrix S is negative definite); 

(2) 𝑠22 < 0, 𝑠11 − 𝑠12𝑠22
−1𝑠12

𝑇 < 0.  

In the following, an asymptotic stability condition is established for nonlinear systems modeled 

using T-S fuzzy frameworks.  

Theorem 2. Consider the fractional-order system defined in (3.2). If there exist symmetric positive 

definite matrices 𝑃̂ and controller gain matrices 𝐾̂𝑗 , 𝐿̂𝑗 for all 𝑗 ∈ {1, … ,𝑚} such that the following 

LMI holds for every 𝑖, 𝑗 ∈ {1, … ,𝑚}: 
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𝜓̃𝑖𝑗 = (

𝐴𝑖𝑃̂ + 𝑃̂𝐴𝑖
𝑇 + 𝛥𝐴𝑖𝑃̂ + 𝑃̂𝛥𝐴𝑖

𝑇 − 𝐵𝑖𝐾̂𝑗𝐿̂𝑗 − 𝐾̂𝑗
𝑇𝐿̂𝑗
𝑇𝐵𝑖

𝑇 𝑃̂ 𝐾̂𝑗
𝑇𝐿̂𝑗
𝑇

∗ −𝑄−1 0

∗ ∗ −𝑅−1
) < 0,   (3.6) 

then system (3.2) can be asymptotically stabilized by the state feedback controller given in (3.5). The 

resulting stabilizing gain is computed as: 𝐾𝑗 = 𝐾̂𝑗𝑃̂
−1. 

Furthermore, the cost function defined in (3.3) satisfies the following upper bound: 

𝐽 ≤ 𝐽∗ = 𝑥𝑇(0)𝑃𝑥(0), 

where 𝑃 = 𝑃̂−1. This ensures that the system is stabilized with a guaranteed performance bound. 

𝐽 ≤ 𝐽∗ = 𝑥𝑇(0)𝑃𝑥(0).  

where 𝑃 = 𝑃̂−1 , and non-fragile tolerant control of fractional systems is obtained. 

The stabilizing gain 𝐾𝑗 is obtained by first solving the LMI condition above to determine the 

auxiliary matrices 𝐾̂𝑗and the positive definite matrix 𝑃̂. The final gain is then recovered via 𝐾𝑗 =

𝐾̂𝑗𝑃̂
−1. This approach ensures that the closed-loop system is asymptotically stable while maintaining 

a guaranteed upper bound on the performance index 𝐽 ≤ 𝐽∗ , even in the presence of modeling 

uncertainties and external disturbances. This explicit derivation highlights the connection between the 

LMI-based design and the resulting guaranteed-cost control performance, providing a clear and 

practical procedure for controller synthesis. 

Proof. Consider the following Lyapunov function candidate for the system: 

𝑉(𝑥(𝑡)) = 𝑥𝑇(𝑡) ⋅ 𝑃 ⋅ 𝑥(𝑡),   𝑃 = 𝑃̂−1 > 0.     (3.7) 

Using the Caputo derivative for 0 < 𝛼 < 1 , the derivative of the Lyapunov function along 

trajectories of the system becomes: 

𝐷𝛼𝑉(𝑥(𝑡)) = 𝐷𝛼(𝑥𝑇𝑃𝑥) ≤ 2𝑥𝑇(𝑡)𝑃𝐷𝛼𝑥(𝑡),        (3.8) 

Substituting the closed-loop dynamics of the fractional-order T-S fuzzy system (3.2) under the 

controller (3.5), we obtain 𝐷𝛼𝑥(𝑡) = ∑ ℎ𝑖
𝑟
𝑖=1 (𝑧(𝑡)) ⋅ {(𝐴𝑖 + 𝛥𝐴𝑖)𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)}    and 𝑢(𝑡) =

−∑ ℎ𝑗(𝑧(𝑡))𝐿𝑗𝐾𝑗
𝑚
𝑗=1 𝑥(𝑡). Hence, 

𝐷𝛼𝑉(𝑥(𝑡)) ≤ 2∑ ∑ ℎ𝑖
𝑚
𝑗=1

𝑟
𝑖=1 (𝑧(𝑡))ℎ𝑗(𝑧(𝑡))𝑥

𝑇(𝑡)𝑃(𝐴𝑖 + 𝛥𝐴𝑖 − 𝐵𝑖𝐿𝑗𝐾𝑗) 𝑥(𝑡).   (3.9) 

Using the symmetry of the Lyapunov function, we define: 

Φ𝑖𝑗 = 𝑃(𝐴𝑖 + 𝛥𝐴𝑖 − 𝐵𝑖𝐿𝑗𝐾𝑗) + (𝐴𝑖 + 𝛥𝐴𝑖 − 𝐵𝑖𝐿𝑗𝐾𝑗)
𝑇
𝑃.    (3.10) 

By defining the symmetric matrix Φ𝑖𝑗, the factor of 2 in (3.9) is absorbed, and the Lyapunov 

derivative can be equivalently expressed in terms of Φ𝑖𝑗. Using the convex combination property of 

the fuzzy weights ℎ𝑖(𝑧(𝑡)) and ℎ𝑗(𝑧(𝑡)), the derivative is then rewritten as the double summation in 

(3.11), providing a concise quadratic form representation without explicitly carrying the factor 2. 

which leads to: 

𝐷𝛼𝑉(𝑥(𝑡)) ≤ ∑ ∑ ℎ𝑖
𝑚
𝑗=1

𝑟
𝑖=1 ℎ𝑗𝑥

𝑇(𝑡)Φ𝑖𝑗  𝑥(𝑡).     (3.11) 
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Now, considering the cost function: 

𝐽 = 𝐷−𝛼[𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡)],     (3.12) 

and substituting the control input, we obtain: 

𝑢(𝑡) = −𝐿𝑗𝐾𝑗𝑥(𝑡) ⇒ 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡)  = 𝑥𝑇(𝑡)𝐾𝑗
𝑇𝐿𝑗

𝑇𝑅𝐿𝑗𝐾𝑗𝑥(𝑡). 

Therefore, we construct the following dissipation inequality: 

𝐷𝛼𝑉(𝑥(𝑡)) + 𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡)        

≤ ∑ ∑ ℎ𝑖
𝑚
𝑗=1

𝑟
𝑖=1 ℎ𝑗𝑥

𝑇(𝑡)(Φ𝑖𝑗 + 𝑄 + 𝐾𝑗
𝑇𝐿𝑗

𝑇𝑅𝐿𝑗𝐾𝑗)𝑥(𝑡).     (3.13) 

To handle the uncertain term 𝛥𝐴𝑖, we apply Remark 2, which provides the bound: 

𝑃𝛥𝐴𝑖 + 𝛥𝐴𝑖
𝑇𝑃 ≤

1

𝜀
PΠP + ε𝛥𝐴𝑖

𝑇Π−1𝛥𝐴𝑖 , 

for 𝜀 > 0 and positive definite matrix Π, enabling quadratic bounding of uncertainties. Incorporating 

this into the matrix inequality and applying Lemma 2 (Schur complement), we conclude that the 

condition: 

𝜓̃𝑖𝑗 = (

𝐴𝑖𝑃̂ + 𝑃̂𝐴𝑖
𝑇 + 𝛥𝐴𝑖𝑃̂ + 𝑃̂𝛥𝐴𝑖

𝑇 − 𝐵𝑖𝐾̂𝑗𝐿̂𝑗 − 𝐾̂𝑗
𝑇𝐿̂𝑗
𝑇𝐵𝑖

𝑇 𝑃̂ 𝐾̂𝑗
𝑇𝐿̂𝑗
𝑇

∗ −𝑄−1 0

∗ ∗ −𝑅−1
) < 0.   (3.14) 

By applying Lemma 2 (Schur complement) to the LMI in (3.14) and incorporating the bound on 

the uncertain term Δ𝐴𝑖from Remark 2, we can transform the matrix inequality into a scalar dissipation 

inequality along the system trajectories. This ensures that 

𝐷𝛼𝑉(𝑥(𝑡)) + 𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡) < 0.     (3.15) 

as stated in (3.15). This step formally links the LMI condition to the Lyapunov derivative and 

guarantees that the closed-loop system satisfies the desired stability and performance properties. 

Therefore, from the inequality (3.15), 𝐷𝛼𝑉(𝑥(𝑡)) < 0. We conclude that system (3.3) with (3.4) is 

asymptotically stable. 

Now, by taking fractional order integrating of (3.15) from 0 to ∞, one has 

𝐷−𝛼 (𝐷𝛼𝑉(𝑥(𝑡)) + 𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡)) < 0.     (3.16) 

Using (2.5) in relation (3.16), one obtains  

𝑉(𝑥(𝑡)) − 𝑉(𝑥(0)) + 𝐷−𝛼(𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡)) < 0     (3.17) 

Therefore,  

𝑉(𝑥(𝑡)) + 𝐷−𝛼(𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡)) < 𝑉(𝑥(0)).     (3.18) 
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Since  

𝐷−𝛼(𝑥𝑇(𝑡) ⋅ 𝑄 ⋅ 𝑥(𝑡) + 𝑢𝑇(𝑡) ⋅ 𝑅 ⋅ 𝑢(𝑡))  < 𝑉(𝑥(0)) = 𝑥𝑇(0) ⋅ 𝑃 ⋅ 𝑥(0).    (3.19) 

which implies that the system is asymptotically stable, and the performance index is bounded above 

by 𝐽 ≤ 𝐽∗ = 𝑥𝑇(0)𝑃𝑥(0) . Finally, the control gain is recovered by 𝐾𝑗 = 𝐾̂𝑗𝑃̂
−1 , ensuring that the 

controller stabilizes the system and achieves guaranteed performance despite uncertainties.  

Remark 3. The fractional order 𝛼 ∈ (0,1) introduces memory and hereditary properties into the 

system, meaning the future evolution depends not only on the current state but also on past states. 

Intuitively, this “memory effect” slows the system dynamics and smooths transient responses, which 

can enhance robustness against disturbances. However, this also affects the LMI-based controller 

design: Smaller values of 𝛼 generally impose stricter feasibility conditions on the LMIs, requiring 

more conservative solutions to guarantee asymptotic stability. Conversely, as 𝛼  approaches 1, the 

system behaves more like an integer-order system, and the LMI constraints become less restrictive. 

Therefore, the choice of 𝛼directly impacts the controller conservatism and the achievable performance 

bounds. 

Remark 4. The primary objective of the proposed GC-FGC controller is to asymptotically stabilize 

fractional-order nonlinear optical systems while ensuring an upper bound on the performance cost. The 

framework effectively addresses parameter uncertainties, external disturbances, and input constraints. 

Through the integration of deep reinforcement learning, the controller adaptively fine-tunes its internal 

parameters, enhancing robustness, convergence speed, and overall performance.  

Remark 5. The GC-FGC controller, designed and theoretically analyzed in Section 3, provides formal 

stability guarantees and performance bounds under uncertainties and input constraints. However, the 

controller’s performance critically depends on the selection of internal gain parameters {𝐾𝑖 , 𝐿𝑖 , 𝑄, 𝑅}. 

To enhance adaptability and convergence, Section 4 incorporates the SAC algorithm, which 

continuously updates these parameters based on real-time system states. Specifically, the actor network 

proposes adjustments to the control gains, while the critic network evaluates the resulting cumulative 

reward to refine the parameters iteratively. This learning-assisted mechanism ensures that the GC-FGC 

controller not only maintains guaranteed-cost performance but also dynamically adapts to changing 

operating conditions, disturbances, and model uncertainties, effectively bridging the theoretical design 

with practical implementation. 

4. Set up of Adaptive TS Fuzzy controller using Deep SAC learning 

4.1. Fundamental concepts of MDP and reinforcement learning algorithms 

In practical scenarios, the agent may not have full access to all the system’s states, which 

motivates the use of Markov Decision Process (MDP) modeling. MDPs provide a structured approach 

to represent the system's dynamics, enabling the agent’s policy to be designed based on the system's 

intrinsic behavior. As defined, an MDP assumes that the next state of the environment depends solely 

on the current state, following the Markov property [37]. Conventionally, an MDP is characterized by 

a five-element tuple 〈ℒ, ℬ, 𝒫, ℶ, ℷ〉, defined as follows: 

▪ ℘ ∈ ℒ represents the set of system states (observations). 

▪ 𝑤 ∈ ℬ denotes the set of available actions. 
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▪ The transition function 𝒫: ℒ × ℬ × ℒ → [0, 1)  defines the probability of moving from the 

current observation ℘𝑡 the next observation ℘𝑡+1, given that action 𝑤𝑡 is taken. 

▪ The reward function ℶ ∈ ℒ × ℬ → ℛ  generates scalar feedback from the environment in 

response to the action 𝑤𝑡 taken by the agent. 

▪ A history 𝒽𝑡 = (℘0, 𝑤1, … , 𝑤𝑡−1, ℘𝑡) maintains the complete sequence of observations and 

corresponding actions up to time.  

At each time step, the reinforcement learning agent interacts with the environment based on the 

current observation ℘𝑡 triggering a reward ℶ𝑡. To determine the next action, a policy 𝜑(𝑤|℘) is 

employed, which governs the decision-making behavior of the agent. 

In reinforcement learning tasks, the objective of the agent is to maximize the cumulative 

discounted reward, defined as: 

𝐺𝑡 = ℶ𝑡+1 + ℷℶ𝑡+2 +⋯ = ∑ ℷ𝑘∞
𝑘=0 ℶ𝑡+𝑘+1,      (4.1) 

To facilitate this objective, two key functions are introduced: The state-value function 𝑉𝜑(℘), 

and the action-value function 𝒬𝜑(℘,𝑤) , which are formally defined in Eqs (4.2) and (4.3), 

respectively. 

𝑉𝜑(℘) = 𝔼𝜑[𝐺𝑡|ℒ𝑡 = ℘],        (4.2) 

𝒬𝜑(℘,𝑤) = 𝔼𝜑[𝐺𝑡|ℒ𝑡 = ℘,ℬ𝑡 = 𝑤],       (4.3) 

4.2. The SAC algorithm 

SAC algorithm is a reinforcement learning technique designed to handle complex, high-

dimensional environments by leveraging the representation power of deep neural networks (DNNs). A 

key feature of SAC is the incorporation of entropy regularization, which encourages the policy to 

maintain a trade-off between maximizing cumulative rewards and promoting sufficient randomness in 

action selection. This entropy-aware policy framework helps avoid early convergence to suboptimal 

solutions and enhances the agent's exploration behavior. The learning process in SAC involves 

optimizing the reward signal and the entropy term concurrently [35,36]. 

𝐽(𝜑) = ∑ 𝔼(℘𝑡,𝑤𝑡)~𝜌𝜋
𝑇
𝑡=0 [ℶ𝑡(℘𝑡, 𝑤𝑡) + 𝛽ℋ(𝜑(∙ |℘𝑡))].      (4.4) 

Here, 𝛽 is a tunable hyperparameter that regulates the contribution of entropy in the learning 

objective. The SAC framework comprises three primary deep neural networks: A Q-network, a value 

network (V-net) and a policy network. Additionally, a replay buffer is employed to retain past state 

transitions, which are sampled during training to enhance learning stability. 

The Q-network, with parameters denoted by 𝜃, is updated by minimizing a soft version of the Bellman 

equation, expressed as: 

𝐽𝒬(𝜃) = 𝔼(℘𝑡,𝑤𝑡)~𝐷 [
1

2
(𝒬𝜃(℘𝑡 , 𝑤𝑡) − 𝒬̂(℘𝑡 , 𝑤𝑡))

2
].    (4.5) 

In which 



27115 

AIMS Mathematics  Volume 10, Issue 11, 27103–27128. 

𝒬̂(℘𝑡, 𝑤𝑡) = ℶ(℘𝑡 , 𝑤𝑡) + ℷ𝔼℘𝑡+1~𝜌𝜋[𝑉∅̅(℘𝑡+1)].    (4.6) 

In this context, 𝑉∅̅ denotes the output of the value network, parameterized by ∅, which is used to 

compute gradients during training. 

The value function V is formulated as follows: 

𝐽𝑉(∅) = 𝔼℘𝑡~𝐷 [
1

2
(𝐽𝑉(℘𝑡) − 𝔼℘𝑡~𝜋[𝒬𝜃(𝑤𝑡 , ℘𝑡)] − 𝑙𝑜𝑔𝜑(𝑤𝑡|℘𝑡))

2
].     (4.7) 

Here, 𝐷 represents the data distribution drawn from the experience replay buffer. 

The policy network, with parameters denoted by 𝜛, is optimized using the following objective: 

𝐽𝜑(𝜛) = 𝔼℘𝑡~𝐷 (𝐷𝐾𝐿 (𝜑(∙ |℘𝑡)‖
𝑒𝑥𝑝(𝒬𝜃(℘𝑡,∙))

𝒵𝜃(℘𝑡)
)).      (4.8) 

Additionally, the SAC algorithm employs two auxiliary networks: A target Q-network and a target 

policy network. These networks are updated gradually using soft update techniques derived from the 

corresponding primary networks. 

4.3. Guaranteed-Cost Fuzzy Gain-Composite controller design using SAC 

The performance of TS Fuzzy Control is highly sensitive to the choice of its internal parameters. 

To address this, the proposed method employs the SAC algorithm to dynamically tune the coefficients 

embedded within the Adaptive TS Fuzzy Control law. In this framework, the actor network produces 

adaptive adjustment signals that continuously refine the control parameters, thereby enhancing system 

performance. 

The set of composite gain parameters to be optimized is denoted by Ξ = {𝐾𝑖, 𝐿𝑖, 𝑄, 𝑅}, which 

are adaptively regulated by the deep reinforcement learning mechanism of SAC. The overall structure 

of the proposed Adaptive TS Fuzzy Control system enhanced by SAC is illustrated in Figure 1. 

Leveraging the training capabilities of deep neural networks, actor and critic networks are 

optimized to maximize the cumulative reward. The reward function is defined as follows: 

ℶ =
1

|𝑥|
,            (4.9) 

The reward function in (4.9) is chosen to directly incentivize the minimization of the system state 

deviation. By assigning higher rewards to smaller values of ∣ 𝑥 ∣, the SAC algorithm encourages the 

controller to reduce the tracking error and stabilize the system more effectively. This design ensures 

that the learning process focuses on achieving accurate state regulation while maintaining guaranteed 

cost performance. 

The deep neural networks used in the SAC framework, including the Q-network, value network, 

policy network, and their corresponding target networks, are structured with two hidden layers 

containing 200 and 300 neurons, respectively. Rectified Linear Units (ReLU) are employed as 

activation functions within these layers. All three networks are trained using the ADAM optimization 

algorithm. The specific hyperparameter settings for the deep SAC model are summarized in Table 1. 

Remark 6. For better readability, the major symbols used in this section are clarified as follows: ℘ 
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denotes the system state (observation), 𝑤 the control action, 𝑃 the transition probability function, 

ℛ  the reward, and 𝜙(⋅∣ ℘)  the stochastic policy. The parameters 𝜃, ∅,𝜛  correspond to the Q-

network, value-network, and policy-network, respectively. The composite fuzzy gain set is defined as 

Ξ = {𝐾𝑖 , 𝐿𝑖 , 𝑄, 𝑅} , which is adaptively tuned by the SAC mechanism. Moreover, 𝛾  represents the 

reward discount factor, 𝛽 the entropy coefficient in the SAC objective, and 𝑥 the system state vector 

used in the reward function. 

Remark 7. The SAC algorithm is employed to adaptively tune the internal control parameters Ξ =

{𝐾𝑖 , 𝐿𝑖 , 𝑄, 𝑅}  of the proposed TS fuzzy gain-composite controller. At each control step, the actor 

network generates parameter adjustment signals based on the current system state, while the critic 

network evaluates the expected cumulative reward associated with these parameters. By maximizing 

the reward function, SAC iteratively updates the control gains, improving convergence, robustness, 

and performance. This learning-assisted mechanism is fully integrated into the control loop: The SAC 

outputs directly modify the fuzzy gain parameters used in the controller, thereby ensuring that the 

system adapts to uncertainties and disturbances in real time. 

 

Figure 1. Architecture of GC-FGC controller utilizing SAC algorithm. 
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Table 1. Hyperparameter Settings for the SAC-Based Controller. 

Parameter Value Parameter Value 

Actor network learning rate 10−3 Discount-Factor (γ) 0.98 

Critic network learning rate 10−4 Activation-Function Re-LU 

Soft update coefficient (target smoothing) 5 × 10−3 Batch-Size 28 

Number of hidden layers per network 2 Mini-batch-Size 26 

Neurons in first hidden layer 200 × 300 Optimizer Adam 

Remark 8. Compared with conventional TS fuzzy and guaranteed-cost controllers, the proposed 

Guaranteed-Cost Fuzzy Gain-Composite controller exhibits the following advantages: 

1. It adaptively updates the fuzzy gains using the SAC learning mechanism, which enhances 

convergence speed and adaptability.  

2. The guaranteed-cost framework ensures robustness and bounded performance under parameter 

uncertainties. 

3. The integration of fuzzy logic and deep reinforcement learning reduces the conservatism of the 

control design while maintaining stability guarantees. 

These features collectively contribute to a more flexible and high-performance control 

architecture suitable for complex nonlinear systems. 

5. Simulation results 

In this section, the effectiveness and practical implementation of the proposed T-S fuzzy control 

approach are demonstrated through two case studies involving FO chaotic systems. Scenario 1 focuses 

on controlling a non-autonomous 3D fractional-order modified hybrid optical system (FO-MHOS), 

while Scenario 2 addresses the regulation of a modified fractional-order laser chaotic system (FO 

Laser CS) to further validate the controller's performance. The numerical simulations are carried out 

using a recently developed algorithm introduced in [38,39], with a fixed time step of ℎ = 0.001. 

Remark 9. Section 5 presents numerical simulations on fractional-order optical and laser chaotic 

systems, illustrating the performance of the GC-FGC controller (Section 3) enhanced by SAC-based 

adaptive tuning (Section 4). The results validate the combined effect of the theoretical controller design 

and learning-assisted optimization, demonstrating robustness, convergence, and guaranteed-cost 

performance under uncertainties. 

5.1. Scenario 1 

A novel 3D fractional-order modified hybrid optical system (FO-MHOS) was proposed in, with 

its dynamics governed by  

{

𝐷α𝑥1(𝑡) = 𝑥2(𝑡),                                                                       

𝐷α𝑥2(𝑡) = 𝑥3(𝑡),                                                                        

𝐷α𝑥3(𝑡) = −0.35𝑥3(𝑡) − 𝑥2(𝑡) + 0.6 𝑥1(𝑡)(1 − 𝑥1
2(𝑡)).

   (5.1) 

It was shown in [40] that for 𝛼 ∈ (0.7,1.03), the system exhibits unpredictable chaotic behavior. 

By considering of 𝛼 = 0.99 , 𝑥1 ∈ (−𝑑, 𝑑) , and 𝑑 = 15 , the membership functions of the fuzzy 
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model for the FO-MHOS (5.1) are calculated as 

𝑀1(𝑥1(𝑡)) = 0.5 (1 +
𝑥1(𝑡)

𝑑
), 𝑀2(𝑥1(𝑡)) = 0.5 (1 −

𝑥1(𝑡)

𝑑
). 

Thus, the following fuzzy dynamics are obtained  

• First Rule: If 𝑥1(𝑡) is 𝑀1(𝑥(𝑡)), then 𝐷𝛼𝑥(𝑡) = (𝐴1 + 𝛥𝐴1)𝑥(𝑡) + 𝐵1𝑢(𝑡),  

• Second Rule: If 𝑥1(𝑡) is 𝑀2(𝑥(𝑡)), then 𝐷𝛼𝑥(𝑡) = (𝐴2 + 𝛥𝐴2)𝑥(𝑡) + 𝐵2𝑢(𝑡),  

where 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)]
𝑇, 𝑢(𝑡) = [𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡)]

𝑇, 𝐴1, and 𝐴2 show the unknown 

parameters of the system. 𝛥𝐴1  and 𝛥𝐴2  are uncertainties of the system, and 𝐵1  and 𝐵2  are the 

input-gain-function of the system, which are defined as follows. 

𝐴1 = (
0 1 0
0 0 1

𝑏(1 − 𝑑2) −1 −𝑎
), 𝛥𝐴1 = (

0.1 𝑐𝑜𝑠( 3 𝑡) 0 0.05 𝑠𝑖𝑛( 𝑡)
0.15 𝑐𝑜𝑠( 𝑡) 0.1 𝑐𝑜𝑠( 3 𝑡) 0
−0.1 𝑠𝑖𝑛( 𝑡) 0 −0.15 𝑠𝑖𝑛( 2 𝑡)

), 

𝐴2 = (
0 1 0
0 0 1

𝛽(𝑑2 − 1) −1 −𝛼
), 𝛥𝐴2 = (

0.1 𝑐𝑜𝑠( 3 𝑡) 0 −0.05 𝑠𝑖𝑛( 𝑡)
0.15 𝑐𝑜𝑠( 𝑡) 0.1 𝑐𝑜𝑠( 3 𝑡) 0
0.1 𝑠𝑖𝑛( 𝑡) 0 −0.15 𝑠𝑖𝑛( 2 𝑡)

) 

𝐵1 = (
−0.0965  0.157 0.0142
0.0971 0.0485 0.0422
0.110 −0.08 0.0916

), 𝐵2 = (
0.1265 −0.157 0.0142
0.095 0.155 0.1422
0.081 0.18 −0.0916

).  

Therefore, one obtains ℎ𝑖(𝑧(𝑡)) as follows: 

ℎ1(𝑧(𝑡)) = 𝑀1(𝑥(𝑡)) × 𝑁1(𝑥(𝑡)), ℎ2(𝑥(𝑡)) = 𝑀2(𝑥(𝑡)) × 𝑁2(𝑥(𝑡)). 

Here, 𝑁1(𝑥(𝑡)) = 𝑁2(𝑥(𝑡)) = 1.  

Using theorem 2, the GC-FGC control gains are selected as 𝐾 = [3.567, 4.217, 2.54]  and 𝐿 =

[4.68 ,5.48, 3.541]. Additionally,  

𝑄 = (
0.1 0 0
0 0.1 0
0 0 0.1

) and 𝑅 = (
0.1 0 0
0 0.1 0
0 0 0.1

) are given for cost function J and  

𝜙(𝑢(𝑡)) = {

0.5                     𝑖𝑓 𝑢𝑖(𝑡) > 0.5  

0.97 𝑢𝑖(𝑡)          𝑖𝑓 − 0.5 ≤ 𝑢𝑖(𝑡) ≤ 0.5  

−0.5                    𝑖𝑓 𝑢𝑖(𝑡) < −0.5  

      𝑖 = 1, 2, 3    (5.2) 

To validate the stabilization performance of the FO-MHOS, represented by equation (5.1), the 

dynamic behavior under the proposed control scheme is illustrated in Figure 2. This figure 

demonstrates that the chaotic oscillations of the FO-MHOS are effectively attenuated over time, 

indicating the successful suppression of instability and the convergence of the system's trajectories 

toward equilibrium. The rapid decay of state variables signifies the controller’s ability to dominate the 

inherent nonlinear dynamics of the FO-MHOS, achieving global stabilization. 

Furthermore, the corresponding bounded GC-FGC control gains (5.2) employed to achieve this 

regulation are presented in Figure 3. These saturated control inputs (5.2) are subject to actuator 
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saturation constraints and are designed to maintain stability while respecting the physical limitations 

of real-world systems. As shown in Figure 3, the bounded GC-FGC control gains control signals (5.2) 

do not exhibit any chattering behavior, a common issue in discontinuous control methods such as 

conventional sliding mode control. The smooth and continuous nature of the control action suggests a 

well-designed control law that ensures robustness without introducing undesirable high-frequency 

oscillations. 

 

Figure 2. Stabilized attractors of the FO-MHOS (5.1) controlled with GC-FGC control signals (5.2). 

 

Figure 3. Saturated GC-FGC controller (5.2) to stabilize the FO-MHOS (5.1). 

As the control signals approach their saturation thresholds, the imposed saturation function 

becomes active, effectively limiting their magnitude. This leads to the so-called "jumping 

phenomenon," where the system's behavior shifts between operating regimes. Such jump responses 

are not only tolerable but can be advantageous in practice, particularly in relay-based implementations 

or when hardware constraints necessitate saturation limits. These transitions between saturated and 
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unsaturated states resemble switching behavior, which can be deliberately exploited in hybrid or 

piecewise systems. 

In addition, Figure 4 illustrates the trajectory of the cost function associated with the optimal 

control framework, as defined by equation (3.3). Over time, the cost function converges to a steady-

state value, indicating that the controller not only stabilizes the system but also does so efficiently in 

terms of performance criteria such as energy expenditure or tracking precision.  

 

Figure 4. The FO Guaranteed-cost function (3.3) operated to stabilize the FO-MHOS (5.1). 

Overall, the results confirm that the developed GC-FGC controller successfully stabilizes the FO-

MHOS (5.1), ensuring robust performance while maintaining bounded control actions and avoiding 

chattering. The controller achieves this by combining fuzzy modeling, saturation-aware design, and 

finite-time convergence principles. 

5.2. Scenario 2 

Here, the effectiveness of the suggested GC-FGC control method (3.5) is shown by stabilization 

of the fractional-order laser chaotic system (FO Laser CS), which has chaotic behaviors for 𝛼 = 0.97 

whose it’s dynamics is given by [41,42] 

𝐷𝛼𝑥1(𝑡) = 4(𝑥2(𝑡) − 𝑥1(𝑡))                                             

𝐷𝛼𝑥2(𝑡) = − 𝑥2(𝑡) + 0.5𝑥3(𝑡) + (27 + 𝑥4(𝑡))𝑥1(𝑡) 

𝐷𝛼𝑥3(𝑡) = δ𝑥2(𝑡) − 𝑥3(𝑡)                                                 

𝐷𝛼𝑥4(𝑡) = −1.8 𝑥4(𝑡) + 𝑥1(𝑡)𝑥2(𝑡).                               

     (5.3) 

Given the boundedness characteristics of the FO Laser CS (5.3), suppose that 𝑥2(𝑡) ∈ [−𝑑1, 𝑑1] 

and 𝑥4(𝑡) ∈ [−𝑑2, 𝑑2] where 𝑑1 = 20 and 𝑑2 = 25. 

𝑀1(𝑥1(𝑡)) =
1

2
(1 +

𝑥1(𝑡)

𝑑1
) ,𝑀2(𝑥1(𝑡)) =

1

2
(1 −

𝑥1(𝑡)

𝑑1
), 
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𝑁1(𝑥2(𝑡)) =
1

2
(1 +

𝑥2(𝑡)

𝑑2
) ,𝑁2(𝑥2(𝑡)) =

1

2
(1 −

𝑥2(𝑡)

𝑑2
). 

Thus, the following fuzzy dynamics are obtained  

• First Rule: If 𝑥1(𝑡) is 𝑀1(𝑥(𝑡)), then 𝐷𝛼𝑥(𝑡) = (𝐴1 + 𝛥𝐴1)𝑥(𝑡) + 𝐵1𝑢(𝑡),  

• Second Rule: If 𝑥1(𝑡) is 𝑀2(𝑥(𝑡)), then 𝐷𝛼𝑥(𝑡) = (𝐴2 + 𝛥𝐴2)𝑥(𝑡) + 𝐵2𝑢(𝑡),  

• Third Rule: If 𝑥2(𝑡) is 𝑁1(𝑥(𝑡)), then 𝐷𝛼𝑥(𝑡) = (𝐴3 + 𝛥𝐴3)𝑥(𝑡) + 𝐵3𝑢(𝑡),  

• Fourth Rule: If 𝑥2(𝑡) is 𝑁2(𝑥(𝑡)), then 𝐷𝛼𝑥(𝑡) = (𝐴4 + 𝛥𝐴4)𝑥(𝑡) + 𝐵4𝑢(𝑡),  

where 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)]
𝑇 , 𝑢(𝑡) = [𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡)]

𝑇 , 𝐴1 , 𝐴2 , 𝐴3 , and 𝐴4  are the 

unknown parameters of the system. 𝛥𝐴1 , 𝛥𝐴2 , 𝛥𝐴3 , and 𝛥𝐴4  demonstrate uncertainties of the 

system, and 𝐵1, 𝐵2, 𝐵3 , and 𝐵4  are the input-gain-function of the system, which are defined as 

follows: 

𝐴1 = [

−4 4
52 −1

0 0
0.5 0

0 0.5
0 0

−1 0
0 1.8

], 𝐴2 = [

−4 4
2 −1

0 0
0.5 0

0 0.5
0 0

−1 0
0 1.8

], 

𝐴3 = [

−4 4
27 −1

0 0
0.5 0

0 0.5
20 0

−1 0
0 1.8

], 𝐴4 = [

−4 4
27 −1

0 0
0.5 0

0 0.5
−20 0

−1 0
0 1.8

], 

𝛥𝐴1 = [

0.1 𝑠𝑖𝑛( 𝑡) 0.15 𝑐𝑜𝑠( 2 𝑡)
−0.1 𝑐𝑜𝑠( 3 𝑡) 0

0 0.1 𝑠𝑖𝑛( 3 𝑡)
0.1 𝑠𝑖𝑛( 2 𝑡) 0.2 𝑐𝑜𝑠( 2 𝑡)

0 0.15 𝑐𝑜𝑠( 2 𝑡)
0.1 𝑐𝑜𝑠( 𝑡) 0.1 𝑠𝑖𝑛( 𝑡)

0.15 𝑐𝑜𝑠( 2 𝑡) −0.1 𝑐𝑜𝑠( 4 𝑡)
−0.1 𝑐𝑜𝑠( 4 𝑡) 0

], 

𝛥𝐴2 = [

0.2 𝑠𝑖𝑛( 𝑡) 0
−0.15 𝑐𝑜𝑠( 3 𝑡) 0.2 sin (𝑡)

0.1 𝑠𝑖𝑛( 2 𝑡) −0.1 𝑠𝑖𝑛( 3 𝑡)
0 0.2 𝑐𝑜𝑠( 2 𝑡)

0.1 𝑠𝑖𝑛( 𝑡) 0.1 𝑠𝑖𝑛( 2𝑡)
0 0.2 𝑠𝑖𝑛( 3𝑡)

−0.3 𝑐𝑜𝑠( 𝑡) 0
−0.1 𝑐𝑜𝑠( 4 𝑡) 0.2 𝑠𝑖𝑛( 2 𝑡)

], 

𝛥𝐴3 = [

0.1 𝑠𝑖𝑛( 𝑡) 0.15 𝑐𝑜𝑠( 2 𝑡)
0 0.1 𝑠𝑖𝑛( 𝑡)

0.1 𝑠𝑖𝑛( 3 𝑡) 0
0.1 𝑠𝑖𝑛( 2 𝑡) 0.2 𝑐𝑜𝑠( 2 𝑡)

0.1 𝑠𝑖𝑛( 𝑡) 0
0.1 𝑐𝑜𝑠( 𝑡) 0.1 𝑠𝑖𝑛( 𝑡)

0.15 𝑐𝑜𝑠( 2 𝑡) −0.1 𝑐𝑜𝑠( 4 𝑡)
0 0.1 𝑐𝑜𝑠( 4 𝑡)

], 

𝛥𝐴4 = [

0 0.15 𝑐𝑜𝑠( 2 𝑡)
−0.1 𝑐𝑜𝑠( 3 𝑡) 0.1 𝑠𝑖𝑛( 𝑡)

0.1 𝑠𝑖𝑛( 𝑡) 0.1 𝑠𝑖𝑛( 3 𝑡)
0.1 𝑠𝑖𝑛( 2 𝑡) 0

0.1 𝑠𝑖𝑛( 𝑡) 0.1 𝑠𝑖𝑛( 𝑡)
0.1 𝑐𝑜𝑠( 𝑡) 0

0 −0.1 𝑐𝑜𝑠( 4 𝑡)
−0.1 𝑐𝑜𝑠( 4 𝑡) 0.1 𝑐𝑜𝑠( 4 𝑡)

], 

𝐵1 = [

−0.165 0.157
0.0971 0.0405

0.0814 0.102
−0.122 0.1485

0.110 0.08
−0.095 0.157

0.0916 0.0387
0.0916 −0.102

], 𝐵2 = [

0.095 0.1095
0.273 0.351

−0.204 0.141
0.092 0.251

−0.18 0.132
0.195 0.157

−0.616 0.487
0.1216 0.147

], 

𝐵3 = [

0.155 0.41
0.112 0.0885

−0.075 0.16
−0.270 0.152

0.110 −0.08
−0.095 0.157

0.0916 0.387
0.416 0.102

], 𝐵4 = [

0.165 −0.157
0.0971 0.325

0.364 0.098
0.412 0.188

0.1454 −0.234
0.095 0.671

0.0916 0.047
0.34 −0.129

]. 
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Therefore, we obtain membership functions of the fuzzy sets ℎ𝑖(𝑧(𝑡)) as follows: 

ℎ1(𝑧(𝑡)) = 𝑀1(𝑧(𝑡)) × 𝑁1(𝑧(𝑡)), ℎ2(𝑧(𝑡)) = 𝑀1(𝑧(𝑡)) × 𝑁2(𝑧(𝑡)), 

ℎ3(𝑧(𝑡)) = 𝑀2(𝑧(𝑡)) × 𝑁1(𝑧(𝑡)), ℎ4(𝑧(𝑡)) = 𝑀2(𝑧(𝑡)) × 𝑁2(𝑧(𝑡)). 

Based on theorem 2, the control gains are selected as 𝐾 = [4,4,4,4] and 𝐿 = [4,4,4,4]. In addition, 

𝑄 = [

0.19 0 0 0
0 0.11 0 0
0 0 0.41 0
0 0 0 0.22

] and 𝑅 = [

0.13 0 0 0
0 0.12 0 0
0 0 0.15 0
0 0 0 0.1

] are given for cost function J 

and  

𝜙(𝑢(𝑡)) = {

10                                          𝑖𝑓 𝑢𝑖(𝑡) > 10 

0.95 𝑢𝑖(𝑡)         𝑖𝑓 − 10 ≤ 𝑢𝑖(𝑡) ≤ 10 

−10                                     𝑖𝑓 𝑢𝑖(𝑡) < −10 

      𝑖 = 1, 2, 3.     (5.4) 

The initial conditions of the system are selected as 𝑥1(0) = 5 , 𝑥2(0) = −2, and 𝑥3(0) = 3.  

To verify the stabilization capability of the proposed control framework for the 4D FO Laser CS, 

governed by Eq (5.3), Figure 5 presents the evolution of the system states under the applied control 

law. It is observed that the inherent chaotic oscillations of the FO laser system (5.3) are effectively 

suppressed, demonstrating the ability of the controller to drive the system trajectories toward the origin. 

This behavior confirms that the designed strategy is capable of managing the high-dimensional 

nonlinearities and memory-dependent dynamics that characterize fractional-order laser systems. 

 

Figure 5. Stabilized attractors of the FO Laser CS (5.3) controlled with GC-FGC control 

signals (5.4). 

The corresponding saturated control signals (5.4), responsible for achieving the desired 

stabilization, are depicted in Figure 6. These signals are subject to actuator limitations and are 
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implemented with a saturation function to ensure physical feasibility. The control profiles show a 

smooth response without any high-frequency chattering, which typically occurs in discontinuous or 

sliding mode-based control approaches. The absence of chattering highlights the robustness and 

practicality of the control law, which is essential for real-time implementation in optical and photonic 

systems where signal smoothness and stability are critical. 

As illustrated in Figure 6, when the control signals (5.4) approach their saturation limits, the 

saturation function actively constrains their amplitude. In practical applications, such as semiconductor 

lasers or optical circuits, these bounded and switchable inputs are not only acceptable but often 

necessary to avoid damage to components. 

 

Figure 6. Saturated GC-FGC Controller (5.4) to stabilize the FO Laser CS (5.3). 

Figure 7 further provides the evolution of the cost function defined in Eq (3.3), which measures 

the performance of the controller in terms of system regulation and control effort. The cost function 

exhibits convergence to a fixed minimal value, confirming that the control strategy achieves optimal 

performance as defined by the chosen criteria. This result indicates that the system has reached a stable 

state while minimizing energy consumption or control activity, a crucial requirement in laser 

applications where precision and efficiency are vital. 

 

Figure 7. The FO Guaranteed-cost function (3.3) operated to stabilize the FO Laser CS (5.3). 
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To facilitate a comparative analysis, an adaptive fuzzy control (AFC) strategy is applied to 

stabilize the FO Laser CS described in (5.3) with 𝛼 = 0.97. This enables the performance of the AFC 

approach to be evaluated against the proposed GC-FGC control method (5.4) as well as other existing 

techniques. The researchers in [43] introduced an adaptive fuzzy controller specifically designed for 

the stabilization of fractional-order systems. The structure of this controller is summarized below: 

𝑢𝑖(𝑡) =

{
 
 

 
 −(5 +  𝜉𝑖̅

𝑇
(𝑡) 𝜛̂𝑖(𝑥𝑖(𝑡))) 𝑠𝑔𝑛(𝑥𝑖(𝑡)) − 5, 𝑥𝑖(𝑡) > 0.

0,                                       𝑥𝑖(𝑡) = 0

−(5 −  𝜉𝑖̅
𝑇
(𝑡) 𝜛̂𝑖(𝑥𝑖(𝑡))) 𝑠𝑔𝑛(𝑥𝑖(𝑡)) + 5, 𝑥𝑖(𝑡) < 0.

         (5.5) 

𝐷0.98𝜉𝑖̅(𝑡) = 10|𝑥𝑖(𝑡)|𝜛̂𝑖(𝑥𝑖(𝑡)), 𝑖 = 1, 2, 3,4.A comparative illustration of the controlled state 

trajectories of the FO Laser CS in (5.3) is shown in Figure 8.  

 

Figure 8. Comparison of the controlled variables 𝑥1, 𝑥2,  𝑥3, and, 𝑥4 in the fractional-

order chaotic FO Laser CS (5.3) using the proposed GC-FGC control method (5.4) and the 

AFC approach (5.5) described in [43] for 𝛼 = 0.97. 
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To regulate this system, both the AFC technique (5.5) and the proposed GC-FGC control strategy 

(5.4) are employed. While both controllers successfully drive the system states back to their 

equilibrium positions, the proposed GC-FGC method (5.4) exhibits a remarkably faster convergence 

speed and smoother transient response. The superior performance of the GC-FGC approach highlights 

its enhanced robustness and adaptability under system uncertainties and external disturbances. In 

contrast, the AFC technique (5.5) not only converges more slowly but also suffers from evident 

chattering effects, which are effectively eliminated by the proposed method. These results verify the 

efficiency and reliability of the GC-FGC controller as a significant improvement over existing 

approaches. 

6. Conclusions 

In this paper, a Guaranteed-Cost Fuzzy Gain-Composite control strategy was developed for the 

stabilization of a class of chaotic fractional-order (FO) T–S fuzzy nonlinear optical systems. The 

controller was designed based on the fractional-order Lyapunov stability framework and formulated 

using Linear Matrix Inequality conditions, ensuring asymptotic convergence of the system states despite 

the presence of chaotic dynamics, input saturation, and system uncertainties. The proposed control law 

is dynamic-free and structurally independent of the explicit nonlinear functions, relying instead on the 

norm-bounded characteristics of chaotic system states. To enhance performance and ensure optimal 

tuning, a deep reinforcement learning mechanism based on the Soft Actor-Critic algorithm was integrated 

into the controller design. This enabled automatic adjustment of the GC-FGC controller’s internal 

parameters through policy optimization, ensuring that the sliding motion satisfies the finite-time 

reachability condition. Extensive numerical simulations and two detailed examples confirmed the 

effectiveness and robustness of the proposed methodology. The results demonstrate that the GC-FGC 

controller offers a promising solution for managing complex fractional-order optical systems, with 

potential applications in nonlinear optics, photonics, and secure communication technologies. 

Appendix 

In this appendix, the detailed proof of Lemma 1 is presented for completeness and reference. 

Proof of Lemma 1. 

Since ‖√𝜀𝑋𝑇𝜋 ±
1

√𝜀
𝛯(𝑡)𝑌𝜋‖

2
≥ 0, then: 

𝜀𝜋𝑇𝑋𝑋𝑇𝜋 ± 𝜋𝑇𝑌𝑇𝛯𝑇(𝑡)𝑋𝑇𝑋 ± 𝜋𝑇𝑋𝛯(𝑡)𝑌𝜋 +
1

𝜀
𝜋𝑇𝑌𝑇𝛯𝑇(𝑡)𝛯(𝑡)𝜋 ≥ 0, which implies that  

±𝑌𝑇𝛯𝑇(𝑡)𝑋𝑇 ± 𝑋𝛯(𝑡)𝑌 ≤ 𝜀𝑌𝑌𝑇 +
1

𝜀
𝑌𝑇𝛯𝑇(𝑡)𝛯(𝑡)𝑌. 

By observing that 𝛯𝑇(𝑡) ⋅ 𝛯(𝑡) ≤ 𝐼, the desired inequality can be derived.  
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